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We develop an orientation sampling algorithm for rigid diatomic molecules, which allows direct
generation of rings of images used for path-integral calculation of nuclear quantum effects. The
algorithm treats the diatomic molecule as two independent atoms as opposed to one (quantum) rigid
rotor. Configurations are generated according to a solvable approximate distribution that is corrected
via the acceptance decision of the Monte Carlo trial. Unlike alternative methods that treat the systems
as a quantum rotor, this atom-based approach is better suited for generalization to multi-atomic (more
than two atoms) and flexible molecules. We have applied this algorithm in combination with some
of the latest ab initio potentials of rigid H2 to compute fully quantum second virial coefficients,
for which we observe excellent agreement with both experimental and simulation data from the
literature. Published by AIP Publishing. [http://dx.doi.org/10.1063/1.4977597]

I. INTRODUCTION

The virial equation of state, given as
p

ρkBT
= 1 + B2(T )ρ + B3(T )ρ2 + · · ·, (1)

expresses the pressure p as a power series in the number den-
sity ρ of a gas; T is the temperature and kB is the Boltzmann
constant. Through this formula, the temperature-dependent
virial coefficients, Bn(T ), can be used to estimate a variety
of physical properties in addition to the pressure, such as the
Joule-Thomson coefficient, critical properties,1,2 and others.3

The unique feature of the virial equation of state, in comparison
to other thermodynamic models, is that it represents rigorously
the effect of interactions among N molecules, such that if given
a molecular model, the virial coefficients for its equation of
state can be determined without approximation. This can be
clearly seen from the analytic expressions for the virial coef-
ficients in terms of N-body configurational integrals4 which
depend only on the interaction potential between N molecules
as

B2(T ) = −
1

2!V

[
Z∗2 − Z∗21

]
,

B3(T ) = −
1

3!V2

[
V

(
Z∗3 − 3Z∗2 Z∗1 + 2Z∗31

)
− 3

(
Z∗2 − Z∗21

)2]
,
(2)

where Z∗N ≡ N!
(

V
Q1

)N
QN ; here, QN is the N-body canonical

partition function, and V is the volume.
Virial coefficients can be evaluated in two ways: (a) com-

putationally, using numerical methods to evaluate the config-
uration integrals given an input interaction potential, and (b)
experimentally, typically by collecting pressure-density data
and regressing its behavior at the ρ→ 0 limit. By comparing
the values determined using the above two methods, differ-
ent models of the interaction potential between N molecules
can be ranked for their physical accuracy. Empirical potentials
are fit to experimental data over a broad range of conditions,

and therefore they tend to describe the interaction potential
as the net result of a variety of physical phenomena tak-
ing place simultaneously (including, for example, multibody
interactions and nuclear quantum effects). The way that these
phenomena combine to give an effective potential will depend
on the state condition as well as the experimental proper-
ties being fit. Consequently, unless fit directly to them, virial
coefficients computed from empirical potentials often com-
pare poorly to experimental virial coefficients,5 which depend
purely on the interaction of a specific number of molecules.
On the other hand, ab initio potentials involve solving the
Schrödinger equation numerically and often can yield far more
accurate interaction potentials as a result. Large computational
resources are required to obtain coefficients with a useful level
of accuracy, so the application of ab initio methods in this
respect has been limited to low-order coefficients for small
molecules. However, steady progress is being made.6–12

Almost all ab initio potentials involve solving the elec-
tronic Schrödinger equation using the Born-Oppenheimer
approximation. Under this approximation, the motion of the
nucleus is considered very slow when compared to the elec-
trons, and therefore all the nuclei are assumed to be fixed at
certain locations when solving the electronic structure. For the
purpose of calculating fully quantum virial coefficients using
ab initio potentials, one needs to account for nuclear quan-
tum effects explicitly, especially at low temperatures or for
light atoms, such as hydrogen. Feynman’s path integral for-
malism13 is the method of choice for including these nuclear
quantum effects. In this manner, the quantum mechanical par-
tition function of the system is obtained via a mapping onto
a classical partition function in which each mass site is trans-
formed into a closed ring polymer with P discretization points
or “beads.” Each bead experiences a harmonic interaction with
its two neighbors in the ring, plus interaction with a single
counterpart on each ring of beads formed similarly for the
other atoms in the system. Evaluation of the virial coefficients
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then requires sampling of the bead coordinates, which involves
both their collective translation as well as the rearrangement
of their positions relative to each other. It is a common prac-
tice to use Monte Carlo (MC) methods for this purpose, and
this general method is known as Path Integral Monte Carlo
(PIMC).14,15 Since there are many MC algorithms to compute
virial coefficients and many possible algorithms for sampling
the configuration space within each MC simulation, there exist
a variety of implementations of the general PIMC method.
For instance, PIMC with quadrature has been used to compute
virial coefficients of 3He, 4He, H2, and H2O,8,10,16–19 while
PIMC with Mayer Sampling Monte Carlo20 (MSMC) has been
used to compute virial coefficients of 4He.7

Sampling of configurations in PIMC is made difficult by
the different ranges of motions needed for rearrangements of
the ring of beads versus its translation as a whole. This can
be alleviated by using Monte Carlo trials having different step
sizes or by the use of collective moves, but still, the amount of
sampling needed for ring arrangements to decorrelate limits
the capabilities of these methods. Consequently, special meth-
ods have been introduced to speed up this sampling process.
For monatomic molecules (e.g., He) only molecular posi-
tions are required to be sampled, and the algorithm7,14,17 to
accomplish this efficiently is established. It is possible to solve
analytically for the probability distribution of the location of
each bead in a chain or ring of harmonically interacting beads,
and this probability can be used to regrow the ring, or part of
it, directly. The acceptance of a proposed rearrangement gen-
erated this way depends only on the interaction of the beads
with other bead-rings in the system. Each accepted trial then
yields a new internal arrangement that is uncorrelated from the
one that preceded it.

Going from monatomic to diatomic molecules, rotational
and vibrational degrees of freedom add more complexity to
the computation and the sampling problem. To start, one can
treat the molecule as a quantum-mechanical rigid rotor. Within
this approximation, there are multiple ways to still accommo-
date the vibrational degree of freedom (if using a potential
model that includes it), and how it is affected by tempera-
ture.6,10 Regardless, the monatomic path-integral framework
is extended for the rigid rotor by adding an orientational degree
of freedom to each bead, coupled to the orientations of adja-
cent beads in the chain in the manner described by Cui et al.21

Sampling of positions of the beads can be decoupled from their
orientations, so extension of PIMC to the diatomic can focus
on finding an efficient way to sample the chain of rotors. The
interactions are not harmonic, so the probability distribution of
the chain cannot be determined exactly. Garberoglio and John-
son22 introduced a method to sample the path-integral degrees
of freedom, based on a hybrid MC method for path integrals
which uses molecular dynamics with large time steps.23 This
method is used to generate a reservoir of ideal-gas configura-
tions to be used as trials in a larger MC calculation of virial
coefficients (or other quantities).

It is difficult to advance to a full path-integral treatment
of rotation and vibration while remaining in the framework of
rovibrational quantum states for the diatomic, and even if this
were tractable, it does not provide a viable route to extending
to multiatomic (more than 2-atom) molecules. A step toward

overcoming this problem was made by Garberoglio et al.10

in their path-integral treatment of the flexible diatomic. They
describe the diatomic molecule by using two distinct bonded
atoms instead of one quantum rigid rotor. This eliminates the
need for evaluation of rotational and/or vibrational energy
levels, and replaces it with a straightforward path-integral
treatment of monatomic entities. Garberoglio et al.10 use the
ideal-gas hybrid MC method to generate configurations for
sampling in the MC calculation of the second virial coefficient.

In the case of 4He,7 it was found that completely regrow-
ing the ring for each MC move was more efficient than applying
random displacements to each of the beads. One should expect
this to be so a fortiori for the case of multiatomics. In the
present work, we continue the atom-based approach and exam-
ine a method for generating directly a path-integral ring of
beads for each of the two atoms of a diatomic, H2 in particu-
lar. We consider the formulation of this approach for the rigid
case, applying it in the context of evaluating the second virial
coefficient B2. We compare the results from our calculations
to values reported by Garberoglio et al.10

In Section II, we introduce the approach and develop
mathematical expressions for the probability distribution of
orientations (rigid diatomic molecules) while including a brief
overview of the PIMC methodology. In Section III, the com-
putational details are provided, including a statement of the
inter-molecular potentials used for this study. Section IV con-
tains the second virial coefficient results for H2 for different
simulation options used, and the performance of the algorithm
in each case. We provide concluding remarks and directions for
future work in Section V. The Appendix contains additional
mathematical details for the interested reader.

II. METHODS

We begin by listing the key equations used for the cal-
culation of the second virial coefficient. We assume through-
out a homonuclear dimer, with each atom of mass m. The
formulas presented here parallel those given by Garberoglio
et al.,10 who provide a much more detailed development than
attempted here. While we follow closely the notation given in
Ref. 10, there are subtle differences in some of the definitions,
resulting from our choice of a different coordinate system.

The path-integral formulation represents each atom with P
beads, arranged in a closed chain such that each bead interacts
with the two beads adjacent to it in the chain, according to a har-
monic potential that results from discretizing the kinetic energy
term in the action.13 We shall use the term “image” to denote
the set of two beads that make up the diatomic molecule at any
point in this chain. The beads may be joined in a Boltzmann
(one P-bead ring for each atom) or exchange (one 2P-bead
ring encompassing both atoms) conformation.

The expression we evaluate for the second virial coeffi-
cient is10

B2(T ) = −
1
2

∑
σ,σ′

∫
dZ(1)dZ(2)

Πσ(Z(1))Πσ′(Z(2))f (Z(1), Z(2)).

(3)
In this formula, Z(n) represents the coordinates of all path-
integral beads for the two atoms in molecule n, and Πσ(Z(n))
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is the ideal-gas weight for molecule n in configuration Z(n),

Πσ(Z) =
δσ,BQ(B)

1 πB(Z) + δσ,xcQ(xc)
1 πxc(Z)

Q(B)
1 +Q(xc)

1

. (4)

The subscript σ indicates whether the beads are in a Boltz-
mann (“B”) or exchange (“xc”) conformation; intermolecular
exchange is neglected. Whereas in Ref. 10 the atom positions
were represented by their respective Cartesian coordinates, in
the present work we represent them in terms of their P molecule
centers R and P atom-separation (orientation) vectors b, such
that the positions of the two atoms on image i are Ri + bi/2
and Ri − bi/2, respectively; thus, Z = (R, b).

In Eq. (4), πσ(Z) is the single-molecule probability
density for configuration Z, which separates cleanly into
image-center and image-orientation components,

πσ(Z) = πR(R)πb,σ(b). (5)

The image-center contribution is

πR(R) = *
,

P3/2

Λ3
2m

+
-

P

exp

−
πP

Λ2
2m

P−1∑
i=0

|Ri+1 − Ri |
2


, (6)

while for the orientations,

πb,σ(b) =
1

Q(σ)
1

exp

−
πP

Λ2
m/2

P−1∑
i=0

|bi+1 − bi |
2


e−βū(b)

=
1

Q(σ)
1

Fσ(b)e−βū(b), (7a)

which defines Fσ(b), and where ū is the intramolecular (bond
stretching) potential energy averaged over all images,

ū(b) =
1
P

P−1∑
i=0

u(bi), (7b)

with bi ≡ |bi |; also in Eqs. (6) and (7), Λm = h/
√

2πmkBT is
the thermal de Broglie wavelength for mass m. We write Eq. (7)
in terms of an intramolecular potential u(bi), recognizing the
general case in which bi is variable. For the present application
we may think of u as providing the constraint on the bond
length b that keeps the molecule rigid. While R and b each
comprise P vectors, there are P + 1 image labels extending
from 0 to P. We define RP = R0 to close the ring of images, and
we distinguish the Boltzmann versus exchange cases via the
interpretation of the orientation of image P: for the Boltzmann
case, bP = b0, while in the exchange case bP =�b0. By applying
this interpretation throughout the development, we can present
both cases using a common set of formulas and algorithms.
This difference in the interpretation of bP is the only thing
distinguishing FB from Fxc and πb,B from πb,xc.

We also have in Eqs. (4) and (5) the 1-molecule orientation
partition function for the Boltzmann and exchange cases,

Q(σ)
1 =

∫
dbFσ(b)e−βū(b). (8)

As discussed in Ref. 10, the integrals defining Q(σ)
1 are taken

over all 2P atom bead coordinates except one, which is fixed
at the origin. Likewise, the coordinates of one of the 4P atom
bead coordinates in the integral for B2 in Eq. (3) are fixed, and

define the origin. With these stipulations, terms proportional to
the system volume V cancel each other (assuming V is large),
and the coefficient B2 is volume-independent.

Finally, in Eq. (3) there is f, the Mayer function, which
is expressed in terms of the intermolecular potential energy
averaged over all P interacting images, Ū:

f (Z(1), Z(2)) = e−βŪ(Z(1),Z(2)) − 1, (9a)

Ū
(
Z(1), Z(2)

)
=

1
P

P−1∑
i=0

U
(
Z(1)

i , Z(2)
i

)
. (9b)

The integral for B2 in Eq. (3) separates into three dis-
tinct terms for the cases (σ,σ′) = (B, B), (B, xc), and (xc,xc),
respectively. The contributions from the different cases could
be computed by letting (σ,σ′) sample them during the Monte
Carlo calculation: one selects to sample σ = B or xc with
probability wσ , and generates and decides acceptance of a
conformation having that structure using procedures described
below. Instead we compute averages for each case separately,
and afterward sum them with appropriate weights to determine
B2, specifically

B2(T ) = w2
BB2(T ; B, B)+ 2wBwxcB2(T ; B, xc)

+ w2
xcB2(T ; xc, xc), (10a)

where

B2(T ;σ,σ′)= −
1
2

∫
dZ(1)dZ(2)πσ(Z(1))πσ′(Z(2))f (Z(1), Z(2))

(10b)
with weights

wσ =
Q(σ)

1

Q(B)
1 + Q(xc)

1

. (10c)

In either approach, knowledge of the ratio Q(xc)
1 /Q(B)

1 is
required for each temperature; we use the values reported by
Garberoglio et al.10

We note that the development given above is particu-
lar to para-hydrogen; the coupling of the nuclear spin states
with intramolecular exchange requires associating a minus
sign with the Q(xc)

1 term in the case of ortho-hydrogen. These
issues, as well as their extension to the deuterium and tritium
isotopologues, are nicely summarized by Garberoglio et al.10

Thus, our basic task is to evaluate the integral B2(T ;σ,σ′)
for specific (σ,σ′). The general approach taken to this cal-
culation is to sample the position of molecule 2 using an
importance-sampled random walk, as is usually done in the
Mayer-sampling scheme,20 while sampling orientations and
internal conformations of the path-integral rings through direct
sampling of each dimer independently, in principle according
to πσ(Z). The image-center distribution πR is just a ring of
Gaussians in 3D space, and these can be sampled directly.
Specifically, with R1 at the origin, each image coordinate Ri

is sampled in sequence from a Gaussian of standard deviation
σi in each dimension centered at a position R′i , such that7

σi = *
,

Λ2
2m

2πP
P + 1 − i
P + 2 − i

+
-

1/2

, (11a)

R′i =
P + 1 − i
P + 2 − i

Ri−1, (11b)
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and for molecule 2, the ring constructed in this manner is
then translated to its position specified by the larger Mayer-
sampling process. The image orientations b cannot be similarly
sampled directly according to πb,σ , because of the effect of the
intramolecular constraint ū(b). Instead, we couple a direct but
approximate sampling scheme with the overall Markov pro-
cess, and let the usual Monte Carlo acceptance decision correct
for the approximation in generating the new trial set of b coor-
dinates. More specifically, we generate new image coordinates
for one of the molecules with probability density π̃b,σ , and we
accept the new coordinates with probability Pacc, chosen to
satisfy detailed balance,

Pacc = min

1,
πb,σ(bnew)/πb,σ(bold)

π̃b,σ(bnew)/π̃b,σ(bold)

| f new |

| f old |


, (12)

where f new and f old are the Mayer function for the new and old
coordinates, respectively; the absolute value is used because
f may be negative, and the Mayer-sampling scheme20 speci-
fies how the averages are used to obtain the desired integral
(i.e., without the absolute value). Note that the acceptance
decision requires evaluation of π̃b,σ for the old configura-
tion as well. An analogous formula applies to the sampling
of the R coordinates, but because the sampling distribution π̃R
equals πR, the π ratios cancel and the acceptance is based only
on f.

The effect of the approximate sampling distribution is to
allow generation of a trial configuration in which all beads
on one molecule are uncorrelated from their previous posi-
tions, yet with a good probability of acceptance of the trial. We
next describe an algorithm to generate configurations accord-
ing to an approximate distribution π̃σ(b). We do this for the
case of a rigid diatomic, with atoms separated by a fixed bond
length.

A. Orientation sampling algorithm

We employ a bisection approach to generate a set of
image orientations with a probability distribution π̃b,σ that
approximates πb,σ . At each step in the process, we are given
orientations of two images, bi and bk , and we aim to gener-
ate an orientation for another image bj, j = (i + k)/2, that is
approximately consistent with πb,σ for the given image orien-
tations. Then in the subsequent step we generate an orientation
for an image halfway between i and the new j image, and
again between j and k. This process repeats until all images
are assigned orientations. For the end cases, those i,j,k where
j = i + 1 = k �1, we are able to select a bj that is exactly as pre-
scribed by πb,σ given the previously assigned orientations; for
the steps preceding these, we can do this only approximately.
To facilitate this process, we work with numbers of images P
= 2n, where n is an integer. Then in this scheme, half of the
images (2n�1) are “end cases,” oriented to follow πb,σ exactly
with respect to their adjacent images, and the other half of the
images are placed to follow it approximately.

Let us first examine an end case, in which an image orien-
tation is selected, given the orientation of its two immediately
adjacent neighbors in the chain. Consider a sphere of diam-
eter equal to the molecule bond length b (assumed to be

the same for all images). One may think of the orientation
vector bj/2 as locating an orientation bead on the surface of
the sphere, which interacts with adjacent orientation beads—
also on the sphere—with a harmonic potential defined in terms
of their Euclidean distance, such that they contribute to the
configuration weight by a factor

F(2)(bi, bj; p) = exp
(
−khp|bi − bj |

2/b2
)

, (13a)

kh =
πb2

Λ2
m/2

, (13b)

so that, in accord with Eq. (7),

Fσ(b) =
P−1∏
i=0

F(2)(bi, bi+1; P). (14)

We define F(2) with an argument p which may be but is
not necessarily equal to P. Also, we have introduced here
the dimensionless temperature-dependent parameter kh, which
relates to the strength of the harmonic “spring constant”
between adjacent orientation beads. Using the parameters
for the rigid H2 molecule examined below (b = 0.766 64 Å,
m = 1.673 72 × 10−24 kg), kh ranges from 0.0458 at T = 15 K
to 1.83 at 600 K.

In order to express b2
ij ≡ |bi − bj |

2 in terms of angles,
consider the orientations of image i and image k as indicated
by A and B, respectively, in Fig. 1, with ∠AOB = ψik . Let aik

be the vector bisecting bi and bk . By F(1)
(
bj(α, β); aik ,ψik , p

)
we denote the (unnormalized) weight centered around aik , of
generating an orientation bj for image j which is adjacent to
both i and k (indicated by C, and the angles α and β in Fig. 1).
Note that aik and ψik are parameters whereas αand β are the
independent variables of the distribution F(1).

Using basic coordinate geometry and trigonometric rela-
tions, the following expressions for the various distances can be
easily obtained (see the Appendix for complete mathematical
details):

FIG. 1. Construction defining the angles appearing in Eq. (15). Points A and
B represent the end-vectors of images that have already been placed, and point
C represents a proposed position of a new image that occurs between them in
the sequence of images.
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d2
AC =

b2

2
[1 − cos(ψik/2) cos α + sin(ψik/2) sin α cos β],

d2
BC =

b2

2
[1 − cos(ψik/2) cos α − sin(ψik/2) sin α cos β].

(15)

The total weight for the orientation j is then calculated as

F(1)
(
bj(α, β); aik ,ψik , p

)
= F(2)(bi, bj, p)F(2)(bj, bk , p)

= exp
[
−4khp(d2

AC + d2
BC)/b2

]

= exp
[
−4khp(1− cos(ψik/2)cosα)

]
.

(16)

This expression is independent of the angle β, so we can
choose it at random, uniformly on [0, 2π]. For the special case
of ψik = π (which arises in particular for (i, k) = (0, P) in the
“xc” case), the right-hand side of Eq. (16) is independent of
both α and β, so we can then choose the orientation bj uni-
formly on the sphere. To choose α for all other cases, we first
normalize F(1), defining π̃(1)(bj)=F(1)(bj)/∫ F(1)(b)db, which
yields

π̃(1)
(
bj(α, β); aik ,ψik , p

)
= {

κ exp[κ cos(α)]
exp[κ] − exp[−κ]

ifψik , π,

1
2

ifψik = π,

(17a)

with
κ = κ(ψik , p) = 4khp cos(ψik/2). (17b)

We write this with the tilde, as π̃(1), because we will use the
same form when not at the end case, for which this probability
function is approximate.

We then derive a cumulative distribution function C(α),
which we invert to obtain an expression for α. The result shows
that selection of α should be made by evaluating the following
expression with C chosen at random, uniformly on [0,1]:

α = cos−1 [
1 + (1/κ) ln (1 − C(1 − exp[−2κ]))

]
. (18)

The contribution to π̃b,σ needed for Eq. (12) is then given by
Eq. (17) evaluated for the selected α.

Having now established how to sample an orientation for
image j that is immediately adjacent to images i and k, we now
consider selection of orientations for i and k. These images do
not interact directly, but instead have an effective interaction
that can be defined by integration over the j orientation,

F(2)
eff (bi, bk ; p) = sinψik

∫
dbjF

(1)
(
bj; aik ,ψik , p

)
=
πb
khp

(e−8khp sin2
(
ψik

4

)
− e
−8khp cos2

(
ψik

4

)
)

× sin (ψik/2) .

This effective interaction (as manifest via ψik) obviously is
not a simple harmonic, so it is difficult to proceed in an exact
analytic manner as we did for the adjacent-image case. How-
ever, we can perform a second-order series expansion of ln F(2)

eff
in terms of the ik distance dik = 2b sin(ψik/2), to identify an
effective harmonic interaction,

(khp)eff =
1
2

khp coth(4khp) ≈ kh
p
2

(p � 1). (19)

The effective value here is the spring constant for the case
where p is half of the value used in placing j. Considering that
for the end case p = P, we can repeat this prescription all the
way back through to the beginning the bisection process. In
doing so, at each stage we are choosing a spring constant as
if the next set of images being oriented were the end cases of
the process, i.e., as if the total number of images were p.

We summarize the bisection algorithm for choosing the
image orientations as follows: (1) orient the first image by
selecting a point randomly on a sphere; for the Boltzmann
case, this represents images 0 and P for the ring; for exchange,
the image P would be directed opposite to this one; (2) place
the next image by sampling as described by Eq. (18) with
ψi,k = 0 (Boltzmann) or ψi,k = π (exchange), and p = 2; (3)
place two more images between the ones set by steps (1) and
(2), sampling according to Eq. (18) with p = 4; (4) repeat
the process of doubling p and inserting image orientations
between the ones placed in the previous steps, until the last
image orientations are set using p = P. Again, with P selected
such that P = 2n, the resulting configuration is generated with
probability density,

π̃b,σ(b) =
n∏

l=1
p=2l

p−1∏
s=1,odd
j=sP/p

i,k=j±P/p

π̃(1)(bj; aik ,ψik , p),
(20)

which then enters into Eq. (12) to determine the probability of
accepting the new configuration.

It is straightforward to see that the ratio of the contribu-
tions to π̃b,σ versus πb,σ will differ from unity the most for the
first step, and gradually improve until the last step, where the
two probabilities are equal (given the placement of the other
orientations). The overall percentage of moves accepted will
be related to the product of such ratios. Hence, one may expect
that the performance of the algorithm (in the sense of ensur-
ing Pacc closer to unity) will decrease with increasing P; the
accuracy of the result is however unaffected by this.

III. COMPUTATIONAL DETAILS

We performed calculations for two different models of
H2, differing primarily in the values of the bond length used.

Model 1: We use the rigid inter-molecular potential due to
the work of Patkowski et al.17 (denoted as Vpat), with the H–H
bond length fixed at all temperatures to the ground state value
r0(=1.448 736 bohrs, same as in Ref. 17). Due to nonphysical
energies returned by Vpat at small inter-molecular separations,
an artificial spherical hard core (with a diameter of 1 Å) is used.

Model 2: We use the flexible inter-molecular potential
due to the work of Garberoglio et al.6 (denoted as Vhp), with a
fixed but temperature-dependent H–H bond length, computed
at each temperature to its average value 〈r〉T . For Vhp, instead
of an artificial spherical hard core, the value of the potential
for the inter-molecular distance 1.4 Å is used for all distances
closer than this.

The usual molecule displacement trials were used to
sample the intermolecular distance, while the direct methods
described above were used to sample path-integral image posi-
tion and orientations. These different MC moves were chosen
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with equal probability within each simulation, and acceptance
of each trial was based on Eq. (12). We ran simulations at
33 temperatures going from T = 15 K → 2000 K to com-
pare our results for the two models against that of Garberoglio
et al.10 We ran additional simulations at 33 temperatures going
from T = 24 K → 100 K for which experimental B2 values
were reported in the work of Goodwin et al.24 Although the
B2 values in Ref. 10 were calculated after choosing P as a
function of T, we ran calculations for P = 8, 16, 32, and 64 for
all temperatures considered because we wanted to assess the
performance of the algorithms. Averages were collected and
processed according to the overlap-sampling implementation
of MSMC.5,25 For each value of P, we used a total of 107

samples to evaluate the virial coefficient using the MSMC20

method. We divide the 107 samples into 104 blocks of 103 sam-
ples each and compute block averages for the different quan-
tities prescribed by MSMC. Using the 104 block-averages,
we calculate the overall averages and their standard error and
use error propagation formulas to arrive at the final uncertain-
ties (reported here) of the virial coefficients. A reference hard
sphere (classical, monatomic) with diameter of 3 Å was used
for all simulations.

For all conditions mentioned above, we should compute
the three contributions specified in Eq. (10). However, wxc ≈ 0
for T > 225 K or so, enough to render negligible the (B, xc)
and (xc, xc) contributions, so we do not compute these for this
higher-temperature range and instead simply use here B2(T )
= B2(T ; B, B).

IV. RESULTS AND DISCUSSION

Presented below are the results of our calculation of the
virial coefficients of para-H2 as a function of temperature.
Using the VEGAS26 algorithm with path-integral configu-
rations generated by the hybrid MC method, Garberoglio
et al.10 reported second virial coefficients for the models
described in Sec. III, and this provides a suitable reference
set of data for comparison. For other literature values and/or

FIG. 2. Fully quantum second virial coefficient (B2) values compared against
reference values,10 for model 1. Main figure is the difference between the
values computed here and the reference values, while the inset shows the
coefficients before differencing. The number of path-integral beads is P, and
the results for different P are as indicated in the legend. Error bars represent one
standard deviation of the mean (68% confidence interval). Low-temperature
values for P = 8 and 16 are off the bottom of the scale.

FIG. 3. Same as Fig. 2, but with comparison made to experimental data of
Goodwin et al.24 rather than computed values from Ref. 10. Low-temperature
values for P = 8 and 16 are off the bottom of the scale.

experimental data, the interested reader may see Refs. 6, 10,
17, 24, 27, and 28. Henceforth, by “reference values” we mean
the values reported in Ref. 10 under similar conditions.

We also examine the performance in terms of percentage
of moves accepted for the orientation algorithm, considered as
a function of temperature for the different simulation options
mentioned above.

A. B2 values

Figures 2–5 present results for B2 for the two models.
Figures 2 and 3 examine model 1, and Figs. 4 and 5 consider
model 2, which is rigid but with a different bond length for each
temperature. We present the results differenced from the data
reported by Garberoglio et al.10 (Figs. 2 and 4) and also from
the experimental B2 data of Goodwin et al.24 (Figs. 3 and 5).
In all cases the agreement is excellent over the full temperature
range from 15 K to 2000 K, with the differences larger than
uncertainties being only with respect to the experimental data
at intermediate temperatures; without other information, this
discrepancy should be attributed to inaccuracy in the H2–H2

potential.

FIG. 4. Same as Fig. 2, but values shown are those computed for model 2
rather than model 1. Error bars represent one standard deviation of the mean
(68% confidence interval). Low-temperature values for P = 8 and 16 are off
the bottom of the scale.
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FIG. 5. Same as Fig. 4, but with comparison made to experimental data of
Goodwin et al.24 rather than computed values from Ref. 10. Low-temperature
values for P = 8 and 16 are off the bottom of the scale.

B. Orientation algorithm performance

In Figs. 6–8 we show the percentage of orientation
trials that were accepted while computing the Boltzmann-
only contribution B2(T ;B,B), the exchange-only contribution
B2(T ; xc, xc), and the Boltzmann-exchange cross contribution
B2(T ; B, xc), respectively, as a function of temperature for
models 1 and 2. While we require more P to accurately capture
the nuclear quantum effects at low temperature, the efficiency
of the algorithm decreases with increasing P. As explained
earlier, this is because we achieve exact sampling of the angle
α only for the P/2 images that are placed in the last step of the
orientation algorithm. For the other P/2 images, the sampling is
approximate and not exact. Still, the acceptance rate at all con-
ditions is quite good, and in the worst case (considered here)
hovers around 40% (as in Fig. 8), which means that roughly
two attempts at generating a configuration are required to pro-
duce one that is acceptable. Given that the new configuration is
completely uncorrelated from the one preceding it, this repre-
sents a significant improvement in the efficiency of sampling
of the path-integral conformations. Additionally, note that the

FIG. 6. Performance of the orientation move for models 1 and 2 while com-
puting the Boltzmann-only contribution, B2(T ; B, B). Values for model 1 are
represented using open symbols while that for model 2 are represented using
filled symbols with the same shape (the points for the two models very nearly
coincide, so only one set of points is visible).

FIG. 7. Same as Fig. 6 except performance while computing the exchange-
only contribution, B2(T ; xc, xc).

performance of the algorithm is almost the same or indistin-
guishable for both models in Figs. 6–8. This is to be expected
because there is not much variation between the bond lengths
used in model 1 as compared to model 2.

Let the true-distribution analog of π̃(1)(bj; aik ,ψik , p)
(Eq. (17)) be π(1)(bj; aik ,ψik), a marginal probability obtained
from πb,σ(b) by integrating the orientations of the beads
between j and i and j and k. To gain further insight into the
nature of the difference between the actual distribution πb,B(b)
and the approximate distribution π̃b,B(b), we examine π(1) and
π̃(1) for the case where they are expected to differ the most: the
first bead added in the process, for which p = 2. We performed
a numerical study for the Boltzmann-only case, so for this bead
i = 0, k = P,ψik = 0, and π̃(1) and π(1) depend only on the
angle α defined in Fig. 1. We generated configurations of P
beads with probability π using an exact but inefficient method
(generating random positions on a sphere for all beads, and
accepting with probability given by Eq. (14)). We then tabu-
lated the distribution of α between beads 0 and P/2, thus for
the first bead placed in the orientation-sampling algorithm;
this is a measurement of π(1). We performed this calculation
for three values of P (4, 8, 16) and three values of khP (29.39,

FIG. 8. Same as Fig. 6 except performance while computing the Boltzmann-
exchange cross contribution, B2(T ; B, xc).



094105-8 Subramanian, Schultz, and Kofke J. Chem. Phys. 146, 094105 (2017)

FIG. 9. Approximate and actual probability distributions of the adjacent-bead
angle α for the first bead placed, evaluated for P = 4.

2.939, 0.2939) (corresponding to different sets of temperatures
depending on P), giving nine different cases in all.

Comparison of the true distributions of the angle α eval-
uated this way to distributions for the approximation π̃(1) as
given by Eq. (17) is plotted in Figs. 9–11. Generally, the dis-
tribution of α derived from π̃(1) tracks the true distribution
well. For a given P, both π(1) and π̃(1) get narrower and taller
with increasing kh. This is to be expected because springs with
high kh values tend to prefer smaller angles α as they are
harmonically more favorable.

To further elucidate the difference between the approxi-
mate and actual distributions, we plot the ratio π(1)/π̃(1) versus
π̃(1) for the various P and kh values examined above. The ratio
π/π̃ is exactly the quantity entering into the acceptance proba-
bility of the configuration, as given by Eq. (12), and the plotted
ratio is a major component of its deviation from unity. For ease
of explanation, we define “closeness” between the two distri-
butions as the deviation of y ≡ π(1)/π̃(1) from unity, which is
marked by a horizontal line at y = 1 in Figs. 12–14. It is worth
remembering that the distributions plotted here are for just the
first bead placement, and that the overall acceptance of a trial
configuration is given as the product of functions like these for
all subsequent bead placements.

FIG. 10. Same as Fig. 9, but for P = 8.

FIG. 11. Same as Fig. 9, but for P = 16.

From Figs. 12–14, we can infer the following:

• Severe problems would arise if the ratio π(1)/π̃(1)

were diverging for π̃(1) approaching zero, as this
would indicate that there are configurations rel-
evant to π that are not sampled by the algo-
rithm. The figures show that this problem does not
arise.

• In a related fashion, any points appearing above
the y = 1 line indicate that the actual distribution
has been under-predicted by the approximate dis-
tribution and these points could potentially lead to
configurations where the molecule is “stuck.” In
other words, the probability of going from one of
these points to a point on the y = 1 line (favored)
is very poor. However, this would happen only
for y� 1, which is not observed in any of the
cases.

• In some cases, “closeness” of the intermediate khP
(= 2.94) is worse than the other two cases, and this
could lead to the minimum in Fig. 6 because kh is
directly proportional to temperature.

FIG. 12. Ratio of the actual and approximate probability distributions for
P = 4.
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FIG. 13. Same as Fig. 12, but for P = 8.

FIG. 14. Same as Fig. 12, but for P = 16.

• Conversely, any points approaching y = 0 indicate
that nearly all configurations are rejected, indicat-
ing the inefficiency in the algorithm. We see that
this happens only for π̃ → 0. The consistent rejec-
tion of these orientations is inefficient, but only a
tiny fraction of proposed orientations fall into this
category.

V. CONCLUSIONS AND FUTURE WORK

We have developed a new orientation sampling algorithm
for diatomic molecules by treating each molecule as two inde-
pendent atoms as opposed to one rigid rotor. The algorithm
involves analytic expressions for the probability distribution
which are approximations to the actual distribution, while the
Monte Carlo sampling algorithm ensures that these assump-
tions do not impact the accuracy of the calculations. This
approach allows for a straightforward route for extending
the algorithm to multiatomic molecules. A possible route to
improvement in efficiency for higher P is to regrow only parts
of the ring in a Monte Carlo trial. We have demonstrated this
algorithm by computing and comparing second virial coeffi-
cients for H2 as a test case. We observed excellent agreement
of our results with those available in literature for the two

different cases explained in Sec. III. Future work should be
directed to extending this approach to flexible molecules and
to multiatomics such as H2O.

SUPPLEMENTARY MATERIAL

See supplementary material for all virial coefficient values
and uncertainties as computed here.
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APPENDIX: MATHEMATICAL DETAILS
1. Expressing distances in terms of angles

In this section, we derive the mathematical formula for the
most general case where the bond length is different for image
0, 1, and 2. Consider the locations of image 0, image 1, and
image 2 at A, C, and B, respectively, in Fig. 15. All beads and
harmonic springs have been omitted from the figure for the
sake of clarity. We define the following angles and distances
to begin with:

• ∠AOB = ψi,k ,
• ∠AOX = ∠XOB = ψi,k

2 ,
• ∠COX = α,
• ∠CXE = β,
• r0 ≡ dOA =

b0
2 , r1 ≡ dOC =

b1
2 , r2 ≡ dOB =

b2
2 ,

• the points O, X, Y, and Z are collinear.

In ∆AYO, ∠AOY = ψi,k
2 , ∠AYO = π

2

⇒ dAY = r0 sin
(ψi,k

2

)
, dOY = r0 cos

(ψi,k

2

)
. (A1)

In ∆BZO, ∠BOZ = ψi,k
2 , ∠BZO = π

2

⇒ dBZ = r2 sin
(ψi,k

2

)
, dOZ = r2 cos

(ψi,k

2

)
. (A2)

In ∆CXO, ∠COX = α, ∠CXO = π
2

⇒ dXC = r1 sin
(
α
)
, dOX = r1 cos

(
α
)
. (A3)

FIG. 15. Simple visualization of the distances involved.

ftp://ftp.aip.org/epaps/journ_chem_phys/E-JCPSA6-146-010710
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From the figure and Eqs. (A1)–(A3), we can clearly see
the following:

dDX = dAY = r0 sin
(ψi,k

2

)
,

dEX = dBZ = r2 sin
(ψi,k

2

)
,

dXY = dAD = dOY − dOX = r0 cos
(ψi,k

2

)
− r1 cos

(
α
)
,

dXZ = dBE = dOZ − dOX = r2 cos
(ψi,k

2

)
− r1 cos

(
α
)
.

(A4)

In ∆DCX, we have

cos
(
π − β

)
=

d2
DX + d2

XC − d2
DC

2dDXdXC

⇒ d2
DC = d2

DX + d2
XC + 2dDXdXC cos

(
β
)
. (A5)

In ∆ADC, we have from Eqs. (A4) and (A5)

d2
AC = d2

AD + d2
DC

=

[(
r0 cos

(ψi,k

2

)
− r1 cos

(
α
))2

+ r2
1sin2 (α)

+ r2
0sin2

(ψi,k

2

)
+ 2r0r1 sin

(
α
)

sin
(ψi,k

2

)
cos

(
β
)]

=

[
r2

0 + r2
1 − 2r0r1 cos

(
α
)

cos
(ψi,k

2

)
+ 2r0r1 sin

(
α
)

sin
(ψi,k

2

)
cos

(
β
)]

. (A6)

In ∆CXE, we have

cos
(
β
)
=

d2
XC + d2

EX − d2
CE

2dXCdEX

⇒ d2
CE = d2

XC + d2
EX − 2dXCdEX cos

(
β
)
. (A7)

In ∆BCE, we have from Eqs. (A4) and (A7)

d2
BC = d2

BE + d2
CE

=

[(
r2 cos

(ψi,k

2

)
− r1 cos

(
α
))2

+ r2
1sin2 (α)

+ r2
2sin2

(ψi,k

2

)
− 2r1r2 sin

(
α
)

sin
(ψi,k

2

)
cos

(
β
)]

=

[
r2

1 + r2
2 − 2r1r2 cos

(
α
)

cos
(ψi,k

2

)
− 2r1r2 sin

(
α
)

sin
(ψi,k

2

)
cos

(
β
)]

. (A8)

Therefore, for the most general case with different bond
lengths, from Eqs. (A6) and (A8), we have

d2
AC + d2

BC = r2
0 + 2r2

1 + r2
2 − 2r1 cos

(
α
)

cos
(ψi,k

2

) (
r0 + r2

)
+ 2r1 sin

(
α
)

sin
(ψi,k

2

)
cos

(
β
) (

r0 − r2
)
. (A9)

For the simple case where r0 = r1 = r2 =
b
2 , we have

d2
AC + d2

BC = b2
[
1 − cos

(
α
)

cos
(ψi,k

2

)]
. (A10)
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