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A theory is proposed that combines the most basic features of conformal solution theory and 
scaled particle theory (SPT) . The treatment in essence provides a means for evaluating 
mixture properties from pure fluid data; however, two intermediate substances-the “infinitely 
polydisperse” (IP) mixture and the “one-and-a-half fluid”-are used to implement the 
mapping. Associated with the IP mixture is a density-invariant surface onto which the 
properties of any mixture may be (approximately) mapped. This surface is itself evaluated 
through an inverse mapping of the properties of the 14 fluid. This substance is a particularly 
simple type of binary mixture. It contains particles of zero diameter in an otherwise pure fluid. 
For hard, purely repulsive potentials, the properties of such a mixture may be evaluated 
exactly, using an elementary argument from SPT. Thus, the IP mixture serves as a bridge 
between the one-and-a-half fluid reference and any mixture of interest. Independent of these 
hypothetical substances, a “principle of component corresponding states” is elaborated. The 
principle states that the fugacity coefficients are equal for components having the same 
(density- ) reduced diameter in different mixtures at the same reduced pressure. The one-and-a- 
half-fluid theory is demonstrated for mixtures of hard rods in one dimension, where it is seen 
to be exact, and for hard spheres in three dimensions. The treatment is demonstrably superior 
to standard conformal solution approaches, particularly at high density and for mixtures of 
components widely differing in size. 

I. INTRODUCTION 
Corresponding-states theories have seen widespread use 

in the description of fluids. I-7 The approach is effective be- 
cause it maintains a proper balance between empiricism and 
theory-it is well rooted in statistical mechanics and yet re- 
quires enough from experiment to be tractable and very 
practical. In essence, the treatment postulates that the pres- 
sure-volume-temperature (PVT) surfaces of many sub- 
stances are geometrically similar and hence knowledge of 
the equation of state of one compound can be used to eva- 
luate the behavior of many others. The only experimental 
data needed are the scaling factors for the transformation; 
these are often determined by comparing critical-point para- 
meters. Of course, the corresponding-states postulate is not 
justified for all pairs of substances-polar compounds espe- 
cially-but many can be grouped into families (e.g., paraf- 
fins), the members of which do obey corresponding states 
very well. Because the corresponding-states treatment has a 
strong theoretical foundation, discrepancies can often be ex- 
plained by deviations in molecular shape and interaction 
from one compound to the next. By introducing additional 
parameters to account for these deviations, the correspond- 
ing-states approach can be extended to a wider range of sub- 
stances. The most popular such extension was introduced by 
Pitzer3*4 and refined by others.‘-i2 

The elegance and success of corresponding-states treat- 
ments of fluids leads naturally to their application to mix- 
tures; “conformal solutions” are mixtures whose compon- 
ents obey corresponding states. There are now a large 
number of methods for the description of conformal mix- 
tures, many more than for pure fluids.8,‘o*13-29 This diversity 
arises from the additional empiricism needed when applying 

corresponding-states treatments to mixtures. In accordance 
with the pure-fluid approach, nearly all conformal solution 
theories attempt to describe mixture PVT behavior in terms 
of a single surface, the same invariant surface used to corre- 
late the behavior of the pure fluids. To do so, arbitrary mix- 
ing rules must be put forth to specify how the “effective” 
pure fluid is defined in terms of the mixture composition and 
the individual component parameters. The most widely used 
approach, having the advantage of being among both the 
simplest and the most accurate, is the van der Waals one- 
fluid theory.17 This treatment is also preferred because its 
mixing rules have some theoretical basis and it can be im- 
proved systematically. 

Conformal solution theories have many failings, some of 
which originate in faults in the corresponding-states ap- 
proach. Deviations from corresponding states are often of 
the same magnitude as the excess properties of the mixtures. 
These errors, however, can be minimized by the addition of 
shape parameters as described above. More important are 
asymmetries in the molecular interactions, i.e., l-2 interac- 
tions which cannot be simply expressed in terms of just l-l 
and 2-2 interactions. Again, modified theories have been 
developed that include binary interaction parameters to ac- 
count for these differences. These assorted modifications are 
designed to account for deviations from corresponding 
states and are targeted less at improving upon the way in 
which the behavior of a conformal solution is expressed in 
terms of a pure fluid. Thus, the acentric factor or the binary 
interaction parameters are adjusted to compensate not only 
for deviations from corresponding states, but also for short- 
comings in the fundamental approach to conformal solu- 
tions. Indeed, these shortcomings are considerable. The evi- 
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dence comes from studies of mixtures which are truly 
conformal-model mixtures such as hard spheres22 or Len- 
nard-Jones fluids,30 the components of which follow corre- 
sponding states exactly. Clearly, any truly successful and 
well-grounded treatment of conformal solutions must begin 
by addressing these discrepancies-it must work well for 
solutions that are genuinely conformal. We present such a 
treatment and demonstrate its effectiveness in handling con- 
formal size variation with an application to hard sphere mix- 
tures. 

The technique described here is not yet another attempt 
to map mixtures directly onto pure substances; such meth- 
ods must eventually fail because mixtures and pure sub- 
stances differ in a fundamental way. The novelty of this work 
is in its emphasis on a new and unique reference substance- 
the “infinitely polydisperse” mixture.31*32 Such substances 
exhibit much of the simplicity of pure fluids, and yet-being 
mixtures themselves-they are eminently more suited to 
serve as the basis of a conformal solution approach to mix- 
tures. To evaluate the properties of infinitely polydisperse 
mixtures, we introduce the “one-and-a-half fluid,” a sub- 
stance only slightly removed from the pure fluid. With the 
help of an elementary concept from scaled particle theory, 
the properties of this reference may be evaluated accurately 
from pure fluid data. Although we ultimately evaluate mix- 
ture properties from pure fluid data, we do not invoke a 
direct mapping of thermodynamic surfaces. 

II. BACKGROUND 
A. Infinitely polydisperse mixtures 

This paper is organized as follows: In Sec. II, we review 
the definition and the properties of infinitely polydisperse 
mixtures and summarize the composition-space density 
functional theory, which is used to connect infinitely poly- 
disperse mixtures to any other mixture of interest (target 
mixture). We present the one-an-a-half-fluid theory in Sec. 
III and in Sec. IV apply it to hard-particle mixtures in one 
and three dimensions. We summarize and present conclu- 
sions in Sec. V. 

(2.1) 

An infinitely polydisperse (IP) mixture is defined as 
follows: ( 1) its components obey corresponding states and 
thus it is a conformal solution; (2) it is polydisperse, con- 
taining a continuum of species; and (3) its composition is 
specified indirectly, by the distribution of fugacity33 ratios 
F(1) =f( I)/fc I, ), where the (possibly vectoral) quantity I 
is the species-identifying parameter, and I, is its value for an 
arbitrary reference component. In particular, this distribu- 
tion must have a power-law form 
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grand” ensemble, each molecule samples compositions, just 
as it samples positions in space; the composition of the mix- 
ture is therefore a dependent variable in the formalism. 

This particular form for the fugacity ratio distribution 
introduces no characteristic length or energy scales and thus 
the mixture is fully described using only one independent 
scale (e.g., the density p or temperature kT). Consequently, 
when dimensioned quantities such as the pressure and the 
composition are made dimensionless by p or kT, they be- 
come invariant. In fact, depending on whether the mixture is 
infinitely polydisperse in gor E, the equation of state or inter- 
nal energy of an IP mixture can be determined exactt’y 

z= (D+ 1 +co>/o, (2.2a) 

flu= (1 +co1, (2.2b) 
where Z is the compressibility factor fiP /p with P the pres- 
sure, D the dimensionality of the system, and U the energy 
(if I comprises both u and E, then both Z and U are known). 
Although the reference fugacityf(l, ) and the mixture com- 
position p(I) cannot in general also be determined analyti- 
cally, they do have trivial density and temperature depend- 
encies. For example, the composition of an IP mixture 
polydisperse in o may be written in the form 

P(Q) =p”DP*(o *), (2.3) 
where a * =p’jD u and p* is otherwise independent of den- 
sity; the reference-component fugacity is 

where the polydispersity exponent co is a dimensionless pa- 
rameter that characterizes the distribution and p = l/kT 
with k Boltzmann’s constant and T the absolute tempera- 
ture. For clarity of discussion, we have assumed that I com- 
prises a single parameter I, which may represent a character- 
istic length (to be denoted a) or energy (E). The general 
form is written as a product of terms, one for each compo- 
nent of I and each with its own exponent.32 In this “semi- 

pf(c.7,) =,(D+‘)‘DK(co)(p”Duo)c~, (2.4) 

where K(c, ) is also independent of p, but has a nontrivial 
dependence on co. Because all properties depend trivially on 
the density, there remains only one state parameter of conse- 
quence: the exponent co. This parallels the description of a 
pure substance, in which only one dimensionless group (e.g., 
pa ‘) is required to completely specify its state. 

Special considerations must be taken when treating an 
IP mixture distributed in E. In Fig. 1 are shown several fuga- 
city-ratio distributions and their corresponding composi- 
tions for IP hard spheres. Although the (imposed) fugacity 
of a sphere increases without bound as its size increases, the 
composition density function vanishes in this limit-pack- 
ing constraints restrict the maximum size that a molecule 
may take. In contrast, there is no inherent constraint on a 
molecule’s energy parameter. Clearly, for E-distributed IP 
mixtures in which the intermolecular potential may take on 
negative values, the energy will diverge regardless of the val- 
ue of co. There are several ways around this difficulty. First, 
we can choose to treat systems in which the potential is non- 
negative, e.g., hard or softly repulsive spheres, ellipsoids, etc. 
Alternatively, we may work in a “semigrand microcanoni- 
Cal” ensemble, where the total energy is fixed. Such an ap- 
proach may still not work in treating systems where the in- 
termolecular potential can be either positive or negative 
(one can imagine configurations where large positive poten- 
tials cancel large negative ones), but it should be fine, e.g., 
for square-well or hard-core Lennard-Jones potentials. An- 
other approach is to rezero the intermolecular potential so 
that all values are nonnegative. This method will not work 
for systems where the potential is long ranged, but it could be 
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as an expansion in the fugacity ratio F(g), the integral in Eq. 
(2.6a) is weighted by the (possibly discrete) composition 

p(a) of the target m ixture. This development parallels an 
important step used in the derivation of the virial expansion 
for the pressure-the partial summation of a fugacity series 
to produce a density series. Not only is this formulation 
more convenient, it adds power to the theory. Second, al- 
though these expressions were derived by taking density or 
temperature derivatives of Eq. (2.5), they contain only de- 
rivatives with respect to the identity variables. This is a great 
simplification that results from the scaling properties of the 
IP composition distributions. Finally, Eq. (2.2) convenient- 
ly provides an exact expression for Z, . 

0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 

Reduced diameter, plno 

FIG. 1. Imposed fugacity ratios F( CT) =f( ~)/‘(a, ) and resulting composi- 
tions for infinitely polydisperse hard spheres for three values of the polydis- 
persity exponent c,. 

The success of the theory hinges on the proper selection 
of the reference m ixture. For an IP reference, the only degree 
of freedom for making this choice is in the exponent co. Fol- 
lowing the standard approach, we choose c, to eliminate the 
first-order correction to the free energy, but we do this by 
first turning to Eq. (2.6a) from which we require co to satis- 
fY 

lnp,*(u*;c,)da= 1. (2.7) 

used to treat lattice models with nearest-neighbor interac- 
tions. Clearly this issue warrants further study. 

Despite these considerations, much of what follows ap- 
plies equally well to a-distributed and e-distributed m ix- 
tures. Nevertheless, to improve the clarity of discussion, we 
will focus solely on m ixtures distributed in a single size pa- 
rameter a. This circumvents the need to present two equa- 
tions each time a point is made. 

From Eq. (2.6), we then have-to first order in 
[p(a) -p. (0) ]-equality of pressure, density, and all 
component fugacity coefficients between the target m ixture 
and the IP reference. It is then simple to demonstrate that 
the residual free energies (i.e., above the ideal gas values) of 
the m ixtures are also equal. 

6. Composition-space density functional theory 
Recently, a composition-space density functional theo- 

ry (CSDFT) was developed 34,35 for which infinitely poly- 
disperse m ixtures were shown to be a natural reference sub- 
stance. A key result from the theory is an expression for the 
semigrand free energy functional Yin terms of F( U) and the 
free energy of a reference m ixture characterized by PO (a) 
and of known composition pa (a). Truncation of higher-or- 
der terms containing the composition-space analog of the 
direct correlation function yields a very simple expression 
for the free energy 

The fugacity coefficients of components of the same re- 
duced diameter p “D~ in the IP m ixture and in any target 
m ixture are equal if the dimensionless pressures of the m ix- 
tures-their compressibility factors-are also equal. This is 
a simple but powerful statement. It implies that the same 
“conformality” of fugacity coefficients must apply between 
any two m ixtures of the same reduced pressure, because it 
applies simultaneously between both m ixtures and the IP 
reference. Thus, the IP reference may be bypassed entirely in 
applying this principle. This concept of “component corre- 
sponding states” is an integral part of the one-and-a-half- 
fluid theory developed below. 

BY[Ra)l =PY[F,(a)] -Nln 

(2.5) 
From this relation, other even simpler expressions can be 
derived that express the properties of any m ixture in terms of 
derivatives of the IP reference-mixture composition p. (Q) : 

To summarize, the CSDFT may be applied as follows: 
given a conformal target m ixture ofknown density, tempera- 
ture, and composition with components that differ solely in 
their size parameters, we wish to determine the m ixture pres- 
sure and the fugacity of each component. First, we deter- 
m ine the appropriate IP reference by solving Eq. (2.7) for 
co; if the target m ixture is not polydisperse, the integral is a 
sum andp( a) is the set of mole fractions. We set the density 
of the IP reference equal to that of the target m ixture (this 
sets the length scale of the IP m ixture). The solution for the 
pressure is then 

, (2.6a) 

ln&oo) =ln#,(a,) + (Z-Z,) -ln(Z/Z,), 
(2.6b) 

where 4 ( a0 ) =fc a0 ) /P is the fugacity coefficient of the ref- 
erence component. There are several features of these equa- 
tions that should be noted. First, although the theory began 

Pp=pzo(co), (2.8) 
where Z, (co ) is given trivially by Eq. (2.2). The fugacity of 
each component in the m ixture is 

f-(4 = P4, (p”Da;co 1, (2.9) 
where 4, (a *;c, ) is the known (but nontrivial) distribution 
of fugacity coefficients in the IP reference. 
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This theory has been applied to hard sphere mix- 
tures.‘4.“5 In the study, the properties of the IP reference 
[i.e., the reduced composition p* ( (T *;c, ) and the fugacity 
constant K(c,)] were given by the Mansoori-carnahan- 
Starling-Leland (MCSL) equation of state.36 This descrip- 
tion was input to the CSDFT to compute the properties of 
polydisperse mixtures of hard spheres with Gaussian com- 
position distributions (including a distribution of zero 
width, the pure fluid). Performance of the theory was evalu- 
ated by comparison the the MCSL equation applied directly 
to the Gaussian mixtures. Excellent quantitative agreement 
was observed. 

III. ONE-AND-A-HALF-FLUID THEORY 

Practical implementation of the CSDFT requires a 
means for evaluating the properties of the IP reference. Mo- 
lecular simulation or integral equation theories could prove 
useful here, but we aim to develop a technique that is more in 
the spirit of conformal solution theory and less first princi- 
ples in nature. We will allow a limited amount of “experi- 
mental” input and we will use it to describe the properties of 
a wide variety of mixtures. We can turn to the CSDFT itself 
to implement this approach. All essential information about 
the IP reference is embodied in a function of two continuous 
variables: p* (o *,co ). Thus, in principle, all information 
about the IP reference can be obtained by mapping from a 
mixture that is also characterized by two continuous varia- 
bles. So while the equation of state of a pure substance 
Z(pa D, does not provide sufficient information for this pur- 
pose, the equation of state of a binary mixture of arbitrary 
composition Z(pa f,x, ) does and indeed has more than en- 
ough information if we also consider the component size 
ratio a,/~, as a free variable. Given these data, we may 
implement the CSDFT in reverse-using the binary mixture 
to characterize fully the IP reference. Subsequent “forward” 
application of the CSDFT as described above yields a de- 
scription of any mixture of interest. 

Before proceeding further, let us rewrite Eq. (2.7) as 
follows: 

s P(a)D, (c *;c, )do * = 1, (3.1) 

where we have defined D,, (c *;co ) 

d lnp,* 
D,(a*;c,)~ -u*m. 

da* 
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Thus, if we choose cr T = 0, an explicit expression for Do may 
be obtained from Eq. (3.3) 

&(a *;c,) =L [l+ (1 -x,)c,]. (3.5) 
Xl 

Equation (3.5) applies to a mixture containing “full-sized” 
particles-of reduced diameter 0 *-and point particles of 
diameter zero. The mole fraction x, of full-sized particles 
must be such that the mixture has compressibility factor 
Z = (D + 1 + c, )/D. So if we know the equation of state of 
such a mixture for all o * and all compositions, we can easily 
construct the Do surface. Because of the role of this peculiar 
binary in which one component is “not all there,” we have 
chosen to dub this conformal solution treatment the one- 
and-a-half-fluid theory. 

The one-and-a-half fluid is a particularly simple sub- 
stance and so it should be possible to formulate a good or 
even exact characterization of it, especially if a description of 
the pure fluid is given. We have developed one such charac- 
terization that is based on an expression for the work re- 
quired to insert a particle of zero diameter into a mixture of 
full-sized and point particles. Standard thermodynamic 
manipulations yield the following rigorous relation: 

ap*,x, ) = x, z, (x,p*) + (1 - Xl 1 +p*x: 

(3.6) 

Here, Z(p*,x, ) is the compressibility factor of the one-and- 
a-half fluid-a mixture ofN, particles of diameter ol and N2 
particles of diameter zero at an overall reduced density 
p* = Nof/V and composition x, = N, /N, where 
N = N, + N2. It is given in terms of the pure-fluid com- 
pressibility factor Z,-evaluated at a reduced density 
x,p* = N, (T :/V-and the density derivative of fipr2, the 
residual chemical potential of species 2 (i.e., the point parti- 
cles). The residual chemical potential is defined as 
j3~ - arid, where /?,,id is the chemical potential of the ideal 
gas at the same density; in terms of the fugacity coefficient 

fipri = In $i + In fiP/p. (3.7) 
As indicated, the derivative in Eq. (3.6) is taken at constant 
composition and total mole number and is evaluated at the 
dummy-variable composition 2,. 

This reformulation deemphasizes the role of the IP refer- 
ence; we seek merely a description of some function Do. Now 
applying Eq. (3.2) to our new binary reference system, we 
have 

xl Do (a T;co) + xzDo (a :;co) = 1, (3.3) 
where the x’s represent mole fractions of each species. Given 
one state point of the binary reference, this is one equation in 
two unknowns Do (0 7) and Do (0 T). To be able to use it, we 
must know Do for one value of (T * and arbitrary co. Fortu- 
nately, it is possible to develop such a relation. We demon- 
strate in the Appendix that, for any realistic potential, 

Do (0;~~) = -co. (3.4) 

(3.2) 
Equation (3.6) is useful because the residual chemical 

potential of a point particle is readily estimated. For exam- 
ple, according to Widom’s potential distribution theorem,37 
this quantity may be expressed as the ensemble average 

Dpr = - ln(exi-4 -But)), (3.8) 

where U, is the energy of a “test” particle, one that does not 
influence the positions of the other molecules of the ensem- 
ble. For the hard-sphere potential, exp( - flu, ) is zero if the 
point-sized test particle is within another particle and is uni- 
ty otherwise. Thus, the ensemble average is simply the frac- 
tion of the volume that is unoccupied, so 

Ppl = -Ml -.qpu,), (3.9) 

where vp is the volume of a single full-sized particle. This 
exact result is used as the first step of scaled-particle theory. 
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Combination of Eqs. (3.6) and (3.9) yields 

ap*,x, 1 = Xl zp (x,p*) + 
1 -x, 

1 -x,pup * 
(3.10) 

The residual chemical potential of the full-sized particle in 
the mixture may be determined in a similar fashion 

the target mixture is characterized by an exponent that satis- 
fies Eq. (3.1)) which in light of Eq. (4.6) reads for our dis- 
crete mixture 

PPr, (P*JI ) = PPrlp (x,p*) + 
(1 - XI )pvp 

1 -x,pvp ’ 
(3.11) 

where@,,, (x,p*) is the residual chemical potential of pure 
component 1, evaluated at the density x,p*. 

C x~ [pai C2 + CO ) - CJ ] = l, 

thus 

(4.7) 

2p.q - 1 
co = l-ps, ’ (4.8) 

where s, is the first moment of the distribution of diameters 
in the target mixture 

IV. APPLICATIONS 

We demonstrate application of the one-and-a-half-fluid 
theory using two model systems: hard rods in one dimension 
and hard spheres in three dimensions. The hard-rod example 
is instructive because each step of the application may be 
performed analytically; the hard-sphere example demon- 
strates that the theory is capable of yielding impressive re- 
sults for a nontrivial system. 

s, EC x,5,. (4.9) 

Since by satisfying Eq. (3. l), Z of the mixture of interest 
equals Z of the IP reference ( = 2 + co ), the compressibility 
factor of the mixture is 

A. Hard rods in one dimension 

The equation of state of a system of single-component 
hard rods of length u in one dimension is38 

1 
zp (pa) = ~ 1 -pa 

(4.1) 

and 

@,(po) = -ln(l -pa) +E. 
1 --po (4.2) 

For this system, (T * = p* = pa. With the “volume” of a rod 
up simply equal to its diameter, Eq. (3.10) yields the equa- 
tion of state of the hard-rod one-and-a-half fluid 

-np5,,-q) = 
1 

1 - x,pa, 
(4.3) 

and the fugacity coefficient of the full-sized species is, from 
Eqs. (3.7), (3.11), and (4.3), 

z=1, 
1 -PS, 

(4.10) 

which is in accord with the exact result.” 
Evaluation of component fugacities (or, equivalently, 

chemical potentials) is relatively simple. As discussed in Sec. 
II B, the component fugacity coefficients in the target mix- 
ture are conformal to those in a one-and-a-half fluid of the 
same Z. Thus, we must evaluate for each component i its 
mole fraction x, as the full-sized species (of the same diame- 
ter oi ) in a one-and-a-half fluid of the samep and Z [as just 
determined from Eq. (4.10) 1. From the one-and-a-half-flu- 
id equation of state (4.3), this mole fraction is simply 

x, = s, /a, (4.11) 
Its fugacity coefficient in the mixture of interest is the same 
as in the one-and-a-half fluid of this composition, which 
from Eq. (4.4) is 

ln q$i = pai 
1 -PS, 

(4.12) 

which also is in agreement with the exact result. 

ln 4(p5,,xl 1 = 
PO, 

1 -x,pa, . 
(4.4) 

Our preliminary goal is to obtain an expression for 
Do (po,c, ) using Eq. (3.5). In that equation, x, is the mole 
fraction of full-sized particles in a one-and-a-half fluid hav- 
ing the same compressibility factor as an IP reference of ex- 
ponent c,; from Eq. (2.2), this compressibility factor is sim- 
ply Z = 2 + c,. Inversion of Eq. (4.3) then gives x, directly 

1 l+c, x, =--. 
p5 2+c, 

(4.5) 

B. Hard spheres in three dimensions 

There is no exact solution available for the equation of 
state of hard spheres and their mixtures, but very reliable 
semiempirical expressions are available at fluid densities. 
The Carnahan-Starling equation‘@’ describes accurately the 
pure-fluid isotherm, and when combined with Eq. (3.10) 
(which is exact for hard particles) gives an equation of state 
for the one-and-a-half fluid 

Substitution in Eq. (3.5) now gives the desired distribution 
Q,(p5,c,) =p5(2+q,) -co. (4.6) 

With this result for Do in hand, we are prepared to evaluate 
the properties of any mixture. 

Given a mixture of rods of overall number densityp and 
having diameters {a,} with corresponding mole fractions 
{xi}, we wish to determine the pressure or, equivalently, the 
compressibility factor Z. The IP reference that best describes 

ap5:,x, 1 = 
1 - VI (2 - 3x, 1 + 17: - x, 77: 

(1 --,I3 
f (4.13) 

where 17, s@-x,pa f . Numerical solution of this equation 
for x, permits evaluation of Do via Eq. (3.5), which can in 
turn be used to evaluate the properties of any mixture, as 
described above. The fugacity coefficient of the full-sized 
species in the one-and-a-half fluid is 

ln&p5:,x,) = 
877, - 977: + 377; 

(1-%13 
- In Z(p5 f,x, >. 

(4.14) 
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In Figs. 2 and 3 are shown calculations made by apply- 
ing the one-and-a-half-fluid theory to binary hard sphere 
mixtures. In Fig. 2, the equation of state of an equimolar 
mixture with diameter ratio 5,/a, = 0.2 is presented (we 
note that this isotherm is equivalent to that for a system of 
diameter ratio l/O.2 = 5). Three curves are shown: the 
equation of Mansoori et al. (the MCSL equation) ,36 which 
may for this comparison be considered the exact behavior; 
the proposed theory; and the van der Waals one-fluid theo- 
l-Y> ” which estimates the equation of state of the binary as 

Z=ZJpd), (4.15) 
where Zp is the pure-fluid compressibility factor and 
a: =x:5: +ix,x,(a, +5,)3+~:5: is the pure-fluid 
effective diameter. The proposed theory performs substan- 
tially better than the one-fluid theory, especially at higher 
densities. 

In Fig. 3, the Henry’s constant-equal to Pg5, at infinite 
dilution-is plotted as a function of diameter ratio for a sys- 
tem of fixed density. Monte Carlo simulations were per- 
formed to evaluate this quantity and these results are used 
instead of the MCSL equation to describe the exact behavior; 
details of these simulations are presented in the Appendix. In 
addition to the predictions of the one-fluid and the one-and- 
a-half-fluid theories, the behavior according to scaled-parti- 
cle theory4’*42 (SPT) is included in the figure. The improve- 
ment of the proposed theory over the one-fluid theory is less 
dramatic in this instance, but it is nonetheless significant; the 
overall improvement over SPT is also noticeable. 

The small deviation of the one-and-a-half-fluid theory 
in Fig. 3 at small size ratios is at first surprising, since this is 
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FIG. 2. Equation of state of a binary hard sphere mixture. “Exact” results 
are from the accurate MCSL equation of state. (Ref. 36). Conditions are as 
indicated. The one-and-a-half-fluid result is virtually indistinguishable 
from the MCSL equation on the scale of the plot. 
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FIG. 3. The Henry’s constant for hard spheres as a function of diameter. 
Conditions are as indicated. 

exactly the mixture used as the reference substance for the 
treatment. This discrepancy illustrates an important limita- 
tion of the one-and-a-half-fluid theory as developed here. To 
apply the theory, we must evaluate, for each component in 
the mixture of interest, its composition in a one-and-a-half 
fluid of the same density and reduced pressure. However, for 
hard particle systems, if this component as a pure substance 
(at the same density) has a reduced pressure that is less than 
that of the mixture, then the required one-and-a-half-fluid 
reference mixture does not exist-swapping point for full- 
sized particles in the pure fluid can only reduce the pressure 
further. This anomaly is apparent in the expression for the 
hard-rod one-and-a-half-fluid mole fraction given by Eq. 
(4.11)) where an unphysical mole fraction-one greater 
than unity-is prescribed when 5, is less than s, . In the sys- 
tem used to construct Fig. 3, this instance occurs for all so- 
lutes of diameter 5,/5, less than unity. Thus, the left half of 
the figure is constructed from an extrapolation of the one- 
and-a-half-fluid equation of state to mole fractions greater 
than unity. What is surprising is that the error introduced by 
this otherwise unjustifiable extension is so small. While the 
need to take this step gives some cause for concern, we do not 
consider it a serious flaw in the theory, and for several rea- 
sons. First, for hard particle systems, we find empirically 
that it works very well; second, when extended to systems 
that exhibit intermolecular attractions, there will be more 
flexibility in the one-and-a-half-fluid reference and less need 
(if any at all) to perform such an unphysical extrapolation; 
finally, the correlative nature of the theory, and in particular 
the conclusion about the conformal nature of the fugacity 
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coefficients, is unaffected by any shortcomings of a particu- 
lar reference system (viz., the one-and-a-half fluid) chosen 
as an input to the theory. 

V. SUMMARY AND CONCLUSIONS 
We have presented a treatment for mixtures that com- 

bines the most fundamental elements of conformal solution 
theory and scaled-particle theory. The conceptual corner- 
stone of the theory is the infinitely polydisperse mixture, 
which provides the basis of the conformal approach. The IP 
fluid is used as a bridge between conformal mixtures; a sim- 
ple conformal mixture, the one-and-a-half fluid, provides a 
reference for the properties of other mixtures via the IP 
bridge. The most basic concept of SPT, the work of inserting 
a point particle, is used to describe the one-and-a-half-fluid 
reference. The treatment is very balanced, and provides a 
means for combining experimental pure fluid data with a 
molecular description of the mixture. Additionally, a princi- 
ple of component corresponding states arises in the develop- 
ment of the theory. This principle correlates component and 
not mixture properties. As a consequence, it may be formu- 
lated independently of the IP mixture (which provides a 
common reference for over&Z mixture properties) and the 
one-and-a-half fluid. If found to hold generally, this princi- 
ple will prove valuable in the correlation and prediction of 
mixture data. 

The uniformly excellent performance of the one-and-a- 
half-fluid theory contrasts greatly with established confor- 
ma1 solution treatments and the one-fluid theory in particu- 
lar. Neither treatment employs any adjustable parameters 
and both theories require only the pure fluid equation of 
state as input. The proposed method has the advantage of 
using an element of SPT in making its predictions. As an 
alternative to SPT, the one-and-a-half-fluid treatment offers 
a significant advantage: it is not as ambitious in its goal and 
as a consequence it is more readily extended to other, more 
interesting systems. The goal of SPT is to predict bulk prop- 
erties of model systems from first principles. In contrast, the 
one-and-a-half-fluid theory takes the pure-fluid bulk behav- 
ior as given and strives to evaluate mixture properties from 
it. Extension of SPT to more complex systems (e.g., Len- 
nardJones fluids) has met with limited success,43 essential- 
ly because the particle-insertion problem becomes more than 
one of geometry when the intermolecular potential has an 
attractive component. The challenge in extending the one- 
and-a-half-fluid treatment will be similar, but much smaller 
in scope. With the pure-fluid behavior given, the problem of 
estimating the work of inserting a point particle should be 
tractable, even in the likely event that it is needed for arbi- 
trary values of the energy parameter E. 

There is much about IP mixtures and their role in the 
CSDFT (reviewed in Sec. II B) that is not well understood. 
Will the theory continue its demonstrated success when ap- 
plied to systems that have nontrivial energetic interactions 
(i.e., more than simple hard core repulsion)? What type of 
phase behavior do IP mixtures exhibit and how does it enter 
into the CSDFT? Do phase transitions in the IP reference 
map onto phase transitions in the mixture of interest? Or is it 
necessary to have a description of the metastable, or even a 
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constrained IP reference to describe the full range of phase 
behavior seen in mixtures? What is the critical behavior of 
these density invariant mixtures? Questions more directly 
relevant to the one-and-a-half-fluid theory must also be ad- 
dressed before it can be formulated into a coherent and ro- 
bust semiempirical treatment of mixtures. How can we effi- 
ciently evaluate properties of the one-and-a-half-fluid 
reference? What is its phase behavior? Will the theory con- 
tinue to work well when describing mixtures with more com- 
plicated repulsive potentials, or with characteristic energy 
parameters, or indeed, red mixtures? Must the implied IP 
reference exist for the theory to work? How does phase be- 
havior in the one-and-a-half-fluid map onto phase behavior 
of other mixtures? Is the principle of component corre- 
sponding states generally valid? Clearly, this is an unusually 
ripe field for further study. 
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APPENDIX A: SIMULATION DETAILS 

Canonical (NVT) Monte Carlo simulations were per- 
formed to evaluate as a function of diameter the Henry’s 
constant of hard sphere solutes (species 2) in an otherwise 
pure hard sphere solvent (species 1) at a reduced density 
pa,- . . 3 - 0 7 The Henry’s constant is simply related to the 
residual chemical potential [cf. Eq. (3.7) ] &, at infinite 
dilution 

H(a, 1 ~ = lim @,(a, ). 
pkT x2-0 

(Al) 

The difference in residual chemical potential of two solutes 
of diameter oZ and a,, respectively, is given by the statistical 
mechanical formula 

L3PrC~2) -l%(G) 
= - ln(expC -B [ Ua; 1 - Wa,)]l>,, (A21 

where the brackets (. . * ), indicate a canonical average of a 
system with solute of size a,. For our system, the quantity 
averaged is zero for configurations in which the a,-sized 
solute overlaps with another sphere and it is unity otherwise. 
Thus, H(a, ) was evaluated as follows: simulations were 
performed of a system with solute of size a,. Occasionally, 
sampling was suspended while the maximum possible diam- 
eter the solute could take without causing overlap was deter- 
mined. Values of this maximum diameter were collected 
over many configurations and tabulated to yield a distribu- 
tion m, (0.). This distribution was integrated numerically to 
yield the average in Eq. (A2) 

(exd-P[U(a,) - W6)]1>, =I m,(dda. 

(A31 
The simulated solute diameter a, was chosen to allow ready 
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evaluation ofPpr (a0 ). In the first simulation, a diameter a, 
of zero was selected, for which &, (0, ) is given directly by 
Eq. (3.9). Of course, m, (a) can be evaluated accurately 
over only a limited range of diameters beyond o, and so a 
series of simulations were required to compute H(a) over 
the range presented in Fig. 3. Each simulation used a solute 
of size a, for which/Q, (a, ) could be determined accurately 
from the previous simulation. In all, seven simulations were 
performed withsolutesofsizea,/a, = 0.0,0.7, 1.1, 1.3, 1.5, 
1.7, and 1.85, respectively. The simulated system comprised 
499 solvent spheres and one solute sphere. Typically, 0.5- 
3.0~ lo4 relaxation cycles (not included in averaging) and 
2 x lo6 production cycles were performed, with each cycle 
consisting of one attempted translation per particle. The 
maximum solute diameter was evaluated every five cycles. 

APPENDIX B: CONDITION FOR &(O;co)= -co [EQ. (3.411 

The composition of an IP semigrand mixture is given 
by”4 

drcN’ 

where Yis the semigrand partition function (and is indepen- 
dent of a), q. is the molecular partition function of the refer- 
ence component, and all other symbols have their usual 
meaning. Now 

f3lnp CO + dur 
a*, =, d*, *,’ H 

where U, is the contribution to the internal energy due to 
particle 1 and the brackets ( * * * ),, indicate a semigrand 
average in an ensemble in which the diameter of particle 1 is 
held fixed at (T, . We require that this average remain finite as 
[T, +O (or at worst that it diverge no faster than Iogarithmi- 
tally ). Clearly, this requirement is satisfied by any realistic 
conformal potential (e.g., one in which the intermolecular 
energy varies according to oi//rii raised to an arbitrary 
power). Hence, Do -this composition derivative times 
- IJ T-approaches - c,, and Eq. (3.4) is recovered. 
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