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ABSTRACT 

Deriving a mathematical model which properly describes a given system is a fun

damental step in solving many science and engineering problems. Such mathe

matical model can be derived using first principles such as Newton's laws based 

on understanding of physics and using dat a driven modeling methods based on 

the measured input-output dat a . While the physics based modeling approaches are 

limited to the modeling of relatively simple syst ems due to the requirement of know

ing explicit knowledge of physical phenomenon of given systems, the dat a driven 

modeling methods can b e extended to the modeling of real world systems. Due 

to the complexity involved in real world systems, empirical learning process based 

on the observed time series input-output data which form a basis of dat a driven 

modeling framework is often more suitable to describe such systems. To develop 

an effective dat a driven modeling method, the sparse approximation and Global

Local Orthogonal Mapping (GLOMAP) algorithm are used in this dissertation. 

The sparse approximation based GLOMAP provides a means of constructing inde

pendent local models from the input-output dat a and integrating the local models 

seamlessly as forcing a global continuity. The utility of the sparse approximation 

based GLOMAP algorithm is ext ended to real world applications of the unmanned 
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aerial vehicle (UAV) based aeromagnetic sensing. In addition to the importance 

of finding proper system models , the proper characterization of model uncertainty 

involved in the system models is also an essential step. The system models derived 

from any chosen modeling process involve model uncertainty and nearly every real 

world sensor designed to measure state of systems has measurement uncertainty. 

In fact , there exists such model uncertainty and measurement uncertainty for vir

tually all real world systems being considered in science and engineering problems. 

In the presence of model uncertainty and measurement uncertainty, the state of 

system must be properly addressed at any particular time to make our estimates 

reflect closely reality. To accomplish this, a computationally-efficient method for 

uncertainty propagation and a high order filter are developed in this dissertation. 

These frameworks seek to provide a means of achieving the propagation and up

date of high order statistical moments for accurate and reliable state estimation in 

nonlinear dynamical systems. Benchmark problems and orbit estimation problem 

are considered to demonstrate the efficiency and utility of the developed methods. 
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Chapter 01 

INTRODUCTION 

Understanding of physical phenomenon of real-world systems such as robotics, un

manned ground vehicles (UGVs) , unmanned aerial vehicles (UAVs) and satellites 

and deriving mathematical models which properly describe such systems are a pri

mary step in solving many science and engineering problems. A mathematical 

model can be derived in many different mathematical forms such as differential 

equations, difference equations, algebraic equations and so on. Once a mathemat

ical model is properly found , it can be used for analysis, estimation and control 

of such systems. In fact , finding such mathematical model which appropriately 

describes a given system is a fundamental step in nearly all disciplines of science 

and engineering. In addition to finding proper system models, the proper charac

terizaiton of model uncertainty involved in the system models is an essential step 

because there exists such model uncertainty for virtually all real-world systems. In 

the presence of model uncertainty, the state of system such as its position, velocity 

and orientation must be properly addressed at any particular time to make our 

estimates reflect closely reality. 
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First principles such as Newton's laws can be used to describe real-world sys

tems based on understanding of physics. However, unfortunately the use of first 

principles is limited to describe only relatively simple systems. Due to the com

plexity involved in real-world systems, the explicit knowledge of sytem's physical 

processes is often treated as a black box and the system models are constructed by 

empirical modeling process based on the observed time series input-output data. 

Data driven modeling is a general term for the empirical modeling process based 

on the observed time series input-output data. Data driven modeling tools learn 

empirically the mathematical models which describe given systems from the mea

sured input-output data. Those data driven system models are often referred to as 

black box models since no explicit knowledge of system's physical phenomenon is 

required in deriving such system models. Therefore, in data driven modeling the 

key importance is to address appropriate basis functions as mathematical models 

and to train those models sufficiently with the observed input-output data in order 

to determine properly the associated model parameters. 

There exist many different data driven modeling tools in the literature 2;5;s- 10 

and unfortunately there is no panacea-like tools which work for any case. Instead, 

one can consider either adopting or adapting the structures of existing data driven 

modeling frameworks in more intelligent way. One of most popular tools is the 

polynomial approximation due to its simplicity and another popular tool is the 

Artificial Neural Network (ANN). One of advantages of the ANN against the poly-
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nomial approximation is that the ANN provides one with more freedom in adjusting 

its structure to facillitate learning complex behaviors of systems. But, one needs 

to pay for the computational expensiveness involved in the ANN. In contrast to 

those global modeling methods which include the polynomial approximation and 

ANN, local modeling methods utilize local models for learning localized behaviors 

of input-output data. Wavelets, splines and finite element methods are popular 

local learning approaches. These local modeling methods are especially suited for a 

particular input-output data which show highly irregular local variations. By using 

finite number of local models , local behaviors of input-output data can be charac

terized more accurately than the global learning methods can do. However, there 

are still critical challenges to be discussed although the local modeling methods 

can be more advantageous over the global modeling methods in describing com

plex behaviors of systems. When no prior knowledge about the input-output map 

is available, ideally the local models need to be determined independently from 

the input-output data instead of being specified a priori. Furthermore, those local 

models independently constructed need to be seamlessly integrated to force a global 

continuity between the local models . To solve those critical issues, the sparse ap

proximation based GLOMAP (Global-Local Orthogonal Mapping) algorithm can 

be used. More details about the conventional data driven modeling methods and 

the development of the sparse approximation based GLOMAP algorithm with its 

real world applications will be presented in chapter 1 and chapter 2 of this disser

tation. 
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The system models derived from any chosen modeling process which includes 

the data driven modeling methods and first principles involve model uncertainty. In 

fact , there exists such model uncertainty for virtually all real-world systems being 

considered in science and engineering problems. This model uncertainty generally 

comes from modeling errors, initial/boundary condition uncertainty and input un

certainty. Similar to the model uncertainty, nearly every real-world sensor has also 

measurement uncertainy which generally comes from sensor model errors and sen

sor noise. Due to the presence of model uncertainty and measurement uncertainty, 

one can not rely solely on either the system model or the observed sensor data to 

address state of such system at any particular time because in either case the error 

is accumulated over time, leading to erroneous state estimates. Instead, the fusion 

of system model with the observed sensor data promises to provide greater under

standing of system's physical phenomeon than either approach alone can achieve. 

State estimation is a general term for addressing state of system such as its 

position, velocity and orientation at any particular time in the presence of model 

uncertainty and measurement uncertainty. For state esimation of dynamical sys

tems, the role of filtering is of key importance because filters provide an important 

engine for the fusion of observational data with model data in order to derive es

timates that closely reflect reality. An optimal linear filter was first introduced by 

Kalman 69 and has been extensively used for estimation of linear dynamical systems. 

The Kalman framework has formed the basis for the development of many nonlin

ear filters such as the Extended Kalman Filter (EKF) 70 and Unscented Kalman 

4 



Filter (UKF) 71 which have been widely used for estimation of nonllinear dynamical 

systems. The general EKF linearizes nonlinear models of system dynamics and 

measurement at current estimate and applies the original linear Kalman filter. Un

like the EKF and random sampling-based mehotds such as particle filtering, the 

UKF utilizes a deterministic sampling technique known as the Unscented Trans

formation (UT). The UKF avoids the linearization steps required in the EKF and 

includes the second-order terms in the EKF, which leads to more accurate estimates. 

The conventional nonlinear filters which include the EKF and UKF generally 

deal with first two statistical moments associated with state estimation. However, 

in particular cases those filters can yield undesired results due to the insufficient 

order of statistical moments to characterize the probability distribution of state 

of system. In the presence of model nonlinearity, sparsity of measurements and 

initial condition uncertainty, it is desired to take higher order moments into ac

count for more accurate and reliable state estimation. The earlier works 54 in the 

literature rely on the availability of analytical models for the dynamical systems 

and the measurement systems. High order sensitivities and tensor partials need to 

be computed either analytically or symbolically to evaluate state transition tensors 

for effective high order filter implementations. This has been a significant bottle 

neck for adopting the high order methods. To solve those computational issues, a 

high order filter with computationally efficient structure is developed and provides 

a means of achieving the propagation and update of high order statistical moments 

without the need of high order partials. More details about the high order methods 
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and t he development of t he high order fil ter will be presented in chapter 3 and 

chapter 4. 

Based on t he main aspects of t his dissertation aforement ioned , t he main obj ec

t ives are summarized as follows: 

1. Develop an effective data driven modeling method. This framework 

seeks to construct local models independent ly from t he input-out put data instead 

of specifying t he local models a priori and provide a means of integrating t he local 

models seamlessly as forcing a global cont inuity. 

2. Extend the utility of the developed data driven modeling method 

to real world applications. The applicability of t he developed method for t he 

unmanned aerial vehicle (UAV) based aeromagnetic sensing is sought to generate 

local magnetic field variations. 

3. Develop a computationally-efficient method for uncertainty propaga

tion in nonlinear dynamical systems. This framework seeks to compute higher 

order state transit ion matrices in a derivative free manner and a computationally 

attractive manner. 

4. Develop a high order filter for propagation and update of high order 

statistical moments. , Finally, a means of achieving t he propagation and update 

of high order statistical moments wit hout t he need of high order part ials is sought. 

This dissertaiton is organized as follows: 

Chapter 2 details t he development of t he effective data driven modeling method 
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called the sparse approximation based GLOMAP (Global-Local Orthogonal Map

ping). The sparse approximation provides a means of constructing independent 

local models from the input-output data and the GLOMAP framework provides 

a means of integrating the local models seamlessly as forcing a global continuity. 

Numerical examples based on the experimental data are considered to demonstrate 

the efficacy and utility of the sparse approximation based GLOMAP algorithm. 

Chapter 3 details the real world application of the sparse approximation based 

GLOMAP algorithm for the unmanned aerial vehicle (UAV) based aeromagnetic 

sensing system called the DroneMag. In this chapter, discussions elaborating the 

elements of the sensor hardware and software architecture are presented. Filed 

experiments are carried out to demonstrate the utility of DroneMag system for ef

ficient aeromagnetic survey of large areas of interest. 

Chapter 4 details the computationally-efficient method for uncertainty propaga

tion in nonlinear dynamical systems. Conjugate Unscented Transformation (CUT) 

based approach is presented to compute higher order state transition matrices in 

a derivative free manner and a computationally attractive manner. The computed 

state transition matrices are valid over the desired domain represented by a proba

bility density function . Benchmark problems corresponding to uncertainty propa

gation are considered to demonstrate the numerical efficiency and accuracy of the 

developed method. 

Chapter 5 details the framwork of high order filter methods. The connection be

tween the higher order state transition, the conventional high order method and 

the developed high order filter is discussed. The developed filter computes higher 
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order moment update equations in a jacobian free manner and a computationally 

attractive manner. Orbit estimation problem is considered to demonstrate the nu

merical efficiency and accuracy of the developed filter. 

Finally, this dissertation concludes in chapter 6 with a discussion that summarizes 

the results obtained and outlines the future works. 
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Chapter 02 

DATA DRIVEN MODELING 

2.1 INTRODUCTION 

Data driven modeling is a means for modeling of engineering systems behavior 

based on the observed input-output data, instead of relying on explicit knowledge 

of physical phenomenon about the systems. Due to the advancement of sensor 

technologies which has facilitated collection of desired data, data-driven modeling 

tools have become popular. One may derive a dynamic model for a simple spring

mass system without difficulties based on the knowledge of fundamental physics. 

However, we may encounter more challenging cases where it is difficult to derive 

mathematical models based solely on the physics background. For example, the 

complex tumor motion modeling discussed in 1 is such case and one of the problems 

that address the important role of data driven modeling tools. 

Data driven models are often referred to as black box models since no explicit 

knowledge of internal process of given systems is required. Instead, data driven 
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modeling tools learn empirically the mathematical models which describe given 

systems from the observed input-output data. Therefore, in data driven modeling 

the key importance is to address appropriate basis functions which correspond to 

the mathematical model , and the model parameters should be determined after 

undergoing sufficient learning processes with various data sets. There are many 

different algorithms of data driven modeling proposed in the literature. However, 

there is no panacea-like methods which work for any case. One needs to consider 

either adopting or adapting the existing frameworks more intelligently depending 

on given problems. 

One of most popular data driven modeling tools is the polynomial approxi

5mation which has been widely used for many applications 2- . It is a relatively 

simple method and its key computational advantage is that the unknown model 

parameters of the polynomial approximation are determined by solving a set of 

linear equations. For complex input-output data map which is difficult to learn 

using a simple polynomial approximation with low order, one can increase the or

der of polynomial approximation to increase the approximation accuracy. However, 

one needs to choose the order carefully because high order of polynomial approx

imation may cause numerical difficulties. For example, the condition number of 

the Vandermonde matrix involved in computing the unknown model parameters of 

polynomial approximation will increase as the order of polynomial approximation 

increases. The poor condition number tends to deteriorate the approximation ac

curacy. 
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Another popular dat a driven modeling tool is the Artificial Neural Network 

(ANN) which also have been extensively used for many applications 6-
13 

. Com

pared to the polynomial approximation , the ANN provides one with more freedom 

in adjusting its structure for complex input-output dat a. In the ANN, one can 

select the activation functions in hidden layers and control the number of hidden 

layers depending on the complexity of input-output dat a. Radial basis functions 

and sigmoid functions are widely chosen as activation functions and the use of mul

tiple hidden layers may allow one to model complex input-output dat a that makes 

the use of polynomial approximation incapable. However , the ANN has also dis

advantages in practice. For example, improper number of hidden layers can lead 

to not only decrease of approximation accuracy but also considerable increase of 

computational cost in the process. 

Those methods mentioned above can be viewed as a global modeling method 

since it derives a global trend from the input-output dat a. In contrast , a local mod

eling method utilizes local models for learning localized behaviors of input-output 

17 25dat a. Wavelet analysis 14 - , splines 18 and finit e element method 19 - are popular 

local learning approaches. These local modeling methods are especially suited for 

a particular input-output map which shows highly irregular local variations. By 

using finite number of local models, local behaviors of input-output dat a can be 

characterized more accurately than the global learning approaches can do. The 

local features are generally buried by the global modeling methods, or the global 
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modeling methods can only learn a small portion of the input-output map as in

tensively localized in a certain local region. 

Although the aforementioned local modeling methods have their advantages 

over the global modeling methods , there are still challenges to be discussed. A 

complex input-output map can show different characteristics of local behaviors. 

For example, one local region may show polynomial behavior while its neighboring 

region may have sinusoidal behavior. In such case, ideally polynomial approxima

tion and Fourier series should be used to represent each local region. However, 

the conventional local modeling methods have difficulties in integrating indepen

dent local models while guaranteeing a global continuity. In fact , one of main 

challenges in conventional local modeling methods is lack of ability to seamlessly 

integrate independent local models while avoiding the discontinuities between the 

local models. Another challenge to be discussed is how to choose appropriate lo

cal models when no prior knowledge about input-output map is available. If a 

local region is known to have polynomial behavior, then we can simply use polyno

mial approximation. However, unfortunately in most real world problems the prior 

knowledge about input-output map is often unknown. If predefined local models 

in conventional local modeling methods are not able to represent local behaviors of 

input-output map, then one needs to redefine local models with different types and 

repeat this process until approximation accuracy is within the desired range. This 

time-consuming repeating process is generally undesirable and is also one of main 

challenges in conventional local modeling methods. 
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To overcome the maJor challenges in conventional local modeling methods, 

Singla et al. has proposed the Global-Local Orthogonal Mapping (GLOMAP) 

in his book 26 
. This chapter is intended to review the GLOMAP algorithm which 

provides one with freedom in choosing completely independent local models while 

guaranteeing a global continuity. In addition, sparse approximation is reviewed 

since it provides a way of selecting local models more intelligently from data, not 

specified a priori. By incorporating the sparse approximation into the GLOMAP 

algorithm, one can remove the limitations of conventional local modeling methods. 

The sparse approximation based GLOMAP method can be used for many applica

tions as one of data driven modeling tools. One of interesting applications to be 

discussed in this chapter is to generate data driven local maps of the geomagnetic 

field and to seamlessly integrate the local maps with the global maps (i.e. , World 

Magnetic Model (WMM)). A brief overview of the WMM will be discussed in the 

section of numerical results. Those local magnetic field maps can be used for var

ious applications such as locating underwater/subterranean hazardous structures, 

Identification of mineral deposits and abandoned oil and gas wells. 

The rest of chapter is organized as follows: Section II reviews the Global-Local 

Orthogonal Mapping (GLOMAP) algorithm. Section III presents the sparse ap

proximation based GLOMAP method. Section IV provides numerical results to 

illustrate the performance of the sparse approximation based GLOMAP method. 

Lastly, conclusion is discussed. 
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2.2 GLOBAL LOCAL ORTHOGONAL MAPPING 

In this section, the global-local orthogonal mapping (GLOMAP) algorithm 26 is 

discussed. The GLOMAP has various important features which makes itself prac

tically feasible approach to model high complex input-output data. It has been 

applied to a diverse set of modeling problems which include mathematical model

ing of topography and the Earth's gravity field. As the name suggests, the main 

idea of the GLOMAP algorithm is to decompose a global domain of interest into a 

finite number of local domains. Each local domain is then independently modeled 

using appropriate local models. The GLOMAP algorithm rigorously blends these 

independent local models using the weighting functions , leading to a global con

tinuity. The essential features that form the basis of the GLOMAP are discussed 

in detail and the GLOMAP algorithm is implemented through a numerical example. 

The basis functions such as spherical harmonics, Legendre polynomials and pe

riodic functions of sines and cosines are frequently utilized for local models because 

they have a common important property called orthogonality. The arbitrary func

tions , ¢1(x) and <f>m(x) defined on the interval [a , bl, are said to be orthogonal if 

they meet the following condition: 

(2.1) 

\w(x)¢/(x)dx ~ C1 ,' 0 (l = m) 
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where l , m = {1 , 2, 3, ... } and w(x) ~ 0 is an associated weight function. (2.1) is the 

continuous orthogonality condition and the correspodning discrete orthogonality 

condition is defined as 

N 

~ ex,) </>,(x,)</>m(x,) ~ D,6,m (2.2) 

where r51m is the Kronecker delta function defined as 

if l -/- m 
(2.3) 

if l = m 

Using the orthogonality conditions defined above , the orthogonal functions can be 

uniquely constructed through the Gram-schmidt orthogonalization process for any 

basis functions. While the construction of continuous variable orthogonal functions 

are quite straightforward, the construction of discrete variable orthogonal functions 

requires that the specific number N and distribution of the sample points Xi to be 

carefully chosen to appropriately evaluate the inner product defined in (2.2). 

To show the key features of the orthogonal property in modeling perspective, let 

us suppose that an unknown terrain surface is denoted by a continuous functional 

form of J(x) as shown in Figure 2.1 and can be modeled using a finite number of 

orthogonal basis functions , </Ji (x). That is, 
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f(x) 

X 

Figure 2.1: Unknown Terrain Surface J(x) 

N 

f(x) ~ ~e;(x) ~ CT,j,(x) (2.4) 

where N is the number of basis functions. cp(x) can be polynomial functions of 

[1, x , x2 , x3 , ... ] or periodic functions of [sinx, sin2x, ... ]. The unknown coefficients, 

ci , which correspond to each basis function are generally determined using the least 

squares method which minimize the sum of squared residuals between J(x) and 

ercp(x). Thus, the least squares method is formulated as: 

rr::n J ~ !J(e) -CT ,j,(x)t (f(x) - CT ,j,(x)) t (2.5) 

(2.6)~ 2<(fl - CT ,j,(x)) , (el - CT,j,(x)))( 

where the angle bracket is a shorthand notation for the integral. The least squares 

method defined in (2.6) is to find the unknown coefficient , ci , which minimize the 
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modeling error denoted by the cost function J. Applying the first-order optimality 

condition, g~ = 0, leads to the following normal equations to solve for ci: 

Nki f'(x) ,4';(x))c; ~ (f(x), <P,(x)), i = 1, 2, · · · , N (2.7) 

This set of linear equations can be written in a compact matrix form as: 

(2.8) 

where Mis a (N x N) matrix, c is a (N x 1) vector and bis a (N x 1) vector. As the 

basis functions cp(x) have the orthogonal property defined in (2.1) , the important 

feature is that M becomes a diagonal matrix with the ellements of (</>i(x) , <Pi(x)). 

In other words , the linear set of equations are decoupled and therefore the unknown 

coefficients can be computed in a computationally efficient way by avoiding a large 

matrix inversion. This is a numerically advantageous feature of using the orthogonal 

basis functions , while in the case of using non-orthogonal basis functions numerical 

difficulties may be encountered, especially when high order of basis functions are 

involved. When basis functions with high order(~ 8) are used, solving the problem 

of ( 4.13) may become ill-conditioned due to poor condition number of the matrix 

M. As a consequence, the solution accuracy is rather deteriorated as the order of 

basis fuctions is increased. 
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In addition to the particular features of orthogonal basis functions , choosing 

an appropriate type of basis functions is important in modeling becuase there are 

many different types of basis functions. Since there is no panacea-like basis func

tion which works for any case, choosing proper basis functions generally requires 

sufficient study on the characteristics of measured data set. Further, a priori knowl

edge about input-output data network enhances greatly the probability of choosing 

proper basis functions. Fortunately, the large dictionary which contains infinitely 

many different types of basis functions can narrow into a dictionary of polynomial 

functions according to the Stone-Weierstrass theorem. This theorem states that 

any continuous function defined on a compact interval can be uniformly, accurately 

approximated by a series of polynomial functions. Based on this theorem and the 

numerically advantageous feature of orthogonal basis functions , orthogonal poly

nomial functions can be considered to be in the first place in choosing the basis 

functions. The key benefits of using orthogonal polynomial functions for the basis 

functions are that polynomial function is one of the simplest functions and its coef

ficients corresponding to each term of polynomials can be efficiently computed by 

solving a set of linear equations. 

The GLOMAP algorithm has those particular features described above and now 

its most important properties and mathematical form are discussed. The GLOMAP 

decomposes a global domain of interest into a finite number of local domains. Each 

local domain is then independently modeled using appropriate basis functions and 

the GLOMAP rigorously blends these independent local models using the weighting 
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Figure 2.2: Averaging Process by weighting functions for neighboring local models 

functions , leading to a global continuity. In fact , this feature is the most impor

tant property of the GLOMAP and makes it practically feasible approach to derive 

local models for high complex input-output data. In practice, this locally-learning 

feature becomes more important especially when a complex hyper surface defined 

on a large domain is at hand to be modeled. If a single high order based global 

modeling technique is used, modeling of such complex hyper surface may become 

inevitably highly complicated or even intractable. Therefore , it is likely desired 

to break the complexity of the entire domain into simple local domains which are 

much easier to model. In this way, desired modeling accuracy can be obtained in 

efficient manner by increasing several number of local models. 
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The essential ideas of the GLOMAP for 1-dimensional (lD) case is shown in 

Figure 2.2. The domain of interest is decomposed into a finite number of local do

mains such as [X 0 ,X 1], [X 1 , X 2] and [Xi-l , Xi]- The size of each local domain is not 

necessarily the same. The neighboring local domains, [Xi-I , Xi+1], are then inde

pendently modeled using appropriate local models, Fi(X) which can be polynomial 

functions of [1, X , X 2 , X 3 , ... ] or periodic functions of [sinX, sin 2X, ... ]. Every local 

model, Fi(X), overlaps at each local domain and the weighting functions, w(xi) , 

are introduced to blend ( or average) these overlapping local models, Fi (X) and 

Fi+1 ( X). The weighting functions, w(Xi) , are defined on local coordinates Xi as: 

(2.9) 

These local coordinates, xi, are centered on Xi as shown in the Figure 2.2. The 

final averaged local models are then computed as 

(2.10) 

where O :s; xi :s; 1 and -1 :s; xi+1 :s; 0. 

The weighting functions are to be determined and must satisfy the following 

conditions to make the averaging process defined in (2.10) valid. The sum of weight 

values which correspond to the values of X must be always unity for an unbiased 

averaging process. For example, w(x1 ) +w(x2 -1) = 1 or w(x1 +1) +w(x2 ) = 1. In 
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addition to this unbiasedness condition, the averaged local models defined in (2.10) 

must have the following first derivative valid at any point to guarantee a continuity. 

(2.11) 

Eventually, those requirements lead to a boundary value problem which uniquely 

defines the valid weighting functions. Full details about derivation of the generalized 

weighting functions that guarantee arbitrary order continuity can be found in 26 
. 

The lowest order of weighting functions for the 1-dimensional case is defined as: 

w(x) ~ { (2.12) 
O:s;x < l 

and shown in Figure 2.2. It sho ld be noted that the key feature of the weighting 

functions is to blend unbiasedly the overlapping local models to guarantee a global 

continuity while preserving the flexibility in choosing the independent local models. 

The numer of local domains is chosen in such a way that the number of measured 

data in the neighboring local domains is at least equal to the number of unknown 

coefficients of local models. These unknown model parameters are then generally 

computed by the least squares scheme defined in (2.6). 

The averaging process defined in (2.10) for lD can be expanded to higher di-
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mensions without difficulty of a curse of dimensionality. Following the notations 

of26 
, the generalization to N-dimensions is shown as: 

(2 .13) 

where , 

N 

w· . (h+i1x1 , ___ I N+ i N x N )=Il((Ii+ii x-)
i (2 .14) i1 , ... , t N ' 

i=l 

and the unbiasedness condition is 

(2 .15) 

The weighting function based averaging process is the most important prop

erty of the GLOMAP algorithm. This particular feature allows one to break the 

complexity of a global domain of interest into simpler local domains and perform 

localized modeling analysis. Furthermore, the GLOMAP provides flexibility in 

choosing local models independently while avoiding the discontinuity between the 

local models. These particular features make the GLO-MAP practically feasible 

approach to model high complex input-output map. The size of local domains and 

the type of local models are the key factors that affect the overall accuracy of the 

GLO-MAP algorithm, and they are generally determined adaptively by the nature 
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of observed data and desired modeling accuracy. Figure 2.3 shows the overall pro

cess of the GLOMAP implementation. 

To illustrate the overall process and performance of the GLOMAP algorithm, 

modeling of an irregular surface in 2D space is considered. This surface is created 

by the following analytical function 27 : 

(2.16) 

Figure 2.4 shows the true surface of (2.16) plotted using 100 x 100 equally spaced 

grid points. From (2.16) , a discrete measurement data set of 10,000 elevation points 

is generated. These elevation points are randomly located in the unit square region. 

The 80% of the total data (hereafter referred to as modeling data) is used for the 

purpose of modeling and the remaining 20% of the total data (hereafter referred 

to as validating data) is used for the purpose of model validation. The root mean 

square (RMS) error and maximum absolute error over the validating data is com

puted to evaluate the model constructed by the GLOMAP. 

The GLOMAP algorithm is now implemented for this modeling problem ac

cording to the implementation process shown in Figure 2.3. The entire domain 

defined on the unit square area is decomposed into a finite number of local do-
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Figure 2.3: Implementation Process of the GLO-MAP algorithm 
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Figure 2.4: True Surface 

mains. For instance, the entire domain can be decomposed into 100 local domains 

of dimension of 0.1 x 0.1 or 400 local domains of dimension 0.05 x 0.05. The num

ber of local models is adaptively determined as a control factor that can enhace 

modeling accuracy. Each local domain is then modeled by local models which can 

be polynomials, spherical harmonics and etc. For this modeling problem, 2nd order 

polynomial functions are chosen to be local models due to its simplicity. Hence, 

the local models have the following form: 

6 

F(x ,y) ~ c1 + c2x + c3y + c4xy + c5x
2 + ec,y

2 ~ ~ t ,P,(x, y) (2.17) 

where Ci are unknown model parameters and generally determined by the least 

squares process. The local models are then blended by the averaging process de

fined in (2.13) using the first order weighting functions. 

25 



.c 
g 
!:!:!.1 .5 

'o 
0.3 E 

:, 

.~ 1 
0.2 ~ 

0.5 
0.1 

o~---~-~-~-~- o~---~-~-~-~-
10 ~ 30 ~ ~ 60 10 20 30 40 50 60 

Number of Local Models Number of Local Models 

(a) Root Mean Square (RMS) Error (b) Maximum Absolute Error 

Figure 2.5: Error vs. Number of 2nd Order Local Models 

Figure 2.5 shows the RMS and Maximum Absolute error corresponding to dif

ferent number of local models. As discussed, it is clearly observed that the accuracy 

of the GLO-MAP is affected by the number of local models. By increasing several 

number of local models, the modeling errors are greatly reduced. In addition to 

the effect of the number of local domains, we also illustrate the effect of different 

order of local models. 3rd and 4th order polynomial functions are chosen to be local 

models and the corresponding RMS and Maximum Absolute errors are computed. 

Figure 2.6 shows the performance of the GLOMAP with those higher order local 

models, compared with the performance of the 2nd order local models at the same 

number of local models. From the figure, it is clear that the number of local models 

is greatly reduced to obtain desired accuracy by increasing the order of local models. 

Figure 2. 7 shows the surface plot generated by the GLOMAP using the 100 x 100 

equally spaced grid points. This surface plot corresponds to the GLOMAP with 

49 second order local models. As seen from this figure , the GLO-MAP is able to 
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Figure 2.6: Error vs. Higher Order Local Models 

exhibit the sharp ridge regions with high resolution which are generally difficult 

to model and the true elevation range is accurately captured by the GLOMAP. 

Desired modeling accuracy cab be obtained by either increasing several number of 

local models or increasing order of local models. 

2.3 SPARSE APPROXIMATION BASED GLOMAP 

This section provides brief overview of the sparse approximation theory and dis

cusses the sparse approximation based GLOMAP. The sparse approximation theory 

has been widely used in compressed sensing, error correction, image processing and 

28 more -
31 although its name may be differently used by various communities. The 

sparse approximation was also successfuly used for estimation of radiological source 

terms 32 
. The overview of the sparse approximation theory in this section is made 

based on 32 
. To explain the main ideas of the sparse approximation theory, consider 

a linear set of equations Ax = b. A is an underdetermined q x p matrix (q < p) , 
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Figure 2.7: Surface and Contour by the GLOMAP 

x E JRP and b E IRq. The sparse approximation problem is defined as to find the 

sparsest possible representation x which satisfies Ax = b. In this regard, one can 

pose the following sparse optimization problem: 

mm llxllo 

subject to (2.18) 

Ax=b 

where II· I lo refers to the 0-norm which is the total number of nonzero elements in the 

vector. Note that the 0-norm minimization problem is a non-convex optimization 

problem. However, it has been shown that one can approximate the solution to this 

34sparse approximation problem by a sequence of convex problem33; . The 11-norm 

also produces relatively sparse vectors when minimized, and is convex. In order 

to apply the powerful tools of convex analysis, the sparse optimization problem is 
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thus formulated as 

mm llxll1 

subject to (2.19) 

Ax=b 

This sparsity-seeking property of the sparse approximation theory can be very 

useful when it is incorporated into the GLOMAP. With the sparse approximation 

based GLOMAP, one does not need to worry about specifying local models in 

advance. The sparse approximation based GLOMAP provides a powerful engine 

that automatically selects appropriate local models from input-output data. From 

a large number of various local models called dictionary, the sparse approximation 

tool activates a small number of local models which best suit the given input-output 

data. Figure 2.8 illustrates schematic of the sparse approximation based GLOMAP. 

Note that after the local models are found by the sparse approximation tool, the 

GLOMAP blends the local models using the powerful averaging process for a global 

continuity. 

More general form of sparse approximation problem 29 is expressed as follows: 

mm (2.20) 
C 

where f; is (m x 1) vector of observed data, <I> is (m x n) matrix of basis functions 

(m < n) , c is (n x 1) vector of model parameters, Ilei 11 = I:f lci l and a is a 

positive parameter which regulates the sparsity of the vector c. (2.20) can be 

29 



Dictionary 

y 

X 

sparse x f20 fso fiooo ... 

approximation fi : any type of basis functions 

$1 (x, Y) = a1 f11 +azf2s 

¢2(x, 'Y) = bif1 +bzf2 + bd s + b4 f7 
X 

c/>a(X, Y) = c1fs +czf9 + cd 21 

Figure 2.8: Schematic of the sparse approximation based GLOMAP 
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efficiently solved by one of the convex optimization solvers such as CVX 35 . 

2.4 NUMERICAL RESULTS BASED ON EXPERIMENTAL DATA 

This section illustrates the performance of the sparse approximation based GLOMAP 

in generating data driven local maps of the geomagnetic field. As mentioned ear

lier, the data driven local maps can be used in locating underwater/subterranean 

hazardous structures, identification of mineral deposits and abandoned oil and gas 

wells. Field experiments are performed at different local sites, collecting magnetic 

data through ground survey and martime survey. 

2.4.1 SENSORS AND SITE DESCRIPTION 

Figure 2.9 shows an operator equipped with sensors for ground magnetic survey 

and Figure 2.10 shows a setup for martime survey. In both surveys, the oper

ators are magnetically clean and the pedal boat is nonconductive. The sensors 

are a potassium vapor magnetometer which collects magnetic data and the GPS 

which collects location information of magnetic data. The data logger stores all 

collected data during survey. Table 2.1 is the specification of the potassium vapor 

magnetometer. Compared to other magnetic sensors 36 , the potassium vapor mag

netometer has higher sensitivity and accuracy. It is a scalar magnetometer which 

measures the total intensity of magnetic field. 

Figure 2.11 shows the location of four different survey sites for ground magnetic 

survey and Lake La Salle for martime survey in Buffalo region where magnetic data 

were collected. Figure 2.12 shows the aerial images of the survey sites for ground 
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(b) GPS 

(c) Potassium Vapor Magnetometer 

(d) Data Logger 

Figure 2.9: Sensor Suit for Ground Magnetic Survey 

Measure Range 20,000 ~ 100,000 nT 
Sensitivity 0.0003 nT 
Resolution 0.0001 nT 
Accuracy ±U.1 n'l 

~ampling Rate 1,2,5,20 Hz 

Table 2.1: Specification of Potassium Vapor Magnetometer 
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Figure 2.10: Sensor Suit for Martime Magnetic Survey 
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Figure 2.11: Location of Survey Sites 
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7 ~ Ground Survey 

Figure 2.12: Four Ground Survey Sites 

magnetic survey and Figure 2.13 shows the aerial image of the martime survey. The 

actual surveyed areas in each local site are marked in a red box, and each local site 

involves particular ferromagnetic structures marked in a yellow box. Site 1 includes 

four basketball hoops, Site 2 has a swing and a slide in playground, Site 3 has two 

goal posts and Site 4 has an water well. The martime survey site involves bridge 

structure (overpass) marked in a yellow circle. Those structures produce relatively 

high magnetic field. Therefore, they are expected to appear in data driven local 

maps of the geomagnetic field. 
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Figure 2.13: Martime Survey Site 
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2.4.2 RESULTS 

The collected magnetic data form the basis of data driven local maps of the geomag

netic field. Before applying the sparse approximation based GLOMAP to generate 

data driven local maps, the standard Earth magnetic field model called the World 

Magnetic Model (WMM) is briefly overviewed to show its limitations in modeling 

local magnetic field variations. The WMM represents the magnetic field on the 

Earth and is given by 37 

N n+l n ~ 

V(,\, 0, r, t) ~ a~ (~ l; [g;;'(t) cos(m.\) + h;;'(t) sin(m.\)] I','."(sin 0) (2.21) 

where >. is longitude, 0 is latitude, r is radius from the Earth 's center, a is refer

ence radius and N is degree of WMM. The WMM is spherical harmonics expansion 

with degree N, consisting of Fourier series and Schmidt semi-normalized associated 

Legendre function. One can refer to 37 for details of how the unknown model pa

rameters, g:;: (t) and h:;: (t) , are estimated for the geomagnetic field. In modeling of 

local magnetic field variations , the time variable can be omitted and (2.21) can be 

put in a compact matrix form as: 

V = Hx (2.22) 
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where, 

P:;::,(sin01 ) cos(m>-1 ) P:;::,(sin01 ) sin(m>-1 ) 

f (sin 02) Pf (sin 02) cos(>- 2) P:;::, (sin 02) cos(m .X2) P:;::,(sin02) sin(m>- 2) 

rsinO,) Pf (sin 01 ) cos(>-1 ) (
H =a f (sin03) Pf (sin 03) cos(.X3) P:;::, (sin 03) cos(m .X3) P:;::, (sin 03) sin( m .X3) 

r (,:n,,) F'f (sin0k) cos(.X k) P:;::,(sin0k) cos(m.Xk) P:;::,(sin 0k) sin(m.X k) ( 
0 1 hl m hm]T 

X = [91 , 91 , 1 , · · · , 9n , n 

V is the k x 1 vector, H is the k x q matrix and xis the q x 1 vector, where k is 

the number of local magnetic field dat a and q is the number of unknown spherical 

harmonic coefficients. The number of local magnetic fie ld dat a is generally greater 

than the number of unknown coefficient s, i.e., k > q. Thus, the least squares 

problem is formulated to determine the unknown spherical harmonic coefficient s. 

Figure 2.14 shows that the condition number linearly increses as the degree of WMM 

increases. In other words, HTH b ecomes nearly singular as the degree of WMM 

increases. This numerical issues, as mentioned earlier , produce large modeling error 

as clearly seen from Figure 2.14. 

To apply the sparse approximation based GLOMAP, each local site is decom

posed into (10 x 10) local domains. The size of local domains can b e varied de

pending on the domain of interest. A dictionary is composed of the WMM with 
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(a) Condition Number vs. WMM (b) Modeling Error vs. WMM 

Figure 2.14: WMM Error in Site 1 

degree N = 15, which is equivalent to 270 local models. One can include other 

local models such as polynomials and Gaussian functions in the dictionary. Be-

cause the standard magnetic models are avaiable and well known by the geoscience 

community, it makes sense to utilize them for this particular case. The sparse ap

proximation automatically activates a small number of local models that best suit 

for each local domain and finally the averaging process of the GLOMAP construct 

a global continuity of the local independent models with a desired order of continu

ity. Figure 2.15 illustrates the whole process of generating data driven local maps 

using the sparse approximation based GLOMAP. 

Figure 2.16 shows the data driven local map of Site 1 and the total 9 activated 

basis functions. As seen from the figure, relatively low frequency terms are acti

vated for magnetically quiet region. On the other hand, Figure 2.17 shows that 

the higher frequency terms are activated for the magnetically noisy regions. From 

these figures , it is clearly seen that the sparse approximation based GLOMAP is a 

powerful tool that selects appropriate local models from the input-output data, not 
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Figure 2.15: Whole process of generating data driven local maps using the sparse 
approximation based GLOMAP 
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Figure 2.16: Site 1: Data Driven Local Map 

specified a priori. In addition, the data driven local map generated by the sparse 

approximation based GLOMAP and registered on the surveyed area captures accu

rately the unique structures. Similarly, the sparse approximation based GLOMAP 

generates the data driven local maps for the other local sites as shown in Figure 

2.18 - 2.21. 80% of total data set is used in constructing the local models and the 

rest of data set is used to validate their performance. The modeling error for every 

local site is less than 2%. 
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Figure 2.17: Site 1: Dat a Driven Local Map 

Figure 2.18: Site 2: Dat a Driven Local Map 
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Figure 2.19: Site 3: Data Driven Local Map 

Figure 2.20: Site 4: Data Driven Local Map 

Figure 2.21: Lake La Salle: Data Driven Local Map 
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2.5 CONCLUSION 

This chapter presents the sparse approximation based GLOMAP algorithm. It 

allows one not to worry about specifying local models in advance. Instead, the 

local models which best suit the given input-output data are automatically selected 

and those local models are completely independet of each other. In addition, the 

sparse approximation based GLOMAP uses a powerful averaging technique that 

allows one to construct a global continuity of the local independent models with 

a desired order of continuity. One of applications that generates data driven local 

maps of the geomagnetic field is considered to illustrate the performance of the 

sparse approximation based GLOMAP. It is shown that the method can accurately 

caputre the unique structures that appear in each local site and modeling error is 

less than 2%. 
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Chapter 03 

DATA DRIVEN MODELING: APPLICATION TO UAV

BASED AEROMAGNETIC SENSING 

3.1 INTRODUCTION 

Accurate geolocalized magnetic field data is important for a variety of engineering 

applications, in addition to being used for debiasing electronic compasses used to 

measure the direction of magnetic north for terrestrial navigation. Local magnetic 

field signatures frequently possess strong correlations with geological features , min

eral resources , morphology and subterranean infrastructure. For instance, the areas 

of the size of a city block can be mapped in a matter of few hours using most com

mercial off-the-shelf (COTS) unmanned aerial systems (UAS) instrumented with 

4relevant sensing equipment 3s- o. Availability of autonomous systems to carry out 

survey operations also forms the basis for automated surveying capabilities useful 

for monitoring natural geophysical phenomena and their influence over man-made 

43infrastructure 41 
- . Mineral exploration and detection of unexploded ordnance use 

magnetic field sensing techniques to localize objects such as ore deposites and sub-
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surface mines 44 
-

48 
. Magnetic field is generally determined by ground-based, ship

borne and airborne survey using a single or multiple onboard magnetometers. Ded

icated satellite systems are also employed for this purpose 49 
. While the ground

based surveys can only cover a relatively small region and is often restricted by 

barriers, the aeromagnetic survey is able to cover a much larger region. 

In this chapter, the conventional aeromagnetic surveys are defined as the surveys 

carried out by instrumenting piloted aircraft with magnetic field sensors and using 

5the system to carry out manual surveys 50; i. The conventional surveys generally 

involve significant effort in terms of the man power and equipment resources neces

sary to move the sensor payloads. Flux gate and potassium vapor magnetometers 

and associated data collection computers to record the data typically weight 10s 

of pounds 52
;53 . Special infrastructure such as a boom is typically used to isolate 

the magnetic field sensor from the electro magnetic interference associated with 

fuselage, propulsion and radio communication systems of the airframe. These in

teractions are particularly important when rotorcraft are used as the autonomous 

sytems used to house the magnetic field sensor payloads. To minimize the distur

bance from the extraneous signals, specialized equipment such as a boom is utilized. 

Typically the structural designs for the support infrastructure (such as the boom) 

are specific to the airframe. To this end, significant re-engineering is necessary for 

redesign of the support infrastructure. 

In this chapter, an Unmanned Aerial System (UAS) based aeromagnetic survey 
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system called Dronemag is developed. Dronemag allows an effective and efficient 

means of carrying out aeromagnetic surveys over large areas of interest. The tech

nology details presented here-in form a basis for automatic magnetic survey pro

cesses by working in conjunction with a near real-time data assimilation process 

implemented onboard a high performance single board computer systems. While 

aeromagnetic survey is a particular realization of interest , the modular organiza

tion of hardware components and the data acquisition and processing pipelines 

form a basis for a generic scalable architecture that is adaptable for geospatial in

formation collection, processing and visualization. Using commercial-off-the-shelf 

(COTS) hardware elements, a particular realization of Dronemag is presented in the 

chapter to demonstrate the essential ideas involved in the hardware and software 

pipelining process. Hardware demonstration realization of DroneMag is composed 

of a commercial quadroper carrying a payload composed of a single board com

puter that interfaces with a MEMS inertial measurement unit (IMU) , a 3 axis rate 

gyroscope, a 3 axis accelerometer, and a 3 axis magnetometer. The IMU also has 

a collocated GPS receiver that has the ability to accept inputs from a base station 

antenna to introduce a differential capability. Field experiments are carried out 

to demonstrate the utility of the hardware and software pipelining involved in the 

Dronemag system. 

Field experiments are carried out to demonstrate the effectiveness and utility 

of the Dronemag system. It is shown that the Dronemag system forms a basis 

for automated surverying operations to update the local magnetic field variations. 

47 



The automated survey process is carried out by the modular Dronemag system 

developed in the chapter, installed onboard an Unmanned Aerial System (UAS) . 

The operator of the UAS inputs the way points for the vehicle to traverse and the 

Dronemag system operates independently to carry out the survey process that in

cludes the geolocalized and time referenced field measurements using the onboard 

instrument suite (Dronemag realization) . The magnetic field data obtained is used 

in the data driven modeling framework developed by the authors to generate a lo

cal model for the magnetic field variations in the surveyed area ( from the nominal 

field as modeled by the geomagnetic model 49
). The local model thus obtained is 

validated using a more elaborate manual survey carried out using more sensitive in

strumentals to evaluate its efficacy. The structure of the chapter is as follows : first , 

the hardware and software design of the DroneMag with details on each component 

are presented. This is followed by detailed discussions pertaining to the adaptation 

of the Dronemag system to the survey vehicle at hand. To debias the Dronemag 

sensing system and isolate the magnetic field perturbations caused by the motors of 

the UAS and other power equipment associated with the installation infrastructure, 

a detailed calibration process is carried out. These considerations are discussed. 

Field experimental setup and process are then detailed. This is followed by valida

tion exercises using data driven models obtained from more sensitive instruments. 

The chapter concludes with a discussion on the results obtained from the validation 

process and outlines a suggestive procedure to automate the aeromagnetic survey 

process. 
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3.2 DRONEMAG SYSTEM 

Essential elements of the hardware and software design of the DroneMag system are 

now presented. The hardware design details are elaborated using COTS hardware 

elements used to develop the prototype system. Elements of the software system are 

discussed using the software and information architecture used in the demonstration 

prototype. These general software and hardware architecture design details are 

presented to identify the key pipelining aspects of the DroneMag system that can 

be embodied with related hardware with different specifications, resolutions and 

accuracies. 

3.2.1 HARDWARE ELEMENTS 

The hardware details and relevant pipelining aspects of the DroneMag system are 

presented, using the embodiment realized using the COTS elements. The pro

totype DroneMag embodiment is composed of a single-board computer (SBC) , a 

portable Inertial Measurement Unit (IMU) sensor containing a 3-axis magnetome

ter, a GPS antenna and a battery. Figure 3.1 illustrates hardware block diagram for 

the DroneMag. In the current prototype, a Beaglebone Black single board computer 

is utilized, while a Vector-Nav VN-200 IMU sensor, consisting of a three axis rate 

gyroscope, three axis accelerometer, three axis MEMS magnetometer and a Global 

Positioning System (GPS) receiver is used, along with its extension antenna. The 

prototype system is powered by a self contained battery and is operated in isola

tion from other computing elements. Although the SBC has a radio communication 

channel , in the current realization, it is only accessed remotely. The operating sys-
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Figure 3.1: Hardware Block Diagram for the DroneMag 

tern and special software utilities developed in the SBC do provide telemetry and 

general purpose input output data monitoring capabilities to the DroneMag system 

from the UAS and from the ground station computer. To demonstrate the under

lying issues with regards to installation of the DroneMag system, the installation 

process onboard a commercial quadroter platform is used. DJI Inspire drone is used 

for this discussion. The relevant installation steps are fairly agnostic to the UAS 

platform used for field deployment and testing. The DroneMag system is mounted 

underneath the quadropter platform, and secured to ensure a stable flight during 

aeromagnetic survey. Flight vehicles providing mobility to the instrument suite typ

ically provide electromagnetic interference (EMI) that corrupt the measurements 

acquired by the DroneMag system. In this particular instance, this interference is 

in the form of dynamic magnetic fields produced by the motors spinning the rotors 

for propelling the quadropter. To minimize this interference, the DroneMag system 
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Figure 3.2: Installation of the DroneMag system on a representative UAS platform 

is suspended below the flight vehicle using a cable of a given length. This length is 

chosen using a simple calibration procedure shown in the Figure 3.2 (b). 

The DroneMag system consists of the beaglebone black, the vn-200 sensor, a 

GPS antenna and a battery. These elements are connected as shown in Figure 

3.1. The single board computer interfaces with the sensors and collects and stores 

magnetic field and GPS measurements obtained during survey. The vn-200 sensor 

by VectorNav is a compact sensor system with a GPS module aided as shown 
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in Figure 3.3. It incorporates an onboard u-blox GPS antenna and contains the 

MEMS inertial sensors such as a 3-axis accelerometer, 3-axis magnetometer and 

3-axis gyro. For aeromagnetic survey applications, that need the measurement 

of total magnetic field intensity, the 3-axis magnetometer is used and the total 

magnetic field intensity is computed through subsequent processing. The vn-200 

sensor weighs 15g, with dimensions of 1.4 x 1.3 x 0.3 inches. This small sensor 

is connected to the beaglebone black through a USB cable and the GPS mounted 

on the quadcopter is connected to the sensor. The vn-200 sensor is calibrated 

using a special process that includes the effects of the hard/soft iron distortions 

caused by typical environmental disturbances. The onboard real-time hard/soft 

iron estimator removes local magnetic field distortions and hence yields unbiased 

sensor output. The VectorNav application program interfaces discussed below allow 

access to the hard/soft iron estimator and many other sensor subsystems useful for 

the DroneMag prototyping process. If other COTS units are utilized, the analyst 

has to make appropriate accommodations to realize an equivalent embodiment with 

different components. 

The beaglebone black (BBB) shown in Figure 3.4 is a low-cost , single-board 

computer (SBC) used in the embodiment of DroneMag system, and is now discussed 

to show the hardware pipelining. This SBC uses a Linux operating system and has 

ARM Cortex-AS, 512 MB RAM, processor clock to 1 GHz and 4 GB of eMMC 

flash memory. It weights about 40g and has dimension of 3.4 x 2.1 inches, which is 

reasonably scalable to be mounted on quadcopters. This also shows the scalability 
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(a) VN-200 (b) GPS 

Figure 3.3: VN-200 sensor and GPS antenna 

of the system. DroneMag is powered by an electric battery which outputs 5V. The 

SBC interfaces with the vn-200 sensor using a USB 2.0 connection. 

3.2.2 SOFTWARE ELEMENTS AND DATA PROCESSING 

PIPELINE 

The key software elements for the DroneMag system handle the interface and data 

traffic from the sensor systems, including the magnetometer and the other geoloca

tion instrumentation integrated in the hardware pipeline elaborated above. These 

applications are authored in C++, based upon the application program interfaces 

of the VectorNav C++ library. The application development is carried out on 

Linux desktop and use the cross-compilation toolchain that compiles the code on 

the Linux desktop and creates an executable code for the BBB ARM platform. 

The executable code is then transfered from the host computer to the BBB 4GB 
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Figure 3.4: Beaglebone Black 

eMMC flash storage. The BBB eMMC onboard flash storage is also used to store all 

the collected magnetic field and GPS measurements. The onboard clocks are used 

to maintain the time synchronization of the field data and also used in data storage. 

Figure 3.5 illustrates the steps to create an software application for the BBB 

ARM platform. As shown in the pseudo-code, the C++ library for the vn-200 

sensor includes the key functions needed to read magnetic field and GPS measure

ments. As discussed above, the function for the onboard real-time hard/soft iron 

estimator is included to remove local magnetic field distortions and yield unbiased 

sensor output. Before data is read and recorded , the onboard real-time hard/soft 

iron estimator is turned on and sampling rate is specified at a fixed rate. Magnetic 

field and GPS measurements are updated at the rate of the GPS receiver (nominally 

5Hz). As the IMU sampling rate is much faster (nominally 200Hz) , the timing of 

the vn-200 sensor is synchronized with the external GPS. Sampling loop is thus run 

on a synchronization mode and input and output synchronization signal is regis-
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tered. The key software functions are programmed to read the 3-axis components of 

magnetic field measurements in Gauss units and the total magnetic field intensity 

is computed at the same rate of 5Hz. Separate functions of the program then reads 

the GPS measurements in longitude, latitude and altitude almost instantaneously. 

After performing a time registration process , data write functions provided within 

the DroneMag program provide functionalities to collect the magnetic field and 

GPS data are stored in the BBB onboard flash storage and used for further data 

processing and local magnetic field estimation. 

3.2.3 UAS PLATFORM 

DJI Inspire quadcopter is chosen as a flight platform to demonstrate the integration 

of the DroneMag system with the flight platform. It has been shown that it is able 

to perform a stable automatic flight while carrying a payload of about 3 pounds. 

The flight path, speed and height can be set up at startup throught its flight 

controller for the stable automatic flight , and its carrying capacity is sufficient for 

implementing the magnetometer system onboard. The quadcopter also has enough 

space and attachments on the airframe for the magnetometer system to be readily 

attached and secured. This demonstrates the versatility of the DroneMag system to 

be easily integrated with the motion platform used in carrying out the field surveys. 

3.2.4 CALIBRATION FOR FIELD EXPERIMENTS 

Flight vehicles providing mobility to the DroneMag system typically produce elec

tromagnetic interference (EMI) that corrupt the magnetic field measurements ac-
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Desktop (Linux) 
□ Write C++ code to read and write magnetic field and 

GPS measurements 

Pseudocode: 

- Include <VectorNav C++ Library> 
- Open serial port; 
- Tum on onboard hard/soft iron estimator(); 
- Set Sampling Rate(); 
- readMagneticMeasurements(); 
- readGPSsolutionLla(); 

D Compile the code using the ARM cross-compilation 
which creates an executable code for the BBB ARM 
platform 

1Executable code 
transfer (SFTP) 

Beaglebone Black (Linux) 

D Run the executable code 

Figure 3.5: Steps to create executable code for the BBB ARM platform 
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quired by the DroneMag system. In this particular case, this interference is in the 

form of dynamic magnetic fields produced by the motors spinning the rotors of 

the quadcopter. To minimize this interference, the DroneMag system is suspended 

below the flight platform using a cable of a given length. This length is chosen 

using a simple calibration procedure shown in Figure 3.6. The steps of calibration 

procedure are that the vn-200 sensor is set up on the tripod, the quadcopter hovers 

above the vn-200 sensor and the laptop connected to the vn-200 sensor reads the 

real-time magnetic field measurements being collected. The tripod and cable are 

not conductive. The quadcopter initially hovers far from the sensor, not affecting 

the sensor readings and starts varying its altitude to get closer to the sensor to ob

serve when it starts corrupting the sensor readings. From this calibration process, 

it is shown that the sensor readings start getting corrupted when the quadcopter 

hovers approximately 3ft above the sensor. Therefore, the length of cable is set to 

6ft with sufficient margin to isolate the magnetic field perturbations caused by the 

motors of the UAS. 

3.3 FIELD EXPERIMENTAL SETUP AND DATA PROCESS 

Field experiments are carried out to demonstrate the effectiveness and utility of 

the DroneMag system. This section presents field experimental setup for auto

mated aeromagnetic survey using the DroneMag system as a particular realization 

of interest and discuss data process. Figure 3. 7 shows the location of test site for 

the DroneMag system to carry out automated aeromagnetic survey in Buffalo re

gion. This test site is permitted by the Federal Aviation Administration (FAA) 
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Figure 3.6: Calibration Process to det ermine the length L of the cable 
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Figure 3.7: Location of Test Site 

for the purpose of aeromagnetic survey. The DroneMag system forms a basis for 

automated surveying operations to update the local magnetic field variations. The 

operator of the UAS inputs the way points as shown in Figure 3.8 for the vehicle 

to traverse and the DroneMag system operates independently to carry out the sur

vey process that includes the geolocalized and time referenced field measurements 

using the onboard instrument suite (DroneMag realization). Figure 3.9 illustrates 

a snapshot of the DroneMag system performing automated survey operations at a 

fixed altitude of 9ft. 

The DroneMag system forms a basis for automatic magnetic surveying processes 
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Figure 3.8: Way points input By the operator of the UAS 

Figure 3.9: The DroneMag system performing automated survey operations 
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by working in conjunction with a near real-time data assimilation process imple

mented onboard a high performance single board computer (SBC) systems. The 

DroneMag program running onboard the SBC provides functionalities to collect 

and store the magnetic field and GPS data, and those data obtained are used for 

further data processing and local magnetic field estimation. The GPS data obtained 

is used for generating the nominal magnetic field as modeled by the geomagnetic 

model 49 in the surveyed area. The magnetic field data is then used in the data 

driven modeling framework developed in the previous chapter to generate a local 

model for the magnetic field variations in the surveyed area. Figure 3.10 illustrates 

the entire data assimilation process of the DroneMag system. 

The local models thus obtained are validated using a more elaborate manual 

survey carried out using instrumentals of higher precision to evaluate its efficacy. 

Manual survey is made by an operator carrying a potassium vapor magnetometer 

with GPS and collecting magnetic field and GPS measurements along the test site. 

Figure 3.11 shows the path of manual survey generated using the collected GPS 

data. This path data is used in designating the way points shown in Figure 3.8 for 

the UAS to operate automated aeromagnetic survey in the test site. Figure 3.12 

illustrates the path generated during the UAS survey. The discrepancy between 

the manual survey path and the U AS survey path can be explained by internal and 

external factors. Due to the effects of external forces such as wind and dynamics 

of the cable towing the vn-200 sensor, it can cause the UAS platform drift and al

titude variations. In addition, the GPS receiver collocated with the vn-200 sensor 
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Figure 3.11: Manual Survey Path 

has inherent sensor noise and there can be internal systematic errors involved in 

the UAS system itselt. These issues are general for the UAS based automated aero

magnetic survey operations such as the DroneMag system and need to b e outlined 

to interpret appropriately the sensitivity of the magnetic field measurements to the 

U AS platform drift. 

3.4 EXPERIMENTAL RESULTS 

This section presents experimental results based on the field experiments carried 

out to demonstrate the effectiveness and utility of the DroneMag system. The 

magnetic field data obtained by the DroneMag system is used in the data driven 

modeling framework developed in the previous chapter to generate a local model 

for the magnetic field variations in the surveyed area. This local model obtained 
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Figure 3.12: UAS Survey Path 

is then validated using the local model generated using the magnetic field data 

obtained by more elaborate manual survey carried out using instruments of higher 

precision. In this section, the local model generated using the magnetic field data 

obtained by the DroneMag system is defined as the DroneMag local model and the 

local model generated using the magnetic field data obtained by the manual survey 

is defined as the reference local model. 

Figure 3.13 shows the manual survey path and the local magnetic field variations 

in the test site constructed by the reference local model. The presence of particular 

high magnetic field region corresponds to subterranean water well structure in the 

test site which consists of ferromagnetic materials. As shown in the figure , local 

magnetic field signatures possess strong correlations with not only subterranean 
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F igure 3.13: Magnetic field variations by t he reference local model 
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Figure 3. 14: Reference Local Model Surface and Contour Plots 

infrastructure but also geological features and mineral resources. F igure 3. 14 shows 

t he local magnetic field variations in surface and contour plots generated by t he 

reference local model. The sharp peak in t he figure appears corresponding to t he 

location of water well region. Besides t he water well region , t he local magnetic field 

variations in t he test site is relatively gentle. 

F igure 3. 15 shows t he DroneMag survey path and t he local magnetic field varia-

65 



-78.872 -78.8718 -78.8716 -78.8714 -78.8712 -78.871 -78.8708 -78.8706 0 11.112 •?'IAl711 -71..17 t li -11.1714 -71.1712 °71.171 -71.tllDI -71J10I 
Longitude Ul11Qib11S11 

(a) DroneMag Survey Path (b) Magnetic Field Variations 

Figure 3.15: Magnetic field variations by the DroneMag local model 

tions in the test site constructed by the DroneMag local model. As discussed in the 

previous section, the UAS platform drift due to the factors such as wind forces and 

dynamics of the cable towing the vn-200 sensor causes altitude variations and the 

path deviation between the manual survey and the automated DroneMag survey. 

The altitude variations of the UAS system have a strong correlation with the sen

sitivity of magnetic field measurements. Figure 3.16 shows the local magnetic field 

variations in surface and contour plots generated by the DroneMag local model. 

Although the local magnetic field variations observed by the automated DroneMag 

system are distorted reasonably due to the lower fidelity magnetometer used in 

the DroneMag sensor hardware, the UAS platform drift and the altitude varia

tions , this field test results demonstrate that sufficient resolution in the magnetic 

field measurements are obtained from the DroneMag system to identify a class of 

magnetic field anomalies commensurate with the noise floor of the lower fidelity 

magnetometer in the DroneMag sensor hardware. 
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F igure 3. 16: DroneMag Local Model Surface and Contour Plots 

3.5 CONCLUSION 

This chapter presents an Unmanned Aerial System (UAS) based aeromagnetic sur

vey system called DroneMag system which allows an effective and efficient means 

of carrying out automated aeromagnetic surveys over large areas of interest . The 

size , weight and p ower requirements of DroneMag are sufficient ly small to enable its 

use onboard an UAS. The data assimilation process is implemented onboard a high 

performance single board computer (SBC) systems and t he magnetic field mea

surements obtained by t he DroneMag system are used in t he data driven modeling 

framework to generate a local model for t he local magnetic field variations in t he 

surveyed area. Field experiments are carried out to demonstrate t he effectiveness 

and ut ility of t he DroneMag system. The experimental results demonstrate t hat 

t he DroneMag system can obtain sufficient resolut ion in t he magnetic field mea

surements to ident ify a class of magnetic field anomalies commensurate wit h t he 

noise floor of t he lower fidelity magnetometer in t he DroneMag sensor hardware. 
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Chapter 04 

UNCERTAINTY PROPAGATION THROUGH NONLIN

EAR DYNAMICAL SYSTEMS 

4.1 INTRODUCTION 

State transition matrix is a matrix which directly maps initial state vector x 0 of a 

dynamical system to current state vector x(t) at any particular time or vice versa as 

its inverse matrix provides a reverse mapping from x(t) to x 0 . The state transition 

matrix can be used to describe how the states evolve over time along a state tra

jectory and can also be used to measure sensitivities of current states with respect 

to initial states. As such, it has been widely used and has many applications par

ticularly in perturbation and control theory. For example, we are often interested 

in how perturbed initial states such as position and velocity of a spacecraft will 

affect its entire trajectory over time. In such case, state transition matrix can be 

used to describe the evolution of perturbed initial states over time by mapping the 

initial perturbations to current trajectory. On the other hand, in optimal control 

theory the state transition matrix is utilized in solving the two-point boundary 
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value problems. The sensitivities of final states with respect to initial states are 

measured by making use of the state transition matrix and hence the initial states 

error caused by numerical approaches which generally require guess on the initial 

states can be corrected iteratively to reach the desired final states. 

The conventional approach to compute the state transition matrix for nonlinear 

dynamic systems generally requires numerical integration of first order differential 

equations of state transition matrix over time while for linear dynamic systems the 

state transition matrix has a closed form. The resulting conventional state transi

tion matrix is valid along a state trajectory and is used to compute the perturbation 

from a nominal trajectory. However, the use of conventional state transition ma

trix in computing the nonlinear state trajectory over time agrees with the accuracy 

valid only up to first order Taylor series expansion if one expands the perturbation 

about nominal trajectory using Taylor series expansion. In certain problems such 

as orbit determination, the higer order terms, which can be considered as higher 

56order state transition matrices 54- need to be incorporated for increased accuracy 

in computing the nonlinear state trajectory and characterizing uncertainty propa

gation. 

Higher order state transition matrices have been used for characterization of or

bit uncertainty propagation problems. The accurate characterization of uncertainty 

propagation has become an important topic for situational awareness of resident 

space objects (RSO) such as satellites and space debris. Traditional approaches to 
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characterize orbit uncertainty propagation are generally based on linearized prop

agation models or Monte Carlo simulations. However, it has been shown that the 

linear assumption fails to model actual uncertainty propagation when the dynamic 

systems are highly unstable or when a long time period of propagation is con

55sidered and Monte Carlo simulations are computationally expensive 55; . Different 

approaches have been proposed to deal with the problems of traditional approaches. 

Park and Scheeres 55 proposed the state transition tensors (STT) approach to com

pute trajectory statistics and applied to two-body and Hill three-body problems. 

The STT approach has been explored for the two-body problems with 12 pertur

bations in the Poincare orbit element space by Fujimoto et al. 56 . Majji et al. 54 

proposed higher-order state transition tensors approach for the two-body problem 

and efficient tensor representation to integrate the tensor differential equations. In 

contrast to the STT approach, Weisman et al. 57 presented the approach of applying 

the transformation of variables (TOV) technique for uncertainty characterization, 

which allows for exact mapping of probability density function (PDF) between dif

ferent domains. The state estimates and uncertainty are computed directly from 

the state PDF in lieu of being corrected by introducing higher-order state transi

tion tensors. The aforementioned approaches have shown that they provide good 

agreement with Monte Carlo simulations, however the problem is that deriving and 

solving the tensor differential equations can be cumbersome as the order of state 

transition matrix is increased. 

In this chapter, the concept of statistical linearization to compute the state 
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transition matrices in a non-intrusive manner is presented. The method of statis

tical linearization has proved to be one of the most useful approximate technique 

in various applications 58 . In contrast to conventional algorithms based upon linear 

theory, statistical linearization usually provide good approximation over a region 

of interest even when there are strong nonlinearity. However, one usually need 

to rely on sampling based methods such as Monte Carlo methods to compute the 

statistical linearization approximation. This makes the method computationally 

intractable as the system dimension is increased. In this chapter, the recently de

veloped Conjugate Unscented Transform (CUT) 59 method is utilized in conjunction 

with the concept of statistical linearization to compute higher order state transi

tion matrices in a derivative free and a computationally attractive manner. The 

computed state transition matrices are valid over the desired domain represented 

by a probability density function rather than valid along a single trajectory of a 

dynamical system. The CUT method provides minimal non-product quadrature 

rules to compute the multi-dimension expectation integrals involving Gaussian and 

uniform density functions. Rather than using tensor products as in the Gaussian 

quadrature methods 60 , the CUT approach judiciously selects special structures of 

symmetric points. These new sets of points are guaranteed to exactly evaluate ex

pectation integrals involving polynomial functions with significantly fewer points. 

54The CUT approach has been used for many filtering and control applications 61
-

and in particular it was utilized for accurate conjunction analysis between two space 

objects when the PDF for orbital state vectors are significantly non-Gaussian in 

nature 64 
. Benchmark problems corresponding to uncertainty propagation are con-
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sidered to demonstrate the numerical efficiency and accuracy of the proposed ideas. 

This chapter is organized as follows: The conventional approach to compute state 

transition matrix is briefly discussed in the first section. Section II presents the 

CUT based approach to compute higher order state transition matrices with more 

details about the CUT methods. Section III presents an analytical description to 

compute state probability density function. Finally, numerical results are shown to 

validate the efficiency and accuracy of the proposed ideas. 

4.2 STATE TRANSITION MATRIX 

This section presents the conventional approach to compute state transition matrix. 

Let us consider the case of following dynamical systems: 

x(t) = J(t , x(t)) (4.1) 

where x(t) is an-dimensional vector of system states. Integration of this differential 

equation yields: 

x(t) ~ Xo + J{J(r,x(r))dr ~ ,/; (t ,x0 ) (4.2) 

where ?jJ (t ,x 0 ) is known as the flow of the system. Now, differentiating (4.2) with 

respect to initial state vector x 0 yields the expression for state transition matrix 

<I>(t, to): 

n.( ) = 8x(t) = I A{ 8J() 8x(T)d (4.3)'±' t , to [} nxn + [} ( ) [} TXo XT Xo 
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where In x n is (n x n) identity matrix. Let us introduce the following notations: 

(4.4) 

Using the expressions given by (4.4) , (4.3) can be rewritten as: 

(4.5) 

Differentiating expression in (4.5) with respect to time t yields: 

. a'P(t,to)
'P(t, to) = at = A(t)'P(t, to) , 'P(to , to) = In x n (4.6) 

(4.6) expresses the conventional approach to compute the state transition matrix. 

The state transition matrix is generally computed along a states trajectory and is 

used to compute the perturbation from a nominal trajectory as follows: 

c5x(t) = ?jJ (t ,Xo + c5xo) - ?jJ (t ,xo) Rj 'P(t, to)c5xo (4.7) 

Notice that the aforementioned equation for the departure motion is valid only up 

to first order Taylor series expansion. In general , one has to take the higher order 

terms into consideration. In the next section, the concept of higher order state 

transition matrices and a computational approach to compute them are discussed. 
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4.3 HIGHER ORDER STATE TRANSITION MATRIX 

Let us consider the Taylor series expansion of the departure motion from the nom

inal trajectory: 

(4.8) 

In other words, one can expand 5x(t) in terms of polynomial basis functions: 

q 

6x(t) ""8t'(t)p,(6Xo) ~ C(t)p(6Xo) , i = 1, 2, · · · , n (4.9) 

where 5x(t) is n x 1 vector, C(t) is n x q matrix with q number of basis functions and 

p(5x0 ) is q x 1 vector of polynomial basis functions. Note that the coefficients of the 

linear terms corresponds to the conventional state transition matrix, which is valid 

only in the neighborhood of the nominal trajectory denoted by x(t) . Higher order 

56terms can be considered as higher order state transition matrices 54- . If initial 

condition, x 0 is a random variable with prescribed density function p(x0 ), then 

it would make sense to compute the first order and higher order state transition 

matrix valid over the domain of initial condition uncertainty. In this respect, one 

can pose the following problem (also known as statistical linearization) to compute 
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state transition matrix equivalent coefficients, Cik (t): 

min J = ! f((rSx(t) - C (t) p (r5x0)f (r5x(t) - C (t) p (r5x0 )) p(x0 )dr5x0 (4.10) 
Cik(t) 2 J\ 

1 
= 2((r5x(t) - C (t) p (r5x0 )) , (r5x(t) - C (t) p (r5x0 ))) (4.11) 

where the angle brackets are generalization of inner products. First-order optimality 

condition, ;:k = 0, leads to 

q 

~ t(Jxu) ,Pk(6xo) )cki ~ (Jx,(t) , Pk(Jxu)) , l = 1, 2, ··· , q (4.12) 

This can be written in a compact form as: 

M(t)CT(t) = B (t) , Mtk(t) = (p1(r5xo) ,Pk(r5xo)) , Bik(t) = (r5xi(t) ,Pk(r5xo)) 

( 4.13) 

where M(t) is q x q matrix, C(t) is n x q matrix and B (t) is q x n matrix. To this 

end, r5x0 is assumed to be a function of a standardized random vector, edefined 

by a standardized density function , p(e). If r5x0 is assumed to be Gaussian random 

vector with a prescribed mean vector, µ and a covariance matrix, I: , then ecan 

be a vector of Gaussian random variables with zero mean and identity covariance. 

Hence, r5x0 can be written as: 

(4.14) 
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where , a0 =µand a1 = ~- Hence, basis function , Pi can be defined as a function 

of erather than 6x0 . Furthermore, if one chooses polynomial basis functions to be 

orthogonal polynomials associated with the assumed probability distribution for the 

input variables, e, then M will b e a diagonal matrix and (4.13) can be re-written 

as: 

These orthogonal polynomials can be computed through the application of the 

Gram-Schmidt orthogonalization process. The major challenge lies in computing 

the multi-dimensional expectation integrals, which appear in the expression for 

Bik(t) . Generally, these integrals are evaluated numerically, i.e. , 

N 

B,,(t) ~ (8x,(t , e) , P,(e) ) ~ ~ (;8x(t ,e; )v,(e;) ( 4.16) 

Conventionally, Monte Carlo (MC) methods are used for this purpose. While MC 

methods generally suffer from slow convergence rates, the importance sampling 

strategies to alleviate this problem ( e.g., Markov Chain MC) cannot b e parallelized 

effectively. An alternative to the random sampling is the quadrature scheme, such 

as the popular Gaussian Quadrature, which involves deterministic points carefully 

chosen to reproduce exactly the integrals for polynomials, i. e., moments of the 

density function. The Gaussian quadrature schemes exactly reproduce the integral 

of a polynomial of degree 2M - 1 with Mm points in a m-dimension space. Even 

for a moderate-dimension system involving, say, 6 random variables , the number of 
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Figure 4.1: A Schematic of CUT Axes 

points required to evaluate the expectation integral with only 5 points along each 

direction is 56 = 15,625. The sparse grid quadratures, and in particular Smolyak 

quadrature , take the sparse product of one dimensional quadrature rules and thus 

have fewer points than the equivalent Gaussian quadrature rules, but at the cost 

of introducing negative weights 65 . Fortunately, the Gaussian quadrature rule is 

not minimal for m ~ 2, and there exists quadrature rules requiring fewer points in 

high dimensions 60 . For example, the Unscented Transformation (UT) 66 is exact to 

degree 2 but with linear growth of points with dimension. However, the UT cannot 

be used to reproduce higher order moments. 

A non-product quadrature rule known as the Conjugate Unscented Transfor

mation (CUT) 61
-

64 has been developed. The CUT approach can be considered an 

extension of the conventional UT method that satisfies additional higher order mo

ment constraints. Rather than using tensor products as in Gauss quadrature, the 
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CUT approach judiciously selects special structures to extract symmetric quadra

ture points constrained to lie on specially defined axes as shown in Figure 4.1. For 

each cubature point , two unknown variables , a weight wi and a scaling parameter 

Ti are assigned. The moment constraints equations for the desired order are derived 

in terms of unknown variables Ti and wi. Because of the symmetries of cubature 

points , the odd-order moment constraints equations are automatically satisfied, so 

the Wi and Ti are found by solving just the even order equations. The order of these 

moment constraint equations dictates the set of cubature points. These new sets 

of so-called sigma points are guaranteed to exactly evaluate expectation integrals 

involving polynomial functions with significantly fewer points. Figure 4.2 shows a 

comparison of the number of points required for CUT and Gauss-Legendre quadra

tures for similar accuracy, clearly illustrating the reduced growth exhibited by the 

CUT method. More details about the CUT methodology and its comparison with 

54 57conventional quadrature rules can be found in Ref. 51- ; _ With the application of 

the CUT approach, higher order statistical equivalent transition matrices can be 

generated in a computationally efficient manner. 

4.4 COMPUTATION OF PROBABILITY DENSITY FUNCTION 

This section presents an analytical solution to compute the state probability density 

function (pdf). Given a pdf in an initial domain, it is important to know the 

pdf in a desired domain over time for the accurate characterization of uncertainty 

propagation. The transformation of variables (TOV) technique allows for exact 

mapping of pdf between different domains. Given an initial pdf, p(x0 ) , the state 
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pdf p(x(t)) can be computed as: 

( iJx(t) -1 
( 4.17) 

OXo xo='I/J - l (x(t)) 

'l/J0 (x(t)) denotes the inverse map corresponding to Eq. (4.2). Also notice that 

8;J2 = <I>(t , t0 ) is a first order state transition matrix whose time evolution is 

governed by (4.6). Hence, we can rewrite Eq. (4.17) as: 

p(x(t)) = p ('l/Jo(x(t))) ll<I>(to , t)II , <I>(to , t) = <I>- 1 (t , to) (4.18) 

To get further insight , let us consider the time derivative of ll<I>(t , to)II-

_ 1 ( ) d<I>(t , to)
t , to dt ' ll<I>(t, to)II Tr (A(t)) (4.19) 

A t)<I>(t ,to) 
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This leads to 

llil>(t, to) II ~ exp ( { Tr(A(t) )ds) ( exp ({ v.f (s , x(t) )ds) (4.20) 

Substitution of this in Eq. (4.18) leads to the following expression for p(x(t)): 

p(x(t)) ~ p (,j;0 (x(t))) exp ( { / v.f (s ,x(t) )ds) (4.21) 

This same expression can also be derived by solving the Langevin equation through 

the method of characteristics and it provides us a way to compute the probability 

of a specific trajectory in the future time provided we know the divergence of 

57the nonlinear function J(t ,x(t)) 56; . So, given an initial condition, we can first 

compute x(t) by making use of (4.9) and (4.15). After computing x(t) , we can 

compute p(x(t)) from (4.21). Also , notice that for conservative systems, divergence 

of J(t , x(t)) is zero. 

4.5 NUMERICAL RESULTS 

To illustrate the efficacy of the proposed approach, the problem of satellite motion 

around the Earth in a low Earth orbit at an altitude of 622km is considered. Both 

atmospheric drag and 12 perturbation are considered in the orbit dynamical model 
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and the governing equations of motion of a satellite can be expressed as: 

.. µx J 
X + 3 = 2x + aDx , 

r 

(4.22) 

where x , y and z are the cartesian coordinates of the satellite and r is the distance 

of the satellite from the center of the Earth. µ is the gravitational constant and 

R e is the radius of the Earth. 12x, 12Y, 122 indicate the 12 perturbation effect on 

the satellite in x , y and z direction, respectively and 1 is a constant whose value is 

0.001082616. The 12 perturbation corresponds to the first harmonic of the Earth's 

gravitational field by assuming the Earth to be a non-spherical body. aDx, aDy , and 

aD 
2 

denote the atmospheric drag forces modeled as: 

2 
aDx = -~Bp (x + Dey) ✓ (x + Dey)

2+ (y - Dex)
2+ (z) 

aDy = -~Bp (y - Dex) ✓(x + Dey)
2+ (y - Dex)

2+ (z)2 ( 4.23) 

2 
aDz = -~BpzJ(x + Dey)

2+ (y - Dex)
2+ (z) 

where B is the ballistic coefficient , De is the rotational speed of the Earth in 

radians per second and p is the atmospheric density. The following exponential 

model 68 (Table 8.4) is used for modeling atmospheric density: 

p Po exp(-((R - R e) - ho) / H) ; R = Jx2 + y2 + z2 (4.24) 
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where p0 , ho and H are the reference density, reference altitude and scale height , 

respectively. A detailed discussion of the modeling of the atmospheric drag and 

calculation of drag coefficient is in Ref. 68 . The parameters pertaining to drag model 

are assumed to be p0 = 1.454 x 10-13 kg-m-3 , ho = 600km and H = 71.835km. 

It is sought to compute higher order state transition matrices valid in initial 

condition domain represented by the Gaussian density function with the following 

mean and covariance: 

0 - 1.0374 7.4771 (' ( k~\ , 
P 0 = diag (o.01 0.01 0.01 0.000001 0.000001 0.000001 

km2 

( 
The covariance matrix, P O, reflects a stan f 100m in t e initial es-

timate of the three position coordinates and a standard deviation of lm/s in the 

estimate of velocity. The time period of the satellite is 0.8104 hours. 745 CUT8 

points are used to compute first and higher order state transition matrices. Note 

that once the first and higher order state transition matrices are computed they 

are valid over the domain of initial states uncertainty. The performance of higher 

order state transition matrices is validated by Monte Carlo simulations. Figure 

4.3 shows the initial 10,000 Monte Carlo points and the corresponding 3 - O' el

lipse bound in X-Y and X-Z cartesian coordinates. These points are propagated 

by the first and higher order state transition matrices for 5 orbital period and their 

performance is compared with Monte Carlo solutions obtained by propagating the 
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Figure 4.3: 10,000 Initial Monte Carlo Points in X-Y plane and X-Z plane 

initial points through the orbit dynamic model expressed in (4.22). Figure 4.4 - 4.8 

show the propagated points in X-Y plane by both the higher order state transition 

matrices and the Monte Carlo simulations for 5 orbital period. Similar results can 

be obtained in X-Z plane as shown in Figure 4.10 - 4.14. As expected, the initial 

Gaussian distribution gets distorted due to the nonlinearity involved in the orbit 

dynamics. As the propagation times become longer, the actual uncertainty cannot 

be described by the Gaussian assumption. As seen from the figures , the first order 

state transition matrix only captures a small portion of the Monte Carlo solutions 

while the points propagated by higher order state transition matrices agree with the 

Monte Carlo solutions. The results obtained by the second and higher order state 

transition matrices look identical but Figure 4.9 and 4.15 show the 2-norm error av

erage over the 10,000 initial conditions for different order of state transition matrix 

in X-Y and X-Z plan, respectively. It shows that the error substantially decreases 

as one increases the order of state transition matrix approximation. Similar results 

can be obtained if we propagate the Monte Carlo points backward in time using the 
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Figure 4.4: 1st Orbit Period in X-Y Plane 

inverse of higher order state transition matrices. The inverse of higher order state 

transition matrices can be obtained by expanding 6x0 in terms of polynomial basis 

functions of 6x(t) instead of expanding 6x(t) in terms of polynomial basis functions 

6x0 in (4.9). Figures 4.16 and 4.17 are the 2-norm error average over 10,000 initial 

conditions for different order of the inverse of state transition matrix in X-Y and 

X-Z plan, respectively. Compared to the Monte Carlo simulations, the results show 

that the higher order state transition matrix approach accurately characterize the 

nonlinear state trajectory without significant computational burden. 
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In the following , we illustrate the state probability distribution in a desired do

main for different orbital period given the pdf in the initial domain. To show the 

state probability distribution over the state space which is 6-dimensional in this 

case, we consider to use a contour representation for the state probabiliy distribu

tion in X-Y and X-Z Cartesian space. Hence, X-Y and X-Z each Cartesian space 

at desired time is discretized by 100 x 100 grid points and the state conditional 

pdf corresponding to each grid point is computed using (4.21). In computing the 

inverse map in (4.21) , the inverse of 4th order state transition matrix is used for 

the accurate inverse mapping. Figures 4.18 and 4.19 are the probability contour 

plots in X-Y and X-Z space respectively for different orbital period. The red spots 

indicate higher probability while the yellow spots indicate lower probability. To 

validate that the resulting probability distributions capture the actual uncertainty, 

10,000 Monte Carlo simulations are run and the blue points indicate the propagated 

points. From the Figures 4.18 and 4.19, it is shown that most of the points lie in the 

probability distribution contours and more points are concentrated in the higher 

probability regions. The state pdf expressed in Cartesian space can be mapped into 

the orbital plane described by the six orbital elements {a, e, i , D, w , M0 } , where a 

is the semimajor axis, e the eccentricity, (D, i , w) Euler angles and M 0 the initial 

mean anomaly. Like the results obtained in Cartesian space, similar results can be 

obtained in the orbital plane as shown in Figures 4.20 and 4.21. 
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4.6 CONCLUSION 

In this chapter, the Conjugate Unscented Transformation (CUT) based approach 

to compute higher order state transition matrices in a derivative free manner is 

presented. The proposed approach is used to accurately characterize the uncer

tainty propagation. The CUT based approach do not require deriving and solving 

the conventional tensor differential equations and the computed higher order state 

transition matrices are valid over the domain of initial uncertainty rather than valid 

along a single state trajectory of a dynamical system. Using the transformation of 

variables (TOV) technique which allows for exact mapping of pdf between different 

domains, an analytical solution to compute the state pdf given an initial pdf is 

obtained and the state probability distribution at any particular time can be com

puted. The numerical results show that the proposed approach accurately captures 

the non-Gaussian state probability distribution propagated over different orbital 

period in both Cartesian and orbital elements space, providing close agreement 

with the solutions obtained by Monte Carlo simulations. 
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Chapter 05 

A HIGH ORDER FILTER FOR ESTIMATION OF NON

LINEAR DYNAMICAL SYSTEMS 

5.1 INTRODUCTION 

In the presence of model uncertainty as well as measurement errors and uncertainty 

for nearly every dynamic system and sensor, the role of filtering is of key importance 

for estimation of dynamic systems. Filters provide an important engine for the fu

sion of observational data with model data in order to derive estimates that closely 

reflect reality. Such filters can also be used for the fusion of multiple sensor data 

such as optical sensors and navigation sensors and have been extensively used for 

estimation of dynamic systems such as satellites, cars and robots. A general filter 

architecture consists of prediction and update steps. In the prediction step, states 

such as position and velocity of given dynamic systems are predicted based on un

derstanding of physical phenomenon of the given system. The predicted states are 

then updated when sensor measurements generally corrupted by noise are available. 

Depending on three very important issues that include model nonlinearity, sparsity 
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of measurements and initial condition uncertainty, such filter may yield undesired 

results. Therefore, the key challenge of designing a 'good' filter is to provide near 

robustness to the interaction of those main isuues. Especially, designing a filter for 

estimation of nonlinear dynamic systems such as position and velocity of spacecraft 

in orbit is one of the most important problems. 

An optimal linear filter developed by Kalman 69 has been widely used for esti

mation of linear dynamical systems with sensor measurements corrupted by Gaus

sian noise. The Kalman framework has formed the basis for the development of 

many nonlinear filters such as the Extended Kalman Filter (EKF) 70 and Unscented 

Kalman Filter (UKF) 71 which have been widely used for estimation of nonlinear 

dynamical systems. The general EKF includes linearizations of nonlinear models of 

system dynamics and measurement at current estimate and applies the original lin

ear Kalman filter. Although the EKF is widely used in practice, it can diverge due 

to the linearizations involved, large errors in state estimates and sparse measure

ments. Furthermore, the linearization requires calculation of Jacobian of system 

and measurement models , which can become a daunting task for systems with sig

nificant nonlinearity in a high dimensional space. Another popular nonlinear filter 

is the UKF developed by Julier and Uhlmann 71 . Unlike random sampling-based 

methods such as particle filtering 72 
, the UKF utilizes a deterministic sampling tech

nique known as the Unscented Transformation (UT). A set of those samples called 

sigma points are propagated through nonlinear transformation and their mean and 

covariance captures the mean and covariance of probability distribution of state 
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variables. The UKF avoids the linearization steps required by the EKF and in

cludes the second-order terms in the EKF, which leads to more accurate estimates. 

Although both EKF and UKF have been widely used for estimation of nonlinear 

dynamical systems, both methods are restricted to estimating of first two moments 

of probability distribution of state variables. 

While the conventional EKF and UKF deal with first two moments, Majji et 

al. 54 exploits higher order moments based on the EKF framework called J th Mo

ment Extended Kalman Filter (JMEKF). The interaction of three very important 

factors that include model nonlinearity, sparse measurements and initial condition 

uncertainty influences the importance of higher order moments in the state estima

tion. This underlying philosophy of the JMEKF motivates the development of high 

order filter in this chapter. Motivated by the works of Park and Scheeres 55 , a J th 

order approximate solution for the departure motion dynamics about a nominal 

trajectory is derived in the form of state transition tensors. This state transition 

tensor approach plays a role of propagating and updating the statistical moments. 

To incorporate the changes in the moments due to Kalman update , the high order 

update equations are introduced. However, there are major difficulties involved 

in extending the process in a general vector case. The state transition tensor 

approach requires both the higher order partial derivatives associated with the dy

namical equations of motion and efficient tensor representations to integrate the 

tensor differential equations. Furthermore, the high order moment update equa

tions are given by the high dimensioned tensor update equations, which can become 
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computationally cumbersome. 

In this chapter, a high order filter designed with computationally more efficient 

structure is presented. The proposed filter propagates the evolution of statistical 

moments and computes higher order moment update equations in a Jacobian free 

manner and a computationally attractive manner. It utilizes the higher order state 

transition matrices (STM) developed in the previous works 73 to propagate and up

date the statistical moments instead of incorporating the state transition tensor 

approach in 54 . The higher order STM is valid over the domain of initial condition 

uncertainty and efficiently computed using the Conjugate Unscented Transforma

tion (CUT) approach 59 which is an extension of the UT in a derivative free manner. 

A set of samples drawn from the CUT approach called cut points are then prop

agated using the computed higher order STM. For higher order moment update 

equations, our proposed filter solves a nonlinear least squares problem with conver

gence condition to update the higher order STM for the next step in filter operation. 

Corresponding to the updated higher order STM, the cut points are updated such 

that desired order of statistical moments are automatically taken into account . To 

demonstrate the numerical efficiency and accuracy of the proposed filter , orbit es

timation problem is considered. 

This chapter is organized as follows: The J th moment Extended Kalman Filter 

(JMEKF) is briefly discussed in the first section. Section II presents the proposed 

high order filter. Finally, numerical results are shown to demonstrate the numerical 

efficiency and accuracy of the proposed filter. 
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5.2 JTH MOMENT EXTENDED KALMAN FILTER (JMEKF) 

In this section, the JMEKF approach proposed in 54 is briefly discussed. The 

JMEKF provides an importance of accommodating the J th order statistical mo

ments in a filter design. The interplay of three very important issues that include 

model nonlinearity, sparse measurements and initial condition uncertainty influ

ences the importance of higher order moments in the state estimation. This under

lying philosophy of the JMEKF motiviates the development of the proposed high 

order filter. The purpose of this section is to demonstrate that there are major 

difficulties involved in extending the JMEKF process in a general vector case. The 

incorporated state transition tensor approach requires both the higher order partial 

derivatives associated with the dynamical equations of motion and efficient tensor 

representations to integrate the tensor differential equations. Furthermore, the high 

order moment update equations are given by the high dimensioned tensor update 

equations, which can become computationally cumbersome. 

To explain the main concept of JMEKF, let us first consider a 1-D dynamical 

system model along with measurement model: 

x = J(t, x(t)) + Gw(t) 
(5.1) 

fj = h(x) +v 

where w and v are the process noise and measurement noise , respectively. By as

suming that the process noise has a low power, the expression for unforced departure 
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motion is given by 

(5.2) 

</Ji are stat e transition t ensors satisfying the differential equations 

¢(2) = J:</>(2) + f :x</>(1) 
(5.3) 

¢(3) = J:</>(3) + 3f:x</>(2)qJ(l ) + f :xx<i>Tl) 

where f :xx... (p t imes) = f;rilx=x;;- . Using the approximate departure motion dynamics 

in (5.2) , the propagation of st atistical moments can be det ermined as 

p (2l(t) = E [c5x2 (t)] 

= q>(l )p (2)+ (tk) + qJ(l )qJ(2)p (3)+ (tk) 

+ [2~ 11'c2)1'(2) + ;! 'Pc,)¢(1)] CC4l+ (t, ) + HOT 

(5.4)p (3l(t) = E [c5x3 (t)] 

= ¢T1)p (3l+ (tk) + ";¢(2)¢(1)p (4l+ (tk) + HOT 
2. 

p (4l(t) = E [c5x4 (t)] 

= ¢c1)p (4l+ (tk) + HOT 

where p Ul (t) = E [c5xJ] refers to the propagatedjth statistical moment and p Ul+ (tk) = 
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E [(5x+)J] refers to the updated jth statistical moment at time tk. The propagated 

moments are updated by the Kalman structure. The equation for state update is 

defined as 

(5.5) 

where z; = fj(tk+i) - f)(tk+i) and the Kalman gain K is computed as 

(5.6) 

State estimation error before and after the update is defined as 

(5.7) 

Hence, we can write the expression for pxv and pvv as 

pxv = E [6x-v] 

= h:E[(5x-) 2
] + ~h:xE[(5x-) 3

] + ~h:xE [(5x-)4 ] + · · · 
2 3. 

pvv = E [vv] (5.8) 

= h:h:E[(5x-)2 ] + ;!h:h:xE[(5x-)3] 

+ ( :! h;=1,; + 2~2!1,;;) ~ [(Jx-)•] + ... + R 

where h:xx... (p times) = 8:x~i lx=x;; and R is the measurement noise covariance. Once 

the state is updated, we can compute the corresponding changes in the statistics of 
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departure motion and these calculations are given by the high-order t ensor update 

equations. The first moment updat e is given by 

E[c5x+] = E[c5x- - Kv] 
(5.9) 

1 1 
= [1- Kh:]E[c5x-] - 2Kh:xE[(c5x-)2] - !Kh:xxE[(c5x-)3] - · · · 

3 

The second moment update is given by 

(5. 10) 

The third moment update is given by 

(5. 11) 

where the high-order t ensors on the right hand side are given by 

p xvv = E [c5xv2] 

2 
= h:2p (3)(tk) + 

2
!h:xh: p (4)(tk) + · · · + E[c5xv2] 

p xxv = E [c5x2 v] 

= h* p (3 )(tk) + !_h* p (4)(tk) + !_h* p (5)(tk) + · · · 
X XX XXX2! 3! 

(5. 12) 
p xxv = E[c5x2 v] 

= h* p (3 )(tk) + !_h* p (4)(tk) + !_h* p (5)(tk) + · · · 
X XX XXX2! 3! 

p vvv = E [v3] 

= h:3p (3>(tk) + ;! h:x p (4>(tk) + · · · + E [v3
] 
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The forth moment update equation is given by 

(5.13) 

where , 

pxxv = E [6x3v] 

= h* p(4)(tk) + !_h* p(5)(tk) + !_h* p(4)(tk) + · · · 
X XX XXX2! 3! 

pxxvv = E[5x2z;2] 

= h:2p(4>(tk) + ~! h:xh:P(5>(tk) + · · · + E[6x2v2] 
(5.14) 

pxvvv = E[5xv3] 

= h*3p(4)(t ) + ih* h*2p(5)(t ) + · · · x k 2! xx x k 

pvvvv = E[v4] 

4= h: p(4>(tk) + ;! h:xh:P(5>(tk) + · · · + E[v4
] 

and so on. In the scalar case as shown above , all the statistics have scalar value. 

However, in extending this process in a general vector case the statistical moment 

update equations become high dimensioned tensor update equations, as reported 

in 54 
, which are computationally cumbersome. The management of multidimen

sional arrays and tensor operations required for computing the state transition 

tensors and the statistical moment tensor calculations at every propagation and 

update step is a big obstacle. For example, using the vector-matrix representation 

of tensors and its notations described in 54 the second and third moment propaga-
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tion equations become 

( 

8 (2) t9. 9 (3) t9. 9 (2) 
q, '<Y q, '<Y <I> 

. ;,(3)t = [8 (2) ® 9 (2) ® 9 (2)]. ;,(3)+ + ~ ~ 
'P p <I> <I> <I> 'P p 2! +et) ® e~) ® e~) 

(5.16) 

+ 

( 
5.3 HIGH ORDER FILTER ALGORITHM 

In this section, a high order fil t er designed wit h computationally more efficient 

structure is presented. The proposed fil t er propagates t he evolution of st atistical 
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moments and computes higher order moment update equations in a Jacobian free 

manner and a computationally attractive manner. The framework of proposed filter 

is based on a deterministic sampling technique such as the UKF. A set of samples 

drawn from the Conjugate Unscented Transformation (CUT) approach 59 called cut 

points are propagated by the higher order STM described in the previous chapter. 

For higher order moment update equations, the proposed filter solves a nonlinear 

least squares problem with convergence condition to update the higher order STM 

for the next step in filter operation. Corresponding to the updated higher order 

STM, the cut points are updated such that desired order of statistical moments are 

automatically taken into account. 

Let us consider a continuous nonlinear system with discrete measurement model 

in 1-dimensional space. It is assumed to be given by 

x = J(t ,x(t)) 
(5.17) 

fj = h(x) + v 

where vis the measurement noise with zero-mean and covariance R. In the absence 

of process noise which is noted to spoil the true nonlinear effects of the process, we 

can study the nonlinear effects of the propagation phase of the filter operation 54 . It 

is desired to design a filter for estimation of the nonlinear dynamic systems. Similar 

to the Unscented Kalman Filter (UKF) 71 where the deterministic samples called 

sigma points are generated by the Unscented Transformation (UT) , the proposed 

filter generates cut points, ~i , in prediction step from the Conjugate Unscented 
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Transformation (CUT) approach for the standard normal distribution, N(O , I). 

If ~i are the cut points corresponding to N(O , I) and Xi(t0 ) are the cut points 

corresponing to N(µ 0 , ~ 0 ) where µ0 is a mean and ~o is a covariance of x(t0 ) at 

initial time t0 , the cut points ~i can be transformed to the initial cut points Xi(t0 ) 

by the following trasformation: 

(5.18) 

The initial cut points are propagated by integrating the system model in (5.17) 

(5.19) 

to obtain xi-(t). The high order STM is then computed by 

(5.20) 

as discussed in the previous chapter. Note that in contrast to deriving and solving 

the tensor differential equations to derive the moment propagation equations in 

(5.4) , the higher order STM is efficiently computed using the CUT approach in 

a derivative free manner. Prior statistical moments can be computed using the 

propagated cut points. Compared to (5.4) , the prior statistical moments in a scalar 
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case are given by 

q 

µ-(t) ~ E[x(t)] ~~('Xi ' 
¥('(x,- -µ-)'E<2l-(t) ~ E[(x(t) - µ-(t)) 2

] ~ : 2nd moment 

(5.21)¥('(x,- -µ-) 3E<3l-(t) ~ E[(x(t) - µ-(t)) 3
] ~ : 3rd moment 

E(4l-(t) ~ E[(x(t) - µ-(t)) 4 
] ~ ~ ('(x,- -µ-)' : 4th moment 

where q is the number of cut points, wi are weights of the cut points. In extending 

this process to a general vector case, conventional tensor representations can be 

used and efficiently calculated by index manipulations. With the same manner, 

high order moment update equations can also be efficiently calculated as will be 

discussed below. 

In update step, the mean of state is updated by the Kalman structure defined 

in (5.5) 

(5.22) 

where the Kalman gain K is computed as: 

K = pxY(pYY)-1 
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In addition to the state update in (5.22) , those propagated cut points are also 

updated by the following equation defined as 

(5.23) 

This cut point update equation is a novel approach and incorporated for computing 

higher order statistical moments. The connection between the cut point update 

equation and higher order moment update equations will be discussed shortly below. 

Beforehand, Note here that the cut point update equation is a means for deriving 

and solving higher order moment update equations in a computationally efficient 

manner, not for updating the cut points obtained from (5.19). The cut points 

obtained from (5.19) will be updated by updating the high order STM as discussed 

below. 

From (5.23) , the central cut points can be expressed as 

(5.24) 

Using the central cut points above, desired order of statistical moments can be 
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computed. The statistical moments in a scalar case are given by 

q 

2 2 
i_;< l+ ~ ¥t'Jz,+2 + K R 

3 
i_;( l+ ~ E [v

3
]¥t'6Z,+3 + K 3 

(5.25) 

i_;( 
4l+ ~ ~ t'6Z,+' + 6K2 E<2l-R+ K 4 E [v4

: 

where K is the Kalman gain and R is the measurement noise covariance. Com

pared to the moment update equations of the JMEKF shown in (5.10) - (5.14) , 

the proposed high order filter computes desired order of moment update equations 

in a Jacobian free manner and hence a computationally attractive manner. The 

calculations of Jacobian of system and measurement models can become a chal

lenging task for systems with significant nonlinearity in a high dimensional space. 

Furthermore, in contrast to the difficulties involved in extending the scalar process 

of moment update equations to a general vector case in the JMEKF, the scalar 

case of moment update equations of the proposed filter in (5.25) can be extended 

to a general vector case using conventional tensor representations which can be 

efficiently calculated by index manipulations as aforementioned. 

The propagated cut points can be updated for the next prediction step by either 

a resampling process or non-resampling process. In the resampling process similar 

to the UKF, the cut points are resampled from the current updated mean and 
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covariance as 

(5.26) 

While the resampled cut points only capture first two moments one can update the 

cut points to include higher order moments without incorporating the resampling 

process by computing Cf (t) from the following nonlinear least squares problem: 

mm 11c: - c;-11
c + 

J 

subject to 

(5.27) 

Higher Order Moments 

where Cf (t) are the unknown higher order STM to be solved and X/(t) is given 

by 

(5.28) 

Note that the right hand side of constraints in (5.27) are thus functions of Cf (t). 

And C(j(t) and Ct(t) correspond to µ+(t) and J~+(t) in (5.26) , respectively. 

(5.27) is a nonlinear least squares problem and can be solved using iterative ap-
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proaches such as Gauss-Newton method or levenberg-Marquardt method. Those 

methods require that an initial condition is sufficiently close to the true solution 

for convergence. In this situation, it is assumed that the system does not behave 

in chaos over time and hence cj-(t) computed in (5.20) is close enough to C;(t). 

Therefore, when this assumption is valid the nonlinear least squares problem can be 

efficiently solved using numerical solvers such as lsqnonlin in MATLAB. Although 

the non-resampling process requires the cost of solving the nonlinear least squares 

problem against the resampling process, it allows one to capture desired order of 

statistical moments in the filter operation rather than capturing only first few mo

ments , providing higher accuracy of estimates. Table 1 below shows a summary of 

the proposed high order filter algorithm. 

1. At initial time, t0 , sample CUT points , ~i , from N(O , I) 

2. Compute 

3. Integrate 
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4. Compute the higher order STM 

5. Compute predicted statistical moments in (5.21) 

6. Update the mean of state 

7. Update the CUT points 

5Zt = 6Xi- - K(h(Xi) - E [h(x)]) : Central CUT points 

8. Compute the high order moments in (5.25) 

9. Compute the higher order STM, Cl(t) , by solving the nonlinear least squares 

problem 

in (5.27) 
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10. Go to Step 3. 

Table 1. High Order Filter Algorithm 

5.4 NUMERICAL RESULTS 

In this section, the problem of orbit estimation of a particle in orbit as described 

in 54 is considered to demonstrate the numerical accuracy of the proposed filter 

compared with the conventional EKF and UKF. Designing a filter for estimation 

of nonlinear dynamic systems such as position and velocity of spacecraft in orbit is 

one of the most important problems. Through this problem of orbit estimation, one 

can mainly investigate the influences of three very important factors that include 

model nonlinearity, sparse measurements and initial condition uncertainty to the 

performance of the proposed filter as well as the conventional filters such as the 

EKF and UKF. The goal of orbit estimation problem is to estimate position and 

velocity of a particle in orbit from range, azimuth and elevation measurements. True 

measurements are generated by considering the solution of the two body problem 

of the corresponding true orbit parameters. The governing equations of motion of 

a particle can be expressed as: 

.. µ
x= --x

r3 
.. µ
y=--y (5.29)

r3 
.. µ
z= --z

r3 

where x , y and z are the cartesian coordinates of the particle, r is the distance of 

the particle from the center of the Earth and µ is the gravitational constant. In 
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the absence of process noise which is noted to spoil the true nonlinear effects of the 

process, one can study the nonlinear effects of the propagation phase of the filter 

operation. The observation equations are given by 

(5.30) 

where, pis range, az is azimuth and el is elevation. The conversion from the inertial 

to the observer coordinate system which is a standard up , east and north is given 

in chapter 6 of74 
. Standard deviations of measurements are O"range = 0.025 km and 

O"az = O"eJ = 0.015° . In this situation, the initial conditions and initial uncertainty 

are given by 

x 0 = [JOO! 998.9 201.4 ~ (
( k~( km/s 

P 0 =diag (~ O.Dl O.Dl O.Dl ( 
km2 

The covariance matrix, P 0 , reflects a standard of 5 m in the initial esti-

mate of the three position coordinates and a standard deviation of 0.1 km/ s in the 

estimate of velocity. To illustrate the importance of the interplay of three factors 

which include model nonlinearity, sparse measurements and initial condition un

certainty, the propagation of initial conditions through the two-body dynamics in 
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XY plane is plotted as shown in Figure 5.1. This plot also illustrates that the ini

tial conditions propagated through 4th order state transition matrix are accurately 

matched with the initial conditions propagated by the integration of the two-body 

dynamics. As seen from the figure, it is clear that the initial probability distribution 

is not preserved due to the model nonlinearity involved, becoming a banana shaped 

probability distribution as time goes. The non-Gaussian nature of the probability 

distribution being evolved from the large initial condition uncertainty amplifies the 

importance of filter performance for estimation of such nonlinear dynamical sys

tem. Furthermore, in the respect of measurements being available sparsely from 

the ground measurement system it is also important that such filter should perfom 

with enhanced robustness to the sparse measurements. 

To consider the interaction of three major factors which significantly influence 

filter performance as mentioned above, the measurements are made sparse and 

available every about 70 minutes which is approximately a half of an orbital time. 

Thus, the update rate of filter is fixed to be the same time interval. The pro

posed high order filter is compared with with other conventional filters such as the 

EKF and UKF which have been widely used for estimation of nonlinear dynamical 

systems. For each filter , simulations are repeated 100 times on a different set of 

measurements each time. Such 100-runs of Monte Carlo simulation is expected to 

present the filter performance in reality. The proposed high order filter uses up to 

4th order moments in the simulations. In this problem, 4th moments are employed 

in the high order filter since it provides nearly equivalent performance as the filter 
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with higher order moments(> 4th). The performance of each filter is demonstrated 

in the average position and velocity erros over the 100-runs. Also, to illustrate com

parison of the performance of all three filters together the root-mean-square-error 

(RMSE) metric is utilized. The RMSE in position and velocity for the 100-runs is 

calculated as 

1 N 

RMSEpos(t) = L((x(t) - x(t)) 2 + (y(t) - f;(t)) 2 + (z(t) - z(t))2) 
i=l 

T 

I IRMSEposl 12 = L MSEpos(t)2 
t=l 

(5.31) 
N 

RMSEve1(t) = L (x(t) - i:(t)) 2 + (iJ(t) - y(t)) 2 + (z(t) - i(t))2) 
i=l 

I IRMSEveil 12 = 

where N = 100 runs and T is the total orbit time. The RMSE in position and 

velocity is calculated for each filter estimate [f(t) , f;(t) , z(t) , i:(t) , y(t))(t)] f,vith 

respect to the true states \ \ 

[x(t) , y(t) , z(t) , x(t) , y(t) , z(t) ]. The 2-norm of the RMSE in position and velocity 

against different measurement time intervals is illustrated below. 

The average position and velocity errors over the 100-runs caused by the EKF 

along with corresponding 3o- covariance bounds is shown in Fig 5.2 - Fig 5.3. The 

performance of the UKF is shown in Fig 5.4 - Fig 5.5. Lastly, the performance 
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of the high-order filter (HOF) is shown in Fig 5.6 - Fig 5.7. By inspection, it is 

clearly seen that the EKF provides poor results compared with the other filters. 

Note that in this simulations conventional EKF architecture is used without any 

tuning process involved. Compared with the EKF results, the UKF and HOF 

perform much better with less errors in position and velocity. While the UKF still 

shows the undesired error bumps in both the position and velocity the proposed 

high order filter provides more consistent accurate results. In Fig 5.8, the 2-norm 

of the RMSE in position and velocity is plotted against the different measurement 

time intervals. As the measurement time interval increases, the error in each filter 

increases. The EKF has largest errors compared with the other two filters. From 

these figures , it is clearly seen that the proposed high order filter produces least 

errors as the measurement time interval increases. Rather than employing only 

first few moments such as mean and covariance in the filter operation, the use of 

higher order moments such as skewness and kurtosis in the proposed high order 

filter provides more accurate estimates. 

5.5 CONCLUSION 

This chapter presents a high order filter which captures desired order of statistical 

moments in a computationally efficient manner. The proposed filter propagates 

the evolution of statistical moments and computes higher order moment update 

equations in a Jacobian free manner and a computationally attractive manner. The 

higher order state transition matrices developed in our previous works are utilized 

to propagate and update the statistical moments. In this chapter, the interplay of 
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three very important issues that mainly influence the filter performance in nonlinear 

estimation is investigated. Those three factors include model nonlinearity, sparsity 

of measurements and initial condition uncertainty. To demonstrate the numerical 

efficiency and accuracy of the proposed filter , the problem of orbit estimation is 

considered. The proposed high order filter is shown to provide more accurate 

estimates for position and velocity of a particle in orbit than the conventional filters 

such as Extended Kalman Filter (EKF) and Unscented Kalman Filter (UKF). The 

classical EKF yields largest errors through the sparse measurements. Compared to 

the EKF and UKF, the high order filter performs with enhanced robustness to the 

sparsity of measurements with least errors in both the position and velocity. 
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Chapter 06 

CONCLUSIONS 

The main objectives of this dissertaiton are to develop an effective data driven 

modeling method for the complex systems which physical processes are not ex

plicitly known and a computationally-efficient high order filter for state estimation 

of nonlinear dynamical systems. It is shown that the sparse approximation based 

GLOMAP (Global-Local Orthogonal Mapping) promises to providing an effective 

means of constructing independent local models from the input-output data and 

integrating the local models seamlessly by forcing a global continuity. The detailed 

mathematical development of the sparse approximation based GLOMAP algorithm 

is presented in Chapter 2 with the numerical results based on the experimental data. 

The results demonstrate that the sparse approximation based GLOMAP algirithm 

is applicable to the real world systems. The unmanned aerial vehicle (UAV) based 

aeromagnetic sensing called DroneMag system is implemented to generate local 

magnetic field variations using the sparse approximation based GLOMAP algo

rithm. The results show that the DroneMag system can provide an effective means 

of automated aeromagnetic surveys over large areas of interes and identifying a class 
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of magnetic field anomalies. The technical details associated with the DroneMag 

system and discussions elaborating the elements of the sensor hardware and soft

ware architecure are presented in Chapter 3. 

Closely related to the data driven modeling framework , the associated model 

uncertainty and measurement uncertainty involved in the real world systems are 

discussed in this dissertation. As the state of systems must be properly addressed 

at any particular time to make our estimates reflect closely reality in the pres

ence of model uncertainty and measurement uncertainty, a computationally-efficient 

method for uncertainty propagation as well as high order filter are developed for 

accurate and reliable state estimation of nonlinear dynamical systems. The high 

order state transition matrices are computed in a derivative free manner and a 

computationally attractive manner. The detailed mathematical development and 

benchmark problems corresponding to uncertainty propagation are presented in 

Chapter 4. Those results demonstrate the computational efficieny and accuracy 

of the developed method. Using the efficient uncertainty propagation method, the 

high order filter is developed and promises to providing a means of achieving the 

propagation and update of high order statistical moments in a commputationally 

efficient manner. The developed filter computes higher order moment update equa

tions in a jacobian free manner and a computationally attractive manner. The 

detailed mathematical development of the high order filter and orbit estimation 

problem to demonstrate the numerical accuracy of the filter are discussed in Chap

ter 5. 
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