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Abstract 

Let Sg be a closed surface of genus g and let (α, β) be a filling pair on Sg; 
then i(α, β) ≥ 2g−1, where i is the (geometric) intersection number. Aougab 
and Huang demonstrated that (exponentially many) minimally-intersecting 
filling pairs exist on Sg when g > 2 by a construction which produces higher-
genus surfaces with filling pairs as connected sums of lower-genus surfaces 
with filling pairs. We present a generalization of their construction which 
provides an explicit, algebraic means of determining the homeomorphism 
class of the resulting pair, and a criterion for determining when a surface with 
minimally-intersecting filling pair admits a decomposition as a connected 
sum. 
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Chapter 1 

Preliminaries 

1.1 Surfaces, Curves, and Arcs 

A closed surface is a compact, connected 2-manifold without boundary. The 
simplest orientable closed surface is the sphere, denoted S0. The torus is 
denoted S1. Given surfaces S and T , their connected sum, S ] T , is the 
surface obtained by excising a disk from each of S and T , then gluing them 
together by identifying the boundaries of the excised disks. 
A homeomorphism is a continuous function which has a continuous in-

verse. Two topological spaces X and Y are homeomorphic if there is a 
homeomorphism h : X → Y . We have the following, fundamental theorem: 

Theorem 1.1 (Classification of Surfaces). Every connected, closed, ori-
entable surface is homeomorphic to either a sphere or to a connected sum 
of g > 0 tori. 

Versions of this theorem have been known since the 19th century, but one 
of its earliest complete proofs was in [Ker]. 
The number of toroidal components is called the genus of the surface, 

and this surface is denoted Sg. 
A surface that isn’t closed is a surface with boundary : a surface with 

finitely-many holes cut out of it by the excision of open disks. If S is a surface, 
then the boundary of S (denoted ∂S) is a disjoint union of circles (the edges of 
the excised disks). The surface of genus g with b > 0 boundary components 
is denoted Sg,b. Topologically, it doesn’t matter how “large” the holes are, 
but we distinguish a hole (the complement of an open disk) from a puncture 
(the complement of a single point). We often consider a puncture to be a 
marked point, rather than a point missing from the surface (so that the surface 
remains compact), but we shift back and forth between these perspectives as 

1 
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needed. To distinguish boundary components from punctures, we generally 
require that homeomorphisms restrict to the identity on the boundary (i.e., 
for any homeomorphism f, f(x) = x for all x ∈ ∂S; see Lemma 3.6 for an 
instance where we drop this requirement), while allowing them to permute 
punctures. The surface with genus g, b > 0 boundary components, and p > 0 
punctures is denoted Sg,b,p. For simplicity, when there is no ambiguity, we 
will hereafter refer to this surface simply as S. 
Two continuous functions f, g : X → Y are homotopic if there is a 

continuous function H : X × [0, 1] → Y (called a homotopy) such that 
H(x, 0) = f(x) and H(x, 1) = g(x) for all x ∈ X; intuitively, as t (“time”) 
ranges through [0, 1], there is a “motion picture” by which f changes con-
tinuously (with no “jump cuts”) into g. This (equivalence) relationship is 
denoted f ' g. If the map x 7→ H(x, t) is a homeomorphism for each 
t ∈ [0, 1], then H is an isotopy and the maps f and g are isotopic. We will 
use the same symbol to denote both homotopy and isotopy, but we will dis-
tinguish between them when necessary. Two spaces X and Y are homotopy 
equivalent (or simply homotopic) if there are continuous functions f : X → Y 
and g : Y → X such that gf ' idX and fg ' idY , where idX and idY are 
the identity functions on their respective spaces. These functions are called 
homotopy equivalences. 
We define the Euler characteristic of Sg,b,p by the formula: 

χ(Sg,b,p) = 2 − 2g − b − p (1.1) 

This definition is possible because the Euler characteristic is invariant 
under homotopy (and, hence, under homeomorphism), and the Classification 
of Surfaces implies that a surface is determined up to homeomorphism by 
the values g, b, and p. It follows that any three of the numbers g, b, p, and 
χ determine the fourth. We will make frequent use of this fact. 
The earliest version of this formula (which relates the number of vertices, 

edges, and faces of a polyhedron; compare, e.g., the proof of Proposition 1.3) 
was first noticed by Euler and communicated in a letter to Goldbach in 1750 
([E 2]). It was first proved rigorously for all polyhedra by Cauchy ([Cau 1]), 
influenced by the work of Lagrange and Legendre, and was generalized to 
closed surfaces not homeomorphic to S0 by L’Huillier ([L’H]). 
A curve in S is a continuous function α : [0, 1] → S. A curve α is closed 

if α(0) = α(1) (and, therefore, it factors as a map α : S1 → S, where S1 

is the circle); α is simple if it is injective (so its image does not intersect 
itself). We generally identify a curve (which is a function) with its image 
(which is a subspace of S), and we generally identify a curve with all curves 
homotopic to it. Intuitively, if the curve is a piece of string looped around 
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the surface, we want to be able to slide it around, stretch it, contract it, 
etc., while still considering it to be the same curve. We will specify when we 
mean a single, fixed curve, rather than the homotopy class of that curve. A 
simple closed curve (scc) α is essential if it does not bound a disk in S (so 
that α is homotopic to a point), cobound an annulus with a component of 
∂S (so α is homotopic into the boundary), or bound a once-punctured disk 
(so α is homotopic into the puncture). A proper arc in S is a map of pairs 
α : ([0, 1], {0, 1}) → (S, ∂S∪P), where P is the set of punctures (here thought 
of as marked points): the interior of the interval is mapped into the interior 
of the surface, while the endpoints of the interval (its boundary) are mapped 
either to the boundary of the surface or to marked points. An arc is simple 
if it does not self-intersect in its interior (thus we allow α(0) = α(1)), and 
it’s essential if it’s not homotopic into ∂S or into a puncture. Once again, 
we typically identify an arc with its image, as well as to all arcs homotopic 
to it. We generally (but not always) allow homotopies to move the endpoints 
of arcs. A homotopy H of simple curves (or arcs) is an isotopy if H(s, t) is a 
simple curve (or arc) for each t ∈ [0, 1]. 
An important piece of information about a pair of curves and/or arcs is 

the number of intersection points between them. By the Morse-Sard Theorem 
(the general version of which was proved in [S]), we can always replace two 
scc’s with representatives of their isotopy classes which intersect transversely; 
it follows from compactness that the two curves intersect in a finite number 
of distinct points. There are two natural ways to count intersection numbers: 
algebraically and geometrically. Let α and β be two oriented, transverse scc’s 
or proper arcs. Define an element of α ∩ β to have index +1 if its orientation 
agrees with that of the surface (in the sense of the “right-hand” rule), and −1 
if it does not. Then the algebraic intersection number î(α, β) is the sum of 
the indices of all the intersections. For scc’s, this definition depends only on 
the homology class of the curves. Alternatively, we can define the geometric 
intersection number : 
i(α, β) = min{|α0 ∩ β0| : α0 ' α, and β0 ' β}: the minimum number 
of intersections among all pairs of representatives of the respective isotopy 
classes. This definition depends only on the free homotopy classes of the 
curves and/or arcs. For many of our purposes, geometric intersections will 
be enough but, occasionally, we’ll require the algebraic intersection. 
We say that two curves and/or arcs are in minimal position when we 

choose representatives of their respective isotopy classes that realize the ge-
ometric intersection number: |α ∩ β| = i(α, β). How do we tell when two 
curves and/or arcs are in minimal position? There turns out to be a simple, 
combinatorial way to check. 
A bigon is a polygon (i.e., a disk) with two sides. Two curves α and β 
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can form a bigon whose vertices are intersections of α and β and where one 
side of the bigon is an arc of α and the other is an arc of β. 

Lemma 1.1 (Bigon Criterion). Two essential scc’s are in minimal position 
if and only if there are no bigons between them. 

In order to prove this lemma, we need another. 

Lemma 1.2. Let α and β be transverse scc’s that form no bigons between 
them. Let p : S̃ → S be the universal cover. Then any two lifts α̃ and β̃  of 
the two curves intersect at most once. 

Proof. Assume that χ(S) ≤ 0 (so that S̃ ≈ R2), and that α̃ and β̃  intersect 
at least twice. Then there is a disk D bounded by an arc of α̃ and an arc of 
β̃; we may take D to be innermost, meaning that no arc of any lift of α or β 
intersects its interior. Let v1 and v2 be its vertices and α1 and β1 its edges. 
We claim that no two points on ∂D are lifts of the same point in S. 
First, no point of α1 and no point of β1 can project to the same point in 

S, or both points would be intersections of a lift with int D, contradicting 
the fact that D is innermost. Second, if two points on α1 project to the 
same point in S, then in between them is at least one full lift of α; in par-
ticular, there is a lift of v1 between them. Since this is also a lift of a point 
of β, it contradicts “innermostness.” Thus, the projection p restricts to an 
embedding of ∂D into S. 
Now suppose that two points x, y ∈ int D project to the same point. 

Then there is some Deck transformation f such that y = f(x). Since p is an 
embedding of ∂D, f must either be the identity or else map ∂D completely 
off of itself (otherwise, for any point z in the intersection, z and its preimage 
f−1(z) would have the same projection, contradicting our claim above). Since 
f(D)∩D and f−1(D)∩D are nonempty, this implies that either f(D) contains 
D (so D contains f−1(D)) or D contains f(D); either possibility means that 
int D is intersected by lifts of α and β, again contradicting innermostness. 
Thus, f = idS̃, so p embeds all of D into S. But since D is a bigon, this 

˜means there is a bigon between α and β, a contradiction. Thus, α̃ and β 
intersect at most once. � 

Proof. Bigon Criterion It’s clear that, if there is a bigon between two 
curves, we can isotope one curve across the disk and thereby remove the 
intersections that form its vertices, so that the two curves were not in minimal 
position. 
Now suppose α and β are not in minimal position. We will show that 

there is a bigon between them. Let α0 be an scc isotopic to α such that 
|α0 ∩ β| < |α ∩ β| and let H : S1 × [0, 1] → S be the homotopy from α to α0 . 
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We may assume that α and β are transverse and that H is transvere to β; it 
follows that H−1(β) is a 1-submanifold of S1 × [0, 1] ≈ S0,2. 
This 1-submanifold is a union of curves and/or arcs. The elements of 

α ∩ β are points on S1 ×{0} and elements of α0 ∩ β are points on S1 ×{1}, 
and these must be connected in some fashion by arcs. Since there are more 
points on S1 × {0}, at least one component b of H−1(β) must be an arc 
connecting S1 × {0} to itself. Let b0 be the arc of S1 × {0} connecting the 
endpoints of b; then b ∪ b0 bounds a disk D in the annulus. 
The image κ = H(∂D) is a closed curve in S (the “rightmost” point on 

∂D occurs at a value of t < 1, so this is “temporally before” the endpoints 
of b are removed by H). By running the homotopy from time t to time 1, we 
get a homotopy of κ to a point. This implies that κ lifts to a closed curve in 
S̃ which is bounded by an arc of a lift of α and an arc of a lift of β. These 
lifts must intersect twice−but, if α and β have no bigons, this contradicts 
Lemma 1.2. Thus, there is a bigon between α and β. � 

See [FM] for the proofs of both results. 
The bigon criterion also applies to intersections between an arc and a 

curve, as well as to intersections between two arcs, however we need an 
additional, similar criterion for determining when two arcs are in minimal 
position. A boundary triangle (or half-bigon) is a topological disk with three 
sides. Two arcs α and β can form a boundary triangle in the following way: 
one vertex is an intersection of α and β and the other two are endpoints of 
the arcs; one side of the bigon is a subarc of a component of ∂S, one is a 
subarc of α and the other is a subarc of β. If we allow isotopies of arcs to 
move the endpoints, then: 

Lemma 1.3 (Half-Bigon Criterion). Two essential proper arcs α and β are in 
minimal position if and only if there are no bigons and no boundary triangles 
between them. 

If isotopies must be rel ∂S, then a boundary triangle cannot be isotoped 
out, and so there is only the bigon criterion. 
We have defined both homotopy and isotopy of curves, but we would like 

to know when curves are isotopic and when they are merely homotopic. We 
have the following fact: 

Fact 1.1. Let α and β be essential scc’s in S. Then α and β are homotopic 
if and only if they are isotopic. 

Similarly, we would like to know when two homeomorphisms are isotopic 
and when they are merely homotopic. There are examples in which these 
properties are not the same, but for our purposes, the following result is what 
we need: 
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Theorem 1.2. Let f, g : S → S be orientation-preserving homeomorphisms. 
Then f and g are homotopic if and only if they are isotopic. 

Finally, given an isotopy of curves, we would like to know when it ex-
tends to an isotopy of the surface itself. This requires us to make use of the 
differentiable structure of the surface. 

Fact 1.2. Let S be a differentiable surface and let Hc : S1 × [0, 1] → S be a 
smooth isotopy of scc’s. Then there is an isotopy HS : S1 × [0, 1] → S such 
that HS |S×{0} = idS and HS |Hc(S1×{0})×[0,1] = Hc. 

See [Hi] for the proof of this result. 
It will often be convenient to replace a given curve with a nicer one which 

is homeomorphic to it, or to know that there is a homeomorphism which 
sends one curve to the other. That we can do this follows immediately from 
the Classification of Surfaces. 

Lemma 1.4 (Change of Coordinates). Let α and β be essential scc’s in 
a surface S and suppose that the surfaces S r α and S r β are (compo-
nentwise) surfaces with the same genus, boundary components, and marked 
points. Then there is a homeomorphism h : S → S such that h(α) = β. 

We include the stipulation “componentwise” because, if α or β are sepa-
rating, the resulting cut surfaces will be disconnected. 
Some immediate consequences of change of coordinates are the following: 

Corollary 1.1. Any two nonseparating curves are homeomorphic. 

Corollary 1.2. Let i(α1, β1) = i(α2, β2) = 1. Then there is a homeomor-
phism h such that h(α1) = α2 and h(β1) = β2. 

1.2 Pants Decompositions and Hex Decom-

positions 

The three-holed sphere, S0,3, is known as a pair of pants. We will call a 
surface S0,b,p where b + p = 3 a pantslike surface. A pants decomposition of 
S is a collection of essential scc’s that partition the surface into pantslike 
subsurfaces−i.e., a set {α1, α2, . . . , αn} such that i(αj , αk) = 0 for all 
j, k ∈ {1, 2, . . . , n} (with αj not isotopic to αk), and such that 
S r (α1 ∪ α2 ∪ · · · ∪ αn) is a union of subsurfaces with three holes and/or 
punctures. We will show that any two pants decompositions of S have the 
same number of curves. Specifically: 
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Proposition 1.1. The number of curves in a pants decomposition of Sg,b,p 

is: ( 
ξ(Sg,b,p) = 3g − 3 + b + p, if ξ(Sg,b,p) ≥ 0 

0, otherwise 

The number ξ(S) is called the complexity of the surface. To prove this, 
we first prove the following lemma: 

Lemma 1.5. If ξ(S) > 0, then S admits a pants decomposition. 

Proof. The main proof will be by induction on g, but we handle the cases 
of genus 0, 1, and 2 individually. If g = 0, then ξ(S) > 0 if b + p > 3. It’s 
clear that, since S0,3, S0,2,1, S0,1,2 and S0,0,3 are pantslike, that pants decom-
positions exists for these surface (note that there are 0 curves in these pants 
decompositions, in agreement with the formula given in Proposition 1.1). We 
will use this as a base step: suppose that, for some b + p ≥ 3, there exists a 
pants decomposition of S0,b,p, and consider S0,b0,p0 , where b0 + p0 = b + p + 1. 
Since b0 + p0 ≥ 4, we can construct an scc α which separates two boundary 
curves or punctures from the others; since there are at least two boundary 
curves or punctures on the other side of α, it is essential. Cutting open 
the surface along this curve, we have a pantslike surface (the pair of bound-
aries and/or punctures we separated, together with the boundary created 
by cutting along α), and the surface S0,b00,p00 where b00 + p00 = b + p (the 
two separated boundary curves and/or punctures being replaced by the one 
boundary created by cutting along α). By induction, a pants decomposition 
exits for S0,b00,p00 ; together with α, this gives a pants decomposition of S0,b0,p0 , 
completing the induction. 
Now consider S1,b,p (b + p > 0), its boundary curves and punctures ar-

ranged in a ring around the longitudinal span of the torus. Construct curves 
α1, α2, . . . , αb+p between pairs of adjacent boundary curves and punctures; 
cutting along these curves produces a pants decomposition: the boundaries 
and punctures of the torus are the (possibly very narrow) “waistbands” of 
the pants, and the edges of the αi are the “cuffs.” Thus there exist pants 
decompositions for all tori with boundary and/or punctures. 
The surface S2 has the pants decomposition shown in Figure 1.1. Suppose 

that, for some b+p ≥ 0, S2,b,p has a pants decomposition, and consider S2,b0,p 

where b0 +p0 = b+p+1. Construct a curve α which separates the two toroidal 
components of the surface (like the one labeled in Figure 1.1). Cutting along 
α, we have two tori S1,b1+1,p1 and S1,b2+1,p2 , where 
b1 + b2 + p1 + p2 = b + p + 1 (the extra boundary curves on each surface are 
the edges produced by cutting along α). By our argument above, each of 

0 
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Figure 1.1: A pants decomposition of S2. The curve α separates toroidal 
components of the surface. 

these surfaces have pants decompositions; combining them with α, we have 
a pants decomposition for S2,b0,p0 , completing the induction. 
Now suppose that, for some g ≥ 2, Sg,b,p has a pants decomposition for any 

value of b + p, and consider Sg+1,b,p (as we will see in the proof of Proposition 
1.1, this inductive hypothesis is not true if g = 1, which is why we had to 
establish g = 2 individually as a base case). Construct a curve α which 
separates one toroidal component of the surface from the others. Cutting 
along α, we have S1,b0+1,p0 and Sg,b00+1,p with b0 + b00 = b and p0 + p00 = p.00 

By the argument above and the inductive hypothesis, both of these surfaces 
have pants decompositions; together with α, we get a pants decomposition 
for Sg+1,b,p, completing the induction. � 

Proof. Proposition 1.1 
We have ξ(S) < 0 for the sphere S0, the punctured sphere S0,0,1, the 

twice-punctured sphere S0,0,2, the disk S0,1, the punctured disk S0,1,1, and 
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the annulus S0,2. These surfaces have no essential scc’s and, therefore, they 
do not admit pants decompositions. 
We have ξ(S) = 0 for the pantslike surfaces and the torus S1. We have 

already dealt with the former; the torus does not admit a pants decomposi-
tion. To see this, let α be an essential scc in S1 and consider S1 r α. Since 
this surface is an annulus, any curve in S1 which is disjoint from α is either 
not essential, or is isotopic to one of the boundaries−i.e., isotopic to α. Thus, 
a set of pairwise-disjoint scc’s in S1 can have at most one element, and this 
does not give a pants decomposition of the surface. Since the surface does not 
admit a pants decomposition, the number of curves in such a decomposition 
is 0. 
We will establish the formula we claimed in the statement of the propo-

sition by proving that, if S can be decomposed as the union of N pantslike 
surfaces, then χ(S) = −N . The result will follow. The proof is by induction 
on N . 
There are two possibilities for a pantslike surface: 

1. There are less than two boundary components, so that no other surface 
can be built from it. 

2. There are at least two boundary components, so that we can identify 
some pair of them. 

In the former case, we have the thrice-punctured sphere and the twice-
punctured disk; in the latter, the punctured annulus and the three-holed 
sphere. Identifying the two components of the annulus produces a once-
punctured torus and identifying two components of the sphere produces a 
one-holed torus. All of these surfaces have Euler characteristic −1. Now 
suppose that, if Sg,b,p can be decomposed as a union of N ≥ 1 pantslike sub-
surfaces, then χ(Sg,b,p) = −N ; consider a surface Sg,b,p which is decomposable 
as a union of N +1 pantslike subsurfaces. If we separate one component from 
the others and reassemble the remaining components, we have some surface 
Sg0,b0,p0 such that the original surface was the union of Sg0,b0,p0 and S0,b00,p00 , 
where b00 + p00 = 3 and b00 > 0. We now use the fact that, if X is a fi-
nite CW complex such that X = A ∪ B for subcomplexes A and B, then 
χ(X) = χ(A) + χ(B) − χ(A ∩ B) (see [Hat]). From this fact, we have: 

χ(Sg,b,p) = χ(Sg0,b0,p0 ) + χ(S0,b00,p00 ) − 0 (since the intersection of the two 
subcomplexes is a union of circles and χ(S1) = 0) 

χ(Sg,b,p) = χ(Sg0,b0,p0 ) − 1 = −N − 1 (by the inductive hypothesis) 
χ(Sg,b,p) = −(N + 1), completing the induction. By Lemma 1.5, if 

ξ(S) > 0, then S can be decomposed into some number of pantslike subsur-
faces; by the argument above, this number must be equal to −χ(S), which 
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implies that all pants decompositions of the surface must have the same 
number of components: 2g − 2 + b + p. 
Each pantslike subsurface has three boundary components and/or punc-

tures, so the total number of these among all the subsurfaces is 6g−6+3b+3p. 
Among the boundary curves, there are two types: boundary curves of the 
surface itself, and boundaries created by cutting along the curves in the pants 
decomposition. If we subtract the boundary curves of the surface (as well 
as the punctures), we have 6g − 6 + 2b + 2p. Cutting along the curves in 
the pants decomposition produces two copies of each curve, so the number 
of curves in any pants decomposition of S is 3g − 3 + b + p = ξ(S), as we 
claimed. � 

The following result will provide one motivation for being interested in 
pants decompositions; we will see (Chapter 3.2) that there are many more. 

Proposition 1.2. A collection of pairwise-disjoint, nonisotopic scc’s 
C = {α1, α2, . . . , αn} ⊂ P(S) is maximal if and only if it is a pants decom-
position. 

Proof. To say that a set C is maximal is to say that it’s impossible to add 
any elements to it: any essential scc in S either intersects an element of C, 
or is isotopic to an element of C. 
It’s clear that, if C is a pants decomposition, then C is maximal. Any 

scc α ∈/ C which is disjoint from all elements of C must be a curve in some 
(pantslike) component of the decomposition. But any scc in a pantslike 
surface is either contractible (so that α ⊂ S is inessential), isotopic into a 
puncture (likewise), or parallel to the boundary (so α ⊂ S is isotopic to an 
element of C). Thus C cannot be extended to a larger set of pairwise-disjoint, 
nonisotopic curves. 
Now suppose that such a set C is maximal, but is not a pants decom-

position. Then some component of S r ∪C must have positive complexity: 
it must be a surface (with boundary) that isn’t pantslike, but it can’t be 
a disk (or the curve that bounds it would be inessential) or an annulus (or 
the curves that cobound it would be isotopic), and therefore it must have 
positive complexity. By Lemma 1.5, this surface admits a pants decompo-
sition. But then there exists a curve α ∈/ C which is essential, nonisotopic 
to any element of C, and disjoint from every element of C. Since C ∪ {α}
would be an extension of C (contradicting its maximality), C must be a pants 
decomposition. � 

A hex decomposition of S is a collection of essential proper arcs that 
partition the surface into hexagons−i.e., a set {α1, α2, . . . , αn} such that 
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i(αj , αk) = 0 for all j, k ∈ {1, 2, . . . , n} (with αj not isotopic to αk), and such 
that S r (α1 ∪ α2 ∪ · · · ∪ αn) is a union of polygonal disks whose bound-
aries consist of six edges alternating between subarcs of ∂S and elements of 
{α1, α2, . . . , αn}. We remark that, in the case where p > 0, it’s possible for 
one (or even all) of the boundary edges of a hexagon to be collapsed into a 
marked point. We refer to this as a pseudohexagon and permit hex decompo-
sitions to contain pseudohexagons. As in the case of pants decompositions, 
all hex decompositions of a given surface have the same number of arcs. 

Proposition 1.3. The number of simple arcs in a hex decomposition of Sg,b,p 

is: ( 
ζ(Sg,b,p) = 6g − 6 + 3b + 3p, if ζ(Sg,b,p) ≥ 0, b + p > 0 

0, otherwise 

We will prove this result in a manner similar to the way we proved Propo-
sition 1.1. First we will need a lemma. 

Lemma 1.6. If ζ(S) > 0 and b + p > 0, then S admits a hex decomposition. 

Proof. If g = 0, then ζ(S) > 0 when b + p > 2. Picture the sphere with b > 0 
boundary components and p marked points as a disk with b − 1 boundary 
components and p marked points. Construct arcs α1, α2, . . . , αb+p−2 between 
adjacent boundary components and/or marked points; this partitions the 
surface into b + p − 1 annuli or once-marked disks. Two of these (the ones on 
the ends) have outer boundary curves that are bigons−they consist of one 
boundary edge and one arc edge; the outer boundary curves of all the others 
are rectangles. Connecting the inner boundary curve of each annulus (or the 
marked point of each disk) to the outer curves produces a hex decomposition. 
The subsurfaces with rectangular boundary each require two arcs in order to 
do this, while those with bigonal boundary require only one. See Figure 1.2. 
In the case of a sphere with marked points (b = 0), construct an arc 

α between two marked points; cutting along this arc produces a boundary 
component (note that we allow this boundary curve to have marked points 
on it). Since S r α is a disk with marked points, the argument above implies 
that it has a hex decomposition. 
We now prove by induction that the lemma holds for all positive-genus 

surfaces. Our base case is g = 0 but, as before, the cases S1,1 and S1,0,1 

present special complications. For the once-marked torus, we can take α1 

and α2 to be meridional and longitudinal curves of the torus based at the 
marked point; cutting along these two arcs produces a rectangle whose ver-
tices are marked points and connecting a diagonal α3 of this rectangle divides 
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Figure 1.2: A disk with boundary and punctures. The subsurfaces are either 
annuli or once-marked disks, and each requires either one arc (at the ends) 
or two to hex-decompose. 

it into two pseudohexagonal triangles, so {α1, α2, α3} is a hex decomposition. 
If we replace the marked point with a boundary component, then we “clip” 
the edges off the rectangle (as if with a pair of scissors), producing an oc-
tagon with alternating boundary- and arc-edges. Again, connecting a pair of 
opposite boundary-edges divides it into two proper hexagons. 
For S1,b,p where b + p ≥ 2, we can construct a meridional arc α which 

connects either a boundary component to itself or a marked point to itself. 
Cutting along α reduces the genus by one and either increases the number of 
boundary components by one (if α connects a boundary component to itself) 
or increases it by two while reducing the number of marked points by one 
(if it connects a marked point to itself); in either case, we produce a surface 
S0,b0,p0 , where b0 + p0 = b + p + 1; since b0 + p0 ≥ 3, this surface has positive ζ, 
and so our argument above implies that it admits a hex decomposition. 
Now suppose that, for some g ≥ 1, Sg,b,p admits a hex decomposition for 

any b + p > 0 and consider Sg+1,b,p (b + p > 0). Let α be a meridional arc 
connecting a marked point or boundary curve to itself; by cutting along this 
arc, we obtain Sg,b0,p0 , where b0 + p0 > b + p > 0. Figure 1.3 illustrates the 
case S2,1. 
By the inductive hypothesis, this surface admits a hex decomposition; 

together with α, we get a hex decomposition for Sg+1,b,p, completing the 
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Figure 1.3: The meridional arc α connects the boundary curve to itself. After 
cutting along α, we have a surface with genus 1 (g − 1) and two boundary 
components (b + p + 1). 

induction. � 

Proof. Proposition 1.3 
If b + p = 0, then of course there are no arcs at all. If b + p > 0, 

then ζ(S) ≤ 0 for the disk, the once-marked disk, the once-marked sphere, 
and the annulus. There are no essential arcs in the disk or the once-marked 
sphere; an essential arc in the annulus must connect the two boundary curves, 
but cutting along this arc produces a rectangle, not a hexagon. Since any 
other arc must either intersect the first or be isotopic to it, there is no hex 
decomposition of the annulus. Similarly, an essential arc in the once-marked 
disk must connect the marked point to the boundary, and cutting along this 
arc produces a triangle (one edge coming from the boundary and two from 
the arc, separated by the marked point) which is not a pseudohexagon (only 
one of its vertices is a marked point, as opposed to all three), so there are no 
hex decompositions. 
We will use the Euler characteristic to establish the formula given in the 

statement of the Proposition for positive-ζ surfaces. A hex decomposition of 
Sg,b,p is an embedded graph in Sg,b: its vertices are the endpoints of arcs in 
the hex decomposition (this includes marked points, but we consider them as 
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part of the graph and, therefore, the underlying surface is still Sg,b), its edges 
are either arcs in the hex decomposition or subarcs of boundary curves, and 
its regions are hexagons (i.e., disks). This means that a hex decomposition 
gives a cell decomposition of the surface, so its Euler characteristic can be 
computed by the formula χ(Sg,b) = V − E + F . Let A be the number of arcs 
in the hex decomposition, let Σp be the sum of the valences of the marked 
points, and let Σb be the sum of the valences of the boundary components 
(i.e., the total number of arcs with endpoints on a boundary component). 
Then V = Σb + p (since each vertex is either a marked point or the endpoint 
of an arc on a boundary component), and Σb + Σp = 2A (since, in counting 
the valences around the boundary and of the marked points, each arc will 
be counted twice). The number of edges is equal to the number of arcs plus 
the number of edges along the boundary; the number of edges along each 
boundary component is equal to the number of vertices (since each one is 
a circle), so E = A + Σb. If we count each boundary edge and/or marked 
point adjacent to each hexagon, we will have counted each marked point 
once for each edge adjacent to it and each boundary edge once, so we get 
Σb + Σp. Since each (possibly pseudo-) hexagon has three boundary edges 
and/or marked points adjacent to it, we get 3F = Σb + Σp = 2A Thus, we 
have: 

χ(Sg,b) = V − E + F 
3χ(Sg,b) = 3V − 3E + 3F 
3χ(Sg,b) = 3Σb + 3p − 3A − 3Σb + 2A 
A = 3p − 3χ(Sg,b) = 3p − 3(2 − 2g − b) = 6g − 6 + 3b + 3p = ζ(Sg,b,p), as 

we claimed. � 

As with pants decompositions, hex decompositions characterize maximal 
collections of pairwise-disjoint, nonisotopic arcs. 

Proposition 1.4. A collection of pairwise-disjoint, nonisotopic arcs 
A = {α1, α2, . . . , αn} ⊂ P(S) is maximal if and only if it is a hex decompo-
sition. 

Proof. If A is a hex decomposition, then any arc that we attempt to add 
to A must be an arc in some (possibly pseudo-) hexagon region of S r ∪A, 
and any such arc must be isotopic to one of the edges of the hexagon−i.e., 
isotopic to an element of A. 
Now suppose that A is maximal but is not a hex decomposition. Then 

one of the components of S r ∪A must be a non-hexagon. If this component 
admits a hex decomposition, then any arc α in that hex decomposition is 
disjoint from and nonisotopic to every element of A, and therefore A ∪ {α} 
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is an extension of A, contradicting its maximality. This implies no compo-
nent of S r ∪A has a positive ζ since then, by Lemma 1.6, it admits a hex 
decomposition. Therefore, this non-hexagon component must have genus 0 
and less than 3 boundary components and/or marked points (and at least 
one boundary component). It cannot be an annulus, since then an arc con-
necting the outer boundary curve and the inner boundary curve is essential 
and not isotopic to the boundary (likewise, it can’t be a once-marked disk); 
it must therefore be a (polygonal) disk. This polygon must be adjacent to 
more than three boundary edges and/or marked points: if only one, then it 
must be a loop at a marked point, which is inessential; if two, it must be 
either a boundary triangle (implying that two elements of A intersect) or a 
pair of arcs that share one or two marked points as endpoints (implying that 
they are isotopic). Thus, it’s possible to construct an arc α that connects a 
pair of boundary edges and/or marked points that are not adjacent to the 
same element of A; α is therefore essential, nonisotopic to any element of A, 
and disjoint from any element of A, contradicting the maximality of A. This 
contradiction implies that A must be a hex decomposition. � 



Chapter 2 

The Mapping Class Group 

Let X and Y be topological spaces and let Hom(X, Y ) be the set of contin-
uous functions from X to Y . The compact-open topology on Hom(X, Y ) is 
the topology whose subbase consists of the sets: 
U(K, G) = {f ∈ Hom(X, Y ) : f(K) ⊂ G, K ⊂ X compact, G ⊂ Y open}. 
The set Homeo+(S) (or Homeo+(S, ∂S), if b > 0) of orientation-preserving 

homeomorphisms on S forms a group under composition; under the compact-
open topology, with X = Y = S, it’s a topological group (the group oper-
ations of multiplication and inversion are continuous). The connected com-
ponent of the identity, Homeo+0 (S), is the set of all homeomorphisms that 
are isotopic to the identity (since an isotopy between two homeomorphisms 
defines a path in Homeo+(S) connecting them, and vice versa). This com-
ponent is a normal subgroup of Homeo+(S), and the corresponding quotient 
group is denoted Mod(S). Two homeomorphisms (mappings) are in the same 
coset of Homeo+0 (S) if and only if they’re in the same isotopy class−hence, 
Mod(S) is called the mapping class group of the surface. The mapping class 
group was introduced by Dehn in 1922’s [De 1]. 
Let X and Y be differentiable manifolds. A diffeomorphism f : X → Y is 

a differentiable function that has a differentiable inverse. We remark that we 
could just as easily have replaced “Homeo” with “Diffeo” in our definitions 
of the mapping class group above. This is a consequence of the interchange-
ability of smooth and topological manifold structures in dimension 2. In 
particular: 

Theorem 2.1. Let S be a compact surface. Then every homeomorphism of 
S is isotopic to a diffeomorphism of S. 

Since we can chose a smooth representative for any mapping class, the 
corresponding quotient groups are the same. This will be particularly impor-
tant in our discussion of Teichmüller space (see Chapter 3), but we will shift 

16 
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back and forth between topological and smooth perspectives as necessary. 

2.1 The Alexander Method 

We begin with a simple but very important direct computation introduced 
in [Al]: 

Lemma 2.1 (Alexander Lemma). Mod(S0,1) is the trivial group. 

Proof. Let f ∈ Homeo+(S, ∂S). We will show that this map is isotopic to 
the identity on S. Let S be the unit disk in C and define: ( 

(1 − t)f(
1− 
z
t ), if 0 ≤ |z| < 1 − t 

H(z, t) = 
z, if 1 − t ≤ |z| ≤ 1 

for 0 ≤ t < 1, and define H(z, 1) = z for all z ∈ S. We claim this is an 
isotopy. First, note that, when t = 0, we simply have f (since f is the 
identity on ∂S). For 0 ≤ t < 1, H is clearly continuous in t. Now, we show 
that H is continuous in z. When |z| = 1 − t, we have | z | = 1, and so:

1−t 
(1−t)f( z ) = (1−t) z = z, so that the two formulas agree on the circle 

1−t 1−t 
|z| = 1 − t. Finally, the formula for H(z, t) that applies when 0 ≤ |z| < 1 − t 
has a discontinuity at t = 1, but the set of z for which this formula applies is 
empty when t = 1 (there is no z such that 0 ≤ |z| < 0); thus, H is continuous 
at t = 1 as well. This establishes that H is a homotopy. 
To show that H(z, t) is a homeomorphism for 0 < t < 1 (and thus that 

H is an isotopy), we note that the map: ( 
z(1 − t)f−1(

1−t ), if 0 ≤ |z| < 1 − t 
H 0(z) = 

z, if 1 − t ≤ |z| ≤ 1 

is continuous in z by the argument above. If |z| < 1 − t, we have: 
z|H(z, t)| = (1−t)|f( )| < (1−t)(1) = 1−t (and likewise |H 0(z)| < 1−t

1−t 
for |z| < 1 − t), 
This means that H(z, t) is computed using the first formula if and only if 

H 0(H(z, t)) is computed using the first formula (and likewise for H(H 0(z), t)). 
Thus, for such a z: � z � 

(1−t)f ( 
1−t )H 0(H(z, t)) = (1 − t)f−1

1−t 
z = (1 − t)f−1(f(

1−t )) 
z = (1−t)

1−t = z (and likewise for H(H 0(z), t)). Since it’s clear that this is 
true for |z| ≥ 1−t, we have that H 0 is the inverse of H(z, t); since H(z, t) has 
a continuous inverse, it’s a homeomorphism, and so f is isotopic to idS . � 
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We can leverage this result to settle a few other simple cases. 

Corollary 2.1. Mod(S0,1,1) is trivial. 

Proof. If we take the puncture to be the origin, then an element of 
Homeo+(S0,1,1, ∂S0,1,1) is simply an element f ∈ Homeo+(S0,1, ∂S0,1) such 
that f(0) = 0. Thus, the exact same argument works on the punctured 
disk. � 

This result is a general one: adding a single puncture to a surface doesn’t 
change the mapping class group. 

Corollary 2.2. Mod(Sg,b,1) ≈ Mod(Sg,b) 

Corollary 2.3. Mod(S0,0,1) is trivial. 

Proof. If we think of the marked point as a puncture, then S0,0,1 is homeo-
morphic to S0,1, and any f ∈ Mod(S0,0,1) (which must fix the puncture) is 
equivalent to a homeomorphism on the disk that fixes the boundary−i.e., to 
an element of Mod(S0,1). By the Alexander Lemma, this homeomorphism 
must be trivial, and therefore f is trivial in Mod(S0,0,1). � 

Corollaries 2.3 and 2.2 together imply: 

Corollary 2.4. Mod(S0) is trivial. 

In more complicated cases, we will show that the actions of homeomor-
phisms are detected by essential curves and arcs in the surface. The sig-
nificance of the Alexander Lemma is that, if we have a (sufficiently nice) 
system of curves and arcs that partition S into disks, then any homeomor-
phism that fixes this system must act as a homeomorphism on the component 
disks−and, therefore, must be isotopic to the identity. This approach is called 
the Alexander Method. Using this method, we will determine Mod(S) for any 
S, either explicitly (in simple cases) or by describing how to give a presen-
tation for the group (in more complicated ones). In general, our approach 
toward these results will follow that taken in [FM]. 
As a first application of the method, we prove the following: 

Proposition 2.1. Mod(S0,2) ≈ Z 

Proof. Let S be the annulus {reiθ ∈ C : 1 ≤ r ≤ 2, 0 ≤ θ ≤ 2π} and let α 
be the arc α(t) = t + 1, 0 ≤ t ≤ 1, shown in Figure 2.1. 

iθ) i[θ+2π(r−1)]Define T (re = re . This is an element of Homeo+(S, ∂S) 
iθ) iθ(T is clearly continuous and T (re = re for all θ if r = 1 or r = 2) 
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Figure 2.1: The arc α in S0,2 and its image under the homeomorphism T 
(left); α (black), a curve κ (blue), and a double twist of α (also black) about 
κ (right). 

iθ) i[θ−2π(r−1)]with inverse T −1(re = re . We will show that every element of 
Homeo+(S, ∂S) is isotopic to a power of T or T −1 . 
We first observe that i(α, T n(α)) = |n| − 1 (for n 6= 0), and that: ( 

n − 1, if n > 0
î(α, T n(α)) = 

n + 1, if n < 0 

3 2πit Let κ(t) = 
2 e , 0 ≤ t ≤ 1. Figure 2.1 illustrates that (up to isotopy), 

we can determine T n(α) (for n > 0) by the following process: 

1. Take a parallel copy of α. 

2. Follow it from the left endpoint until we reach κ. 

3. Turn left and wind around the annulus n times. 

4. After completing the nth revolution, turn right again and follow α to 
the right endpoint. 

5. Perform isotopies of the endpoints so that the two arcs share the same 
endpoints. 

Note that we require isotopy relative to the boundary, otherwise 
α ' T n(α) for any n. The double-twist of α shown in Figure 2.1 produces one 
intersection of index +1, so that i(α, T 2(α)) = î(α, T 2(α)) = 1, as claimed 
(and likewise for n > 2). To find T n(α) for n < 0, we interchange left turns 
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and right turns in the steps given above. This will produce the same number 
of intersections as the left twist, but they will now have index −1, producing 
the results we claimed for both i and î. Thus, in particular, it’s possible to 
produce homeomorphic images of α whose algebraic intersection with α is 
any integer. 
Let f ∈ Homeo+(S, ∂S), let α0 = f(α), suppose that î(α, α0) = n, and 

let α, α0 , and κ all be in minimal position. We show that, if n =6 0, we can 
eliminate intersections by applying powers of T with the appropriate parity. 
We then argue that we either have an arc or can produce an arc which is 
isotopic to α. 
First, note that all intersections of α and α0 must have the same index; 

otherwise, if we order the intersections along α0 according to its orientation, 
there must be a pair of consecutive intersections with opposite indices, but 
this must be a bigon: the only way for this to happen is for α0 to cross α, 
turn around, and then cross back over in the other direction, contradicting 
minimal position. 
Second, i(α0, κ) = 1. Since κ is a separating curve and α0 originates on 

one side of κ and terminates on the other side, they must intersect an odd 
number of times. But if we take a pair of consecutive intersections, the arc 
between them must be an arc in an annulus (the components of S r κ are 
both annuli) which connects the κ-boundary to itself. This would be a bigon 
between α0 and κ, which contradicts minimal position. The only way for 
there not to be consecutive intersections is if there is only one. 
Let s be the arc of α0 rα that crosses κ (we may choose representatives of 

the two arcs so that no triple intersection occurs, so the intersection with κ 
must occur between two intersections with α). At least one of the endpoints 
of s is an intersection of α and α0 (the other might be the shared left or 
right endpoint of the two arcs). We claim that, by applying the power of T 
opposite the index of this intersection, we produce an arc which is parallel to 
α0 , but in which s has been replaced by an arc that intersects α only once. 
The case of positive index is illustrated in Figure 2.2. 
Sliding the terminus of the orange arc above α works if either both end-

points are intersections of α and α0 or if the left endpoint is on ∂S; if the 
right endpoint is on ∂S, then we can slide the orange arc below α. Notice 
that the new arc intersects κ. This means that we can perform this pro-
cess again until all intersections are removed. Thus î(α, α00) = i(α, α00) = 0, 
where α00 = T −nf(α). Assume that α and α00 are in minimal position. We 
now trace out the boundary of the region between α and α00 . Starting at 
the left endpoint of α, we move along the right side of α ∪ α00 ∪ ∂S. When 
we reach the right endpoint, the next turn either takes us along α00 or along 
the outer boundary curve. Suppose the former; then we return to the left 
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Figure 2.2: At left, α, κ (blue), the arc s that intersects κ, and the image of 
this arc under T −1 (orange). At right, the orange arc after bigons have been 
isotoped out. The “untwisted” arc T −1(α0) runs parallel to α0 as the orange 
arc continues both forward and backward. 

endpoint, but we arrive either on the right side of α or on the left. If we 
stay on the right side of α, then the region whose boundary we’ve traced is 
a bigon; we can isotope α00 across it so that α ' α00 . If we arrive back at the 
left endpoint on the left side of α, then the next turn takes us around the 
inner boundary of the annulus back to where we started. This must be the 
picture on the left side of Figure 2.1. Applying T −1 , we get a curve isotopic 
to α. If the first right turn had taken us along the outer boundary instead 
of α00 , we would have the reverse situation: either a bigon between the two 
curves (but on the other side of α), or that α00 ' T −1(α), so an application 
of T will produce a curve isotopic to α. 
Thus we have shown that, for some appropriate power n0 , T n

0 
f(α) ' α; 

thus, we can find a homeomorphism isotopic to T n
0 
f that fixes α pointwise. 

This implies that T n
0 
f fixes the boundary of the disk Srα, which means that 

it acts as an element of Mod(S0,1). But then T n
0 
f ' idS0,2 by the Alexander 

Lemma. Since this means that any homeomorphism is isotopic to a power of 
T or T −1 (and since, by our observation regarding the intersection numbers, 
both homeomorphisms clearly have infinite order), we have 
Mod(S0,2) = hT i ≈ Z, as we claimed. � 

The homeomorphism T defined in the proof above is called a Dehn twist, 
introduced by their namesake in [De 2]. We can use the definition of T 
to define Dehn twists in any surface. For an scc α ⊂ S, take a regular 
neighborhood N of α; we define the left Dehn twist about α, Tα, to be the map 
T on N (which is homeomorphic to S0,2) and the identity elsewhere (right 
Dehn twists are defined similarly as extentions of T −1). Observe that we can 
think of T as Tκ, where κ is as shown in Figure 2.1. This means that the step-
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by-step process we described for finding the image of the arc α under the twist 
T can be adapted to find the image of any curve or arc under any twist Tα. 
Dehn twists are an extremely important class of homeomorphisms. In fact, 
we will show that, for g > 0, Mod(Sg) is generated by finitely-many Dehn 
twists. The earliest version of this result (called the Dehn-Lickorish Theorem) 
was proved by Dehn in 1938’s [De 3] and was subsequently improved upon by 
others. The most dramatic of these improvements was done independently 
of Dehn’s work by Lickorish (hence the theorem’s name) in 1964’s [Lic]. 

Remark 2.1. The “left-turn, right-turn” process described in the proof of 
Proposition 2.1 is not always convenient for determining Tα

n(β), especially if 
|n| and/or i(α, β) is large. Alternatively, for n > 0, we can find T n(β) by α 

doing surgery on curves according to the following process: 

1. Take α and β in minimal position. 

2. In a regular neighborhood of α ∪ β, take n i(α, β) parallel copies of α 
and one parallel copy of β. 

3. Resolve the intersections as shown in Figure 2.3. 

Figure 2.3: Left: An intersection of the curves α (red) and β (black). 
Center: Four parallel copies of α and one parallel copy of β (blue). 
Right: After resolving intersections, the blue curve is some positive twist of 
β about α with n i(α, β) = 4. 

If n < 0, we simply resolve the intersections in the opposite direction. 
For each intersection point of α and β, we get |n| i(α, β) intersections with β 
(since, for each left turn, we wind through all n circuits of α before turning 
right again). This implies that: 

i(Tα
n(β), β) = |n| i(α, β)2 (2.1) 
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� 

We now prove a few basic facts about Dehn twists. These results (and 
similar proofs) can all be found in [FM]. 

Fact 2.1. Tα ' Tβ if and only if α ' β. 

Proof. The “if” direction is clearly true: if α ' β, then we can isotope them 
both into the same regular neighborhood. As curves in the annulus, they 
are both isotopic to the curve κ in the proof of Proposition 2.1. This means 
that, in the “left-turn, right-turn” process we described for finding the image 
of an arc under T , we could just as easily have used α or β instead of κ, and 
so Tα ' Tβ . 
Conversely, suppose that α and β are non-isotopic. It suffices to show 

that there is a curve γ such that i(α, γ) = 0 and i(β, γ) =6 0. Then, by 
Remark 2.1, i(γ, Tα(γ)) = i(γ, γ) = 0, while i(γ, Tβ (γ)) = i(β, γ)2 6= 0, so 
that the two twists cannot be isotopic. If i(α, β) 6= 0, then we can simply 
choose γ = α; otherwise, the manner in which we construct γ depends on 
whether α and/or β are separating or non-separating. 
Case 1: α and β are both nonseparating. This implies that g > 0 (any 

curve in a sphere is separating) and that either g > 1 or b + p > 1 (or α and 
β couldn’t be disjoint, by Proposition 1.1). Cutting the surface along α ∪ β 
produces a surface Sg−2,b+4,p. Then since 
ζ(Sg−2,b+4,p) = 6(g − 2) − 6 + 3(b + 4) + 3p = 6g − 6 + 3b + 3p > 0, 
Proposition 1.3 implies that the cut surface admits a hex decomposition. We 
can take some arc of this decomposition to connect the β-boundary compo-
nents; after gluing S back together, we get an essential scc γ that intersects 
β once and is disjoint from α. 
Case 2: α is separating and β is nonseparating. If we cut S along α, then 

we get two components; since β is disjoint from α, it must lie in one of these 
two components, S0 = Sg0,b0+1,p0 , where 1 ≤ g0 ≤ g (if g0 = 0, then α cannot 
be nonseparating), b0 ≤ b and p0 ≤ p. Cutting S 0 along β produces a surface 
Sg0−1,b0+3,p Since0 . 
ζ(Sg0−1,b0+3,p0 ) = 6(g0 − 1) − 6 + 3(b0 + 3) + 3p0 = 6g0 − 3 + 3b0 + 3p0 > 0, 
this surface admits a hex decomposition by Proposition 1.3. As in Case 1, 
we can take one of the arcs to connect the two β-boundaries and the result 
follows. 
Case 3: α is nonseparating and β is separating. Cutting S along β 

produces two surfaces, S1 = Sg1,b1+1,p1 and S2 = Sg2,b2+1,p2 where 
g = g1 + g2, b = b1 + b2, and p = p1 + p2. Since α is disjoint from β, it lies 
in one of the two surfaces, say S1. Cutting S1 along α produces a surface 
S 0 = Sg1−1,b1+3,p1 . Both S1 and S2 admit hex decompositions 
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(ζ(S2) = 6g2 − 6 + 3(b2 + 1) + 3p2 = 6g2 − 3 + 3b2 + 3p2 > 0, otherwise 
β is inessential; S1 is similar to the final surface in Case 2) in which we can 
take arcs which connect the β-boundaries to themselves. The result follows. 
Case 4: α and β are both separating. This is similar to Case 3; cutting 

along both curves produces four surfaces which must admit hex decomposi-
tions. Connecting the two β-boundaries to themselves gives us the curve we 
need. � 

This fact raises an important question: if α is inessential, is Tα ' idS ? 
This is not true in general−after all, the original twist T is a twist about 
an inessential curve−but this represents the only exception: if α bounds a 
disk or a once-punctured disk, Tα ∈ Mod(S) is trivial. A twist about an 
inessential curve is nontrivial only if the curve is isotopic to a boundary 
component. 

Fact 2.2. For f ∈ Homeo+(S, ∂S), fTαf−1 ' Tf (α). 

Proof. Take a regular neighborhood N of f(α); f−1 maps N to a regular 
neighborhood N 0 of α. For x ∈/ N , f−1(x) ∈/ N 0 and, therefore, Tα fixes 
f−1(x); thus, both fTαf−1 and Tf (α) fix x. For x ∈ N , since f−1 preserves 
orientations in mapping N to N 0 , Tα acts on f−1(x) as Tf(α) acts on x (since 
both are “really” just the map T ∈ Mod(S0,2) acting on their respective 
annular neighborhoods), and so (up to isotopy) f maps Tαf−1(x) to Tf(α)(x). 

� 

Fact 2.3. Two Dehn twists Tα and Tβ commute (up to isotopy) if and only 
if i(α, β) = 0. 

Proof. We have TαTβ ' Tβ Tα if and only if Tβ 
−1TαTβ ' Tα. By Fact 2.2, this 

is true if and only if Tβ 
−1(α) ' α. If i(α, β) = 0, then α can be isotoped 

out of a regular neighborhood N of β; since Tβ acts as the identity outside 
of N , we have Tβ 

−1(α) ' α. Conversely, if α and β intersect, then α ∩ N is 
a collection of disjoint arcs in N . Any of these can be taken to be the arc 
α ⊂ S0,2 in the proof of Proposition 2.1; since Tβ 

−1 acts on N as T −1 acts on 
S0,2, it cannot fix this arc, and therefore Tβ 

−1(α) is not isotopic to α. � 

Fact 2.4. Let α and β be oriented scc’s with i(α, β) = 1. If î(α, β) = 1, 
¯ ¯then TαTβ (α) ' β; if î(α, β) = −1, then TαTβ (α) ' β, where β is β with 

orientation reversed. 

Proof. See Figure 2.4 for positive intersection; negative intersection is similar. 
� 

Fact 2.5 (Braid Relation). If i(α, β) = 1, then TαTβ Tα ' Tβ TαTβ . 
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Figure 2.4: Left: α (red) and β (black) with î(α, β) = 1. 
Center: Tβ (α) (blue). 
Right: TαTβ(α) (green). The loop of the green curve in the lower left quad-
rant can be isotoped along α out of the picture until it re-enters in the lower 
right quadrant; the green curve is then parallel to β with the same orienta-
tion. 

Proof. We have: 
TαTβ Tα ' TβTαTβ if and only if 
(TαTβ )Tα(Tβ 

−1Tα 
−1) ' Tβ if and only if 

(TαTβ )Tα(TαTβ)
−1 ' Tβ if and only if 

TTαTβ (α) ' Tβ (by Fact 2.2) if and only if 
TαTβ (α) ' β (by Fact 2.1). This last equation is Fact 2.4, which proves 

the first isotopy. � 

Theorem 2.2. Mod(S1) ≈ SL2(Z) 

Proof. We will consider the torus as R2/Z2 , so that two points 
(x1, y1), (x2, y2) ∈ R2 correspond to the same point if x1 − x2, y1 − y2 ∈ Z.h i 
Let α be the scc given by the vector 1

0 (the longitudinal curve of S) and let h i 
β be the one given by 1

0 (the meridional curve). Then any closed curve is 

defined by the number and direction of α-windings and β-windings, and soh i 
can be identified with an element p

q ∈ Z2 ≈ π1(S). Such a curve is simple 

if either p = ±1 and q = 0 (or vice versa), or if gcd(p, q) = 1 (if p and qh i h i 
have a common divisor d > 1, then p = d pq 

0 
for some integers p0 and q0;h i 

q 0 

this means that p
q is some other curve retracing itself d times; an isotopy 

produces a curve which intersects itself transversely once for each retracing). 
Any f ∈ Mod(S) induces a homomorphism ϕ(f) : π1(S) → π1(S) (since 

homotopic maps induce the same homomorphism). Since ϕ(f) has an inverse 
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for every f , ϕ(f) ∈ Aut(π1(S)). Since π1(S) ≈ Z2 , we have a map 
ϕ : Mod(S) → GL2(Z). It’s clear that this map is injective: if ϕ(f) = I, 
then f fixes the curves α and β; it therefore acts as a homeomorphism on 
the disk S r (α ∪ β), and so the Alexander Lemma implies that f is trivial. 
We can therefore interchangeably describe the actions of homeomorphisms 
in topological terms or in terms of their actions as elements of GL2(Z). 
We will show that H = hTα, Tβi = Mod(S) by showing that, for any h i h i 

f ∈ Mod(S), there is some h ∈ H that sends f(α) = p
q to α = 1

0 . 

This implies that hf acts as a homeomorphism on the annulus S r α so, by 
Proposition 2.1, hf ∈ hTαi, soh f ∈iH. We do thish byiinduction on |q|. As 

1 −1 1 0shown in Figure 2.5, ϕ(Tα) = and ϕ(Tβ ) = .0 1 1 1 

Figure 2.5: The generators of π1(S) and their twists about one another: α 
(red), β (black), Tα(β) (blue, left), and Tβ (α) (blue, right). 

Since the determinants of both matrices are 1, we have thath ih ih i h i 
1 0 1 −1 1 0 0 −1ϕ(H) ≤ SL2(Z). Let ρ = TβTαTβ; then ϕ(ρ) = = .1 1 0 1 1 1 1 0 

We will need the fact that this matrix is in ϕ(H). 
The base case is q = ±1. Then we have: h i h ih ih i h i 

1 1 0 0 −1= −p 1 
p = ϕ(Tβ)−pϕ(ρ) 

p and0 1 0 −1 −1h i h ih ih i h i 
1 0 1 1 −p p p= = ϕ(ρ)−1ϕ(Tα)p . Suppose for some k ≥ 1 that,0 −1 0 0 1 1 1h i h i 
for any p

q with |q| ≤ k, the claim holds. Let |q| = k + 1 and consider p
q . h i h i 

We claim that we can produce a curve p0 with det p p 
0
0 
= 1 and |q0| ≤ k.0q q q 

Since gcd(p, q) = 1, we can choose a, b ∈ Z such that ap + bq = 1. For any 
such pair of values, we may obtain another such pair by adding a multiple of 
q to a and subtracting an equal multiple of p from b: 
(a+kq)p+(b−kp)q = ap+kqp+bp−kqp = ap+bq = 1. Since a lies between 
two consecutive multiples of q (since |q| > 1), we may adjust it appropriately 
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to obtain q0 such that |q0| < |q|. Let −p0 be the corresponding value of b.h i 
Then det p p 

0
0 
= pq0 − p0q = 1. By the inductive hypothesis, there is h ∈ H q q h i h i h i 
0 0 

such that ϕ(h) pq = 0
1 . As noted, det[ϕ(h)] = 1, and so ϕ(h) pq q

p has0 � h i� h i h i 
0 h i 

0 00 00p p p 1 p pdeterminant 1. But det ϕ(h) 0 = det , where = ϕ(h) q .00 00q q q 0 q 

This implies that q00 = −1, so that, by our argument in the base case, thereh i 
is an element of ϕ(H) sending it to 0

1 . This completes the induction. 

Our argument above shows that Im ϕ = ϕ(H) ≤ SL2(Z). We will show 
that they are equal, and therefore ϕ is an isomorphism onto SL2(Z). Leth i 
p
q 
p
q 

0 
∈ SL2(Z). By our argument above, there is some matrix A ∈ Im ϕ0 h i h i h i h i 

0 00p 1 p p 1 p 00 00 ∈ Z.such that A q = 0 ; but then A = for some p , q Since q q0 0 q00 

this matrix must have determinant 1, q00 = 1, and so this matrix is a power 
of ϕ(Tα). This completes the proof. � h i h i �h i h i� h i 

0 0 0p p p p p pCorollary 2.5. Let q , 0 be scc’s in S1. Then î q , 0 = det q q q q�h i h i� h i 
0 

0 0p p p pand i q , q0 = det q q0 . h i h i 
Proof. Let f ∈ Mod(S) be a homeomorphism that sends q

p to 0
1 , and let h i 

− 
a
q 
b
p = ϕ(f). Then: h i �h i h i� h i h i � �h i� �h i�� 

0 0 0 0p p p p a b p p p pdet 0 − î q , 0 = det det − î f q , f 0 (sinceq q q −q p q q qh i 
0 

det − 
a
q 
b
p = 1 and since f preserves algebraic intersection number) h i �h i h i� h i �h i h i� 
p p p p 1 ap0+bq0 ap0+bq0 det 

0 
− ̂i , 

0 
= det − ̂i 1 , . By inspec-0 q 0 0 0q q q 0 pq0−qp 0 pq0−qp h i h i 

1 ap +bq0 0 1tion, det 
0

0 = pq − qp0; the number of intersections of with0 pq0−qp 0 

any curve γ is equal to the number of β-windings of γ, where positive (up-
ward) windings have index +1 and negative windings have index −1. Thus, �h i h i� 

ap +bq0 0î 1 , 
0 

= pq0 − qp . But then: 0 pq0−qp h 
0 i �h i h i� �h i h i� h i 

1 ap0+bq0 1 ap0+bq0 p p p pdet 0 −î , 0 = 0, which implies ̂i q , 0
0 

= det 0
0 
.0 pq0−qp 0 pq0−qp q q qh i h i 

1 ap0+bq0 Since all intersections of 0 and have the same index, it follows that pq0−qp �h i h i� h i 
0 

p p p pi , q 

0 
= det q q 

0 
. �q 0 0 

Remark 2.2. Corollary 2.5 implies that, in the proof of Theorem 2.2, whenh i h i 
we constructed the curve p 

0
0 
such that det p p 

0
0 
= 1 and |q0| < |q|, we were q q hq i h i 

really constructing a curve that intersected p
q once and intersected 0

1 
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fewer times than p . By recursively repeating this process, we get a chain q h i 
of curves α = α0, α1, . . . , αn = p

q , where each pair of consecutive curves 

has (geometric) intersection number 1. This will be an important fact later 
(see Remark 2.3; compare with the proof of the Dehn-Lickorish Theorem). 
Corollary 2.5 and Theorem 2.2 also imply that Mod(S1) acts transitively 

on pairs of curves with intersection number 1: any such pair corresponds to 
a matrix A ∈ SL2(Z), and there is a homeomorphism (namely, ϕ−1(A−1)) 
that sends that pair to (α, β) (again, see Remark 2.3). 

� 

The Dehn-Lickorish Theorem is false for punctured surfaces: Dehn twists 
cannot permute punctures, and so no homeomorphism that does so can possi-
bly be generated by Dehn twists. We now perform some direct computations 
of mapping class groups of punctured surfaces. 

Proposition 2.2. Mod(S0,0,2) ≈ Z/2Z 

Proof. Let Σn be the symmetric group on n elements; Mod(S) acts on the 
set of marked points of S, inducing a map Mod(S) → Σ2 ≈ Z/2Z. It’s clear 
this map is nontrivial (take the points to be the north and south poles and 
simply rotate by π about a meridian). We claim that any f that fixes the 
marked points is isotopic to the identity. Let α be an arc connecting the two 
points. Since f(α) connects the same points, we have that the concatenation 
α ∗ f(α) is a simple closed curve in S0. Since π1(S0) is trivial, this curve 
is contractible. This means that it bounds a disk, and we can isotope f(α) 
across it to obtain α ' f(α). 
Since f fixes α, it acts as a homeomorphism on the disk S r α (as in the 

proof of Lemma 1.6, in this case we allow marked points on the boundary), 
so the Alexander Lemma implies f is isotopic to the identity, proving the 
result. � 

Proposition 2.3. Mod(S0,0,3) ≈ Σ3. 

Proof. As in the previous result, we have a map Mod(S) → Σ3 induced by 
the action of homeomorphisms on the marked points. We first show this map 
is surjective. Suppose one marked point is the north pole and the others lie 
along a meridian at angles of 2

3 
π ; for each point, there is an axis passing 

through that point and the center of the sphere. Rotation about this axis 
fixes one point and interchanges the other two. Since the image of the map 
contains all 2-cycles, it is all of Σ3. 
We will show that the map has trivial kernel. Label the points p, q, 

and r, let α be an arc connecting p and q, and let f fix p, q, and r. An 
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argument similar to the one we gave in the proof of Proposition 2.2 implies 
that α ' f(α) (and the same argument applies to an arc connecting any two 
of the marked points). Cutting open the sphere along α, we see that f acts 
as a homeomorphism on S0,1,1 (r is the marked point of this new surface, 
since it’s the only one in the interior of the disk). By Corollary 2.1, f is 

iθ) iθ)h(re re This is a homeomorphism (h−1(re rei[θ−πr]) which 

trivial in Mod(S0,0,3). � 

Proposition 2.4. Mod(S0,1,2) ≈ Z. 

Proof. Let S 
= i[ 

= 
θ+πr]

{reiθ ∈ C : r ≤ 2} with ±1 as marked points. 
= 

Define 
. 

fixes ∂S and interchanges the marked points. If f ∈ Mod(S) fixes the marked 
points, then it fixes the arc α between them. Thus, f acts as a homeomor-
phism on S r α ≈ S0,2. We first note that, for 1 ≤ r ≤ 2: 

iθ) i[θ+2πr] i[θ+2πr−2π] i[θ+2π(r−1)] iθ),h2(re = re = re = re = T (re so that 
h2|S0,2 ' T . By Proposition 2.1, this implies that f is isotopic to a power 
of h2 . If f interchanges the marked points, then hf fixes them, so that hf 
is isotopic to a power of h2−but this implies f is isotopic to a power of h. 
Since T has infinite order, so does h, and therefore Mod(S) = hhi ≈ Z. � 

The homeomorphism h defined above is a half Dehn twist. As with Dehn 
twists, we can use this definition to define them in any surface with more 
than one marked point. Let α ⊂ Sg,b,p, p > 1, be an scc which encloses two 
marked points (α is essential unless g = 0 and b + p = 3); then the region 
inside α is homeomorphic to S0,1,2, and so we can define hα (up to isotopy) 
to be the map h on the region inside α and the identity outside. This shows 
that there is an element of Mod(Sg,b,p) that interchanges any two marked 
points (so the image of the action Mod(Sg,b,p) → Σp contains all 2-cycles). 
We therefore have a short exact sequence: 

1 → P Mod(Sg,b,p) → Mod(Sg,b,p) → Σp → 1 (2.2) 

The subgroup P Mod(Sg,b,p) is called the pure mapping class group. It 
consists of all homeomorphisms that fix the marked points of Sg,b,p (the kernel 
of the action). We will show that the pure mapping class group is generated 
by Dehn twists. 
The fundamental relationship between half Dehn twists is a familiar one: 

Fact 2.6 (Braid Relation). Let p, q, r ∈ S be marked points, let hα inter-
change marked points p and q, and let hβ interchange marked points q and 
r. Then hαhβhα ' hβ hαhβ . 
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Proof. First, note that the argument in the proof of Fact 2.2 applies to half 
twists as well as full twists, and so fhαf−1 ' hf(α). Second, note that, if 
α ' β, then hα ' hβ. Thus (as in the proof of Fact 2.5), it suffices to prove 
that hβ hα(β) ' α. 
The procedure for computing the images of curves and arcs under half 

twists is essentially the same as that for full twists. To compute hα(β): 

1. Take a parallel copy of β. 

2. Follow it until we reach α. 

3. After crossing α, turn left and follow α until we reach β. 

4. After crossing β, turn right and follow β until we reach α. 

5. Repeat until we return to where we started. 

Figure 2.6 shows the results of these two twists. 

Figure 2.6: The curves α (red), β (black), the marked points p, q, and r, 
and the twists hα(β) (blue) and hβ hα(β) (green). Note that the green curve 
is isotopic to the red. 

� 

2.2 The Curve Complex and its Relatives 

In order to prove the Dehn-Lickorish Theorem, we need a number of essential 
tools. The first of these is the curve complex. 
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Let S be a surface with complexity (that is, ξ(S) = 3g − 3+ b + p) greater 
than 1. The curve complex of this surface, C(S), is a simplicial complex whose 
vertices are isotopy classes of essential scc’s in S. The vertices α1, α2, . . . , αk+1 

span a k-simplex if i(αm, αn) = 0 for each m, n ∈ {1, 2, . . . , k + 1}. We 
frequently equivocate between “a vertex of the curve complex,” “an isotopy 
class of essential scc’s,” and “a representative of such a class.” If b + p > 0, 
the arc complex, A(S), is defined similarly: its vertices are isotopy classes 
of essential proper arcs (isotopies do not necessarily fix the endpoints of an 
arc on ∂S); simplex-spanning is defined in the same way. Putting these 
two complexes together, we get the arc and curve complex, AC(S). We will 
only discuss the curve complex in detail, but we will refer to the other two 
complexes later (see Chapter 4.1). 
By Proposition 1.2, a collection of essential, mutually nonisotopic scc’s 

is pairwise disjoint if and only if it’s a pants decomposition; by Proposition 
1.1, such a set contains exactly ξ(S) curves. This means the largest number 
of vertices in C(S) that can span a simplex is ξ(S) and, therefore, 
dim C(S) = ξ(S) − 1. If the surface has complexity less than 2, then there 
are two possibilities: 

1. There are no essential scc’s. This is the case with the sphere (S0), 
the punctured sphere (S0,0,1), the twice-punctured sphere (S0,0,2), the 
thrice-punctured sphere (S0,0,3), the disk (S0,1), the punctured disk ( 
S0,1,1), the twice-punctured disk (S0,1,2), the annulus (S0,2), the punc-
tured annulus (S0,2,1), and the three-holed sphere (S0,3). Since there 
are no essential scc’s, the curve complexes will be empty. Some of these 
surfaces (the sphere, the punctured sphere, and the disk) have no arcs, 
and so the arc complexes are empty as well. The other two surfaces do 
have essential arcs. 

2. No two nonisotopic scc’s can be disjoint from each other, as in the closed 
torus (S1), the punctured torus (S1,0,1), the one-holed torus (S1,1), the 
four-punctured sphere (S0,0,4), and the four-holed sphere (S0,4). Since 
no two curves are disjoint, no set of vertices can span a simplex: the 
curve complexes will consist of nothing but discrete points (though 
the arc complexes may have higher-dimensional simplices). For these 
sporadic surfaces, we slightly alter the definition of simplex-spanning: 
vertices {α1, α2, . . . , αk+1} span a k-simplex if i(αm, αn) is the minimum 
attainable on the surface (this minimum value is 1 in the case of the 
tori, 2 in the case of the spheres). As we will see, all of these surfaces 
have the same curve complex, but for the moment, we will discuss only 
nonsporadic surfaces. 
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Harvey introduced the curve complex in 1978’s [Harv], and it has become 
an important tool in the study of the mapping class group (e.g., [MM]), 3-
manifolds (e.g., [He]), and Teichmüller space (e.g., [Farb], and its original 
use in [Harv]). 
In particular, in the curve graph, C1(S) (the 1-skeleton of the curve com-

plex), two vertices are joined by an edge if they are disjoint. If we define 
each edge to have length 1, then the curve graph is a metric space, where 
the distance d(α, β) is the minimum length of an edge-path from α to β (if 
such a path exists), or ∞ (if it does not). We first establish the existence of 
such a path. 

Proposition 2.5. C1(S) is connected. 

Proof. Suppose S is nonsporadic and let α, β ∈ C0(S) be in minimal position. 
We argue by induction on i(α, β). If α and β are adjacent (i(α, β) = 0), then 
there is a path between them. Suppose i(α, β) = 1 and let N be a regular 
neighborhood of α ∪ β. Then ∂N is a single curve γ which is disjoint from 
α and β so, if γ is essential, then there is an edge between α and γ and 
one between β and γ. To see that γ is essential, observe that α ∪ β is an 
embedded graph in S and, since N is homotopic to this graph, their Euler 
characteristics are equal. Since α ∪ β clearly has one vertex and two edges, we 
have χ(N) = −1. Since N has one boundary component and no punctures, 
we can determine the genus of N : 
−1 = 2 − 2g − 1 
g = 1. The boundary curve γ is inessential if S r N is a disk, a once-

punctured disk, or an annulus whose other boundary component is a com-
ponent of ∂S. But then S is S1, S1,0,1, or S1,1, respectively, contradicting 
the fact that S is nonsporadic. Thus γ is essential and our claim holds for 
i(α, β) = 1. 
Suppose, for some n ≥ 1, that, if i(α, β) ≤ n, then there is a path in 

C1(S) connecting α and β. Now suppose i(α, β) = n + 1. We will produce 
a curve γ which is disjoint from α and such that i(β, γ) ≤ n. Then there is 
an edge connecting α and γ and (by the inductive hypothesis) an edge path 
connecting β and γ; together, these form an edge path connecting α and β. 
Orient β and choose two intersections that are consecutive with respect to 
this orientation; γ is constructed by performing surgery on α and β. There 
are two cases, depending on the indices of the two intersections, illustrated 
in Figure 2.7. 
Performing surgery as indicated in the figure produces two candidates 

for the curve γ. Since both curves are parallel to α for almost their entire 
length, they are both essential and every intersection of each curve with β 
corresponds to an element of α ∩ β. This partitions the elements of α ∩ β 
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Figure 2.7: The curves α (red), β (black), and the candidates for γ (green). 
At left, the intersections of α and β have the same index and, at right, they 
have opposite indices. 

(except at most two) into two subsets, according to which green curve they 
belong to. One of these curves will have no more than half the elements of 
α ∩ β belonging to it, and we let γ be this curve. Since i(β, γ) ≤ n, we can 
apply the inductive hypothesis. 
We will deal with the case where S is sporadic below (Remark 2.3). � 

In any metric space X, the length of a path γ : [0, 1] → X can be defined 
as: P 

l(γ) = sup{ n d(γ(ti), γ(ti+1)) : 0 = < t1 < . . . = 1} (each i=0 t0 < tn 

element of the set is a “Riemann sum” based on a partition of [0, 1] and 
the supremum is taken over all partitions). A path γ connecting points x 
and y is a geodesic if it has minimal length−i.e., l(γ) ≤ l(γ0) for any other 
path γ0 connecting x and y. The space X is a geodesic space if there is a 
geodesic connecting any two points in the space. Since there is an edge-path 
between any two vertices of the curve graph (and because every path has 
integer length), there is a path of minimal length. Thus, the curve graph is 
geodesic. These geodesics are highly non-unique: for any two non-adjacent 
vertices of C1(S), there are infinitely-many geodesics connecting them. 
Although distance is defined in terms of intersections, there is not a strict 

relationship between intersection number and distance. Broadly speaking, 
large distance implies large intersection number (see Fact 2.6 below); curves 
with large intersection number will generally have large distance, but this 
need not be the case. There are some facts that we can assert in simple 
cases, however. 

Fact 2.7. If i(α, β) is 1 or 2, then d(α, β) = 2. 
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Proof. We already demonstrated the case i(α, β) = 1 above. If i(α, β) = 2, 
there are two cases: either the two intersections have the same index or 
opposite index. See Figure 2.8. 

Figure 2.8: Left: Two intersections with opposite index. The blue curve 
must be essential or there is a bigon between α and β. 
Right: Two intersections with the same index. A regular neighborhood of 
α ∪ β has two boundary components (blue and green); one of them must be 
essential. 

� 

The pair (α, β) is a filling pair if no essential scc is disjoint from α∪β−i.e., 
any essential scc must intersect at least one of the pair. It’s clear from the 
definition that: 

Fact 2.8. d(α, β) > 2 if and only if (α, β) is a filling pair. 

The existence of filling pairs is not hard to establish by change of coordi-
nates. We will address it in a slightly different way in Chapter 4 below (see 
Theorem 4.3). 

Fact 2.9. In a closed surface Sg, (α, β) is a filling pair if and only if Sgr(α∪β) 
is a union of disks. These disks are shaped like polygons with alternating 
α-and β-edges; the curves partition each other into arcs and, when we cut 
the surface apart into disks, we produce two copies of each arc. If one of 
these disk-regions has two edges which are copies of the same arc then, by 
connecting them, we produce an essential scc which intersects one of the 
pair (α, β) once and is disjoint from the other: by Fact 2.7, it follows that 
d(α, β) = 3. 
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Fact 2.10. Let (α, β) be a filling pair on Sg. Then i(α, β) ≥ 2g − 1 and, in 
the case of minimal intersection number, d(α, β) = 3. 

Compare Lemma 2.1 in [AH]. 

Proof. The union α ∪ β is an embedded graph in S. Since each component 
of S r (α ∪ β) is a disk, this graph is a cell decomposition for S. Thus: 

χ(S) = V − E + F 
χ(S) = i(α, β) − 2i(α, β) + F (since the graph is 4-valent) 
2 − 2g = −i(α, β) + F 
i(α, β) = 2g − 2 + F ≥ 2g − 1. Note that i(α, β) is minimal precisely 

when F = 1 and, in this case, Fact 2.9 implies d(α, β) = 3 � 

The existence of minimally-intersecting filling pairs is harder to estab-
lish. We will answer the previous existence question by answering this one 
(Chapter 4). 
The most definitive statement we can make about the relationship be-

tween distance and intersection number is the following, first proven in [He]: 

Proposition 2.6. d(α, β) ≤ 2 log2 [i(α, β)] + 2 

Proof. As with connectedness, we will prove this by induction on i(α, β). Let 
2 log2 (x) + 2 = l(x). We will show that, if i(α, β) = n, then there exists a 
path between α and β of length less than or equal to l(n). If i(α, β) = 1, 
this holds by Fact 2.7 (in fact, we get equality). Suppose, for some n ≥ 1, 
that the claim holds for any k ≤ n and suppose i(α, β) = n + 1. 
Let γ be the curve constructed in the proof of Proposition 2.5. Then 

i(γ, β) ≤ 
2
1 i(α, β) ≤ n, so by the inductive hypothesis, we have a path 

between γ and β of length at most: 
l(i(γ, β)) = 2 log2 [i(γ, β)] + 2 ≤ 2 log2 [

1
2 i(α, β)] + 2 

= 2(−1+ log2 [i(α, β)])+2 = 2 log2 [i(α, β)]. Adding the edge between α 
and γ increases the length of this path by 1, so by adding 2 to the right side 
of this last inequality, we get a path of length less than or equal to l(n + 1), 
completing the induction. Since d(α, β) is less than or equal to the length 
of any path between α and β, we get the inequality in the statement of the 
proposition. � 

Remark 2.3. We now discuss the curve complex of the sporadic surfaces, 
beginning with the torus. In fact, we have already characterized C(S1) in our 
discussion of Mod(S1); we simply did so in different language. In addition 
to translating that description into the right language, we will also give a 
classical visual representation of C(S1). As we saw in the proof of Theoremh i 
2.2, we can view an scc as a vector p

q , where p and q are relatively prime. 
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These are the vertices of the curve complex (countably-many of them). Re-
mark 2.2 implies (in fact, simply states) that this complex is connected and 
that Mod(S1) acts transitively on C1(S1). 
To determine the higher-dimensional simplices of the complex, we firsth i h i 

consider what vertices can be mutually adjacent to 0
1 and 1

0 . Suppose h i 
p
q is adjacent to both vertices (so its intersection number with both curves h i h i 

1 p 0 pis 1). By Corollary 2.5, ±1 = det = q and ±1 = det = −p.0 q 1 qh i h i h i 
p 1 −1This implies that (up to changes of orientation), q is either or . h i 1 1 

Since det 11 
− 
1
1 = 2, these two vertices are not adjacent to one another, and h i h i 

so each one spans a 2-simplex with 1
0 and 0

1 , but the four vertices do 

not span a 3-simplex. By the transitivity of the action of Mod(S1) on the 
complex, it follows that: 

1. No more than three vertices can span a simplex (and thus 
dim C(S1) = 2). 

2. Any two adjacent vertices span 2-simplices with exactly two other ver-
tices. h i 

Alternatively, we can view the vector p
q as a rational number pq in lowest 

terms (where 
0
1 = ∞). Notice that this ignores change of orientation, since 

−
− 
p
q = p

q . We map these points to the unit circle in C by the function 

τ(x) = x−i , ( x−i x+i = x
2+1 = 1, so τ does map R ∪ {∞} onto the unit21−ix 1−ix 1+ix 1+x 

circle; we will see this function again in Chapter 3.1). We have τ(0) = −i at 
the bottom of the circle, τ(∞) = i at the top, and all other points in between 
(positive numbers on the right side and negative numbers on the left). We 
will identify the number p

q with its image under τ . 
We represent edges connecting adjacent points as either diameters of the 

disk (if the two points are antipodal), or as arcs of circles perpendicular to 
the boundary of the disk. The group Mod(S1) ≈ SL2(Z) acts on vertices of 

ax+bthe complex by transformations of the form 
cx+d . This mirrors the action of 

a( p
q )+b ap+bqmatrices on vectors, since = , and composition of transformations 

c( p )+d cp+dq
q 

corresponds to multiplication of matrices:� � 
a ux+v +b 

a(ux+v)+b(wx+z) (au+bw)x+av+bz� wx+z � = = . This is the transformation 
c(ux+v)+d(wx+z) (cu+dw)x+cv+dz 

c ux+v +d 
wx+z 

defined by: 



1/0 

0/1 
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au+bw av+bz a b u v 
cu+dw cv+dz = c d w z 

(this will be important later, in the proof of Proposition 3.2; note that, since 
ax+b 
cx+d acts on real numbers, in order to make it act on the points of the 
unit circle, we actually conjugate by τ). The edge connecting two points is 
mapped to the edge connecting their images. The resulting complex is called 
the Farey complex. See Figure 2.9. 

Figure 2.9: The Farey complex in the unit disk in C. The circular arcs 
connecting points on the boundary tessellate infinitely, tiling the disk with 
2-simplices. 

The name of the complex derives from so-called Farey sequences, which 
are sequences consisting of all rational numbers (in lowest terms) in the 
unit interval with denominator less than or equal to a given number. In 
the present context, such numbers correspond to scc’s in S1 with more β-
windings than α-windings. These sequences were named for Farey because of 
an open letter he wrote in 1816 to the readers of Philosophical Magazine in 
which he asked whether certain properties of these sequences held generally 
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([Fare]); this was subsequently proved by Cauchy ([Cau 3]), who cited Farey’s 
letter, unaware that the result had been proved fifteen years earlier by Haros 
([Haro]) and had been observed centuries before by Chuquet ([Ch]). 
It’s clear that S1,1 and S1,0,1 have the same curve complexes, since every 

scc in these two surfaces is isotopic to a corresponding curve in S1. To see 
that it’s also the curve complex of the two sporadic spheres, consider the 
homeomorphism ρ(x, y) = (−x, −y) on R2 (rotation about the origin by π). 
Since it preserves Z2 , this is a homeomorphism on S1 (corresponding to the 
matrix −I ∈ SL2(Z)); we can identify its fixed points by considering which 
points in the unit square (the fundamental domain of the action Z2 y R2) 
satisfy (x, y) − (−x, −y) = (2x, 2y) ∈ Z2 . Since x and y are between 0 and 1, 
we have x, y ∈ {0, 1 , 1}. Any points with both x and y as integers represent 

2 
the same point a in the torus. The other points are [(0, 1

2 )] = [(1, 1
2 )] = b, 

[(1 , 0)] = [(1 , 1)] = c and [(1 , 1 )] = d.
2 2 2 2 
Let G be a group and X a topological space. Following [Hat], we refer 

to an action G y X as a covering space action if, for any x ∈ X, there is a 
neighborhood x ∈ U ⊂ X such that, for any g ∈ G, g · U ∩ U 6= ∅ implies 
g = 1. Given such an action on X a connected differentiable manifold, the 
quotient space X/G is a differentiable manifold (see [dC]), the quotient map 
p : X → X/G is a covering space (hence the name for this type of action), 
and G is the group of Deck transformations of the covering space. 
If we delete these four points, then ρ defines a free action h−Ii y S1,0,4; 

since h−Ii ≈ Z/2Z is a discrete group, the action is a covering space action, 
so the quotient map p : S1,0,4 → S 0 is a covering map. Since each point of 
S1,0,4 is interchanged with one other point by ρ, this is a 2-sheeted covering 
and we can determine the genus of S 0 by using the relation χ(S1,0,4) = 2χ(S

0) 
(see [Hat]): 

χ(S1,0,4) = 2χ(S
0) 

−4 = 4 − 4g − 8 (since S 0 has four punctures) 
g = 0. Thus, S 0 ≈ S0,0,4. Since ξ(S0,0,4) = 0 − 3 + 4 = 1, Proposition 1.1 

implies that no two non-isotopic curves in S0,0,4 can be disjoint. Since a single 
curve is a pants decomposition, it must be separating, implying that any 
other curve intersects it a minimum of two times (justifying our redefinition 
of the adjacency condition for vertices of C1(S0,0,4)). Since curves in S1,0,4 

are still curves in S1, they can be represented the same way, as vectors of the h i h i h i 
p p −pform q ; a curve in S0,0,4 therefore lifts to a pair of vectors q and −q 

(with different basepoints, separated by punctures). But, since p
q = −− 

p
q , these 

correspond to the same point on the boundary of the Farey complex. Since 
any collection of curves in S0,0,4 lifts to two collections of curves in S1,0,4, and 
because any one collection of lifts is homeomorphic to their projection, the 
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collection on the sphere is pairwise minimally-intersecting if and only if each 
collection of lifts is minimally-intersecting; thus, vertices of C(S0,0,4) span a 
simplix if and only if their lifts (which are the exact same points in the Farey 
complex) span a simplex in C(S1). Thus, the two complexes are identical. 
Since the difference between a boundary component and a puncture is 

only a cosmetic one (if we only consider curves), we get equality among the 
curve complexes of all sporadic surfaces. 

� 

Let S = Sg with g ≥ 1 and let N (S) ⊂ C(S) be the subcomplex whose 
vertices are nonseparating curves of S. By Corollary 1.1, Mod(S) acts tran-
sitively on this subcomplex. Define N∗ 

1(S) to be the graph whose vertices 
are the vertices of N 1(S) (nonseparating scc’s of S), but where two vertices 
α and β are adjacent if i(α, β) = 1. We prove the following: 

Lemma 2.2. N∗ 
1(S) is connected. 

Proof. If g = 1, then N∗ 
1(S) = C1(S), since S is sporadic (and since all 

curves on S1 are nonseparating). This graph is connected by Remark 2.3. 
Suppose g ≥ 2, let α and β be vertices of N 1(S), and suppose first that 
i(α, β) = 0. Since α and β are nonseparating, S r (α ∪ β) is connected and 
is homeomorphic to Sg−2,4. Then this surface has 
ζ(Sg−2,4) = 6(g − 2) − 6 + 12 = 6g − 6. By Proposition 1.3, Sg−2,4 admits 
a hex decomposition consisting of ζ > 2 arcs. We can take two of these 
arcs to connect an α boundary component to a β boundary component. 
If we reconstruct S by identifying these components, then this pair of arcs 
becomes an essential closed curve γ. Since all the arcs in a hex decomposition 
are mutually disjoint, γ is simple. By construction, we have 
i(α, γ) = i(β, γ) = 1, which implies that γ is nonseparting. Thus, we have a 
path in N∗ 

1(S) connecting α and β. 
From this argument, it follows that we can take any path in C1(S) whose 

vertices are all nonseparating and produce a path in N∗ 
1(S) connecting its 

endpoints. In other words, if N 1(S) is connected, then N∗ 
1(S) is connected. 

Let α0, α1, . . . , αn be a path in C1(S), where α0, αn ∈ N 0(S) and suppose 
that αj is separating for some 0 < j < n. We will show that we can produce 
a new path that bypasses αj . Let S1 and S2 be the two components of S rαj ; 
then, since i(αj−1, αj ) = i(αj, αj+1) = 0, αj−1 and αj+1 are either contained 
in S1 or in S2. If each curve is contained in a different sub-surface, then they 
are disjoint, and so there is an edge connecting αj−1 and αj+1, so we can omit 
αj from the path. Suppose that αj−1 and αj+1 are contained in the same 
subsurface (without loss of generality) S1. Since αj is essential, the genus of 
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S2 must be greater than 0; since S2 has one boundary component, we have 
ξ(S2) = 3g − 3+1 ≥ 1. By Proposition 1.1, S2 admits a pants decomposition 
containing at least one curve β and, since S2 is not a sphere, we may take 
β to be nonseparating. But then i(αj−1, β) = i(αj+1, β) = 0, so there are 
edges connecting them; again, we can omit αj from the path. By removing 
any nonseparating vertex in this manner, we get a path in N 1(S) between 
α0 and αn, and so N 1(S) is connected. � 

This lemma is an extension of the first observation in Remark 2.2; it will 
be important in the proof of the Dehn-Lickorish Theorem. In our argument 
showing that separating vertices of a path can be bypassed if the endpoints 
are nonseparating, this bypass did not increase the length of the path: it 
either stayed the same or was reduced. Thus we have the following: 

Corollary 2.6. If α, β ∈ C0(S) are nonseparating, then α and β can be 
joined by a geodesic contained in N 1(S). 

Let X and Y be metric spaces with metrics dX and dY , respectively, let 
k > 1, and let D > 0. A function f : X → Y is a (k,D)-quasi-isometric 
embedding if: 

k 
1 dX (x, y) − D ≤ dY (f(x), f(y)) ≤ k dX (x, y) + D for all x, y ∈ X 

(a (1,0)-quasi-isometric embedding is simply an isometric embedding). A 
quasi-isometric embedding f is a quasi-isometry if there is C ≥ 0 such that, 
for any y ∈ Y , there is x ∈ X such that dY (y, f(x)) ≤ C (this means that 
f is quasi-surjective; note that, if C = 0, then f is simply surjective; if 
k = 1, D = 0, and C = 0, f is an isometry). The complex N∗ 

1(S) that 
we defined above is (2,0)-quasi-isometric to N 1(S) by Fact 2.7, while N 1(S) 
is simply isometric to C1(S), since geodesics in N 1(S) are also geodesics in 
C1(S) (in both cases, take f to be the identity on the set of vertices). 

2.3 Capping, Pushing, and the Birman Exact 
Sequence 

For a surface S, let (S, x) be the surface obtained from S by marking some 
point x ∈ int S (S may have p > 0; in this case, we interpret these points 
as punctures and x as a marked point). There is a natural homomorphism 
F : Mod(S, x) → Mod(S) called the forgetful map: we simply forget that x 
is marked. As we’ve seen above, we can always isotope a homeomorphism 
on S so that it fixes some point x, and so F is a surjection. 
To determine the kernel of F , consider f ∈ Mod(S, x) with F(f) ' idS . 

There is an isotopy H(y, t) with H(y, 0) = f(y) and H(y, 1) = y. Define 
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α(t) = H(x, t). Since H is continuous in t, α is a curve; since H is an 
isotopy, α is simple; since f(x) = x, α(0) = x = α(1), and so α is closed. 
In Fact 1.2, we noted that an isotopy of curves Hc can be extended to an 
isotopy of the surface HS; the curve α can be thought of as an “isotopy 
of points” and, similarly, this isotopy can be extended to the rest of the 
surface. Consequently, we can recover the homeomorphism f by winding 
this HS backward: starting from the identity state on S, we can push the 
point x along ᾱ, and the surface is “dragged” along with it to the f -state. 
Define P(α)(y) = HS (y, 0). This is called the push map. 
From the way we have described the map, it’s clear that, for every 

f ∈ ker F , there is α ∈ π1(S, x) such that P(α) = f . It’s also clear that P 
is a homomorphism: if P(α) = f and P(β) = g, then P(α ∗ β) = P(α)P(β), 
since we wind backward along β first, and then α. What is not so clear is 
that this map doesn’t depend on a choice of homotopy representative of α, or 
on the choice of isotopy extension. But if it turns out that P is well-defined, 
then we have the following result: 

Theorem 2.3 (Birman Exact Sequence). Let S be a surface (possibly with 
boundary and/or punctures) with χ(S) < 0 and S 6= S0,2,1, and let (S, x) 
be the surface obtained by marking the point x ∈ int S. Then we have the 
following short exact sequence: 

1 → π1(S, x) → Mod(S, x) → Mod(S) → 1 (2.3) 

The sequence and the maps F and P were introduced by Birman in [Bi]. 
In order to prove this result, we will need the following theorem, due to 
Hamstrom. The relevant result is found in [Ham]. 

Theorem 2.4. Let Sg,0,p be a compact surface not homeomorphic to the 
sphere, the disk, the torus, the annulus, or the punctured annulus. Then 
Homeo0(S) is contractible. 

Remark 2.4. Given α ∈ π1(S, x), we can obtain an explicit expression 
for P(α) in terms of Dehn twists. Let N be a regular neighborhood of α 
with the standard orientation of S0,2. Let αl be a parallel copy of α pushed 
off to the left and let αr be a parallel copy pushed off to the right. Then 
P(α) = T −1 . See Figure 2.10.αl 

Tαr 

This will be an important observation in the proof of the Dehn-Lickorish 
Theorem. 

� 
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Figure 2.10: the curve α (blue), the point x, and an arc (black) in N (left). 
The image of the arc under P(α) (right). 

Proof. Birman Exact Sequence 
As we noted above, Im P = ker F . We remark, in addition, that, if it is 

well-defined, then P is injective: P(α) : (S, x) → (S, x) is a homeomorphism, 
and therefore it induces an automorphism P(α)∗ : π1(S, x) → π1(S, x). Let 

T −1β be a curve passing through x; then P(α)(β) = (β) = ᾱ ∗ β ∗ α.αl 
Tαr 

This inner automorphism is trivial if and only if α ∈ Z(π1(S, x)) = h1i, since 
χ(S) < 0. 
Define ε : Homeo+(S) → S by ε(f) = f(x) (evaluation at x). We claim 

that the sequence 

Homeo+(S, x) → Homeo+(S) → S (2.4) 

is a fiber bundle with total space Homeo+(S), base space S, fiber 
Homeo+(S, x), and projection ε. To show this, we must show that every 
y ∈ S is contained in a neighborhood Uy such that ε−1(Uy) is homeomorphic 
to Uy × Homeo+(S, x), and that ε factors through this homeomorphism and 
the projection Uy × Homeo+(S, x) → Uy. To begin with, fix a neighborhood 
U of x which is homeomorphic to a disk. For any u ∈ U , we can choose 
fu ∈ Homeo+(U) such that fu(x) = u and so that fu varies continuously in 
u. Define ϕU : ε−1(U) → U ×Homeo+(S, x) by ϕU (g) = (g(x), fg−1(x)g). This 
is continuous with inverse ϕ− 

U 
1(u, g) = fug and ϕU composed with the projec-

tion map of U ×Homeo+(S, x) onto U is equal to ε. For arbitrary y ∈ S, there 
is a homeomorphism hy with hy(x) = y. The map ϕ(g) = (g(x), f

h 
− 
− 
1 
1 hy 

−1g) 
y g(x) 

is a homeomorphism from ε−1(hy(U)) to hy(U) × Homeo+(S, x) (g maps x 
into hy(U); we post-compose with h− 

y 
1 so it maps x into U , then apply 

ϕU , then post-compose again with hy in the first coordinate) such that ϕ 
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composed with the first-coordinate projection map is equal to ε. Taking 
Uy = hy(U), we get that (2.4) is a fiber bundle. 
We therefore have an induced long exact sequence on homotopy groups, 

choosing x as a basepoint in S and idS as a basepoint in Homeo+(S). In 
particular, we have the segment: 

· · · → π1(Homeo
+(S), idS ) → π1(S, x) → π0(Homeo

+(S, x), idS ) 
(2.5)

→ π0(Homeo
+(S), idS ) → π0(S, x) → · · · 

Since π0(S) is trivial, the last term in this segment is 1; by Theorem 2.4, 
Homeo+(S) is contractible, and so the first term is also 1. Therefore (2.5) 
reduces to the short exact sequence: 

1 → π1(S, x) → π0(Homeo
+(S, x), idS ) → π0(Homeo

+(S), idS ) → 1 (2.6) 

Each term of (2.6) is isomorphic to the corresponding term of (2.3). The 
right-center map in (2.6) is induced by the inclusion of the stabilizer of x into 
Homeo+(S); this map is precisely F . The connecting homomorphism (left-
center) is constructed by lifting a map α : S1 → S (an scc at the basepoint 
x) to a map D1 → Homeo+(S) (a path originating at the basepoint idS with 
terminal point in Homeo+(S, x)) which projects (evaluates) to α. But this is 
exactly P , since each point along α is the image of x under the isotopy (path) 
that carries idS to P(α). This establishes the Birman exact sequence. � 

Remark 2.5. We conclude with a remark about the naturality of the map P . 
Let h ∈ Homeo+(S) and let h∗ be the induced homomorphism on π1(S, x). 
Then, for any curve α, we have P(h∗(α)) ' hP(α)h−1 . 
This follows from Remark 2.4: 
P(h∗(α)) = T −1 Th(α)rh(α)l 

P(h∗(α)) ' [hTαl h
−1]−1hTαr h

−1 (by Fact 2.2 and since h is orientation-
preserving) 
P(h∗(α)) ' hTα 

− 
l 

1h−1hTαr h
−1 

P(h∗(α)) ' hTα 
− 
l 

1Tαr h
−1 = hP(α)h−1 . 

This will also be crucial in the proof of the Dehn-Lickorish theorem. 

� 

Let S = Sg,b,p with b > 0 and let β be a component of ∂S. We can 
perform a capping operation by identifying β with the boundary of a marked J 
disk D = with marked point x. This produces a surface S0 = Sg,b−1,p+1. 
There is an induced homomorphism C : Mod(S) → Mod(S 0, x) in which, for 
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each f ∈ Mod(S), C(f) agrees with f on S 0 outside the capping disk and 
fixes the disk pointwise (since f already fixes β = ∂D, this definition makes 
sense). We have the following: 

Lemma 2.3 (Capping Exact Sequence). Let S, β, S 0 , D, and x be as above. 
Then we have a short exact sequence: 

1 → hTβi → Mod(S) → Mod(S 0 , x) → 1 (2.7) 

Proof. First, we show that C is surjective. Let g ∈ Mod(S 0, x) and let 
α = ∂D; since g(x) = x, g(α) ' α (the restriction of g to D must map 
the punctured disk to another punctured disk, but the puncture in this disk 
must also be x: thus, their boundaries must be isotopic). We can therefore 
choose an isotopy representative of g that fixes α. The restriction of this 
homeomorphism to D must act as an element of Mod(S0,1,1); since this group 
is trivial (by Corollary 2.1), g is isotopic to a map which is the identity on 
D. Define f ∈ Mod(S) to be a function that agrees with g on S r β and 
fixes β; then C(f) = g, as we required. 
Finally, to see that Tβ generates the kernel of C, observe that C(f) = idS0 

if and only if f is the identity outside a neighborhood of β; but then f 
restricts to a homeomorphism on this neighborhood, which is homeomorphic 
to S0,2. By Proposition 2.1, this group is generated by Tβ. 
This establishes (2.7). � 

2.4 The Dehn-Lickorish Theorem 

We will prove that the mapping class group of a closed surface is generated 
by Dehn twists about the 3g − 1 essential scc’s shown in Figure 2.11. These 
twists are known as the Lickorish generators of Mod(Sg). 
We remark that this set of generators is not minimal. In fact, we can do 

without all but the first two µ-curves (as shown in [Hu]); the twists about the 
remaining 2g + 1 curves are known as the Humphries generators and this is 
the minimum number of generators needed. So as not to prejudice the issue, 
we will refer to the Lickorish generators as simply Lickorish twists until after 
we have proven that they are, in fact, generators. 

Theorem 2.5 (Dehn-Lickorish). Mod(Sg) is generated by Lickorish twists 
for g ≥ 1. 

Proof. We will actually prove a slightly more general statement: if g ≥ 1 
and p ≤ 1, then P Mod(Sg,0,p) is generated by Lickorish twists (of course, if 
p ≤ 1, then P Mod(S) = Mod(S)); if p = 2, then P Mod(Sg,0,p) is generated 
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Figure 2.11: The Lickorish curves µ1, . . . , µg, α1, . . . , αg, and β1, . . . , βg−1 in 
Sg. Twists about these curves generate the mapping class group. 

by Lickorish twists together with a twist about the curve σ1 which is parallel 
to µ1 but separates the two punctures. 
We prove this by induction on g. Theorem 2.2 and Corollary 2.2 establish 

the base case for p = 0 and p = 1. For the case p = 2, we have the Birman 
exact sequence 

1 → π1(S1,0,1) → P Mod(S1,0,2) → P Mod(S1,0,1) → 1 (2.8) 

where the point which is forgotten in moving from S1,0,2 into S1,0,1 is taken to 
be the basepoint in π1(S1,0,1). Let G1 = hTα1 , Tµ1 , Tσ1 i ≤ P Mod(S1,0,2). We 
have already established that P Mod(S1,0,1) is generated by Lickorish twists, 
so we must only show that Im P < G1. The generators of π1(S1,0,1) are 
the meridional and longitudinal curves of the torus, ν1 and λ1, respectively. 
First, the left and right push-offs of ν1 are isotopic to curves whose twists 
generate G1: (ν1)l ' σ1 and (ν1)r ' µ1 so, by Remark 2.4, P(ν1) ∈ G1. As 
shown in Figure 2.12, λ1 = Tµ1 Tα1 (ν1) so, by Remark 2.5, P(λ1) is conjugate 
by elements of G1 to P(ν1) ∈ G1, so P(λ1) ∈ G. This establishes the result 
for P Mod(S1,0,2). 
Suppose, for some g ≥ 1, that P Mod(Sg,0,2) is generated by Lickorish 

twists together with σ1. Let h = Tα1 Tµ1 ∈ Mod(Sg+1); then h(α1) = µ1 by 
Fact 2.4. Let Hµ1 = {f ∈ Mod(Sg+1) : f(µ1) = µ1} (the stabilizer of µ1); we 
will argue that G = hh, Hµ1 i = Mod(Sg+1). Let f ∈ Mod(Sg+1). Since µ1 

is nonseparating, Lemma 2.2 implies there is a chain of nonseparating scc’s 
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Figure 2.12: The Lickorish curves µ1 and α1 and the curve σ1 (black), the 
puncture and marked point (red), and the generators ν1 and λ1 of π1(S1,0,1) 
(green). The fuscia curve is Tα1 (ν1) and the teal curve is Tµ1 Tα1 (ν1). By 
removing the bigon between this curve and α1, sliding it around the meridian 
of the torus, we get a curve parallel to λ1. 

µ1 = κ0, κ1, . . . , κn = f(µ1) such that i(κj , κj+1) = 1 for 0 ≤ j ≤ n −1. Since 
every κj is nonseparating, change of coordinates implies that there is 
fj ∈ Mod(Sg+1) such that fj (κ0) = κj for 0 ≤ j ≤ n, where f0 = idSg+1 and 
fn = f . Clearly, f0 ∈ G; suppose that fj ∈ G for some 0 ≤ j < n. Ap-
plying fj 

−1 to the pair (κj , κj+1), we get (κ0, κ), where κ = fj 
−1fj+1(κ0), and 

i(κ0, κ) = 1. Since Mod(Sg+1) acts transitively on such pairs by Corollary 
1.2, there is an element r ∈ Mod(Sg+1) that sends (κ0, κ) to (κ0, α1) (note, 
r ∈ Hµ1 since it fixes κ0 = µ1). But then: 

µ1 = h(α1) = hr(κ) = hrfj 
−1fj+1(κ0) = hrfj 

−1fj+1(µ1). 
This implies that hrfj 

−1fj+1 ∈ Hµ1 , and therefore fj+1 ∈ G; by finite 
induction, fj ∈ G for 0 ≤ j ≤ n and, in particular, f = fn ∈ G. Thus, 
G = Mod(Sg+1). We now show that G is generated by Lickorish twists. 
An element f ∈ Hµ1 acts as a homeomorphism on Sg+1 rµ1 ≈ Sg,2. After 

capping the boundary components, we obtain Sg,0,2; since f fixes the marked 
points of the two capping disks, f acts as an element of P Mod(Sg,0,2). By the 
inductive hypothesis, this group is generated by the Lickorish twists about 
µ2, . . . , µg+1, α2, . . . , αg+1, and β1, . . . , βg (note that β1 is not a Lickorish 
curve of Sg,0,2, but fills the role of σ1, separating the marked point and the 
puncture). Since h is a product of Lickorish twists and Hµ1 is generated by 
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Lickorish twists, we have that Mod(Sg+1) is generated by Lickorish twists. 
By Corollary 2.2, P Mod(Sg+1,0,1) = Mod(Sg+1,0,1) ≈ Mod(Sg+1) is gen-

erated by Lickorish twists by our argument above. We now consider 
P Mod(Sg+1,0,2). We have the Birman exact sequence for this group: 

1 → π1(Sg+1,0,1) → P Mod(Sg+1,0,2) → P Mod(Sg+1,0,1) → 1 (2.9) 

As in the base case for p = 2, we need only show that Im P < Gg+1, 
where Gg+1 is the subgroup of P Mod(Sg+1,0,2) generated by the Lickorish 
twists and Tσ1 . The standard generators of the fundamental group are the 
meridional and longitudinal loops around each toroidal component, based at 
the marked point, denoted ν1, ν2, . . . , νg+1 and λ1, λ2, . . . , λg+1, respectively. 
By our argument above for the case g = 1, P(ν1), P(λ1) ∈ Gg+1. 
Suppose, for 1 ≤ i < g + 1, that P(νi), P(λi) ∈ Gg+1; we will show that 

T −1T −1 T −1T −1P(νi+1), P(λi+1) ∈ Gg+1. First, λi+1 = (λi) (see Figuresβi αi+1 αi βi 

2.13 and 2.14 for the case i = 1). 

Figure 2.13: The curves λ1 (green), T −1(λ1) (fuscia), and Tα 
− 
1 

1T −1(λ1) (or-β1 β1 

ange). 
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T −1 T −1T −1Figure 2.14: The curves T −1 (λ1) (orange), T −1 (λ1) (teal), andα1 β1 α2 α1 β1 

T −1T −1T −1T −1(λ1) (green, unoriented). After removing the bigon with α2,β1 α2 α1 β1 

sliding the curve along β1, we get λ2. 

From our argument above, it follows that νi+1 = T −1 T −1 (λi+1). By the µi+1 αi+1 

inductive hypothesis and Remarks 2.4 and 2.5, since νi+1 and λi+1 are both 
Lickorish twist images of curves whose P-images are in Gg+1, 
P(νi+1), P(λi+1) ∈ Gg+1. By finite induction, the P-images of all generators 
of π1(Sg+1,0,1) are in G. This implies that P Mod(Sg+1,0,2) is generated by 
the Lickorish twists, together with Tσ1 , completing the induction on g, and 
completing the proof. � 

Notice that the existence of the chain κ0, κ1, . . . , κn was also the necessary 
component in our proof of Theorem 2.2. From this result, we can fill in the 
missing pieces. One extension is immediately apparent: 

Corollary 2.7. Let S = Sg,0,p with g ≥ 1 and p ≥ 2 with all the marked 
points on the first toroidal component. Then P Mod(S) is generated by the 
Lickorish twists, together with twists about curves σ1, . . . , σp−1 which are par-
allel to µ1 and separate adjacent marked points. 

This is proved with an inductive argument using Birman exact sequences, 
similar to the one above, using the result in the proof of the Dehn-Lickorish 
theorem as a base step. 



49 CHAPTER 2. THE MAPPING CLASS GROUP 

For punctured spheres, we can use our previous computation in Proposi-
tion 2.3 and the Birman Exact Sequence to obtain: 

Corollary 2.8. Let S = S0,0,p, p ≥ 3. Then 
P Mod(S) ≈ P Mod(S0,0,p−1) n π1(S0,0,p−1). 

This follows by induction on p; π1(S0,0,p−1) C P Mod(S0,0,p), since it’s the 
kernel of a homomorphism. Because F has a one-sided inverse (extend a map 
f that fixes the unforgotten punctures to a map that also fixes the forgotten 
puncture), the sequence splits, and we get the indicated semidirect product. 
The generators of these groups are Dehn twists. 
Finally, for a surface with boundary, Sg,b,p, capping the boundary com-

ponents produces a surface Sg,0,b+p. By the Capping Exact Sequence, 
P Mod(Sg,0,b+p) is a quotient of P Mod(Sg,b,p), modded out by the twists about 
the components γ1, . . . , γb of ∂Sg,b,p. By Corollary 2.7, we have: 

Corollary 2.9. P Mod(Sg,b,p) is generated by Lickorish twists, the twists 
about σ1, . . . , σp−1, and the twists about γ1, . . . , γb. 

We record a special case that will be of particular use to us later (see 
Lemma 3.6). 

Corollary 2.10. Mod(S0,3) ≈ Z3 . 

Finally, we note that all the Lickorish curves (as well as the curves σi 
and the boundary curves if p and/or b are nonzero) are either disjoint (so 
that the twists about those curves commute) or intersect once (so that their 
twists satisfy the braid relation). This tells us exactly how the generators 
of P Mod(Sg,b,p) interact with one another and allows us to write down a 
presentation for the group, as we proposed above. 



Chapter 3 

Teichmüller Space 

Our discussion of the mapping class group above has reflected a topologi-
cal perspective, owing to our characterization of its elements as classes of 
homeomorphisms (although we have taken advantage of various aspects of 
the smooth structure, this has been largely in the background). Alterna-
tively, we can impose a geometric structure on a smooth surface S in the 
form of a Riemannian metric (a concept introduced by Riemann in 1854 in 
his inaugural lecture at the University of Göttingen, [Ri 2]). Then we have 
the following result: 

Theorem 3.1 (Gauss-Bonnet). Let S be a compact Riemannian surface, let 
K be its Gaussian curvature, and let kg be the geodesic curvature of ∂S. Then Z Z 

K dA + kgds = 2πχ(S) (3.1) 
S ∂S 

The Gauss-Bonnet Theorem (this version of which, despite its name, was 
proved by von Dyck in [vD]) implies that the nature of this geometry depends 
on the Euler characteristic of the surface. In particular, since most surfaces 
have negative Euler characteristic, most geometries on surfaces have negative 
curvature−i.e., they are hyperbolic. For S with χ(S) < 0, the Teichmüller 
space, T eich(S), is a parameter space for equivalence classes of hyperbolic 
structures on S. Although Teichmüller space as an object is present in the 
work of Riemann, Klein, and Poincaré, it was first explictily introduced by 
Teichmüller in [Te 2]. It has a natural topology (see Chapter 3.2), which can 
be realized through a number of interesting metrics (see Chapter 3.4), under 
which it is homeomorphic to an open ball. The group Mod(S) acts on Te-
ichmüller space, and through this action we obtain a very useful classification 
of the elements of Mod(S) (Chapter 3.4). 

50 
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3.1 Hyperbolic Geometry 

We denote by H2 the hyperbolic plane. Let H = {z ∈ C : Im z > 0}. This set 
(called the Poincaré half-plane) will be our primary model for the hyperbolic 
plane. Although named for Poincaré because of his ground-breaking use of 
the model in [Po 1], it was originally introduced by Beltrami in [Bel]. We de-
fine its boundary (temporarily) to be ∂H = {z ∈ C : Im z = 0} ∪ {∞}. This 
space has a group structure H = RnR∗ : (x2, y2) · (x1, y1) = (x2 + y2x1, y2y1) 
(observe that we shift as needed between viewing elements in H as points in 
R2 and numbers in C). If we associate each point (x, y) ∈ H with an affine 
function t 7→ yt + x, this operation corresponds to composition of functions, 
and thus multiplication is written right-to-left. Under this operation and the 
natural differentiable structure of the plane, H is a Lie group (though de-
tailed in the later-published three-volume set [Lie 1], [Lie 2], and [Lie 3], Lie 
considered the birth of his theory to have occurred in the winter of 1873-74). 
The identity element of H is (0, 1) = i and (x, y)−1 = (−x

y , y 
1 ). 

For a point (x, y) ∈ H, define the left translation map 
L(x,y)(s, t) = (x, y) · (s, t). Since H is a Lie group, this map is a diffeo-
morphism for each (x, y): the matrix L = d[L(x,y)](s,t) is invertible (and 
therefore defines an isomorphism of tangent spaces) for every (s, t) ∈ H. 
A Riemannian metric on H is left invariant if L preserves inner products: 
hu, vi(s,t) = hLu, Lvi(x,y)·(s,t) for every u, v ∈ T(s,t)H (the tangent space at 
(s, t)). We will define a left-invariant metric which is the Euclidean inner 
product on T(0,1)H. There is a unique metric with these properties and we 
use them to determine its Gram matrices (Gram matrices and their determi-
nants were introduced by their namesake in his dissertation, [Gra]). h 1 0 i 
Fact 3.1. Let (x, y) ∈ H and let u, v ∈ T(x,y)H. Then hu, vi(x,y) = uT y2 

v.10 2yh i 
Proof. For (s, t) ∈ H, we have L(x,y)(s, t) = (x + ys, yt), so L = y 

0 y 
0 . Thus: 

hu, vi(x,y) = hL−1u, L−1vi(0,1) (by left invariance) 
= (L−1u)T L−1v (by the Euclidean inner product) 

T L−T L−1 T L−2= u v = u v (since L is diagonal)h 1 0 i 
= uT y2 

v, as we claimed. �10 2y

The inner product allows us to define all the basic, familiar measures 
of geometry. For u ∈ T(x,y)H, the length of u is |u| = 

p
hu, ui(x,y). For 

u, v ∈ T(x,y)H, the (acute) angle θ between u and v is given by the equation 
1 T hu,vi(x,y) y2 u v 

u vcosθ = ; by Fact 3.1, we have cosθ = q q = √ 
T 
√ , so|u||v| 1 T 1 T uT u vT 

2 u u 2 v v v 
y y 



��� ���

���

52 CHAPTER 3. TEICHM ̈  ULLER SPACE 

that angles in the hyperbolic metric coincide with angles in the Euclidean 
metric. 
The vector length formula allows us to define the length of a curve. Let 

γ : [0, 1] → H be a smooth curve with γ(t) = (x(t), y(t)). Then: pZ 1 Z 1dγ [x0(t)]2 + [y0(t)]2 

lH(γ) = dt = dt (3.2) 
0 dt 0 y(t) 

We use this length function to define a metric (distance function): 
dH(z1, z2) = inf{lH(γ) : γ is a smooth curve with γ(0) = z1 and γ(1) = z2}. 
We can use the definition directly to make a simple computation. 

Proposition 3.1. Let a < b. Then dH(x + ia, x + ib) = ln(
a
b ). 

Proof. Let γ(t) = (x, a + (b − a)t), 0 ≤ t ≤ 1. Then: R 1 
√ 

[x0(t)]2+[y0(t)]2 R 1 
√ 

0+(b−a)2 R 1 b−alH(γ) = 
0 y(t) dt = 

0 a+(b−a)t dt = 
0 a+(b−a)t dt 

bR b 1 = 
u du = ln|u| ).

a = ln( b 
a 

a 
Now, let γ1(t) = (x1(t), y1(t)) be any other smooth curve with 

γ1(0) = x + ia and γ1(1) = x + ib. Then: R 1 
√ R 1 

√ R 1[x0(t)]2+[y0(t)]2 0+[y0(t)]2 y0(t)lH(γ1) = dt ≥ dt = dt
0 y(t) 0 y(t) 0 y(t)R b 1 = du = ln( b ). Since ln( b ) is both a lower bound for the set of lengths 

a u a a 
of curves from x + ia to x + ib and also an element of that set, it must be 
the infimum. Thus, ln(

a
b ) = dH(x + ia, x + ib). Note that there is equality in 

the expression above if and only if the range of γ1 is equal to the range of γ 
(i.e., γ1 lies along the vertical line Re z = x). � 

As we will show (Proposition 3.5), this formula is the key to computing 
the distance between any two points in H. 
We will distinguish between geodesic segments and geodesic lines, in anal-

ogy with the distinction between lines and line segments in classical geometry. 
A geodesic segment is a smooth path γ : [0, 1] → H of minimal length con-
necting the points γ(0) and γ(1). A geodesic line is a smooth map γ : R → H 
such that, for any points z1 and z2 along γ, the segment of γ connecting them 
is geodesic. Proposition 3.1 implies that vertical lines are geodesic lines. The 
restriction of a geodesic line to [0, ∞) is a geodesic ray. 
An isometry of H is a diffeomorphism g : H → H such that 

hu, viz = hdgzu, dgzvig(z) for all u, v ∈ TzH, z ∈ H. Since an isometry 
preserves inner products, it also preserves lengths of tangent vectors, an-
gles between vectors, lengths of curves, and distances between points. The 
isometry g is orientation-preserving if det[dgz] > 0 for all z ∈ H. Orientation-
preserving isometries form a group, Isom+(H), under composition. We will 
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show that the group P SL2(R) = SL2(R)/h−Ii acts by isometries on H (see 
Remark 2.3 above). 

Proposition 3.2. There is a homomorphism ϕ : SL2(R) → Isom+(H) with 
kernel h−Ii. h i 

a b az+bProof. Given a matrix A = ∈ SL2(R), define ϕ(A)(z) = . Since c d cz+d 

a, b, c, and d are all real numbers, this function maps ∂H to itself (if z is real, 
then ϕ(A)(z) is real unless c =6 0 and z = −d

c ; in this case, −d
c is mapped to 

∞, while ∞ is mapped to a , but ∞ ∈ ∂H). If z = x + iy, then:� � � c � 
az+b ac|z|2+(ad+bc)x+i(ad−bc)y+bd yIm = Im = > 0, since y > 0;
cz+d |cz+d|2 |cz+d|2 

thus ϕ(A) maps H to itself. 
It’s clear that ϕ(A) is complex-differentiable (holomorphic) on H, since 

it’s a rational function with nonzero denominator. Since it’s invertible 
(ϕ(A)−1(z) = dz−b , which is also holomorphic), it’s a diffeomorphism. To −cz+a 
show that ϕ(A) preserves inner product, recall from Fact 3.1 that 
hv1, v2iz = 

y 
1 
2 v1 

T v2 for v1, v2 ∈ TzH. Let w = ϕ(A)(z) = u + iv. First, 
dw a(cz+d)−c(az+b) ad−bc 1note that = = = Second, observe that
dz (cz+d)2 (cz+d)2 (cz+d)2 . 

du du ∂z du dv dv ∂z dvRe dw = and ∂u = = ; similarly, Im dw = and ∂v = = .
dz dz ∂x dz ∂x dz dz dz ∂x dz ∂x dz 

Since ϕ(A) is holomorphic, it satisfies the Cauchy-Riemann equations: 
∂v ∂u ∂u − ∂v = and = . These equations first appeared in a paper by 
∂y ∂x ∂y ∂x 

d’Alembert ([dA]), were later connected to analytic functions by Euler ([E 1]), 
and were used in 1814 by Cauchy in his foundational work on the theory of 
functions ([Cau 2])−a project which was completed by Riemann in his doc-
toral dissertation in 1851 ([Ri 1]). From these equations, we have: h ∂u ∂u i h 

dw dw i 
∂x ∂y dz dz

Re −Im 
d[ϕ(A)]z = = .∂v ∂v dw dwIm Re 

∂x ∂y dz dz 

To show that ϕ(A) is orientation-preserving, note thath i2 h i2 2 
dw dw dw 1det(d[ϕ(A)]z) = Re + Im = = > 0. Also note
dz dz dz |cz+d|4 

2 y 
1 |cz+d|4 vthat = = 

2 

2 2 .|cz+d|4 y y 

Now we show that ϕ(A) preserves inner products. Let v1, v2 ∈ TzH. 
Then: 
hd[ϕ(A)]zv1, d[ϕ(A)]zv2iϕ(A)(z)�h i �T �h i �

dw dw dw dwRe −Im Re −Im 1 dz dz dz dz= v1 v22 dw dw dw dwv Im Re Im Re 
dz dz dz dzh ih i

dw dw dw dwRe Im Re −Im 21 T dz dz dz dz 1 v T 1 T= 2 v1 dw dw dw dw v2 = 2 2 v1 v2 = 2 v1 v2 = hv1, v2iz,v −Im Re Im Re v y y
dz dz dz dz 

as we claimed. 
By the argument in Remark 2.3, ϕ is a homomorphism: 

(ϕ(A)ϕ(U))(z) = ϕ(AU)(z). 
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az+bFinally, we show that ker ϕ = h−Ii. Suppose 
cz+d = z for all values of 

z ∈ H. 
Then ai

ci+
+ 
d
b = i, so ai + b = −c + di, which implies that c = −b and a = d. 

a(2i)+bAlso, = 2i, so 2ai + b = 4b + 2ai, so b = 0.−b(2i)+a 

But, since ad − bc = 1, we must have a2 = 1, so a = ±1, proving our 
claim. � 

Isometries of the hyperbolic plane were first studied by Klein (who also 
coined the term “hyperbolic geometry”) in [Kl] (originally published in 1872). 
In what follows, we will identify P SL2(R) with its image inside Isom+(H). 

Proposition 3.3. Isom+(H) = P SL2(R). 

Proof. Let f ∈ Isom+(H) and suppose that f(i) = a+bi. Define σ(z) = z− 
b
a ; 

then σ ∈ P SL2(R) and, since σ(a + bi) = i, we have that σf is an isometry 
that fixes i. By Fact 3.1 and the definition of isometry, for any u, v ∈ TiH:� �T 

uT v = hu, vii = hd(σf)iu, d(σf)ivii = d(σf)iu d(σf)iv. From linear 

algebra, it follows that d(σf)i is a rotation on R2 , so thath i 
cos θ −sin θd(σf)i = for some θ. Since σf is an isometry, it must preserve sin θ cos θ 

hyperbolic circles about i: if dH(z, i) = r, then 
dH(f(z), i) = dH(f(z), f(i)) = dH(z, i) = r. We will show that σf is a 
rotation by θ about i on H. 
Let z be a point on some hyperbolic circle centered at i, let 

γ(t) = (x(t), y(t)) be a path from i to z, and let δ(t) = (σf)(γ(t)) be its 
image under σf . We will compute the angle between these curves by takingh i 

xthe inner product of the tangent vectors γ0(0) and δ0(0). Let γ0(0) = y0
0 
;h ih i h i 

θ −sin θ x0 x0cosθ−y0sinθthen δ0(0) = d(σf)iγ0(0) = cos = .sin θ cos θ y0 x0sinθ+y0cosθh ih i 
x0cosθ−y0sinθ0Thus, hγ0(0), δ0(0)ii = x y0 
x0sinθ+y0cosθ 

= (x0)2cosθ−x0y0sinθ+x0y0sinθ+(y0)2cosθ = cosθ[(x0)2+(y0)2] = cosθ|γ0(0)|2 . 
Since d(σf)i is an orthogonal matrix, |δ0(0)| = |d(σf)iγ0(0)| = |γ0(0)|; there-
fore we have: 

hγ0(0),δ0(0)ii cosθ|γ0(0)|2 

= = cosθ. Thus, z is rotated an angle of θ from its|γ0(0)||δ0(0)| |γ0(0)|2 

original position; since its distance from i is unchanged, σf is the rotation 
we claimed. h 2−b2 ia −2ab 

az+b (a2+b2)2 (a2+b2)2 
Define φ(z) = . Then φ(i) = i and dφi = . By−bz+a 2ab a 2−b2 

(a2+b2)2 (a2+b2)2 

choosing a = cos(
2 
θ ), b = sin(

2 
θ ), we get that d(σf)i = dφi. By the argument 

above, φ must be a rotation by θ about i. But then σf = φ, which implies 
that f = σ−1φ ∈ P SL2(R). � 
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Having established what are the isometries of H, we can now characterize 
its geodesic lines. To begin with, we first prove the following: 

Lemma 3.1. Let G be the set of points in H which are solutions to equations 
of the form 

αzz̄ + βz + βz̄ + γ = 0, α, β, γ ∈ R (3.3) 

Then G is invariant under P SL2(R). 
az+bProof. Let f(z) = 
cz+d be an isometry. We will show that, if z satisfies an 

equation of the form (3.3), then f(z) does as well. 
Let w = f(z); then z = f−1(w) = dw−b . Then:−cw+a 
αzz̄ + βz + βz̄ + γ = 0� �� � � � � � 

dw−b dw̄−b dw−b dw̄−bα + β + β + γ = 0−cw+a −cw̄+a −cw+a −cw̄+a 

α(dw − b)(dw̄ − b) + β(dw − b)(−cw̄ + a) + β(dw̄ − b)(−cw + a) 
+γ(−cw + a)(−cw̄ + a) = 0 

α(d2ww̄ − bdw − bdw̄ + b2) + β(−cdww̄ + adw + bcw̄ − ab) 
+β(−cdww̄ + adw̄ + bcw − ab) + γ(c2ww̄ − acw − acw̄ + a2) = 0 
(αd2 − 2βcd + γc2)ww̄ + (−αbd + βad + βbc − γac)w 

+(−αbd + βbc + βad − γac)w̄ + (αb2 − 2βab + γa2) = 0. 
Since αd2 − 2βcd + γc2 , −αbd + βad + βbc − γac, αb2 − 2βab + γa2 ∈ R, 

we have w ∈ G. � 

Lemma 3.2. Let z1 = x1 + iy1 and z2 = x2 + iy2. There is a unique solution 
set of (3.3) containing both z1 and z2. 

Proof. First, we determine what the solution sets of (3.3) look like. Let 
z = x + iy and suppose α =6 0. Then: 

αzz̄ + βz + βz̄ + γ = 0 
α(x2 + y2) + β(x + iy + x − iy) + γ = 0 
αx2 + 2βx + αy2 = −γ 
x2 + 2

α
β x + y2 = −

α
γ 

β2 2 β2−γα x2 + 2β x + + y = 
α α2 α2 

β 2 β2−γα (x + 
α )

2 + y = 
α2 

If β2 − γα > 0, then this is a circle centered on the real axis (if not, 
then the solution set is either empty or the single point −

α
β on the real axis). 

2 − r2Choosing α = 1, β = −c, and γ = c , we can obtain such a circle with 
any center c and any radius r. If α = 0 and β =6 0, then: 

β(z + z̄) + γ = 0 
2βx = −γ 
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x = − γ 1 
2β . This is a vertical line. By choosing β = 

2 and γ = −a, we can 
obtain any such line x = a. If α = β = 0, then the solution set is empty (if 
γ 6= 0) or H (if γ = 0). 
If x1 = x2, then z1 and z2 lie along a vertical line. If not, then we claim 

there is a unique circle centered on the real axis which passes through both 
points. Suppose: 
(x1 − c)2 + y1

2 = r2 

(x2 − c)2 + y2
2 = r2 . Then: 

(x1 − c)2 + y2 = (x2 − c)2 + y2 
1 2 

(x1 − c)2 − (x2 − c)2 = y2
2 − y1

2 

(x1 − x2)(x1 + x2 − 2c) = y2
2 − y1

2 

−y y1+y2x1+x2 y2
2 

1
2 

x1+x2 y2−y1c = − = + · . This is well-defined, since
2 2(x1−x2) 2 2 x2−x1 

x1 6= x2. Substituting the value of c into either of the first two equations, we 
can solve for r. � 

Lemma 3.1 implies that the image under P SL2(R) of any circle centered 
on the real axis or vertical line is another such circle or line. Lemma 3.2 
shows that any two points in H lie on exactly one such circle or line. We now 
show that these are the geodesic lines of H. 

Proposition 3.4. Let γ : R → H be a geodesic line. Then the range of γ is 
a vertical line x = a or a circle centered on the real axis (x − c)2 + y2 = r2 . 

Proof. First, we show that, for any curve of the sort described in the state-
ment of the proposition, there is an isometry that maps it to the imaginary 
axis x = 0 (that is, P SL2(R) acts transitively on the set of such curves). 
For a line x = a, we have f(z) = z −a. This is the transformation defined h i 

by the matrix 1
0 
− 
1 
a . Clearly, it sends x = a to x = 0. 

For a circle (x − c)2 + y2 = r2 , let a = c + r and b = c − r be the 
endpoints of the circle on the real axis. Then f(z) = z

z 
−
− 
a
b sends a to 0 and 

b to ∞. By Lemma 3.1, the image of the circle must be a solution set of 
(3.3); since the images of both endpoints have the same x-values, Lemma 3.2 
implies that it must be the imaginary axis. To see that this is an element 

√ 1of P SL2(R), we divide the top and bottom by ; then f is given by the h i a−b 
√ 1 √ a− 
a−b a−bmatrix . 

√ 1 √ b− 
a−b a−b 

Let γ : R → H be a parametrization of a circle centered on the real axis 
or a vertical line, let z1 and z2 be two points on this curve, and let γ12 be the 
segment of γ that connects z1 and z2. We will show that γ12 is a geodesic 
segment; since z1 and z2 are arbitrary points on γ, this will imply that γ 
is a geodesic line. Let f ∈ P SL2(R) be an isometry that sends γ to the 
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imaginary axis and let γ0 : [0, 1] → H be any path from z1 to z2 whose range 
is not equal to the range of γ12. Then f(γ12) is the segment of the imaginary 
axis connecting f(z1) and f(z2) and fγ0 is some other path connecting those 
points. We have: 

lH(γ12) = lH(f(γ12)) (since f is an isometry) 
< lH(fγ

0) (by Proposition 3.1) 
= lH(γ0) (again, since f is an isometry). Thus γ12 is a geodesic segment, 

as we claimed. By Lemma 3.2, any two points in H lie along a unique circle 
or line, so if γ is any geodesic line, then it must be such a circle or line. � 

We can now formally define the boundary of the hyperbolic plane. Given 
two unit-speed geodesic rays γ1, γ2 : [0, ∞) → H2 , define a relation γ1 ∼ γ2 

if there is some D > 0 such that dH2 (γ1(t), γ2(t)) ≤ D for all t ≥ 0. We say 
that γ1 and γ2 are fellow-traveling. It’s easy to see that this is an equivalence 
relation; a point in ∂H2 is an equivalence class of fellow-traveling unit-speed 
geodesic rays. In the upper half-plane model H, this agrees with our earlier 
definition, since the distance between two rays stays bounded if and only if 
they either share the same endpoint on the real axis (so the equivalence class 
of rays corresponds to this common point), or if they lie along vertical lines 
(corresponding to the point at ∞). The closure of the hyperbolic plane is 
H2 = H2∪∂H2 . To topologize this space, we take the ordinary open sets of H2 , 
along with an open set UP for every open half plane P = {z ∈ H : Im z > a}. 
A point on ∂H2 lies in UP if, for every representative ray γ(t), there is some 

¯T ≥ 0 such that γ(t) ∈ P for all t ≥ T . In this topology, H2 is homeomorphic 
to a closed disk (see below). Since isometries on H2 preserve both geodesic 
rays and open half planes, it follows that every isometry on H2 extends 

¯uniquely to an isometry f on H2 . 
Now we can establish a general distance formula for H. h i 

|z1−z̄2|+|z1−z2|Proposition 3.5. Let z1, z2 ∈ H. Then dH(z1, z2) = ln .|z1−z̄2|−|z1−z2| 

Proof. We will establish this formula by proving the equivalent 
1 z1−z2tanh[ dH(z1, z2)] = . We first claim that this formula is invariant 
2 z1−z̄2 

az+bunder P SL2(R). Clearly, the left side is invariant. Let f(z) = 
cz+d . Then: 

az1+b az2+b acz1z2+adz1+bcz2+bd−acz1z2−bcz1−adz2−bd z1−z2− 
cz1+d cz2+d (cz1+d)(cz2+d) (cz1+d)(cz2+d) 
az1+b az̄2+b = acz1z̄2+adz1+bcz̄2+bd−acz1z̄2−bcz1−adz̄2−bd = z1−z̄2− 
cz1+d cz̄2+d (cz1+d)(cz̄2+d) (cz1+d)(cz̄2+d) 

z1−z2 cz̄2+d z1−z2 cz̄2+d cz̄2+d = = ( = 1 since the conjugate of is 
z1−z̄2 cz2+d z1−z̄2 cz2+d cz2+d 

equal to its reciprocal). By Lemma 3.2, z1 and z2 lie along a unique geodesic 
line. By the proof of Proposition 3.4, there is an isometry g that sends that 
geodesic to the imaginary axis with g(z1) = ai and g(z2) = b0i for some 
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b0 > a. Composing g with the isometry h(z) = (defined by the matrixh 
1 i a

z 

√ 0 
a√ ), we get an isometry f = hg such that f(z1) = i and f(z2) = bi for 

0 a 

b > 1. Then: 
tanh[ 1

2 dH(z1, z2)] = tanh[ 1
2 dH(f(z1), f(z2))] 

= tanh[ 1
2 ln(b)] (by Proposition 3.1)

√ 
1 

e 2 ln(b)−e − 12 ln(b) b− √ 
b b−1 |i−bi| |f (z1)−f(z2)| z1−z2 

1 

= 1 − 1 = √ 
1 = = = = , as 

ln(b) ln(b) b+ √ b+1 |i+bi| |f (z1)−f(z2)| z1−z̄2e 2 +e 2 b 

we claimed (note that f(z2) = f(z̄2) for any f ∈ P SL2(R)). Solving for 
dH(z1, z2), we get the formula in the statement of the proposition. � 

There is a useful alternative version of this formula: 

|z1−z2|2 

Corollary 3.1. cosh[dH(z1, z2)] = 1 + 
2Im(z1)Im(z2) h i 

1 |z1−z̄2|+|z1−z2| |z1−z̄2|−|z1−z2|Proof. We have cosh[dH(z1, z2)] = +
2 |z1−z̄2|−|z1−z2| |z1−z̄2|+|z1−z2|h i 

1 (|z1−z̄2|+|z1−z2|)2 (|z1−z̄2|−|z1−z2|)2 

= +
2 |z1−z̄2|2−|z1−z2|2 |z1−z̄2|2−|z1−z2|2h i 
1 2|z1−z̄2|2+2|z1−z2|2 

= 
2 |z1−z̄2|2−|z1−z2|2 

(z1−z̄2)(z̄1−z2)+(z1−z2)(z̄1−z̄2)= 
(z1−z̄2)(z̄1−z2)−(z1−z2)(z̄1−z̄2) 
|z1|2+|z2|2−z1z2−z̄1z̄2+|z1|2+|z2|2−z1z̄2−z̄1z2= |z1|2+|z2|2−z1z2−z̄1z̄2−|z1|2−|z2|2+z1z̄2+z̄1z2 

−z1z2−z̄1z̄2+z1z̄2+z̄1z2 2|z1|2+2|z2|2−z1z2−z̄1z̄2−z1z̄2−z̄1z2+z1z2+z̄1z̄2−z1z̄2−z̄1z2= +−z1z2−z̄1z̄2+z1z̄2+z̄1z2 −z1z2−z̄1z̄2+z1z̄2+z̄1z2 
z2−2z̄1z2= 1 + 2|z1|

2+2|z2|2−2z1 ̄  
−(z1−z̄1)(z2−z̄2) 

2(z1−z2)(z̄1−z̄2)= 1 + −2iIm(z1)2iIm(z2) 
|z1−z2|2 

= 1 + �
2Im(z1)Im(z2) 

We will use Proposition 3.5 to prove an important fact about geodesic 
lines. 

Lemma 3.3. Let γ1 and γ2 be disjoint geodesic lines with distinct end-
points. Then there is a unique pair of points z1 ∈ γ1 and z2 ∈ γ2 such 

0 0 0 0that dH(z1, z2) ≤ dH(z1, z2) for any z1 ∈ γ1 and z2 ∈ γ2. A geodesic segment 
intersects γ1 and γ2 at right angles if and only if it intersects at z1 and z2 

(i.e., such a segment has minimal length if and only if it intersects the two 
geodesic lines at right angles). 

Proof. First, observe that we can restrict our attention to the case where γ1 

is the imaginary axis and γ2 is the circle (x − c)2 + y2 = r2 , where c > 0. For 
a circle γ with left endpoint a and right endpoint b, the isometries 

z
z 
−
− 
a
b (if γ 

is oriented counter-clockwise) and − 
z
z 
− 
+ 
a
b (if γ is oriented clockwise) map γ to 

the imaginary axis and map the region to the right of γ to the first quadrant. 
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This accounts for the case where γ1 and γ2 are both circles (if the two circles 
are un-nested, then orient one counterclockwise and apply the first isometry; 
if one circle is nested inside the other, orient the outer circle clockwise and 
apply the second isometry). If γ is the line x = a, then the isometries z − a 

−1and have the same effect. −z+a 

Let z1 = yi be a point on γ1 and let z2 = c + reiθ be a point on γ2. 
We will minimize dH(z1, z2) by minimizing tanh2[ 

2
1 dH(z1, z2)]; by the proof 

(c+rcosθ)2+(y−rsinθ)2 N(y,θ)of Prosition 3.5, this is equal to = = f(y, θ). We 
(c+rcosθ)2+(y+rsinθ)2 D(y,θ) 

locate the critical points of this function. 
∂f = 0
∂θ 
[2(c+rcosθ)(−rsinθ)+2(y−rsinθ)(−rcosθ)]D−[2(c+rcosθ)(−rsinθ)+2(y+rsinθ)(rcosθ)]N = 0

D2 

(−crsinθ − yrcosθ)D − (−crsinθ + yrcosθ)N = 0 
crsinθ(N − D) − yrcosθ(D + N) = 0 
csinθ D+N = (note that N − D = 0 if and only if θ is 0 or π).
ycosθ N−D 

∂f = 0
∂y 
2(y−rsinθ)D−2(y+rsinθ)N = 0

D2 

y(D − N) − rsinθ(D + N) = 0 
−y D+N = 
rsinθ N−D 

Thus, we have: 
csinθ −y= 
ycosθ rsinθ 

y2cotθ + crsinθ = 0. 

From the second-to-last equation derived from ∂f = 0, we have: 
∂y 

cy(D − N) + y2cotθ(D + N) = 0 
c(2y)(2rsinθ) + ycotθ(D + N) = 0 
4crysinθ + ycotθ[2y2 + 2r2sin2θ + 2(c + rcosθ)2)] = 0 
2crsinθ + y2cotθ + r2cosθsinθ + cotθ(c + rcosθ)2 = 0 
crsinθ + r2cosθsinθ + cotθ(c2 + 2crcosθ + r2cos2θ) = 0 
crsin2θ + r2cosθsin2θ + c2cosθ + 2crcos2θ + r2cos3θ = 0 
cr − crcos2θ + c2cosθ + 2crcos2θ + r2cosθ = 0 
crcos2θ + (c2 + r2)cosθ + cr = 0. 

This is a quadratic polynomial in cosθ which has roots: √ √2 2 2 2−(c +r2)± (c2+r2)2−4c r −(c2+r2)± c4+2c2r2+r4−4c2rcosθ = = 
2cr 2cr √ √ 

2 4 2+r2)± 2−r2)2 2−(c2+r2)± c4−2c r2+r −(c (c −c2−r2±c2 r − r − c = = = = or ;
2cr 2cr 2cr q c r 

since r < c, we must have cosθ = − r
c . Since sinθ = 1 − r

c2
2 
, we have 
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√ √ 
2 2−r2 2−r2 2−r2 

z2 = c − r + i r c = c + i r c . 
c c cc q r 

2 −cr c2−r √ −crsin2θ c 2Finally, we have z1 = yi = i 
cosθ = i − r 

2 = i c2 − r . To 
c 

prove that this is a minimum, it will help to observe that, for the critical 
values of y and θ, we have: � �2 � √ �2 

2 √ 2c 2−r c2−r + c2−r2− r 

(c2−r2)2+(c2−r2)(c−r)2 

f(y, θ) = � 
c �2 � 

√ 

c �2 = √ (c2−r2)2+(c2−r2)(c+r)2 
c2−r2 r c2−r2 

+ c2−r2+ 
c c 

c2−r2+c2−2cr+r2 2c2−2cr c−r = 2 = = . 
c2−r2+c2+2cr+r 2c2+2cr c+r 

It will also help to express the first partial derivatives of f in terms of f 
itself: 

∂f = 2 [−crsinθ−yrcosθ]D−[(−crsinθ+yrcosθ]N 
∂θ D2 

= 2 crsinθ(N−D)−yrcosθ(N+D) 
D2 

crsinθ(f−1)−yrcosθ(f +1)= 2 
D 

∂f (y−rsinθ)D−(y+rsinθ)N = 2
∂y D2 

= 2y(D−N )−rsinθ(N +D) 
D2 

= 2y(1−f)−rsinθ(1+f) .
D 

Then at the critical values, we have: √ 
c2−r 

∂2f [cr(− r )( c−r −1)+r 
√ 
c2−r2( 

2 
)( c−r +1)]D 

c c+r c c+r= 2
∂θ2 D2 

r(c 2−r 2) 2c(−r2)( −2r )+( )( ) 3 2) 2 c+r c c+r +r(c2−r c r = 2 = 4 r = 4
D D(c+r) D(c+r) 

2 2c 
∂2f [−r(− r )(1+ c−r )]D ( r )( ) 2 c c+r c c+r r = 2 = 2 = 4
∂θ∂y D2 D D(c+r) 

2r[1− c−r ]D∂2f c+r c+r r = 2 = 2 = 4
∂y2 D2 D D(c+r) 

Note that the computations simplify in this way since both the first partial 
derivatives (and, therefore, their numerators as well) are zero at the critical 
values. 
Computing the Hessian, we get:h ih i h i2 h ih i h i2 
∂2f ∂2f ∂2f 2 2r c r r− = 4 4 − 4
∂y2 ∂θ2 ∂θ∂y D(c+r) D(c+r) D(c+r) 

16 2 16r2(c2−r2)= [c r2 − r4] = > 0,
D2(c+r)2 D2(c+r)2 

so the critical point is an extremum; since ∂
2f > 0, it is a minimum, as we 
∂y2 

claimed. 
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In order to show that the geodesic connecting our two nearest points 
intersects both the axis and the circle at right angles, we find the center b 
of the circle that passes through z1 and z2. By the formula in the proof of 
Lemma 3.2, we have: √ √ 

2−r 2 √ 2−r2 2−r2 √ 
c r c r c c2−r2+ − c2−r2 

c c cb = + · 
2 2 c2−r2 

c√ √ √ √ 
2−r2 (c c2−r2+r c2−r2)(r c2−r2−c c2−r2) 2−r2 r2(c2−r2)−c2(c2−r2)= c + = c +
2c 2c(c2−r2) 2c 2c(c2−r2) 

c2−r2 r2−c2 
+ = 0. Since the circle is centered at 0, the imaginary axis is

2c 2c 
parallel to a radius, and so is perpendicular to the circle. The slope of the√ 

2−r2 

c 
r c

radius from b to z2 is c2−r2 = √ 
c2 
r 
−r2 ; the slope of the radius from c to z2 is 

c 
r c2−r2 r c2−r2 √ 

c c 

√ √ 

2 = = − c2−r2 
. Since these two slopes are negative reciprocals, 

c2−r −r2 r−c 
c c 

the radii are perpendicular, so the circles intersect at right angles. 
Conversely, suppose that z1 and z2 are arbitrary points on the axis and 

the circle (respectively) and suppose that the geodesic segment connecting 
them intersects the axis and the circle at right angles. This segment must 
be an arc of a circle centered at 0 with radius y where z1 = iy. Because 
the circles centered at 0 and c intersect at the point z2, the radii of the 
two circles to this point form a right angle; thus, 0, c, and z2 form a right 
triangle whose hypotenuse has length c and whose legs have lengths y and r;√ 
thus, y = c2 − r2 by the Pythagorean Theorem (in agreement with what 
we found above). Since the point z1 and the circle that intersects the axis at 
z1 are the same as those we found above, the point at which it intersects the 
circle (x − c)2 + y2 = r2 must also be the same z2 we found above. 
Finally, we compute the distance between this z1 and z2. As we showed, 

tanh2[1 dH(z1, z2)] = c−r . So we have: 
2 c+rh √ 

c−r i 
1 1 c+rdH(z1, z2) = ln 

1+√ 
2 2 c−r1− 

c+rh√ √ i √ √ 
c+r+ c−r c2−r2+c−r c2−r2 

dH(z1, z2) = ln √ √ = ln[ c+r+2 ] = ln[ c+ ]
c+r− c−r c+r−c+r rp 

= ln[ c + ( c )2 − 1] = cosh−1( c ) � 
r r r 

Remark 3.1. Isometries of H can be characterized according to their fixed 
points. For f ∈ P SL2(R) with f(z) = az+b , z is a fixed point of f if: 

cz+d 
az+b = z 
cz+d 
az + b = cz2 + dz 
cz2 +(d − a)z − b = 0. If c =6 0, the fixed points are roots of the quadratic 

polynomial p√(z) = cz2 + (d − a)z − b. In this case, we have: 
a−d± (d−a)2+4bc a−d±

√ 
a2−2ad+d2+4bc z = = 

2c 2c 



z 
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√ √ 
a−d± (a+d)2−4a−d± a2+2ad+d2−4ad+4bc = = . Note that the discriminant of

2c 2c 
this expression is [Tr(A)]2 − 4, where A is (either) matrix representative of 
f in SL2(R). There are three cases. 

1. |Tr(A)| < 2. In this case, p has two complex roots. Since p has real 
coefficients, these roots must be complex conjugates, which means only 
one of them is an element of H. Thus f fixes a single point z ∈ int H 
and, by the proof of Proposition 3.3, f acts as a rotation about z. Such 
an f is called elliptic. 

2. |Tr(A)| = 2. Then p has one real root z. Since f sends any geodesic 
line with endpoint at z to another geodesic line with endpoint at z, it 
acts by cycling through these lines (this set of lines is called a comb). 
Since any point in H lies on a unique geodesic line with endpoint at z, 
the orbit of this point under f is a circle tangent to the real axis at z. 
This is called a horocycle, illustrated in Figure 3.1. 

Figure 3.1: The comb of the point z ∈ ∂H. The red points are all iterates 
of one another under powers of the parabolic isometry f with fixed point z. 
The set of all iterates of these points forms the horocycle in blue. 

Such an f is called parabolic. In the case where c = 0 and a = d, then 
z + 

d
b = z if b = 0 (so f is the identity) or z = ∞; then ∞ is the single 

fixed point on ∂H. All geodesic lines through this point are vertical 
lines and a horocycle is a horizontal line (tangent to ∂H at ∞). 
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3. |Tr(A)| > 2. In this case, p has distinct real roots, z1 and z2. There is 
a unique geodesic line with endpoints z1 and z2, and so this geodesic 
line is invariant under f , which acts as translation along the line (see 
below). This line is called an axis for the isometry. Such an f is called 
hyperbolic (or, to avoid confusion, loxodromic). In the case where c = 0 
and a 6= d, then f is an affine function which fixes z1 = 

d− 
b
a and z2 = ∞. 

bIts axis is the vertical line x = .
d−a 

An alternative means of classifying an isometry is by its infimal trans-
lation length. This is the shortest distance dH(z, f(z)) that any point z is 
moved by the isometry f from its original position (this distance may or may 
not be attained). In these terms, we have: 

1. For f elliptic, the minimal translation length is 0, since f has a fixed 
point. 

2. For f parabolic, the infimal (not minimal) translation length is 0. To 
see this, take f(z) = z + c, which has fixed point ∞, and let z0 = iy.h i 

|iy−(c−iy)|+|iy−(c+iy)|By Proposition 3.5, dH(z0, f(z0)) = ln |iy−(c−iy)|−|iy−(c+iy)|h i h√ i h 
r 

c2 
+4+ |c| i 

|2iy−c|+|c| c2+4y2+|c| y2 

= ln = ln √ = ln r 
y 
. This goes to 0 as|2iy−c|−|c| c2+4y2−|c| c2 |c|

+4−2 yy

y goes to ∞. Since f has no fixed points, this value is not a minimum. 
For an arbitrary parabolic isometry f with fixed point x ∈ R, take 
an isometry h such that h(x) = ∞; then h−1fh fixes ∞ (and has 
translation lengths equal to those of f), and so the argument above 
establishes the general case as well. 

3. For f loxodromic, the minimum translation length is a positive value 
which depends on f . As in the previous case and in the proof of Propo-
sition 3.5, we may take an arbitrary f and conjugate it by an isometry 
that sends its axis to the imaginary axis. Replacing f with this conju-
gate, we have f(z) = m2z where m =6 1 (it must be a nonzero square,h i 

1since f is the transformation defined by the matrix 0 
m 0 

). Let z0 = iy 
m 

be a point on the imaginary axis; then f(z0) = m2iy. By Proposition 
3.1, dH(z0, f(z0)) = 2 ln(m) if m > 1 and 2 ln(

m 
1 ) if m < 1. Since 

this value is independent of y, f translates all points on its axis by 
the same distance. To prove this is the minimum, let z = reiθ and 
let d = dH(reiθ, f(reiθ)). Define h(θ) = cosh(d); by Proposition 3.5, 

2|2 2|2 

h(θ) = 1 + |1−m = 1 + |1−m csc2θ. We will show this function has
2m2sin2θ 2m2 

a minimum on (0, π) at θ = π 
2 . We have: 
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2|2 

h0(θ) = − |1− 
m
m csc2θcotθ. This is 0 when θ = π 

2 (and is defined for all2 

θ ∈ (0, π)). Also: 

h00(θ) = 2 |1−m
2|2 |1−m2|2 π csc2θcot2θ + csc4θ; evaluating at , we get

m m 2 

h00(π |1−m2|2 

2 ) = 
m > 0. Since cosh is increasing on (0, ∞), the minimum 

value of cosh(d) coincides with the minimum value of d. Thus, the 
minimum translation length occurs when z is a point on the imaginary 
axis. 

� 

Having thoroughly discussed length and distance, we turn now to area. 
For two vectors u, v ∈ TzH, the area of the parallelogram determined by u 
and v is |u||v|sinθ, where θ is the hyperbolic angle between u and v (which, 
as we observed, is equal to the Euclidean angle) and |u| and |v| are the 
hyperbolic lengths of the two vectors. Considering H as a parametric surface 
whose parametrization is the identity, r(x, y) = (x, y), the area of a region 
D ⊂ H is given by: 

ZZ ZZ r r ZZ 
1 1 1 

AH(D) = |rx||ry|sinθ dxdy = dxdy = dxdy
2 2 2y y yD D D 

(3.4) 
The second equality holds because rx and ry are orthogonal vectors of 

(Euclidean) unit length. Since both the lengths of vectors and the angles be-
tween them are invariant under isometry, it immediately follows that isome-
tries preserve area. 
A hyperbolic polygon is a connected, closed subset of H∪∂H whose bound-

ary is a union of finitely-many geodesic segments (sides). The intersection 
of two sides is a vertex. Our definition allows a polygon to have vertices in 
∂H, which we call ideal vertices (if a polygon has an ideal vertex at ∞, then 
the sides adjacent to it are allowed to be geodesic lines or rays rather than 
segments); a polygon is ideal if all its vertices are ideal. A polygon P is 
convex if, for any points x, y ∈ P , the geodesic segment that connects x and 
y is contained in P . A characteristic feature of the hyperbolic plane that 
distinguishes it from the Euclidean plane is that, for any hyperbolic triangle, 
the sum of its angles is less than π. This fact is key to computing the areas 
of triangles and, thus, of all convex hyperbolic polygons. 

Theorem 3.2 (Gauss-Bonnet Formula). Let T be a hyperbolic triangle with 
angles θ1, θ2, and θ3. Then AH(T ) = π − (θ1 + θ2 + θ3). 
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Proof. We begin by supposing that T has one ideal vertex at t ∈ ∂H. By 
applying the isometry z 7→ 

t− 
1 
z , we may assume that this vertex is at ∞, so 

that two of its sides are parallel to vertical lines and the third is parallel to a 
circle. By applying appropriate isometries (z 7→ z − c if the circle is centered 
at c and z 7→ z

r if its radius is r), we may assume this circle is the unit circle 
(both of these are parabolic isometries that fix ∞, so they map vertical lines 
to vertical lines). Let α and β be the angles between the non-ideal vertices 
(so, in the notation of the Gauss-Bonnet Formula, we have θ1 = α, θ2 = β, 
and θ3 = 0), let x = a and x = b be the lines parallel to the sides of T that 
meet at ∞, and let a0 and b0 be the intersection of those lines (respectively) 
with the circle. RR R b R 

√∞By (3.4), AH(T ) = 1 dxdy = 1 dydx 2 2 2T y a 1−x y
∞R b R b− 1 √ 1 = √ dx = dx. 

a y a 1−x221−x 
Since α is the angle between x = a and the tangent line at a0 to the circle, 

and since this tangent line is orthogonal to the radius of the circle at a0 , the 
angle between that radius and x = a is π − π 

2 − α = π 
2 − α. But since this 

angle also belongs to the right triangle formed by a, a0 , and 0, this implies 
that the angle between the radius and the real axis is equal to α. Likewise, 
the angle between the real axis and the radius of the circle at b0 is equal to 
β. See Figure 3.2. 
By this observation, we have a = cos(π − α) and b = cosβ; applying 

trigonometric substitution to the integral above, we have: R β
AH(T ) = −dθ = −β + π − α = π − (α + β), as the Gauss-Bonnet

π−α 
Formula requires. 
Now let T be an arbitrary geodesic triangle with angles θ1, θ2, and θ3. By 

applying an appropriate isometry, we may assume that the side opposite θ2 

lies along a vertical line. Let A be the vertex at θ1 and B be the vertex at θ2; 
by taking the vertical lines through these points, we form an ideal triangle 
T 00 with vertices A, B, and ∞. Let T 0 be the triangle T 00 r int T (so that it 
shares two sides with T 00 and one side with T ; see Figure 3.3). 
Let δ be the angle at B in T 0 . Then, we have: 
AH(T ) = AH(T 00) − AH(T 0) (since T 00 = T ∪ T 0) 
= [π − (θ1 + θ2 + δ + 0)] − [π − (π − θ3 + δ + 0)] (by the formula above) 
= π − θ1 − θ2 − δ − π + π − θ3 + δ = π − (θ1 + θ2 + θ3), as we claimed. � 

Corollary 3.2. Let P be a convex hyperbolic n-gon with angles θ1, θ2, . . . , θn.P nThen AH(P ) = (n − 2)π − i=1 θi. 

Proof. Since P is convex, it can be partitioned into n−2 hyperbolic triangles 
sharing a common vertex (the geodesic segments connecting this vertex to 
each of the others must be inside P ). By Theorem 3.2, the area of each 
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Figure 3.2: The ideal triangle T boundend by the unit circle and the lines 
x = a and x = b. The lines intersect the circle at the points a0 and b0 at 
angles α and β (respectively). 

triangle is π minus the sum of its angles; since the sum of the angles of the 
triangles is equal to the sum of the angles of the polygon (and the area of 
the polygon is the sum of the area of the triangles), we get the result we 
claimed. � 

The triangle case was shown by Gauss in 1827 ([Ga]); a more general 
version was proved by Bonnet in 1848 ([Bo]). This more general version was 
also known to Binet, though he never published it. 
We end by describing an alternative model for H2 which is sometimes 

more advantageous than H (see the proof of Proposition 3.7). Let 
D = {w ∈ C : |w| < 1}. This is the Poincaré disk model although, like 
the half-plane, it was originated by Beltrami ([Bel]) rather than Poincaré. 
For any point z0 ∈ H, we have the isometry τz0 (z) = z−z0 that maps H 

z−z̄0 

onto D with τz0 (z0) = 0. Geodesic lines in H that pass through z0 are 
mapped to diameters of D and those that do not are mapped to segments of 
circles that intersect ∂D at right angles (see Remark 2.3 above). By choosing 
the canonical isometry τ = τi (we saw this isometry, known as the Cayley 
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Figure 3.3: The triangles T (with angles θ1, θ2, and θ3) and T 0 (with angles 
π − θ3, δ, and 0). Note that T 00 = T ∪ T 0 . 

transform, previously in Remark 2.3; see [Cay]), we can obtain any isometry 
of D as the conjugate of an element of P SL2(R) by τ . 
Since areas of convex polygons in H depend only on their angles, and 

since angles in D are the same as in H, the area formula applies unchanged 
in D. So we need only translate the distance formula for the half-plane model 
into the disk-model context. h i 

|1−w1w̄2|+|w1−w2|Corollary 3.3. Let w1, w2 ∈ D. Then dD(w1, w2) = ln .|1−w1w̄2|−|w1−w2| 

iw2+iProof. We have: dD(w1, w2) = dH( iw1+i , ) (applying τ−1)−w1+1 −w2+1 

iw1+i iw̄2+i iw1+i iw2+ih + + − i 
−w1+1 −w̄2+1 −w1+1 −w2+1 

= ln (by Proposition 3.5) 
iw1+i iw̄2+i iw1+i iw2+i 

+ − −−w1+1 −w̄2+1 −w1+1 −w2+1 

w1+1 w̄2+1 w1+1 w2+1h + + − i 
−w1+1 −w̄2+1 −w1+1 −w2+1 

= ln 
w1+1 w̄2+1 w1+1 w2+1 

+ − −−w1+1 −w̄2+1 −w1+1 −w2+1 
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(1−w1)(1−w2)(w̄2+1)h (1+w1)(1−w2)+ +|(1+w1)(1−w2)−(1+w2)(1−w1)| i 
−w̄2+1 

= ln 
(1−w1)(1−w2)(w̄2+1)

(1+w1)(1−w2)+ −|(1+w1)(1−w2)−(1+w2)(1−w1)|−w̄2+1 h |(1+w1))(1−w2)(1−w̄2)+(1−w1)(1−w2)(1+w̄2)| i 
+2|w1−w2||1−w̄2|= ln |(1+w1))(1−w2)(1−w̄2)+(1−w1)(1−w2)(1+w̄2)|

|1−w̄2| 
−2|w1−w2|h i 

2|1−w1w̄2|+2|w1−w2| 1−w2= ln (since = 1)
2|1−w1w̄2|−2|w1−w2| 1−w̄2h i 

|1−w1w̄2|+|w1−w2|= ln , as we claimed. �|1−w1w̄2|−|w1−w2| 

This formula will be important in our study of the geometry of Te-
ichmüller space (see Chapter 3.4). 

3.2 The Algebraic Topology and the Fenchel-
Nielsen Coordinates 

Let S be a compact surface with χ(S) < 0. Let X be a surface with a 
complete, finite-area hyperbolic metric with totally geodesic boundary, and 
let φ : S → X be a diffeomorphism. Then the pair (X, φ) is called a marked 
hyperbolic structure on S with marking φ. Two structures φ1 : S → X1 and 
φ2 : S → X2 are homotopic if there is an isometry ι : X1 → X2 such that the 
following diagram commutes (up to isotopy): 

S 
φ1 φ2 

X1 
~ 

ι X2/ 

Note that homotopies are allowed to move points on ∂S. We define 
the Teichmüller space of the surface, T eich(S), to be the set of homotopy 
classes of marked hyperbolic structures on S. Each such structure defines a 
hyperbolic metric on S by pulling back the metric on X using the marking: 
for p ∈ S and u, v ∈ TpS, we define hu, vip = hdφpu, dφpviφ(p). Since the 
homotopy relation gives an isometry between two such metrics, we could 
also characterize the points of T eich(S) as isometry classes of hyperbolic 
metrics on S. We will show that such a metric is determined by a finite 
number of real parameters. 
Similar to the notion of homotopy of hyperbolic surfaces is the notion 

of change of marking. Let φ : S → X and ψ : S → Y be the markings 
associated with X and Y as representatives of points in T eich(S). The 
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change of marking map ψφ−1 is the homeomorphism that makes the following 
square commute (up to isotopy): 

S id / S 
φ ψ 
� � 

X / Y 
ψφ−1 

The points [(X, φ)], [(Y, ψ)] ∈ T eich(S) are the same if and only if the 
change of marking is an isometry. 
Our first task will be to show that hyperbolic structures exist. The sim-

plest surfaces that admit a hyperbolic structure are pantslike surfaces: they 
have the largest possible Euler characteristic (−1) and the smallest possi-
ble complexity (0). As we will see, they are also the key to understanding 
hyperbolic structures on all surfaces. 
A marked hyperbolic hexagon is a six-sided convex polygon in H2 with a 

distinguished vertex whose angles are all right angles. Two marked hexagons 
are isometric if there is f ∈ P SL2(R) mapping one onto the other and 
preserving the marked points. Let H be the set of isometry classes of marked 
hyperbolic hexagons. 

Lemma 3.4. There is a bijection w : H → R3
+. 

Proof. Let H be a marked hyperbolic hexagon and define w(H) by recording 
in an ordered triple the lengths of every other edge of H in the counter-
clockwise direction, starting at the marked point (we will call these parameter 
edges). Suppose H 0 is isometric to H. If the isometry matches the marked 
points of the two hexagons, then it must match all edges going counter-
clockwise from the marked points. Thus, all the parameter edges of the two 
hexagons must have the same lengths, so that w(H) = w(H 0). Thus, w is a 
well-defined function on isometry classes. 
We will now construct an inverse for w. Take H2 to be H; we will show 

that a marked hexagon is determined up to isometry by specifying its pa-
rameter edges. We use the letters α, β, and γ for these edges and α0 , β0 , 
and γ0 for the “off” edges (each parameter edge is opposite the off edge of 
the same letter). Let (Lα, Lβ, Lγ ) ∈ R3

+. The edge α will be a segment of 
the geodesic line αd, which we take to be the imaginary axis, and β will be 
a segment of βd, the circle (x − c)2 + y2 = r2 , where 0 < r < c (so that αd 

and βd are disjoint and have distinct endpoints on ∂H). See Figure 3.4. 
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Figure 3.4: The marked hyperbolic hexagon H with parameter edges α, β, 
and γ, off edges α0 , β0 , and γ0 , and vertices A, B (the marked point), 
C, D, E, and F . Also labeled are the center c of βd, the center b of α0 d, 
and the endpoints p1 and p2 of βd. 

By Lemma 3.3, these two geodesic lines have a unique pair of nearest√ 2 
√ 

22 c2−r + i r c2−rpoints A = i c2 − r and F = ; the geodesic line γ0 which 
c c d 

2 2 2passes through these points is the circle x + y = c2 − r , which intersects 
both αd and βd at right angles; also, by Lemma 3.3, the length of this segment 
is cosh−1(

r
c ) = d (this is the significance of the parameter d). We will show 

that the length of the opposite side (γ) depends on d and will choose d in 
order to make this length Lγ . 
We now translate upward along αd a distance of Lα and clockwise along βd√ 

a distance of Lβ . On αd, we get the vertex B = ieLα c2 − r2 (by Lemma 3.1). 
z−p1To perform the translation on βd, we first apply the isometry f(z) = −z+p2 

(where p1 = c − r and p2 = c + r) which maps βd to αd such that clockwise 
orientation of βd corresponds to upward orientation of αd. Then we get: 

p1p2 r 
√ 
p1p2 √ √ √ 

+i −p1 p1p2+ir p1p2−cp1 p1r+ir p1p2 p1+i p1p2c cf(F ) = √ = √ = √ = √ rp1p2 p1p2 −p1p2−ir p1p2+cp2 p2r−ir p1p2 p2−i p1p2− −i +p2c c√ √ √ q
p1p2+ip2 p1p2+ip1 p1p2−p1p2 i p1p2(p1+p2) p1= = = i .2p2+p1p2 p2(p1+p2) q p2 

Translating vertically, we get f(E) = ieLβ p
p 
1

2 
and: qq Lβ p1p2ie +p1 

E = f−1(ieLβ p1 ) = q 
p2 

p2 Lβ p1ie +1 
p2 
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q q
p1 p1e 2Lβ p1−ip1e Lβ +ip2e Lβ +p1 Lβ √ 
p2 p2 p1p2(e 2Lβ +1)+ie p1p2(p2−p1)= � � = 

p1e 2Lβ +p22Lβ p1e +1 
p2 

√ 
(c2−r2)(e Lβ +e −Lβ ) 2r c2−r2 

= + i−Lβ −Lβ(c−r)e Lβ +(c+r)e (c−r)e Lβ +(c+r)e 
(c2−r2) cosh(Lβ ) 

√ 
2−r2 

= + i r c . 
c cosh(Lβ )−r sinh(Lβ ) c cosh(Lβ )−r sinh(Lβ ) 

The unique geodesic line βd 
0 which passes through B and intersects αd 

at a right angle is the circle x2 + y2 = e2Lα (c2 − r2); the curve α0 d which 
passes through E at right angles to βd is the circle (x − b)2 + y2 = s2 , where 

(c2−r2)sinh(Lβ ) r 
√ 
c2−r2 

b = and s = (note that we must have 
c sinh(Lβ )−r cosh(Lβ ) c sinh(Lβ )−r cosh(Lβ ) √ 

r z+e c2−rtanh(Lβ ) > in order for b and s to be positive). Let g(z) = 
L

L

α

α 
√ 

2

2 ;c −z+e c2−r 
this isometry sends βd 

0 to the imaginary axis (again, with the region inside 
βd 
0 mapping to the right quadrant). By Lemma 3.3, there is a pair of nearest 
points, g(C) and g(D), on g(βd 

0 ) and g(αd 
0 ), respectively, (and, therefore, on√ 

β0 Lα 2 
d and α0 d, although we must choose d so that b + s < e c2 − r in order 
for the two lines to be disjoint with distinct endpoints are). It’s not necessary 
that we find the coordinates of C and D, but we need an expression for the 
distance between them in terms of r and c. 
Let q1 = g(b−s) and q2 = g(b+s) be the left and right endpoints of g(α0 d), 

let a be its center, and let t be its radius; then 2a = q1 + q2 and 2t = q2 − q1. 
Thus: √ √ 

Lα 2−r2 Lα 2−r2b−s+e c b+s+e c2a = √ + √ 
Lα 2 Lα 2−(b−s)+√e c2−r −(b+s)+e c2−r √ 

−(b2−s2)−2seLα c2−r2+e2Lα (c2−√r
2)−(b2−s2)+2seLα c2−r2+e2Lα (c2−r2)= 

(b2−s2)−2beLα c2−r2+e2Lα (c2−r2) 
−2(b2−s2)+2e2Lα (c2−r2)= √ 

(b2−s2)−2beLα c2−r2+e2Lα (c2−r2) 
√ √ 

Lα Lαb+s+e c2−r2 b−s+e c2−r2 
2t = √ 

2 − √ 
2−(b+s)+e√ 

Lα c2−r −(b−s)+eLα c2−r √ 
−(b2−s2)+2seLα c2−r2+e2Lα (c2−r2)+(b2−s2)+2seLα c2−r2−e2Lα (c2−r2)= √ 

√ (b
2−s2)−2beLα c2−r2+e2Lα (c2−r2) 

Lα 24se c2−r = √ . 
(b2−s2)−2beLα c2−r2+e2Lα (c2−r2) 

By Lemma 3.3, we want: 
a 2e2Lα (c2−r√ 

2)−2(b2−s2) eLα (c2−r2 
√)−e

−Lα (b2−s2)cosh(Lγ ) = = 2 = 2Lα 2−rt 4se c 2s c2−rh i 
(c 2−r 2)2sinh2(Lβ ) r 2(c 2−r 2)

eLα (c2−r2)−e−Lα − 
(c sinh(Lβ )−r cosh(Lβ ))

2 (c sinh(Lβ )−r cosh(Lβ ))
2 

= √ 
2−r2 √ r c2 c2−r2 

c sinh(Lβ )−r cosh(Lβ ))
2 

2−r 2(c 2)sinh2(Lβ )−r 
eLα (c sinh(Lβ )−r cosh(Lβ ))−e−Lα 

c sinh(Lβ )−r cosh(Lβ ) 
= 

2r 
c 2sinh2(Lβ )−r 2cosh2(Lβ ) 

eLα (c sinh(Lβ )−r cosh(Lβ ))−e−Lα 
c sinh(Lβ )−r cosh(Lβ ) 

= 
2r 
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eLα (c sinh(Lβ )−r cosh(Lβ ))−e−Lα (c sinh(Lβ )+r cosh(Lβ ))= 
2r 

c sinh(Lβ )(e
Lα −eLα )−r cosh(Lβ )(e

Lα +eLα )
= 

2r 
= 

r
c sinh(Lβ )sinh(Lα) − cosh(Lβ)cosh(Lα) 

= cosh(d)sinh(Lβ )sinh(Lα) − cosh(Lβ )cosh(Lα). 

Choosing h i 
cosh(Lγ )+cosh(Lβ )cosh(Lα)d = cosh−1 completes the construction as desired.

sinh(Lβ )sinh(Lα) 

Let H be the right-angled geodesic hexagon with vertices A, B, C, D, E, 
and F , and let B be the marked point; then w(H) = (Lα, Lβ, Lγ ). Let 
H 0 be an arbitrary right-angled geodesic hexagon with w(H 0) = w(H), let 
U, V, W, X, Y , and Z be its vertices (starting at the marked point and 
cycling counter-clockwise), and let ρ, σ, and τ be its parameter edges (in the 
same order as the vertices) with off edges ρ0 , σ0 , and τ 0 (see Figure 3.5). 

Figure 3.5: The hexagon H 0 with vertices U, V, W, X, Y , and Z (U marked) 
and sides ρ, τ 0, σ, ρ0 , τ , and σ0 . 

There is an isometry f which sends the geodesic line corresponding to ρ 
to the imaginary axis and sends U to B. Since both ρ and α have length Lα, 
the two segments coincide, implying that f(V ) = A. 
The geodesic line corresponding to τ 0 intersects ρ at right angles; since γd 

0 

is the unique geodesic line that orthogonally intersects αd at A, f must map 
the former line to the latter. Suppose that f maps the σ-line to the circle 
(x − u)2 + y2 = v2 (it must map to a circle, since it must intersect γd 

0 at right 
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angles and the only vertical line that does that is the imaginary axis). We 
will show that this circle (which we will call κ) is βd (so u = c and v = r). 
Let F 0 be the point at which γd 

0 and κ intersect. By Lemma 3.3, the 
segment of γd 

0 that connects A to F 0 has length d0 = cosh−1(u
v ). Since κ 

is disjoint from the imaginary axis (because ρ and σ are disjoint) and they 
have distinct endpoints (the only endpoint they could share in common is 
0, implying that u = v; since γd 

0 and κ must intersect at right angles, the 
right triangle argument in the proof of Lemma 3.3 implies that c2 − r2 = 0, 
a contradiction), Lemma 3.3 implies that the segment of γd 

0 that connects A 
and F 0 is the unique minimal-length path between them, and so√ √ √ 
F 0 u2−v2 u2−v2 2 2= + iv , where u2 − v = |A| = c2 − r . This last equation 

u u 
c−r c+rimplies that = 1; unless both fractions are equal to 1 (so u = c and 
u−v u+v 

v = r), then this implies that one fraction is greater than 1 and the other is 
less than 1−i.e., the endpoints of one circle are between the endpoints of the 
other, so that the two circles do not intersect and do not share endpoints. 
Again by Lemma 3.3, this implies that the segment of γd 

0 connecting F and 
F 0 is the unique minimal-length path. Suppose that dH(A, F 0) > dH(A, F ), 
as in Figure 3.6, so that κ is inside βd (that c > u follows from the equation 
2 − r2 2 − vc = u 2 and the fact that r > v). 

Figure 3.6: The geodesic lines αd, βd, γd 
0 , and κ = f(σ). The points F and F 0 

are the nearest to αd on βd and κ (respectively), so they lie along the same 
geodesic line, γd 

0 ; c is the center of βd, u is the center of κ, and F is closer to 
A than F 0 . 

The same construction that produced H from the geodesic lines αd and 
βd (with translation lengths Lα, Lβ, and Lγ ) produces another hyperbolic 
hexagon from αd and κ. We argue that this hexagon must be f(H 0). 
Let E 0 , C 0 , and D0 be the other vertices of the hexagon (each of these is 



74 CHAPTER 3. TEICHM ̈  ULLER SPACE 

the label of the vertex corresponding, respectively, to the vertices E, C, and 
D in Figure 3.4; it shares the vertices A and B and the side α in common 
with H). Since F 0 = f(W ), and since the geodesic line corresponding to σ 
maps to κ, the segment of κ that connects F 0 and E 0 must be f(σ) (both 
sides have length Lβ). Thus, E 0 = f(X). There is a unique geodesic line 
that orthogonally intersects κ at E 0 , and so f must map the geodesic line 
corresponding to ρ0 to this line. 
Returning to B, the unique geodesic line that orthogonally intersects αd 

at B is βd 
0 , and so f must map the geodesic line corresponding to σ0 to βd 

0 . 
Finally, since βd 

0 and the f(ρ0)-line are disjoint (because the σ0- and ρ0-lines 
are disjoint), there is a unique shortest geodesic segment between them; this 
must be f(τ) and we must have f(Y ) = D0 and f(Z) = C 0 . Since all vertices 
and edges of H 0 map to the vertices and edges of the hexagon constructed 
from αd and κ, this hexagon must be f(H 0). 
By the argument above, we have: h i 

cosh(Lγ )+cosh(Lβ )cosh(Lα)dH(A, F 0) = cosh−1 = d; since both F and F 0 lie
sinh(Lβ )sinh(Lα) 

along the unique geodesic line through A, and since d = dH(A, F ), we have 
F = F 0 . This implies that κ = βd 

0 , so the vertices and edges of the hexagon 
constructed from αd and κ are really the vertices and edges of H. Thus, 
we have shown that H = f(H 0) (and that f preserves marked points), so 
that these two hexagons represent the same element of H; thus, w has a 
well-defined inverse and is therefore a bijection. � 

From this lemma, it follows that we can define a hyperbolic metric on any 
surface with negative Euler characteristic. Take a marked hexagon whose 
parameter edges all have length 1

2 ; gluing together two copies of this hexagon 
by identifying the off edges, we obtain a pair of pants with a hyperbolic 
structure in which all the boundary components have unit length. Now 
take a surface Sg,b with positive complexity and take a pants decomposition. 
By replacing the components of the surface with copies of our unit-length 
hyperbolic pants and then gluing them back together, we reproduce Sg,b, 
but now as a hyperbolic surface. Observe that we could have constructed 
our pair of pants with arbitrary boundary lengths (see Lemma 3.6 below), 
or replaced the components of the pants decomposition with non-identical 
hyperbolic pants (as long as the lengths of the boundary components agree 
in pairs so that the surface can be glued back together; see Theorem 3.3 
below). Observe also that, by taking one or more edge lengths of a pair of 
pants to be 0, we get hyperbolic structures on any pantslike surface (note that 
this implies there is exactly one such structure on S0,0,3). Thus, T eich(S) is 
nonempty for all surfaces of negative Euler characteristic. 
These remarks imply that, by choosing the lengths of the curves in the 
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pants decomposition (as well as the components of ∂S), we determine the 
metric on the interior of each pair of pants, so we need only characterize how 
the pants are glued together in order to determine the metric on the whole 
surface (again, see Theorem 3.3). Before proving this, though, we need to 
establish a topology on T eich(S), since we want to prove, not just a bijection 
between Teichmüller space and a finite-dimensional parameter space (as in 
Lemma 3.4), but a homeomorphism. 
To define this topology, we will consider representations of the funda-

mental group. These are homomorphisms ρ : π1(S) → P SL2(R). A repre-
sentation is faithful if it is injective and is discrete if its image is a discrete 
subspace of P SL2(R) (a 3-dimensional Lie group whose topology comes, ul-
timately, from the Euclidean metric on R3). Let DF (π1(S), P SL2(R)) be 
the set of all discrete, faithful representations. The group P GL2(R) acts on 
this set by conjugation: h · ρ(γ) = hρ(γ)h−1 . We will show the following: 

Proposition 3.6. Let S = Sg with g > 1, let 
DF = DF (π1(S), P SL2(R)), and let DF = DF/P GL2(R). Then there is a 
bijection T eich(S) ↔ DF . 

Proof. Let X ∈ T eich(S) and choose a representative (X, φ) of that homo-
˜topy class. Let X be the (metric) universal cover of X. The Deck group 

˜of this covering space is π1(X), which acts by isometries on X. Since φ is 
a diffeomorphism, the induced map φ∗ : π1(S) → π1(X) is an isomorphism, 

˜identifying π1(S) with this Deck group. Since X is a space with a hyper-
bolic metric and is homeomorphic to R2 , there is some isometry h : X̃ → H2 . 
Then, for α ∈ π1(S), ρ(α) = hφ∗(α)h−1 is an isometry of H2−i.e., an element 
of P SL2(R). The function ρ : π1(S) → P SL2(R) is a homomorphism, since 
both φ∗ and conjugation by h are multiplicative; ρ is faithful because con-
jugation is injective and φ∗ is an isomorphism. The fact that the subgroup 
H = ρ(π1(S)) is discrete follows from the fact that conjugation by h is a 
continuous, injective map from π1(X) (a discrete space) into P SL2(R). Let 
y ∈ H; if every neighborhood of y contains some element of H r {y}, then 
there is a sequence in H converging to y. But then the pre-image sequence 
must converge to x = h−1yh; since π1(X) is discrete, this means the preimage 
sequence is eventually constant, contradicting the fact that no term of the 
image sequence is equal to y. Thus, ρ ∈ DF . 
In defining this representation from the point X, we made several choices: 

a representative (X, φ) of X, an induced map φ∗ : π1(S) → π1(X) (since 
the fundamental groups are baspoint-free), an identification of π1(X) with 

˜ X̃ → H2the Deck group of X (also basepoint-free), and the isometry h : . 
Altering any of these choices corresponds to conjugation by an element of 
P GL2(R), so the equivalence class of ρ under this action depends only on X. 
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Conversely, let ρ ∈ DF . We will show that the action ρ(π1(S)) y H is 
free: if, for some g ∈ ρ(π1(S)), there is some z ∈ H such that g(z) = z, then 
g = idH. This means that no element of ρ(π1(S)) is an elliptic element of 
P SL2(R). 
Suppose g ∈ ρ(π1(S)) is elliptic. Since ρ is faithful and χ(S) < 0, ρ(π1(S)) 

must be torsion-free, and so g must either be trivial or have infinite order. 
If the latter, then since an elliptic isometry is a rotation about its fixed 
point, the angle of rotation θ must be an irrational multiple of π. But 

cos(nθ)z−sin(nθ)then gn(z) = ; since the sequences {cos(nθ)} and {sin(nθ)} are
sin(nθ)z+cos(nθ) 

dense in (−1, 1), {gn} cannot be a discrete subset of P SL2(R), a contradic-
tion. Thus θ = 0 and g = idH. 
Since ρ(π1(S)) y H is free, and since ρ(π1(S)) is a discrete group, it’s a 

covering space action, and so the quotient space X = H/ρ(π1(S)) is a hyper-
bolic surface. The map ρ is, of course, an isomorphism onto its image; since 
both ρ(π1(S)) and π1(X) are identifiable with the Deck group of X, we can 
think of ρ as an isomorphism ρ : π1(S) → π1(X). The surfaces S and X are 
both K(π1(S), 1) spaces, and so there is a homotopy equivalence φ : S → X 
(unique up to homotopy) such that φ∗ = ρ. For g ≥ 2, every homotopy 
equivalence on Sg is homotopic to a homeomorphism and, by Theorem 2.1, 
every homeomorphism is isotopic to a diffeomorphism. Take φ to be a dif-
feomorphism representative of its homotopy class; then (X, φ) is a marked 
hyperbolic structure on S. 
Choosing a different representative ρ0 of its equivalence class under 

P GL2(R) produces a surface X 0 which is isometric to X by an isometry that 
factors through the markings: (X, φ) is homotopic to (X 0, φ0), and so they 
represent the same point in Teichmüller space. 
The two correspondences we defined above are inverses, and so this proves 

the existence of the bijection we claimed. � 

The set DF has a topology: π1(S) is discrete and P SL2(R) is a Lie group, 
and so Hom(π1(S), P SL2(R)) has the compact-open topology; DF is a sub-
space of Hom(π1(S), P SL2(R)), so it has the relative topology; the quotient 
is by a covering space action, so DF has the quotient topology. Since, by 
Proposition 3.6, we have a bijection between this space and T eich(S), we 
can simply define a topology on T eich(S) that makes the bijection a home-
omorphism. This is called the algebraic topology on Teichmüller space (the 
name derives from the notion of algebraic convergence of representations of 
discrete groups introduced by Thurston in [Th 1]). 
In the statement of the proposition, we made the stipulation that S was 

a closed surface. We can define an algebraic topology on a surface with 
boundary and/or punctures, but we must be more careful. There are two 



77 CHAPTER 3. TEICHM ̈  ULLER SPACE 

reasons for this. One is that non-homeomorphic surfaces can have isomor-
phic fundamental groups (e.g., π1(S1,1) ≈ F2 ≈ π1(S0,3)). The other reason 
is that, if S is not closed, then a representation ρ may not correspond to 
a finite-area metric on S (for instance, if α is a loop about a puncture and 
if ρ(α) is a loxodromic isometry, then the hyperbolic structure defined by ρ 
will have infinite area; see Remark 3.3 below). Because of these considera-
tions, we simply exclude those elements of DF that don’t correspond (under 
the bijection defined in Proposition 3.6) to complete, finite-area hyperbolic 
surfaces with geodesic boundary that are homeomorphic to S. 

Remark 3.2. By covering space theory, if X = H/ρ(π1(S)) for some 
ρ ∈ DF , then Isom+(X) ≈ P SL2(R)/ρ(π1(S)). Since X is comapct, the 
Arzelà-Ascoli Theorem (half of which was proved in [As] and the other half 
in [Ar]) implies that Isom+(X) is compact; since it covering-space acts on 
X, Isom+(X) is also a discrete group. But a compact discrete space must 
be finite, and so Isom+(X) is a finite group. 

� 

We will need one more important fact about hyperbolic surfaces. 

Fact 3.2. Let X be a surface with a hyperbolic structure, and let 
α ∈ π1(X) be a nontrivial scc (i.e., not contractible) which is not homotopic 
into a neighborhood of a puncture (but possibly homotopic to a boundary 
component). Then there is a unique geodesic scc γ ' α. 

˜ ≈ H2Proof. We take a lift of α to the universal cover X . Since this is 
a map α : S1 → X, by lifting to the universal covers “at both ends,” we 
get a map α̃ : R → H2 , which is an embedding of R in the hyperbolic 
plane. By covering space theory, α̃ ⊂ X̃ is stabilized by some α0 ∈ π1(X) 

˜(the Deck group of X) conjugate to α (since π1(X) is basepoint-free). Since 
X̃ is homeomorphic to H2 , its Deck group is isomorphic to a subgroup of 
P SL2(R) (since Deck transformations act by isometries); let f ∈ P SL2(R) 
be the isometry corresponding to α0 . Since f stabilizes α̃, it also stabilizes the 
points in ∂H2 that the function α̃ approaches as t → ±∞, which implies that 
f is loxodromic. By Remark 3.1, there is a unique geodesic line γ0 connecting 
these fixed points which is the axis of f ; by simply “pulling taut” the curve 
α̃, we get a homotopy (rel ∂H2) of α̃ to γ0 (in effect, there is a bigon between 
α̃ and γ0). Since γ0 projects to a multiple of some geodesic scc γ ⊂ X, and 
since any homotopy of α̃ to γ0 projects to a homotopy of α to a multiple of 
γ, we get a geodesic representative of the isotopy class of α. 
To prove uniqueness, suppose there is some geodesic δ ' α; then there 

is a homotopy H : S1 × I → X from δ to α which lifts to a homotopy 
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H̃ : R × I → H2 from δ̃  to α̃, which means that δ̃  and α̃ have the same 
points at ±∞; but, since any two points in ∂H2 are connected by a unique 
geodesic line, we must have δ̃ = γ0 (possibly with opposite orientations). 
Thus, γ = δ � 

Remark 3.3. If α ∈ π1(X) is not simple, then it’s a multiple of some scc; the 
same argument applied to this scc determines a geodesic isotopic to it and 
(since distinct multiples of geodesics are not homotopic), its corresponding 
multiple γ is a unique geodesic isotopic to α. 
Let β be a component of ∂X and let α ' β; then, since we require any 

hyperbolic surface to have totally geodesic boundary, the unique geodesic 
isotopic to α is β. 
If α is homotopic into a neighborhood of a puncture p, then α bounds a 

punctured disk embedded in X. Picturing this disk as a cone with the punc-
ture at its tip, the length of the cone is infinite (lifting the disk to H2 , p̃ is a 
point on ∂H2 , and so any path from α̃ to p̃  is a geodesic ray having infinite 
length). It follows that, as we isotope α toward p, its length must get arbi-
trarily small. If not, then the cone has infinite length but its cross-sectional 
circumference has a positive lower bound, which implies that it has infinite 
area, and this contradicts the requirement that the hyperbolic metric on X 
have finite area. Since the Deck transformation corresponding to α acts on 
α̃ by translation from one lift of a given point on α to another, this argu-
ment implies that the translation length gets arbitrarily small. By Remark 
3.1, this means that the isometry that corresponds to the Deck transforma-
tion α ∈ π1(X) must be parabolic. Since there is only one fixed point, a 
geodesic axis is not uniquely determined, and so geodesic representatives of 
the homotopy class of α are not unique. 
Finally, we can use this result to prove that certain essential arcs have 

geodesic representatives as well. Let X be a hyperbolic surface with nonempty 
boundary and let α be an arc connecting two boundary components. The 

˜boundary components lift to disjoint geodesic lines in X with distinct end-
points; by Lemma 3.3, there is a unique geodesic segment γ that connects 
these two lines, and this projects to an arc in X which is isotopic to α. Note 
that Lemma 3.3 also implies that the geodesic representative of α intersects 
the boundary components at right angles. 

� 

Fact 3.2 enables us to define the length of an scc: for 
X = [(X, φ)] ∈ T eich(S) and α ∈ π1(S) as in Fact 3.2, lX(α) is the length 
of the unique geodesic representative of φ(α) in the hyperbolic metric on X. 
With the topology we just defined on Teichmüller space, we can prove the 
following: 
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Lemma 3.5. Let S be a surface with negative Euler characteristic, let 
α ∈ π1(S) be a fixed isotopy class of essential scc, and define 
lα : T eich(S) → R by lα(X) = lX(α). Then lα is continuous. 

Proof. Let ρ be a representation corresponding to X = [(X, φ)] and let γ 
be the geodesic representative in X of φ(α). Then, by the proof of Fact 
3.2, ρ(α) is a loxodromic isometry with axis γ̃. Since ρ(α) (considered as 
an isometry on H2) acts by translation on its axis and (considered as a 
Deck transformation) translates one lift of a point to another, it follows 
that lX(α) = dH(x, ρ(α)(x)) for any point x ∈ γ̃ (strictly speaking, it may 
be a conjugate of α, and not α itself, whose ρ-image has axis γ̃ but, since 
ρ is a homomorphism, the image of a π1(S)-conjugate of α is a P SL2(R)-
conjugate of ρ(α); conjugate isometries need not have the same axis, but they 
must have the same translation lengths). By the argument in Remark 3.1,h i 
dH(x, ρ(α)(x)) = 2 ln(m), where m is given by the matrix M = 0 

m 
1 
0 
which 

m 

defines a representative of the P SL2(R)-conjugacy class of the isometry ρ(α) 
(note that this expression assumes that m > 1; this need not be true, but 
it will not make a difference to our eventual argument). We will express the 
translation length in terms of the trace of M : 

−1 ln(m) + e−ln(m)m + m e 
Tr(M) = m + m −1 = 2 = 2 

2 2 
(3.5)2 ln(m) 2 ln(m)− � � e 2 + e 2 lX(α) 

= 2 = 2 cosh . 
2 2 

Note that Tr(M) does not change if we interchange the roles of m and 
m 
1 , 

so it doesn’t matter whether m > 1 or m < 1; note also that the fourth 
expression above requires m to be positive, so we have chosen a particular 
representative of this coset of h−Ii in SL2(R) (see below). We will first define 
a function Tr(−(α)) : DF → R that coincides with Tr(M) and then define 

= 2 cosh−1(Tr(ρ(α)) ), where ρ is the element of DF corresponding tolX(α) 2 
X under the homeomorphism defined in Proposition 3.6. We will then show 
that the function lα is continuous. 
We begin with the evaluation function ε : DF → P SL2(R), defined by 

ε(ρ) = ρ(α), which sends a representation ρ to (a P SL2(R)-conjugate of) the 
loxodromic isometry whose axis is γ̃. Evaluation functions are continuous in 
the compact-open topology and, therefore, ε is continuous on DF . Since 
ρ(α), as an element of the quotient group SL2(R)/h−Ii, is the coset Ah−Ii 
of some A ∈ SL2(R), there is a unique element of this coset which has 
positive trace (since ρ(α) is loxodromic, Remark 3.1 implies that this trace 
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must be nonzero and, since Ah−Ii = {A, −A}, only one element of this coset 
has positive trace). This choice of representative therefore defines a section 
of the quotient map SL2(R) → P SL2(R) that is a function on the subspace 
of loxodromic isometries in P SL2(R). Since this quotient is of a Lie group 
by a Lie subgroup, the quotient map is open and, therefore, the section 
is continuous. Finally, we take the trace, which is a polynomial function 
on M2(R) (a manifold diffeomorphic to R4), and is therefore continuous on 
SL2(R). The composition of these three functions defines a continuous map 
Tr(−(α)) : DF → R. 
Although our argument above deriving (3.5) used the diagonal matrix M 

among all matrices that define isometries in the P SL2(R)-conjugacy class 
of ρ(α), any GL2(R)-conjugate of M has the same trace (conjugate matrices 
have the same eigenvalues and the trace of a matrix is the sum of its eigenval-
ues). Thus, the map we defined above factors as a map Tr(−(γ)) : DF → R 
(by abuse of notation, we use the same symbol to represent this factor map) 
which depends only on the P GL2(R)-class of ρ and which satisfies (3.5). 
Because the function on DF was continuous, so is the function on DF . 
Since the function 2 cosh−1(1

2 x) is continuous on (2, ∞), our definition of 
lα(X) gives a continuous function on T eich(S). � 

Lemma 3.6. T eich(S0,3) ≈ R3
+. 

Proof. Let α1, α2, and α3 be the boundary components of S and define 
LP : T eich(S) → R3

+ by LP (X) = (lα1 (X), lα2 (X), lα3 (X)). By Lemma 3.5, 
this function is continuous (since the α’s are essential). To show that it’s 
surjective, let (x, y, z) ∈ R3 ; by Lemma 3.4, there is a marked hyperbolic 

1 1hexagon H such that w(H 
+ 

) = (1 x, y, z). Let H 0 be a copy of H with
2 2 2 

reversed orientation, produced by reflecting over the geodesic line that passes 
through the off edge adjacent to the marked point (in Figure 3.4, this is βd 

0 ). 
We glue H and H 0 together by identifying the off edges of H with their 
images under the reflection; this produces a surface X ≈ S with the specified 
boundary lengths. 
Consider S as a two-holed disk, let α3 be the boundary of the disk, and 

let α1 and α2 be the boundaries of the holes (similar to Figure 3.7). Then 
the standard generators of π1(S) are loops about α1 and α2. Similarly, we 
can take loops about the boundary curves κx and κy (where κw is the bound-
ary curve of length w ∈ {x, y, z}) to be the generators of π1(X). Define a 
homomorphism µ : π1(S) → π1(X) by letting µ(α1) = κx and µ(α2) = κy. 
By the argument in the proof of Proposition 3.6, there is a diffeomorphism 
φ : S → X such that φ∗ = µ; then φ(α1) = κx, φ(α2) = κy and φ(α3) = κz. 
By letting X = [(X, φ)], we have LP (X) = (x, y, z). 
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To show injectivity, suppose that LP (X) = LP (X
0) and choose (X, φ) and 

(X 0, φ0) to be representatives of their respective points in T eich(S). We will 
show that X and X 0 are homotopic. There are hex decompositions of X 
and X 0 whose arcs connect pairs of boundary components; choose geodesic 
representatives δ12, δ13, and δ23 (and δ0 δ0 23) of the isotopy classes12, 13, and δ0 

of these arcs (where δij connects φ(αi) to φ(αj ), and is oriented accordingly, 
and likewise for the arcs of X 0). Because they are geodesics, the δ’s and 
δ0’s must intersect the boundary conmponents at right angles. Mark the 
initial point of δ13. Cutting X along the δ’s, we get two hexagons. Only 
one of the two has the δ-edges as parameter edges; label this hexagon as H2 

and the other as H1. We claim that the parameter edges of H1 are arcs of 
φ(α1), φ(α2), and φ(α3), in that order. 
The boundary-arc adjacent to the initial point of δ13 is φ(α1), so this is 

the first paraneter edge. The only other δ-edge adjacent to this arc is δ12, 
so this must be the first off edge. The only edge other than φ(α1) which is 
adjacent to δ12 is an edge of φ(α2), so this is the second parameter edge. This 
leaves φ(α3) as the last parameter edge, proving our claim. See Figure 3.7. 

Figure 3.7: The hyperbolic surface X as a two-holed disk with boundary 
components φ(α1), φ(α2), and φ(α3). The arc δij is the unique geodesic arc 
connecting αi to αj and intersects both curves at right angles. The initial 
point of δ13 is marked; H1 has φ(α)-edges as parameter edges and H2 has 
δ-edges. 
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Since an (orienation-reversing) isometry maps H1 onto H2, each hexagon 
is identical (ignoring the difference between parameter edges and off edges). 
This means that each hexagon gets half the length of each boundary curve. 
These observations imply that w(H1) = 

2
1 LP (X). Likewise, choose H1 

0 to be 
the subhexagon of X 0 whose marked point is the initial point of δ0 and has13 

δ0-edges as off edges. Then w(H1 
0 ) = 1

2 LP (X
0). 

Since w(H1) = 1
2 LP (X) = 1

2 LP (X
0) = w(H1 

0 ), Lemma 3.4 implies there 
is an isomery ι1 : H1 → H1 

0 ; pre- and post-composition with the isometries 
of H2 to H1 and H1 

0 to H2 
0 (respectively, in that order) yields an isometry 

ι2 : H2 → H2 
0 illustrated by the following diagram: 

ι1 / H 0H 
O 1 1 

� 
/ H 0H2 ι2 2 

Define ι : X → X 0 by: ( 
ι1(x), x ∈ H1

ι(x) = (3.6)
ι2(x), x ∈ H2 

Since the isometries from H2 to H1 and H1 
0 to H2 

0 are the identity on 
H1 ∩ H2 and H1 

0 ∩ H2 
0 (the common edges of the two halves of each surface), 

these two formulas agree on H1 ∩ H2, so ι is a well-defined isometry from X to 
X 0 . To complete our proof of injectivity, we must show that ι factors through 
the markings up to isotopy−i.e., φ0 ' ιφ. This is equivalent to showing that 
f = (φ0)−1ιφ ' idS . First note that f is a diffeomorphism on S which 
maps each boundary component to itself: φ(α1) is the boundary component 
of X that gives the length parameter lX(α1), ι maps this component to the 
boundary component of X 0 with length lX0 (α1), and this is the image under 
φ0 of α1 (and likewise for α2 and α3). We argue intuitively that such a 
diffeomorphism is isotopic to idS (see [FLP] for a more formal argument). 
An element of Mod(S) represents the isotopy class of a diffeomorphism 

that fixes the boundary pointwise. This is a more restrictive condition than is 
satisfied by f , which only satisfies f(αi) = αi. By Corollary 2.10, Mod(S) is 
generated by Dehn twists about the α’s and such a class is determined by its 
action on the isotopy classes (rel ∂S) of a collection of arcs that connect pairs 
of boundary components. Relaxing the condition that f fix the boundary 
pointwise amounts to dropping the condition of isotopy rel ∂S; but then, by 
sliding the endpoints around on the boundary, we can “unwind” any twisting 
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and recover the original collection of arcs. This implies that all mapping 
classes of this less-restrictive type are trivial. 
Since ι factors through the markings, [(X, φ)] = [(X 0, φ0)], and so LP is 

injective. 
These arguments show that LP has an inverse; since LP admits continuous 

local sections (see [FLP]), its inverse is continuous. Thus LP is a homeomor-
phism. Note that the continuity of L− 

P 
1 implies that LP is an open function 

and that this implies the length functions lαi (X) are open (composition of 
LP with the projection map onto the ith factor of R3

+ isolates the function 
lαi : T eich(S) → R+; since projection functions are open, this composition 
must also be open). � 

Let S be a surface with no punctures (but possibly boundary) with 
ξ(S) > 0. In order to prove a general result which is analogous to Lemma 
3.6, we will need two pieces of structure on S. 

1. Let A = {α1, α2, . . . , α3g−3+b} be a pants decomposition of S. 

2. Let B = {β1, β2, . . . , βn} be a collection of pairwise-disjoint essential 
scc’s and proper arcs such that, for any component P of S r ∪A, 
P ∩ (∪B) is a hex decomposition of P that connects its boundary com-
ponents in pairs. We call B a set of seams for the pants decomposition 
A. 

A set of seams can be constructed by starting with a collection of appro-
priate hex decompositions on the component pants and matching up end-
points as needed to produce scc’s (which connect only boundary components 
of pants that correspond to elements of A) and arcs (which may connect ele-
ments of A, but which originate and terminate on components of ∂S). As we 
suggested following Lemma 3.4 when we sketched the process of construct-
ing a hyperbolic surface out of hyperbolic pants, we will need two types of 
parameters for the hyperbolic structure: length parameters (which specify 
the lengths of the elements of A ∪ ∂S and, by Lemma 3.6, determine the 
hyperbolic structure on the interior of each pair of pants) and twist param-
eters (which are given by the seams and specify how the pants are glued 
together). Given the sets A and B, these parameters are called the Fenchel-
Nielsen coordinates of T eich(S) (a different choice of A or B yields different 
coordinates for the same point X ∈ T eich(S), similar to a change of basis in 
a vector space). 

Remark 3.4. To define the twist parameters, let (X, φ) be a representative 
of a point X ∈ T eich(S), let αi ∈ A, and let β be the arc of a φ(βj ) (βj ∈ B) 
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that crosses φ(αi); thus, β = φ(βj ) ∩ (PL ∪ PR), where PL and PR are the 
components of X r (∪ φ(A)) (where φ(A) = {φ(α1), φ(α2), . . . , φ(α3g−3+b)}) 
that share the boundary curve φ(αi) and such that β originates on a bound-
ary component αL 6= φ(αi) of PL and terminates on a boundary component 
αR =6 φ(αi) of PR (note, it’s possible for PL = PR, in which case 
αL = φ(αi) = αR). Let γL and γR be the unique geodesic arcs connecting αL 

and αR (respectively) to φ(αi), and let N = NL ∪ NR be a regular neighbor-
hood of φ(αi) with NL = PL ∩ N and NR = PR ∩ N . Isotope β so that it’s 
parallel to γL ∪γR outside of N . Since NL and NR are annuli, the intersection 
of each neighborhood with β is a pair of points; we define the twist number 
tL of β to be the directed displacement between the points of β ∩ ∂NL (and, 
likewise, tR as the directed displacement between the points of β ∩ ∂NR). 
The direction in each case is given by the orientation of φ(αi). See Figure 
3.8. 
Finally, the ith twist parameter is defined θi(X) = 2π (tL − tR) (thelαi (X) 

twist parameter is defined as a radian measure, in terms of the length of 
the arc it subtends−which may be longer than φ(αi); the difference of the 
twist numbers is the length of this arc and the ratio 2π converts this

lαi (X) 

length from a proportion of the circumference of φ(αi) to a proportion of the 
circumference of the unit circle). Since θi is a continuous, open, real-valued 
function of length functions, Lemma 3.5 and the proof of Lemma 3.6 imply 
that it’s continuous and open. 
If PL = PR, then there is a unique member of B that passes through 

αi; if not, then each pair of pants has two boundary components other than 
φ(αi), and there are two pairs of seams connecting φ(αi) to another boundary 
component of each pair of pants. Each of these corresponds to a different 
βj ∈ B, and so our definition of θi depended on a choice of a pair of connected 
seams. To show that it’s well-defined, then, we must show that we get the 
same value if we choose the other pair of connected seams β0 . 
Let γL 

0 be the geodesic arc connecting the third boundary component of 
PL (i.e., not γL or φ(αi)) to φ(αi) and let γR 

0 be the corresponding geodesic 
arc in PR. Then, if we choose to define θi using β0 as a reference arc instead 
of β, we will isotope β0 so that it’s parallel to γL 

0 ∪ γR 
0 outside of N and then 

record the twisting numbers with respect to this pair of geodesic arcs. By the 
proof of Lemma 3.6, the endpoints of γL and γL 

0 must be antipodal points on 
φ(αi) (dividing PL into hexagons along the geodesic arcs produces identical 
hexagons, which means that the displacement of the two endpoints must be 
the same in either direction). Thus, in the universal cover of a neighborhood 
of N , lifts of γL and γL 

0 alternate and are equally-spaced along a lift of φ(αi) 
(and likewise for γR and γR 

0 ). Each lift of β connects a lift of γL to a lift of γR 
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Figure 3.8: The components PL 6= PR of X r (∪ φ(A)) that share φ(αi) as 
a boundary component. The arc β (orange) is the intersection of φ(βj ) with 
PL and PR; it originates on the curve αL and terminates on αR. The arcs γL 

and γR are the unique shortest arcs connecting αL and αR (respectively) to 
φ(αi) (note that they need not connect) and β is parallel to each of these arcs 
outside the neighborhood N = NL ∪NR (whose boundary is shown in green). 
The displacement between the two points of ∂NL ∩ β (one on the green curve 
and one on φ(αi)) is tL; this displacement is positive. The displacement 
between the two points of ∂NR ∩ β is tR; this displacement is negative and 
greater than the length of φ(αi). 

by a “shear” whose length is equal to the displacement tL − tR. Since lifts of 
β0 do the same, and since lifts of β and β0 do not cross (each one is an arc of 
some element of B, which are all simple and pairwise disjoint), this shearing 
distance must be the same for both lifts. Thus, the oriented displacement 
defined by β is equal to that defined by β0 (see Figure 3.9). 

� 

Theorem 3.3. Let S = Sg,b with ξ(S) > 0. Then T eich(S) ≈ R6g−6+3b . 

The case b = 0 was proved by Fricke and Klein in [FK], while the general 
case (as well as the coordinate system) was shown in [FN]. 
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Figure 3.9: The local picture in the universal cover of a neighborhood of N . 
Lifts of φ(αi) and the arcs γL, γL 

0 , γR, and γR 
0 are in black, lifts of β are in 

orange, and lifts of β0 are in blue. Outside of Ñ (whose boundary is in green), 
β and β0 are parallel to the γ-arcs. The shearing distance between lifts of γL 

and γR joined by a lift of β must be equal to the shearing distance between 
lifts of γL 

0 and γR 
0 joined by a lift of β0 and, thus, the twist parameters don’t 

depend on the choice of seam. 

Proof. Let A and B be as above and let ∂S = γ1 ∪ γ2 ∪ · · · ∪ γb. Define 
L : T eich(S) → R3

+ 
g−3+2b by 

L(X) = (lα1 (X), lα2 (X), . . . , lα3g−g+b (X), lγ1 (X), lγ2 (X), . . . , lγb (X)) and 
Θ : T eich(S) → R3g−3+b by Θ(X) = (θ1(X), θ2(X), . . . , θ3g−3+b(X)); define 

× R3g−3+bFN : T eich(S) → R3
+ 
g−3+2b by FN(X) = (L(X), Θ(X)). We will 

show that FN is a homeomorphism. 
Continuity and openness of L and Θ (and, hence, of FN) follows from 

Lemma 3.5 and the proof of Lemma 3.6. We will first show that FN is 
surjective. 

× R3g−3+bLet (Λ, Ψ) ∈ R3
+ 
g−3+2b , let Λ = (λ1, λ2, . . . , λ3g−3+2b) and let 

Ψ = (ψ1, ψ2, . . . , ψ3g−3+b). For each component C of Sr(∪A), there is a triple 
of indices i, j, k ∈ {1, 2, . . . , 3g − 3 + 2b} such that the curves whose lengths 
are the ith, jth, and kth coordinates of L(X) are the boundary curves of C. 

L−1There is a point Pijk ∈ T eich(S0,3) such that Pijk = P (λi, λj , λk) (where 
LP is the homeomorphism we defined in Lemma 3.6; note that, for each 
ijk, we take the underlying space S0,3 to be C, with boundary components 
labeled accordingly). Note that these indices are not all unique: each index 
corresponding to an element of A will occur twice among the Pijk’s, either in 
two different triples (if the two components of S r (∪A) share this boundary 
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curuve) or twice in the same triple (if a curve bounds the same component 
twice). Thus, we have a marked hyperbolic structure φijk : S0,3 → Pijk which 
represents Pijk, and the boundary components of Pijk inherit an orientation` 
from S0,3 under the marking. Let Ŝ = S0,3 (as a smooth manifold),2g−2+b ` ˆwhere the summands are the components of S r (∪A), let X = {i,j,k} Pijk, 

and define a diffeomorphism φ̂ : Ŝ → X̂ by φ̂ = ∪{φijk} (so each component 
of Ŝ is taken to be the domain of a marking φijk). We will construct a 
commutative square: 

φ̂ˆ / ˆS X 

� � 
/S X 

φ 

ˆThe map S → S identifies boundary components γr and γs of two sum-
mands of Ŝ if their images φ̂(γr) and φ̂(γs) correspond to the same parameter 
λi of Λ (the identification map is the identity S1 → S1). The map X̂ → X 
identifies the same curves φ̂(γr) and φ̂(γs), but the identification map is trans-
lation by 

2 
ψ
π 
i λi in the direction of orientation. It’s evident that the quotient 

surface of Ŝ is precisely S, where identified curves are the elements of A; it’s 
also evident that the quotients were constructed to make φ a well-defined 
diffeomorphism and the square commutative. Thus, (X, φ) is a marked hy-
perbolic structure on S, corresponding to a point X ∈ T eich(S). It’s obvious 
that L(X) = Λ. For αi ∈ A, there are geodesic seams γL and γR that connect 
φ(αi) to other boundary components αL and αR of the pants PL and PR that 
share φ(αi) as a boundary (Figure 3.8). The displacement of these seams 
represents an identification of the two copies of φ(αi) by the identity map. 
The twist parameter θi was defined to be the oriented displacement of the 
seam βj from the geodesic seams in N ; since we defined the identification 

ˆmap which constructed X from X using the oriented displacement given by 
ψi, we get Θ(X) = Ψ, so that FN(X) = (Λ, Ψ), as required. 
To show injectivity, let FN(X) = FN(X0); let X = [(X, φ)] and 

X0 = [(X 0, φ0)]. We must construct an isometry ι : X → X 0 . Suppose 
that αi, αj , and αk bound a component Cijk of S r (∪A); then there is a 
component Xijk ⊂ X bounded by φ(αi), φ(αj ), and φ(αk) such that 
φ|Cijk : Cijk → Xijk is a marked hyperbolic structure (and a corresponding 
X 0 ⊂ X 0). Then LP ([(Xijk, φ|Cijk )]) = LP ([(X

0 , φ0|Cijk )]) so, by Lemmaijk ijk 

3.6, there is an isometry ιijk : Xijk → X 0 with φ0|Cijk ' (ιijk) (φ|Cijk ). Thus,ijk 
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we have a collection of isometries mapping components of X to components 
of X 0 . These isometries agree on the boundaries because the maps` ` 

X 0 → X 0 that reassemble the surfaces are definedijk Xijk → X and ijk ijk 

by the twist parameters on the boundaries−but the twist parameters are the 
same for both surfaces. Thus, we get an isometry ι = ∪{ιijk} of X onto X 0 

which factors through the markings up to isotopy, so that X = X0 . 
Since FN has an inverse and is both continuous and open, FN is a 

homeomorphism. Since the open “first octant” of R3g−3+b is homeomorphic 
to the whole space and Rn × Rm ≈ Rm+n , we get the homeomorphism we 
claimed. � 

As in the case of Lemma 3.6, by allowing the length parameters of the 
γ’s to be 0, we account for surfaces with punctures. 

3.3 Riemann Surfaces, Measured Foliations, 
and Quadratic Differentials 

Both of our models of H2 are subspaces of the complex plane. We can use this 
fact to define a complex structure on a hyperbolic surface which provides a 
means of defining additional geometric structure on Teichmüller space. One 
of the most important such structures is a boundary for T eich(S) called 
the Thurston boundary (announced in [Th 2], detailed in [FLP]); equipped 
with this boundary, Teichmüller space becomes a compact space, T eich(S) 
(called the Thurston compactification), homeomorphic to D6g−6 ⊂ R6g−6 (we 
will restrict our attention to closed surfaces). By analyzing the action of 
Mod(S) on T eich(S), we obtain a complete classification of the elements of 
Mod(S) (see Chapter 3.4). 
A closed Riemann surface X is a complex 1-manifold: a Hausdorff space 

X together with a collection of homeomorphic chart maps {zα : Uα → Vα}
where {Uα} is an open covering of X, Vα ⊂ C, and, for α and β such 

Uα ∩ Uβ zβzα 
−1that W = 6= ∅, the transition map : zα(W ) → zβ (W ) 

is biholomorphic (holomorphic with a holomorphic inverse). Two Riemann 
surfaces X and Y are isomorphic if there is a biholomorphic homeomorphism 
f : X → Y . 
A Riemann surface with boundary is defined similarly, except that the 

neighborhoods Vα are subsets of the closed upper half plane H (considered 
purely as a subspace of C, without the hyperbolic structure) and that the 
chart maps zα send points of ∂X to points of ∂H. Although our focus will 
primarily be on closed surfaces, we will need this definition in what follows 
(see Lemma 3.7). 
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Riemann surfaces were introduced by their namesake in [Ri 1]. 
We have the following theorem: 

Theorem 3.4 (Uniformization Theorem). Every simply-connected Riemann 
surface is isomorphic to the complex plane C, the Riemann sphere Cb, or the 
disk D. 

This result was conjectured by Klein and Poincaré in the 1880s, but 
was first proved rigorously in 1907 by Poincareé ([Po 3]) and Koebe ([Ko 1], 
[Ko 2], and [Ko 3]). 
We will prove that hyperbolic structures and complex structures are in 

one-to-one correspondence (for surfaces with negative Euler characteristic), 
so that Teichmüller space can be viewed alternatively as a space of isomor-
phism classes of Riemann surfaces. 

Proposition 3.7. Let X be a surface with negative Euler characteristic. 
Then a hyperbolic structure on X defines a complex manifold structure on 
X and vice versa. Two hyperbolic surfaces are isometric if and only if the 
corresponding Riemann surfaces are isomorphic. 

Proof. It’s easy to see that a hyperbolic surface is a Riemann surface. By 
our construction of the algebraic topology, a hyperbolic surface X is the 
quotient of its universal cover X̃ ≈ H2 by its fundamental group under the 
covering space action of a discrete subgroup of P SL2(R). We can take H2 to 
be D; as we observed in the proof of Proposition 3.2, elements of P SL2(R) 
are biholomorphic. Since X is the quotient of a Riemann surface under a 
covering space action by biholomorphisms, X is also a Riemann surface. 
Conversely, let X be a Riemann surface with negative Euler characteristic 

˜ ˜and let X be its universal cover. Since X is a simply-connected Riemann 
surface and X is not a sphere or a torus, the Uniformization Theorem implies 
that X̃ ≈ D. The fundamental group of X acts on D by biholomorphisms; if 
we can show that these biholomorphisms are also isometries of D (as a model 
of the hyperbolic plane), then the quotient space X is a hyperbolic surface. 
Let f be a biholomorphism on D and let g = τ−1fτ , where τ is the canon-

ical isometry of H onto D mapping i to 0. Then g is a biholomorphism on 
H. We will prove that g ∈ P SL2(R). As in the proof of Proposition 3.3, we 
compose g with an isometry σ(z) = z− 

b
a that maps g(i) = a + bi to i, so that 

σg is a biholomorphism that fixes i. By the proof of Proposition 3.2, we have h i 
Re dw (i) −Im dw (i)

dz dzd(σg)i = , where w = (σg)(z). This matrix factors as a 
Im dw (i) Re dw (i)

dz dzh 
| dw ih i 

Re dw Im dw 
dz (i)| 0 cosθ −sinθ dz (i) dz (i)product 

0 | dw (i)| sinθ cosθ , where cosθ = | dw (i)| and sinθ = | dw (i)| (from 
dz dz dz 

calculus, we know that, if g = f−1 with w = f(z), then g0(w) = 1 ; since σg 
f 0(z) 
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is biholomorphic and the derivatives at i of σg and its inverse are reciprocals, 
dw 
dz (i) must be non-zero). The second factor is dφi, where φ ∈ P SL2(R) is the 
rotation by θ about i introduced in the proof of Proposition 3.3. Composing 
by the inverse of this isometry, we obtain φ−1σg, a biholomorphism which ih 

| dw (i)| 0 
fixes i whose differential at i is the scaling matrix 

0 
dz 

| dw . By the compu-
(i)|

dz 

tation we made in the proof of Proposition 3.3, the angle of any point z with 
its image (φ−1σg)(z) is 0, so that φ−1σg maps any Euclidean ray originating 
from i to itself. Let (φ−1σg)(x + iy) = u(x, y) + iv(x, y); then, for any point 
(x, y) such that y = mx + 1, we have v(x, y) = mu(x, y) + 1 as well. Thus, 
y−1 v−1 yu−u+x = m = , so v = (note that u = 0 if and only if x = 0, so this 
x u x 
holds for all (x, y) not on the imaginary axis). Then: 

(yux−ux+1)x−yu+u−x (y−1)(xux−u)vx = 
x = 

x and2 2 

u+yuy −uy u+uy (y−1)vy = 
x = 

x . Since φ−1σg is holomorphic at (x, y), it 
satisfies the Cauchy-Riemann equations. Thus: 

u+uy (y−1)ux = 
x and 

(1−y)(xux−u)uy = 
x . Substituting the latter equation into the former, we 2 

have: 
(1−y)(xux−u)

u+ (y−1) 2
2 x u−(y−1)2(xux−u)xux = 
x = 

x3 . Solving for ux, we get that: 
x2+(y−1)2 

ux = This implies:
x3+x(y−1)2 u. 

xux = u. Substituting this into the latter equation, we get: 
(1−y)(xux−u)uy = 

x = 0. Thus, u is a function of x alone. By the Cauchy-2 

Riemann equations, vx = 0, so v is a function of y alone. From the second 
equation above, we have: 

u−uy (y+1) u vy = 
x = 

x . Since v is a function of y and u is a function of x, 
this can only be true if both are equal to some real constant: vy = k = u

x . 
Thus, u = kx and v = k(y − 1) + 1. Therefore: 
(φ−1σg)(x + iy) = kx + ik(y − 1) + i 
(φ−1σg)(z) = kz+i(1−k). Since d [φ−1σg](i) = k = |dw (i)| by our earlier

dz dz 
computation, k > 0. Thus φ−1σg is a homothety centered at i (although our 
argument only applied to z not on the imaginary axis, it holds for all z by 
continuity). If k > 1, then (φ−1σg)(yi) is on the negative imaginary axis 
for y < k− 

k 
1 , so that φ−1σg does not map H to itself; similarly, if k < 1, 

then some point on the negative imaginary axis is mapped to a point on the 
positive axis, so that (φ−1σg)−1 doesn’t map H to itself. Thus, we must have 
k = 1, which implies that φ−1σg is the identity function. This implies that 
g ∈ P SL2(R), so that f is an isometry on D. 
Since the Riemann surface X is the quotient of D (a model of the hyper-

bolic plane) by the covering space action of a group of hyperbolic isometries, 
it follows that X is a hyperbolic surface. 



91 CHAPTER 3. TEICHM ̈  ULLER SPACE 

Since we’ve shown that the set of biholomorphisms on D is equal to the set 
of its hyperbolic isometries, it follows that the isometry class of a hyperbolic 
surface corresponds to its isomorphism class as a Riemann surface. � 

In order to construct the Thurston boundary, we will define two intimately-
related structures on Riemann surfaces: singular measured foliations and 
quadratic differentials. Let X be a closed Riemann surface with genus g > 1. 
A singular foliation F on X is a partition of X into a set of finite points (sin-
gular points) and a collection of disjoint subsets (leaves) with the following 
two properties: 

1. For any nonsingular point p, there is a neighborhood Up and chart map 
zp : Up → C which maps leaves into horizontal lines. Transition maps 
take the form f(x, y) = u(x, y) + iv(y)−i.e., they map horizontal lines 
to horizontal lines. 

2. For any singular point, there is a chart map which maps leaves into 
level sets of a k-pronged saddle (k ≥ 3); p is then referred to as a 
k-pronged singularity. 

A leaf is critical if it contains a singularity. The critical graph ΓF of F is 
the union of the compact critical leaves. A saddle connection is a critical leaf 
which is compact and is not a circle (so it joins two distinct singularities). 
A foliation F is orientable if each leaf can be oriented so that nearby 

leaves are oriented in the same direction. Note that F is locally orientable if 
and only if every singular point has an even number of prongs. 
Due to topological considerations, a foliation on a surface with negative 

Euler characteristic must have singular points. More specifically: 

Proposition 3.8 (Euler-Poincaré Formula). Let X be a Riemann surface 
with a foliation F and, for s a singular point of F , let Ps be the number of 
prongs at s. Then: X 

2χ(X) = 2 − Ps (3.7) 
s 

Poincaré announced this result in 1881 and published its proof in 1885’s 
[Po 2]. 
A smooth arc α ⊂ X is transverse to F if it doesn’t cross any singular 

points and if, for each leaf l such that (int α) ∩ l 6= ∅, the intersection is 
transverse. Two foliations, F1 and F2, are transverse if each leaf of F1 is 
transverse to F2, and vice versa (note that it follows F1 and F2 must have 
the same singular points). For smooth arcs α and β which are transverse to 
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F , a leaf-preserving isotopy from α to β is a function H : I × I → X such 
that H(s, 0) = α(s) and H(s, 1) = β(s) for all s, H(s, t) is transverse to F 
for each t, and H(0, t) and H(1, t) are each contained in a single leaf. The 
latter two properties imply that H(s, t) is contained in a single leaf for every 
s ∈ I. 
A transverse measure µ on F is a positive, real-valued function on the set 

of leaf-preserving isotopy classes of arcs transverse to F which is absolutely 
continuous with respect to Lebesgue measure: for any arc α transverse to F , 
there is a positive real number µ(α) which is invariant under leaf-preservingR 
isotopy and such that, in local coordinates, µ(α) = |dy|. The measure of

α 
a (single) smooth curve is defined by the same formula; the measure of an 
isotopy class α of scc’s is: 

µ(α) = inf{µ(α0) : α ' α0 , α0 not necessarily simple}. 
Although our primary focus is on closed surfaces, we will need some 

information about foliations on surfaces with boundary (see Lemma 3.7). 
Let X ≈ Sg,b be a Riemann surface with b > 0 and let F be a measured 
foliation on X. A component of ∂X can be a union of one or more leaves of 
the foliation (in which case interior leaves are parallel to it) or the foliation 
can be transverse to the boundary component. In such a case, when a point 
p on the boundary intersects a single leaf of the foliation, we consider this to 
be a regular point, not a three-pronged singularity (the prongs being the leaf 
that terminates at p and the arcs of the boundary on either side of p). If a 
point s on the boundary is a singularity, then the boundary component can 
be a union of saddle connections joining other singularities on the boundary, 
or it can be a loop in the critical graph beginning and ending at s. 
Measured foliations were introduced by Thurston in [Th 2]. 
Although these definitions of foliations and measures require a complex 

structure, a marked Riemann surface φ : S → X defines measured foliations 
on S in exactly the same way as it defines hyperbolic metrics: if F is a 
measured foliation on X, then φ∗F is a measured foliation on S. Let S be 
the set of isotopy classes of essential scc’s in S and let RS be the set of real-
valued functions on S. Any measured foliation (F, µ) on S defines an element 
of RS by α 7→ µ(α). We define an equivalence relation among measured 
foliations where (F1, µ1) v (F2, µ2) if they both induce the same function on 
S−i.e., if every isotopy class of scc has the same measure with respect to 
both foliations. Let MF(S) be the set of these equivalence classes. There is 
a natural action R+ y MF(S) defined by a · (F, µ) = (F, aµ) (the measure 
is scaled by the constant a, which clearly preserves equivalence of foliations). 
Let PMF(S) = MF(S)/R+ be the quotient. We will define this space, 
PMF(S) (which we have not yet topologizied), to be the Thurston boundary 
of Teichmüller space. Since T eich(S) is homeomorphic to an open ball in 
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R6g−6 , we will have to show (among other things) that PMF(S) ≈ S6g−7 . 
We do this in a manner similar to our construction of the algebraic topol-

ogy: we will establish a bijection between MF(S) and another set which 
has a natural topology and then define the topology on MF(S) so that this 
bijection is a homeomorphism. By means of this identification, we will see 
that MF(S) ≈ R6g−6 r {0}. 
Given a foliation F on X, a simple way to produce an equivalent foliation 

is to collapse a saddle connection (this is called a Whitehead move). Con-
cretely, if γ is such a segment, take g : X → X such that g ' idX , g|Xrγ is 
a diffeomorphism, and g(γ) = x is a point; then F 0 = g∗F is the appropriate 
foliation. Since γ is an edge of ΓF , it must connect a pair of singularities x1 

and x2 of F ; these are now identified with the point x, which is a singularity 
of F 0 . The number of prongs of x is the sum of the number of prongs of 
x1 and x2, minus 2 (for the collapsed edge). For any curve or arc which is 
transverse to γ, there is a leaf-preserving isotopy which makes it disjoint from 
γ and, therefore, makes it avoid x. Since the measure of an arc is invariant 
under leaf-preserving isotopy, F v F 0 . Any two foliations belonging to the 
same equivalence class can be transformed into one another by isotopies of 
the leaves or by Whitehead moves. 
Let TX be the tangent bundle of X. A quadratic differential on a Rie-

mann surface X is a function q : TX → C with the following two properties: 

1. Given local coordinates zα : Uα → C, q has an expression of the form 
φα(zα) dzα 

2 , where φα is holomorphic with finitely-many zeros; thus, for 
p ∈ X and v ∈ TpX ≈ C, q(p, v) = φα(zα(p)) dzα 

2 (v) = φα(zα(p))v2 . 

2. For W = Uα ∩ Uβ 6= ∅, we have φβ (zα)(
dzβ )2 = φα(zα) at every point 
dzα 

in zα(W ) (the transition map zβ(zα) converts one local-coordinate ex-
pression to another by this formula). 

Property 2, and the fact that transition maps are biholomorphic, implies 
that the maps φα and φβ in overlapping local coordinate systems have the 
same zeroes, and that these zeroes have the same order. 
Differential forms on real manifolds were introduced in the 19th century 

and became crucial to the development of modern physics, but Teichmüller 
was the first to introduce the quadratic form of one complex variable de-
scribed above ([Te 1]). 
A quadratic differential q defines a pair of transverse singular measured 

foliations. The horizontal foliation Hq has leaves consisting of paths in X 
such that q(p, v) is a positive real number, where v is the tangent vector to 
the path at the point p; the leaves of the vertical foliation Vq have q(p, v) a 
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negative real number. The singular points of both foliations are the zeros of 
q. Note that both foliations are unoriented, since q(p, −v) = q(p, v) for any 
tangent vector v. For a measured foliation F on X, we say that F is realized 
by q if F = Hq (we will simply use the notation Fq for such a foliation). We 
say that F is realizable if F = Fq for some quadratic differential q. 
We first establish a standard form for quadratic differentials on closed 

Riemann surfaces which explicitly identifies their foliations. It will follow 
from these expressions that they are, in fact, singular foliations on X. 

Proposition 3.9. Let q be a quadratic differential on a closed Riemann 
surface X. For any point p ∈ X, there is a chart map zp : Up → C with 
zp(p) = 0. If p is a nonsingular point, then the local expression for the 
differential in this chart is q = dzp 

2; if p is a k-pronged singular point (for 
k > 2), then q = zp

k−2dzp 
2 . 

These charts are called natural coordinates. 

Proof. Let p be a nonsingular point and let z : U → C be a local coordinate 
system; we obtain z(p) = 0 by composing with an appropriate translation 
map (we will rename this new coordinate z). Let q = φ(z) dz2 be the 
local expression in this neighborhood. Since φ has finitely-many zeros, we 
can choose a neighborhood of 0 that contains no zeros of φ. For z in thisR p
neighborhood, define η(z) = 

0 
z 

φ(ω) dω (in defining this function, we must 
choose an appropriate branch of the square root function; it’s well-defined 
since φ is non-zero for all ω and because the integral is path-independent in 
this neighborhood of 0). Let Up = U and define a new chart map 
zp = ηz : Up → C. 
Since zp is in our (maximal) atlas of charts, there is a corresponding local 

expression q = ψ(zp) dzp 
2 . By the change-of-coordinates formula, we have: 

ψ(zp)(
dz

dz 
p )2 = φ(z) 

ψ(zp)(η
0(z))2 = φ(z) 

ψ(zp)φ(z) = φ(z), so ψ(zp) = 1 for all zp, as required. Observe that the 
leaf of Hq that passes through p will have a tangent vector corresponding 
to a real number (parallel to the real axis in C) and that the leaf of Vq will 
have tangent vector given by a multiple of i (parallel to the imaginary axis); 
thus, at any nonsingular point of q, the leaves are mapped to horizontal and 
vertical lines (respectively) by the chart maps. 
Now let p be a zero of q of order k − 2 > 0. Taking z as above so thatqR z φ(ω)z(p) = 0 is isolated from other zeros of φ, define η(z) = 

0 ωk−2 dω. Since 

ω
φ 
k 
(ω 
− 
) 
2 is nonzero, this is well-defined, as above. Letting zp = η(z) as before, 
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we get that ψ(zp) = zk−2 (z here implicitly defined as a function of zp by 
z = η−1(zp)). 
To identify the trajectories of Hq, take a complex curve defined in a 

neighborhood of 0 by γ(t) = teiθ , where t ≥ 0. Then its tangent vector is 
iθ iθ)2 tk−2 ikθ v = e and, for t > 0, we have q(teiθ, v) = (teiθ)k−2(e = e . This 

will be a positive real number if kθ is a multiple of 2π−i.e., if eiθ is a kth 
root of unity. Since there are k distinct kth roots of unity, we get k leaves 
which all converge at p, demonstrating that p is a k-pronged singular point 
of Hq. Rotating these leaves by π

k , we obtain Vq. � 

By Proposition 3.9, Hq and Vq are singular foliations. It follows from 
the Euler-Poincaré Formula that any quadratic differential on X ≈ Sg has 
exactly 4g − 4 (not necessarily distinct) zeros. 
Proposition 3.9 also gives us a definition for transverse measures on both 

foliations. For an arc α which doesn’t intersect a singular point, we have, inR 
local coordinates, µq(α) = |Im dz| (the measure on Hq) andR α 
νq(α) = 

α |Re dz| (the measure on Vq). It’s clear that these are isotopy-
invariant; measures of curves are defined as above. 
We will show that quadratic differentials exist on Riemann surfaces of 

all genera greater than 2 by an explicit construction on a particularly nice 
class of surface. An origami is a surface built out of finitely-many squares 
according to the following rules: 

1. Every left edge is identified with a right edge (and vice versa). 

2. Every top edge is identified with a bottom edge (and vice versa). 

3. The resulting surface is connected. 

This set of “assembly instructions,” as well as the term “origami,” were 
introduced in [Lo]. Because all the identifications between sides of the squares 
can be given by translation maps in C, an origami is an example of a trans-
lation surface: a Riemann surface in which all transition maps between over-
lapping charts are translations. 

Proposition 3.10. For any g ≥ 2, there is a Riemann surface X ≈ Sg such 
that a quadratic differential q exists on X. 

Proof. Let D = {z ∈ C : 0 ≤ Re z ≤ 1, 0 ≤ Im z ≤ 1}. We deal with the 
cases g = 2 and g > 2 separately for reasons which will become clear below 
(see Example 4.5). First, let X be the origami shown in Figure 3.10. 
After identifying edges in the prescribed manner, we have a cell decompo-

sition of the surface consisting of two vertices, eight edges, and four regions; 
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Figure 3.10: An origami constructed from four squares (F = 4). Like-
numbered edges are identified and the leftmost edge is identified with the 
rightmost (so E = 8). After identifying edges, the blue vertices become the 
single point v and the red vertices become the single point s (so V = 2). 

thus we have χ(X) = 2 − 8 + 4 = −2 = χ(S2), so that X has genus 2. 
We will define chart maps which make this origami into a Riemann surface 
and, simultaneously, local expressions on each chart that define a quadratic 
differential q on X. We define q precisely so that the vertex s is the unique 
singular point and so that the edges of the squares are the prongs of the 
horizontal and vertical foliations. 
For a point p in the interior of a square, we can simply take a neighborhood 

p ∈ Up ⊂ int D and let zp : Up → C be the identity. For such a chart, define 
q by the local expression dzp 

2 . 
For p in the interior of an edge (that is, in ∂D but not a vertex of the 

square), we let Up be a union of half-disks (the intersection with D of a disk 
centered at p with radius small enough so that it doesn’t contain any vertex 
of D). The half-disks are chosen so that their edges along ∂D are identified 
by the translation maps that identify edges. The local expression for q in 
this chart is also dzp 

2 . 
For the vertex v, a similar definition of chart and local expression will 

suffice, but with quarter-disks instead of half-disks. 
Finally, let s be the singular point. We will define a chart zs : Us → C 

around s such that zs(Us) is a disk with zs(s) = 0, however it’s clear that this 
can’t be done with translation maps. There are 3 copies of s on each square; 
since each one is the vertex of a right angle, this would make a total angle 
around s of (3)(4)π 

2 = 6π. To fix this problem, we construct the gluing in the 
following manner: translate each corner to 0, apply the map f(z) = z 3

1 
, and 

then apply rotations so that the identified edges form radii of a disk about 
0. The local expression for q in this chart is 9zs 

4 dzs 
2 . 

To prove this is a Riemann surface, we must show that all the transition 
maps between overlapping charts are biholomorphic. For every chart except 
the one at s, the transition map is the identity, which is biholomorphic. The 
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function f(z) = z 
1
3 is not differentiable at 0 (and, therefore, the transition 

map from the chart at s to some other chart will not be differentiable at s), 
but since s is located only in this one chart, this will not pose a problem. 
Finally, to prove that q is a quadratic differential, we check that the 

change-of-coordinates formula holds. The only case in which the local ex-
pressions aren’t identical is when zα is a chart at a point p 6= s and zβ is the 

α , so: 
1
3chart at s. In this case, we have zβ (zα) = z 

2
3dzβ −1 1 −2 Thus: = z = z

3α β .dzα 3 
dzβ )2 4(1 −2)2 4(1 −4φβ (zβ )( = 9z z = 9z z ) = 1 = φα(zα), as required.dzα β 3 β β 9 β 

Now, let g > 2 and let X be an origami which is constructed by gluing 
together 2g − 1 copies of D in a horizontal strip, identifying the left edge of 
the leftmost square to the right edge of the rightmost square, and identifying 
top edges to bottom edges such that all vertices of the squares are identified 
with one another. See Figure 3.11. 

Figure 3.11: An origami constructed from 2g − 1 squares (so F = 2g − 1). 
The leftmost and rightmost edges are identified and there is an identification 
of top edges to bottom edges such that all vertices are identified in the single 
point s (so E = 4g − 2 and V = 1). 

That there exists such an origami for every value of g follows from the 
construction given in Lemma 4.2, together with Example 4.5, below. After 
identifying edges, we have one vertex (s), 4g − 2 edges, and 2g − 1 regions, 
and so χ(X) = 1 − 4g +2+ 2g − 1 = 2 − 2g = χ(Sg), proving our claim that 
X has genus g. 
We define charts and local expressions for q at all points p 6= s in exactly 

the same manner as in the genus-2 example (note that, in this case, there is 
no vertex of a square that is not a copy of s). This time, there are 4 copies of 
s on each square, so that the total angle around s is 4(2g − 1)π 

2 = (4g − 2)π. 
1 

We construct this chart as in the above case with f(z) = z 2g−1 . The local 
expression for q in this chart is (2g − 1)2zs 

4g−4dzs 
2 . 

Both the fact that X is a Riemann surface and that q is a quadratic 
differential follow from the arguments above. � 
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A quadratic differential also defines a metric on X. A singular Euclidean 
metric on a Riemann surface X is a metric which is Euclidean away from 
finitely-many singular points and which, around those singular points, is 
given by gluing of rectangles as in the proof of Proposition 3.10. For a region 
D ⊂ X and local coordinates zα : Uα → C, we have the area expressionR 
Aq(D) = 1 |φα(zα)|z̄  α dzα. Similarly, for a smooth curve γ ⊂ X, its

2i ∂zα(D) R p
length is given by lq(γ) = |φα(zα)| |dzα|. zα(γ) 

A natural question to ask is whether every measured foliation on X is 
realizable. The answer to this question turns out to be “no,” however it is 
true that every measured foliation is equivalent, as an element of MF(S), to 
a realizable foliation. 
Let QD(X) be the set of holomorphic quadratic differentials on the 

Riemann surface X. It follows immediately from the definitions that, if 
q1, q2 ∈ QD(X), then q1 + q2 ∈ QD(X), and that αq1 ∈ QD(X) for any 
α ∈ C. Thus, if we include the 0-map on TX, QD(X) is a complex vector 
space. We will need to know the dimension of this space, which we obtain in 
the following way. Let P ⊂ X be finite and let MP (X) be the set of mero-
morphic, complex-valued functions on X which have only simple poles and 
only at points in P . We have the following special case of the Riemann-Roch 
Theorem (half of which was proved in [Ri 3] and the other half in [Ro]): 

Theorem 3.5. Let X be a closed Riemann surface of genus g and let P ⊂ X 
be finite. Then dimC MP = |P | + 1 − g. 

The equality we want follows from this: 

Corollary 3.4. dimC QD(X) = 3g − 3. 

Proof. Fix an element q0 ∈ QD(X) with only simple zeros. By the Euler-
Poincaré formula, q0 has exactly 4g −4 zeros. Let P be the set of these zeros. 
By Theorem 3.5, dimC MP (X) = 4g − 4+1 − g = 3g − 3. We now show that 
QD(X) ≈ MP (X). 
Define T (q) = q . Since dzα 

2 cancels in any local expression zα of 
q , its 

q0 q0 

value depends only on the point p ∈ X at which it’s evaluated, and so it 
defines a function from X to C. By Property 1, any local expressions of 
q and q0 have holomorphic coefficient functions, and so T (q) has a simple 
pole at p only if q0(p) = 0 and q(p) 6= 0−i.e., only at points in P : thus, 
T : QD(X) → MP (X). 
It’s clear that T is a linear transformation. It’s also clear that T is 

injective, since 
q
q 
0 
= 0 if and only if q = 0. To show that T is surjective, 

let f ∈ MP (X) and define q by the local expression fαφα dzα 
2 , where fα and 

φα dzα 
2 are the corresponding local expressions for f and q0, respectively. 
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Then q ∈ QD(X): Property 1 holds since fαφα is holomorphic with finitely-
many zeros (the only singularities of fα are simple poles but, since any such 
poles are also zeros of φα, the product fαφα is holomorphic; by complex 
analysis, the zeros of fαφα are isolated and, since X is compact, fαφα has 
finitely-many zeros); Property 2 holds, since q0 ∈ QD(X) and since local 

fq0expressions of f agree. Since T (q) = 
q0 
= f , T is surjective. Thus 

QD(X) ≈ MP (X), so their dimensions are equal. � 

Note that QD(X) has real dimension 6g − 6; this agrees with the fact 
that T eich(S) is homeomorphic to R6g−6 . Accordingly, we identify QD(X) 
with the cotangent space of T eich(S) at the point X = [(X, φ)]. The space 
we wish to show is in bijection with MF(S) is QD(X) r {0}. 
If q ∈ QD(X) with q 6= 0 then, for (p, v) ∈ TX, we have q(p, v) = φα(p)v2 

in some local coordinate system zα. The conversion formula in Property 2 
implies that |q(p, v)| is independent of the local expression (if v is the tangent 
vector of curves zα(t) and zβ(t) at zβ (0) = zα(0) = p, then 

dzβ
dzβ (0)
(p) = dt = v = 1; thus: dzαdzα 

dt (0) v 
dzβ 

R 
|φα(zα(p))| = |φβ (zβ(p))| |( )|2 = |φβ(zβ (p))|). Thus, ||q|| = |q|

dzα X 
is well-defined. This defines a norm on QD(X) which induces the usual 
topology on a vector space isomorphic to C3g−3 . Just as with MF(S), there 
is a natural action R+ y QD(X); the fact that QD(X) is a normed space 
means that the quotient map of this action on QD(X) r {0} is exactly the 
normalization map q 7→ q onto the unit sphere, S6g−7 , as we require.||q||
In order to prove that the correspondence between MF(S) and 

QD(X)r{0} is one-to-one, we use a generalization of the Strebel Uniqueness 
Theorem proved in [HM]: 

0 .Proposition 3.11. Let q, q0 ∈ QD(X) and suppose that Fq v Fq Then 
0q = q . 

This means that, in order to establish that MF(S) can be a boundary 
for T eich(S) (that is, it’s homeomorphic to the right sphere), we need only 
show that the correspondence is surjective. Let F be a foliation on X, let s 
be a singularity of F , and let N be a neighborhood of s. A sector of s is a 
region of N bounded by adjacent prongs of s. 
We will first prove an important result about measured foliations on the 

annulus. 

Lemma 3.7. Let F be a measured foliation on a Riemann surface X ≈ S0,2 

and suppose that the components of ∂X are leaves of F . Then F is realizable. 
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Proof. By Property 1 of measured foliations, for any point p ∈ int X, there 
is a chart map that maps a neighborhood Up of p to a neighborhood of H ⊂ C 
and which maps the leaves of F to horizontal lines. If p ∈ ∂X, then the chart 
is mapped to a neighborhood of ∂H with ∂X mapped to the real axis. Since 
both components of ∂X are leaves of the foliation, this is consistent with 
mapping leaves to horizontal lines. By the Euler-Poincaré formula, F has no 
singularities (since χ(X) = 0), and so, at every point, there is a chart which 
is foliated by horizontal lines. Thus, by defining q using the local expression 
dzα 

2 for the chart map zα : Uα → Vα, we get that F = Fq, and so F is 
realizable. � 

A cycle of leaves is a circuit of the critical graph: a simple closed curve 
made up either of saddle connections between singularities (and the singular-
ities themselves, of course) or of a circle connecting one singularity to itself. 
We may assume that, in a foliation F , all cycles of leaves are essential. If not, 
then we could contract an inessential cycle, replacing F with a foliation F 0 

in which all the vertices in the cycle are collapsed to a single point; since this 
is done by a sequence of Whitehead moves, it follows that F 0 v F . If a cycle 
of leaves consists of a single leaf, then that leaf must be essential (otherwise, 
contracting it would strictly reduce the number of prongs among singularities 
without changing the number of singularities, thereby producing a foliation 
that violates the Euler-Poincaré Formula). This observation will allow us to 
prove the following: 

Lemma 3.8. Let F be a singular measured foliation on a Riemann surface 
X ≈ Sg. Then either F is realizable or there is a foliation F 0 v F such that 
F 0 is realizable. 

Proof. We argue by induction on the number of singularities n of F . Let 
n = 1 and let s be the lone singular point. Then, by the Euler-Poincaré 
formula, we have: 
2χ(X) = 2 − Ps 

Ps = 2 − 2χ(X) = 2 − 2(2 − 2g) = 4g − 2. 
This means that the critical graph ΓF consists of 2g − 1 arcs that initiate 

and terminate at s. Since each arc is a cycle of leaves, they must be essential 
by the argument above. We will show that S r ΓF is a union of annuli. 
Let N be a regular neighborhood of ΓF . This is a subsurface contained 

in X; since N deformation retracts onto ΓF , their Euler characteristics are 
equal. Then: 

χ(N) = χ(ΓF ) = 1 − (2g − 1) = 2 − 2g = χ(X). 
The Euler characteristic of X is equal to the characteristic of N plus 

the sum of the characteristics of the complementary regions (see the proof 
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of Proposition 1.1); since N and X have the same Euler characteristic, the 
characteristics of the complementary regions must sum to zero. No region 
can have positive characteristic (otherwise, it would be a disk, implying that 
its boundary was inessential), so each region must have characteristic zero: 
each region must be an annulus. 
For a component C of X r ΓF , the restriction F ∩ C of the foliation to 

C is a foliation on a Riemann surface homeomorphic to the annulus (the 
complex structure on C is identical to that for X at interior points of C; at 
a boundary point p, it’s given by “half-neighborhoods” obtained from local 
charts zp : Up → Vp at p by cutting Vp along zp(∂C ∩Up)). Since the boundary 
components of C are leaves of this foliation, Lemma 3.7 implies that F ∩ C 
is realizable by a quadratic differential qC . Define a quadratic differential q 
on X in the following way: 

1. For p ∈ int C for some C, use the definition of qC in the chart at p. 

2. For p ∈ ∂C with p =6 s, there is some complementary region C 0 such 
that p ∈ ∂C 0 (possibly with C 0 = C). For any half-neighborhood local 
chart at p in the atlas for C, there is a corresponding half-neighborhood 
in the atlas for C 0 such that both half-neighborhoods were obtained as 
halves of the same local chart at p in the atlas on X. We can define 
q using the local expressions for qC and qC0 on their respective charts. 
Since these half-neighborhoods are the two halves of the same chart, 
they glue back together biholomorphically and the expressions for qC 

and qC0 are compatible. 

3. For p = s, define q using the chart for a (4g − 2)-pronged singularity 
as in the proof of Proposition 3.10. 

By this construction, F = Fq, so that F is realizable. 
Now suppose, for some n ≥ 1 that, if F is a singular measured foliation 

on X with n singularities, then F is realizable or equivalent to a realizable 
foliation. Let F be a foliation with n + 1 singularities. There are two possi-
bilities: either ΓF is totally disconnected, so that each of its edges is an arc 
connecting a singularity s to itself, or there is a saddle connection joining two 
singularities s1 and s2. In the latter case, let F 0 be the foliation obtained by 
contracting this saddle connection. Then F 0 has n singularities and so, by the 
inductive hypothesis, either F 0 is realizable (so F is equivalent to a realizable 
foliation) or there is F 00 v F 0 such that F 00 is realizable; since F v F 0 v F 00 , 
F is equivalent to a realizable foliation, completing the induction. 
In the former case, observe that, for a singularity s, the number of prongs 

Ps is twice the number of edges of ΓF that are adjacent to s. But then: 
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1 − 1 Psχ(X) = Σs 2 
χ(X) = (n + 1) − Σs 

1
2 Ps = χ(ΓF ). 

Thus, if N is a (disconnected) regular neighborhood of ΓF , the same 
argument we gave above implies that, since N and X have the same Euler 
characteristic, all components of X r ΓF are annuli. A similar construction 
using Lemma 3.7, as in the case n = 1, implies that F is realizable, completing 
the induction in this case as well. � 

Lemma 3.8 implies that every singular measured foliation is equivalent to 
a realizable foliation. Thus, there is a bijection 
QD(X) r {0} ↔ MF(S) and we may topologize MF(S) so that this bijec-
tion is a homeomorphism. Then PMF(S) ≈ S6g−7 , as we claimed above. 

3.4 The Action of the Mapping Class Group 
and the Nielsen-Thurston Classification 

For a surface S of negative Euler characteristic, there is a natural action 
Mod(S) y T eich(S) that gives rise to many interesting structures and im-
portant results. 

Fact 3.3. Let X = [(X, φ)] ∈ T eich(S) and f ∈ Homeo+(S) and define 

f · X = [(X, φf−1)]. (3.8) 

This defines a left action Mod(S) y T eich(S) 

Under the definition of the action, the underlying surface remains the 
same, but the marking is changed by precomposition with a homeomorphism. 

Proof. First, we show that the definition doesn’t depend on the represen-
tative of the mapping class. Let X be as above and let f1 ' f2; then 
ι = (φf2 

−1)−1φf1 
−1 = f2f1 

−1 ' idX ; since the change of marking from f1 · X to 
f2 · X is homotopic to an isometry, f1 · X = f2 · X, so the action is well-defined 
on mapping classes. 
Now we observe that (3.8) defines a left action: for f, g ∈ Mod(S): 
(fg) · X = [(X, φ(fg)−1)] = [(X, (φg−1)f−1)] 
= f · [(X, φg−1)] = f · (g · X). � 

An element f ∈ Mod(S) is periodic if it has finite order−that is, 
fn = [idS ]. Note that this is a definition on mapping classes, not on home-
omorphisms : a representative of a periodic mapping class need only have a 
power which is isotopic to the identity; it needn’t actually be equal to the 
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identity (although, in fact, every periodic mapping class does have a repre-
sentative homeomorphism that is finite-order). 

f ∈ Mod(S) is reducible if there is a nonempty collection of pairwise 
disjoint isotopy classes of scc’s C = {α1, α2, . . . , αn} ⊂ P(S) such that f acts 
as a permutation on C. Such a set is called a reduction system for f . The 
term “reducible” refers to the fact that, using the Alexander Method, we 
can analyze f as a homeomorphism on the (possibly disconnected) surface 
S r ∪C. 
A homeomorphism f is pseudo-Anosov if there exist a pair of transverse 

measured foliations (F u, µu) (the unstable foliation) and (F s, µs) (the stable 
foliation) and λ > 1 such that f scales leaves of F u by λ and leaves of F s 

by 
λ 
1 (λ is called the stretch factor of f). A mapping class is called pseudo-

Anosov if it has a pseudo-Anosov representative. Note that, in contrast to 
our definition of a periodic mapping class, this definition primarily refers to 
homeomorphisms rather than mapping classes. 
We have the following theorem: 

Theorem 3.6 (Nielsen-Thurston Classification). Let Sg,0,p be a surface with 
negative Euler characteristic. Then every f ∈ Mod(S) is periodic, reducible, 
or pseudo-Anosov. A pseudo-Anosov cannot be periodic or reducible. 

This result was announced by Thurston in [Th 2] and was first proved by 
Bers in [Bers], but was extensively detailed by Nielsen ([N 1], [N 2], [N 3], 
and [N 4]), and hence it bears both names. 
The proof of the theorem depends on the action of Mod(S) on the 

Thurston compactification, T eich(S). Since this space is homeomorphic to a 
closed ball in Euclidean space, an element of Mod(S) acts on it as a homeo-
morphism from that ball to itself; the Brouwer Fixed Point Theorem (proved 
jointly in 1910 by Hadamard in [Had] and Brouwer in [Br]) therefore implies 
that it must have a fixed point. The nature of this fixed point determines 
the classification of f in a manner that (almost) exactly parallels the clas-
sification of elements of P SL2(R) in terms of their action on H. As a first 
result, we have the following: 

Proposition 3.12. If f · X = X for some X ∈ T eich(S), then f is periodic. 

Proof. Let X = [(X, φ)]; if [(X, φ)] = [(X, φf−1)], then the map 
φfφ−1 : X → X is isotopic to some element ι ∈ Isom+(X) (it must be 
orientation-preserving since f is orientation-preserving). But, since Isom+(X) 
is a finite group (Remark 3.2), this means that ιn = idX for some n ≥ 0; but 
then: 
(φfφ−1)n ' ιn 
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φfnφ−1 ' idX 

fn ' idX , and so f is periodic. � 

It should be noted that, in classifying mapping classes, we do not obtain 
the strict trichotomy that we saw in P SL2(R). It’s possible for a mapping 
class to be reducible but not periodic (like a Dehn twist), periodic but not 
reducible (a permutation of marked points on S0,0,3 has finite order but, since 
there are no essential scc’s, it can’t be reducible) or both (like a rotation of 
a surface by a rational multiple of π that fixes some curve up to isotopy). 
Only for pseudo-Anosov mapping classes do we have exclusivity. It is still 
true, however, that, if a mapping class is not periodic, then it must have 
fixed points only in PMF(S). 
To classify such mapping classes, we adopt the same approach as in the 

alternate classification of Remark 3.1 and consider translation length. For 
that purpose, we will need a metric on T eich(S). 
Let U ⊂ C be open and let f : U → V be an orientation-preserving 

homeomorphism which is real-differentiable (though not necessarily complex-
differentiable) everywhere except a finite number of points (we will call such a 
function mostly smooth). We can express the differential df of this function as 
a complex 1-form. Let f(x, y) = u(x, y)+iv(x, y); then its exterior derivative 
is df = fxdx + fydy = (ux + ivx)dx + (uy + ivy)dy. Since z = x + iy and 
z̄ = x− iy, we have dz = dx + idy and dz̄ = dx − idy, so that dx = 1

2 (dz + dz̄) 
and dy = −

2 
i (dz − dz̄). Then: 

df = uxdx + ivxdx + uydy + ivydy 
1 1 i 1 = ux 2 (dz + dz̄) + ivx 2 (dz + dz̄) − uy 2 (dz − dz̄) + vy 2 (dz − dz̄) 

= 1
2 [ux + vy + i(vx − uy)]dz + 1

2 [ux − vy + i(vx + uy)]dz̄  
= fzdz + fz̄dz̄, where fz = 1

2 (fx − ify) and fz̄  = 1
2 (fx + ify). Note that, 

by the Cauchy-Riemann equations, f is complex-differentiable at p ∈ U if 
and only if fz̄(p) = 0. Similarly, we have: 
|fz|2 − |fz̄|2 = 

4
1 [(ux + vy)2 + (vx − uy)2] − 1

4 [(ux − vy)2 + (vx + uy)2] 
1 − 1 1 − 1 = uxvy vxuy + uxvy vxuy2 2 2h i 2 

ux uy= uxvy − uyvx = det vx vy . 

Thus, f is orientation-preserving if and only if |fz| > |fz̄|. 
Define µf = f

f 
z

z 

¯ . This is the complex dilatation of f . Since f is orientation-
preserving, |fz| − |fz̄| > 0, which implies that µf is well defined (because 
fz 6= 0) and that |µf | < 1. 
Let p be a point at which f is smooth. We define the dilatation of f at 

1+|µf (p)|p by Kf (p) = . By our remark above, µf (p) ∈ D; by Corollary 3.3, 
1−|µf (p)|

ln[Kf (p)] = dD(0, µf (p)). In particular, Kf (p) ≥ 1, with equality if and only 
if f is complex-differentiable at p. 
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The geometric significance of the dilatation at p is that it measures the 
way in which f deforms circles in the tangent plane. If f : U → V , then 
dfp : TpU → Tf(p)V . Take the unit circle in TpU , parametrized by u(θ) = eiθ . 

iθ −iθThen dfp(u(θ)) = fz(p)e + fz̄(p)e . This is the parametrization of an 
ellipse centered at the origin in Tf(p)V . Examining the distance of points on 
this ellipse from the origin, we have: 
|fz(p)eiθ +fz̄(p)e

−iθ| = |fz(p)||1+µf (p)e
−2iθ|. By the triangle inequalities: 

1 − |µf (p)| ≤ |1 + µf (p)e
−2θ| ≤ 1 + |µf (p)|, 

with equality at endpoints of the major and minor axes of the ellipse. Thus, 
the ratio of the lengths of the axes is precisely Kf (p). Note that the maximum 
length, 1 + |µf (p)|, occurs precisely when θ = 1 arg(µf (p)); the minimum 

2 
occurs when θ = 

2
1 arg(µf (p)) + π 

2 . 
Having defined the dilatation pointwise, we now define the global dilata-

tion of f to be the largest ratio of major-to-minor axis lengths under df : 
Kf = sup{Kf (p) : f is smooth at p}. For any f , we have 1 ≤ Kf ≤ ∞; if 
Kf = K < ∞, then we say f is K-quasiconformal. 
For z0 ∈ U , we say f is conformal at z0 if f 0(z0) 6= 0. We say f is conformal 

if it is injective and is conformal at every point in U . An injective function 
f : U → C is conformal if and only if f preserves the measure and orientation 
of angles. As suggested by the discussion above, f is 1-quasiconformal if and 
only if it is conformal. 
In order to define quasiconformality of homeomorphisms between Rie-

mann surfaces, we need a lemma: 

Lemma 3.9. Let f : U → C and g : V → C be orientation-preserving, 
mostly smooth homeomorphisms with f(U) ⊂ V . Then 
Kgf (p) ≤ Kf (p)Kg(f(p)) for any p ∈ U . There is equality if one of the maps 
is conformal. 

Proof. Let p ∈ U , let q = f(p), let g(w) = g(f(z)) = r(u, v)+ is(u, v) (where 
f(z) = u(x, y) + iv(x, y)), let dfp = fz(p)dz + fz̄(p)dz̄  and 
dgq = gw(q)dw + gw̄(q)dw̄. We will determine the complex dilatation of gf 
in terms of those of g and f : 

d(gf)p = (gf)z(p)dz+(gf)z̄(p)dz̄. By definition, (gf)z = 
2
1 [(gf)x −i(gf)y] 

and (gf)z̄  = 1
2 [(gf)x + i(gf)y]; by the Chain Rule, 

(gf)x = ruux + rvvx + i(suux + svvx) and (gf)y = ruuy + rvvy + i(suuy + svvy). 
Thus: 
(gf)z = 1

2 [ruux + rvvx + suuy + svvy + i(suux + svvx − ruuy − rvvy)] 
= 1

2 [(ru + isu)ux − i(ru + isu)uy + (rv + isv)vx − i(rv + isv)vy] 
= 1 − iguuy + gvvx − igvvy]2 [guux 

¯ ¯ ¯ ¯ = 1 [gu + fx) − igu + fy) − igv − fx) − gv − fy)]4 (fx (fy (fx (fy 
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¯ ¯ ¯ ¯ = 1
4 [gufx − gvfy − i(gufy + gvfx) + gufx + gvfy + i(gvfx − gufy)] 
1 )1 )1 ¯ = (gu − igv (fx − ify) + 1 (gu + igv (f̄  

x − if̄  
y) = gwfz + gw̄fz and2 2 2 2 

(gf)z̄  = 
2
1 [ruux + rvvx − suuy − svvy + i(suux + svvx + ruuy + rvvy)] 

= 1 [(ru + isu + i(ru + isu + (rv + isv)vx + isv)vy]2 )ux )uy + i(rv 

= 
2
1 [guux + iguuy + gvvx + igvvy] 

¯ ¯ ¯ ¯ = 1
4 [gu(fx + fx) + igu(fy + fy) − igv(fx − fx) + gv(fy − fy)] 

¯ ¯ ¯ ¯ = 1
4 [gufx + gvfy + i(gufy − gvfx) + gufx − gvfy + i(gufy + gvfx)] 

¯ = 1 (gu − igv)1 (fx + ify) + 1 (gu + igv)1 (f̄  
x + if̄  

y) = gwf¯ + g ̄ fz̄.2 2 2 2 z w 

Note that, if µg(q) = 0, then: 
(gf)z̄(p) gw (q)fz̄(p)+gw̄ (q)f̄  

z̄(p) gw (q)fz̄(p)= = = µf (p).µgf (p) = 
(gf)z (p) gw (q)fz (p)+gw̄ (q)f̄  

z (p) gw (q)fz (p) 

If µf (p) = 0, then: 
gw̄ (q)f̄  

z̄(p) ¯|µgf (p)| = (since fz(p) = fz̄(p) = 0) 
gw (q)fz (p) 

fz (p)= µg(q) = |µg(q)| (since |fz (p) | = 1).
fz (p) fz (p) 

Since, in each of these cases, the complex dilatations of f and g are either 
exactly equal or equal in modulus to the complex dilatation of gf , we have 
equality of pointwise dilatations if f or g is conformal at p or q, respectively. 
The equality of dilatations follows. 
Otherwise, we have: 

gw(q)fz̄(p)+gw̄ (q)f̄  
z̄(p)µgf (p) = 

gw(q)fz (p)+gw̄ (q)f̄  
z (p)� � � � 

f̄z̄ (p) fz (p)µf (p)+µg (q) µf (p)+µg (q)fz (p) fz (p) 

= � � = � � . 
f̄z (p) fz̄(p)1+µg (q) 1+µg (q)fz (p) fz (p) 

1+|µgf (p)|By this computation, we have Kgf (p) = 
1−|µgf (p)|� � � � 

fz̄(p) fz (p)1+µg (q) + µf (p)+µg (q)fz (p) fz (p) 

= � � � � 
fz̄(p) fz (p)1+µg (q) − µf (p)+µg (q)fz (p) fz (p) 

fz̄(p)1+|µg (q)| +|µf (p)|+|µg (q)|fz (p)≤ (by the Triangle Inequalities) 
fz̄(p)1+|µg (q)| −|µf (p)|−|µg (q)|fz (p) 

fz̄(p)1+|µg (q)| +|µf (p)|+|µg (q)|fz (p) 

= 
fz̄(p)1+|µg (q)| −|µf (p)|−|µg (q)|fz (p) 

1+|µf (p)|+|µg (q)|+|µg (q)||µf (p)|= 
1−|µf (p)|−|µg (q)|+|µg (q)||µf (p)|� �� � 

1+|µg (q)| 1+|µf (p)|= = Kg(q)Kf (p). Since the inequality holds for
1−|µg (q)| 1−|µf (p)|

each p, it holds for the suprema over all p. � 
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Since we’ve defined the dilatation of mostly smooth homeomorphisms 
between open subsets of C, we can generalize the definition to maps between 
Riemann surfaces. Let f : X → Y be a mostly smooth homeomorphism 
with a mostly smooth inverse that preserves the orientations induced by 
the complex sturctures on X and Y . For any p ∈ X at which f is real-
differentiable, the expression for f in local coordinates is an orientation-
preserving, mostly smooth map from one open subset of C to another, so we 
can define Kf (p) to be the dilatation of this map at the point corresponding to 
p in a coordinate neighborhood. In order for this to be well-defined, it must be 
invariant under change of coordinates. We change from one local-coordinate 
expression of f to another by pre- and post-composing with transition maps 
between local coordinate systems on X and Y ; since all the transition maps in 
the atlases on both surfaces are biholomorphic, they are 1-quasiconformal (a 
biholomorphism must have non-zero derivative by an observation in the proof 
of Proposition 3.7, therefore a biholomorphism is conformal), and so Lemma 
3.9 implies that Kf (p) is the same for any expression of f in local coordinates. 
The definitions of global dilatation and quasiconformality follow. 
The term “quasiconformal” was introduced by Ahlfors in 1935’s [Ah], but 

quasiconformal maps were first studied by Grötzsch in two papers ([Gro 1] 
and [Gro 2]) published in 1928. 
Let X and Y be Riemann surfaces with quadratic differentials qX (the ini-

tial differential) and qY (the terminal differential), respectively. An orientation-
preserving, mostly smooth homeomorphism h : X → Y is a Teichmüller map 
if it is conformal, or if: 

1. h maps the zeros of qX to the zeros of qY . 

2. For p not a zero of qX , h can be expressed, in natural coordinates for qX√ 
√1and qY at the points p and h(p), in the form h(x + iy) = Kx + i y
K 

for some positive real number K. 

In other words, h maps the horizontal and vertical foliations of qX to√ 
those of qY ; along leaves of HqY , it scales by K and, along leaves of VqY , 

√1it scales by (note that the points at which h fails to be smooth are the 
K 

zeros of qX ). According to this local expression, we have: √ √ 
1 √1 zdhp = 
2 ( K + )dz + 1

2 ( K − √1 )d¯ for any p ∈ X at which h is 
K K√ 

K− √1 
K K−1smooth; thus, µh(p) = √ = . This implies that: 

K+ √1 K+1 
K ( 

|K−1|
1+|µh(p)| 1+ 

K+1 K+1+|K−1| K, if K > 1 
Kh(p) = = |K−1| = = . Since this

1−|µh(p)| K+1−|K−1| 11− 
K+1 K , if K < 1 

value doesn’t depend on p, the dilatation of h is exactly K (for K > 1). 
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√ 
√1Since reciprocal values of the horizontal scaling factor (i.e., K and )
K 

give different mappings with the same dilatation, we will need to distinguish 
which is the stretch factor and which is the shrink factor. Notice that a 
Teichmüller map looks like a pseudo-Anosov with “stable foliation” VqY and 
“unstable foliation” HqY (if K > 1; the reason for the quotes is that a 
pseudo-Anosov maps its foliations to themselves, while a Teichmüller map, 
in general, doesn’t; see Proposition 3.14 below). 
Since f is orientation-preserving, µf (p) ∈ D. By Proposition 3.3, we have: h i h i 

|1−0(µf (p))|+|0−µf (p)| 1+|µf (p)|dD(0, µf (p)) = ln = ln = ln(Kf (p)). Since |1−0(µf (p))|−|0−µf (p)| 1−|µf (p)|

Kf (p) is related in this way to the hyperbolic distance of µf (p) from 0, we 
can use this fact to define the metric on Teichmüller space: the distance 
between two points in T eich(S) represented by Riemann surfaces X and 
Y is a function of the dilatation of the Teichmüller map homotopic to the 
change of marking ψφ−1 : X → Y . Specifically: 

1dT eich(X, Y) = ln(Kh).2 
This formula defines a complete metric which induces the algebraic topol-

ogy. In this metric, T eich(S) is a geodesic space in which any two points 
lie along a unique geodesic line (called a Teichmüller line). It is also locally 
quasi-isometric to D (specifically, for every X ∈ T eich(S), there is a neighbor-
hood of X which is (2, 0)-quasi-isometric to D; such a neighborhood is called 
a Teichmuüller disk). The existence and uniqueness of Teichmüller maps (as 
well as the fact that a Teichmüller map minimizes dilatation among all func-
tions in its homotopy class) is known as the Teichmüller extremal problem. 
This problem was solved by Teichmüller in [Te 1]. 
The action Mod(S) y T eich(S) is isometric: for any f ∈ Mod(S), 

dT eich(f · X, f · Y) = dT eich(X, Y) for all X, Y ∈ T eich(S). We therefore 
look for two types of mapping classes with no fixed points in the interior 
of T eich(S): those whose infimal translation length is not realized (note 
that this length may be positive) and those which have positive minimal 
translation length. 
Recall that a reduction system for a reducible mapping class f was a 

collection C of pairwise disjoint, distinct isotopy classes of scc’s which is 
invariant under f . Such a set is maximal if it is maximal with respect to 
inclusion; the intersection of all maximal reduction systems is called the 
canonical reduction system for f . 
In order to determine that mapping classes without minimal translation 

length are reducible, we will need to know more about the action of Mod(S) 
on T eich(S), as well as some technical results about the interaction between 
the geometry of T eich(S) and the geometry of hyperbolic surfaces. We first 
record the technical lemmata we will need. 
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Lemma 3.10 (Wolpert’s Lemma). Let X1 and X2 be hyperbolic surfaces and 
let f : X1 → X2 be a K-quasiconformal homeomorphism. For any isotopy 
class γ of scc’s in X1, 1 (γ) ≤ lX2 (f(γ)) ≤ KlX1 (γ).K lX1 

This lemma appears in [W]. Note the similarity to the definition of a 
(K, 0)-quasi-isometric embedding (Chapter 2.2). 

Lemma 3.11 (Collar Lemma). Let γ be a simple closed geodesic on a hyper-
bolic surface X. Then Nγ = {x ∈ X : d(x, γ) ≤ w} is an embedded annulus, 
where w = sinh−1[csch(1

2 lX (γ))]. 

Keen introduced collars on Riemann surfaces in 1974’s [Kee], proving the 
result above as an inequality; the sharp version was proved by Matelski in 
1976’s [Ma]. 

Corollary 3.5. Let S be a surface with negative Euler characteristic. There 
is a constant δ (which depends on S) such that, if X ≈ S is a complete, 
finite-area hyperbolic surface, then any two distinct closed geodesics of length 
less than or equal to δ must be disjoint. 

Let G be a group and let X be a topological space. An action G y X is 
properly discontinuous if, for any K ⊂ X compact, g · K ∩ K 6= ∅ for only 
finitely-many g. The action of Mod(S) on T eich(S) is properly discontinuous 
([FK]), and so the quotient M(S) = T eich(S)/Mod(S) is a metric space. 
We call this quotient the moduli space of S and the induced metric the 
Teichmüller metric on M(S). 
The “moduli problem” (in the context of analytic geometry) was first 

formulated, in imprecise terms, by Riemann (in [Ri 3], among other places), 
who recognized that a closed Riemann surface of genus g is determined up 
to isomorphism by 3g − 3 complex parameters (moduli). It was Teichmüller 
who made this statment concrete by interpreting these parameters as the 
complex dimension of a parameter space (namely, T eich(S)); he introduced 
M(S) in [Te 2]. 
For any point X ∈ M(S), there is a shortest essential closed geodesic in 

X, called the systole of X (the term was coined by Berger in [Berg], but was 
studied earlier by Pu in [Pu]). Let l(X) be the length of the systole in X. 
Define M�(S) = {X ∈ M(S) : l(X) ≥ �}. This is called the �-thick part ofS 
M(S). It turns out to be the case that M(S) = � M�(S). We have the 
following theorem: 

Theorem 3.7 (Mumford Compactness Criterion). For each � > 0, M�(S) 
is compact. 

This result appears in [Mu]. We can now prove the following: 
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Proposition 3.13. Let f ∈ Mod(S) act on T eich(S) and let 
M = inf{dT eich(X, f ·X) : X ∈ T eich(S)}. If this infimum is not realized, 

then f is reducible. 

Proof. Let {Xn} be a sequence in T eich(S) with 
limn→∞dT eich(Xn, f · Xn) = M . We first show that, if Xn is the projection of 
Xn to M(S), then no compact subset of M(S) contains {Xn}. 
If {Xn} is contained in a compact subset of moduli space, then there is a 

sequence {hn} in Mod(S) such that {hn · Xn} is contained in some compact 
subset of T eich(S). Then {hn · Xn} has a subsequence {Yn} that converges 
to a point Y. Then: 

dT eich(Yn, (hnfh−1) · Yn) = dT eich(h
−1 · Yn, f · (h−1 · Yn))n n n 

= dT eich(Xn, f · Xn). Thus: 
limn→∞dT eich(Yn, (hnfhn 

−1) · Yn) = limn→∞dT eich(Xn, f · Xn) = M . We 
claim that dT eich(Yk, (hkfh

− 
k 
1) · Yk) = M for some k. To see this, fix n and 

consider the points Y, Yn, (hnfhn 
−1) · Yn, and (hnfh− 

n 
1) · Y. By the Triangle 

Inequality: 
dT eich(Y, (hnfh−1) · Y) ≤ dT eich(Y, Yn) + dT eich((hnfh

−1) · Y, Yn)n n 

≤ dT eich(Y, Yn) + dT eich(Yn, (hnfh−1) · Yn)n 

+dT eich((hnfhn 
−1) · Yn, (hnfhn 

−1) · Y); 
letting n → ∞, the first and third terms in the last expression go to 0 and 
the second term goes to M . Thus, limn→∞dT eich(Y, (hnfh− 

n 
1) · Y) = M . 

Since the action Mod(S) y T eich(S) is properly discontinuous, the se-
quence {hnfh−1} is eventually constant: there is some N such thatn 

hnfh
− 
n 
1 = hN fh

− 
N 
1 for all n ≥ N (take K to be the closed ball about Y 

of radius M ; since only finitely-many hnfhn 
−1 can map Y to an element 

of K, it must be that only finitely-many of these are distinct). But then 
dT eich(Y, (hN fh

− 
N 
1) · Y) = M , so: 

dT eich(h
− 
N 
1 · Y, f · (h− 

N 
1 · Y)) = M , a contradiction. Thus, no compact 

subset of M(S) contains {XN }. 
For X ∈ T eich(S), let l(X) be the length of the systole in X. By our 

argument above and Mumford’s Compactness Criterion, {Xn} is not con-
2(M+1);tained in M�(S) for any � > 0; thus, limn→∞l(Xn) = 0. Let K = e 

by Wolpert’s Lemma, if X, Y ∈ T eich(S) with dT eich(X, Y) ≤ M + 1, then 
lX(γ) ≤ KlY(γ) for any isotopy class of scc γ ⊂ S. Choose N large enough 
so that dT eich(XN , f · XN ) < M + 1 and l(XN ) < (

K 
1 )3g−3δ, where δ is the 

constant from Corollary 3.5 (the former sequence goes to M while the latter 
goes to 0, so there is such a choice of N). Let γ0 be an isotopy class of scc in 
S with lXN (γ0) = l(XN ) (so γ0 is the systole of a surface (X, φ) representing 
XN ). For 1 ≤ i ≤ 3g − 3, let γi = f−i(γ0). We claim that, for each i, 
lf i·XN 

(γ0) ≤ KilXN (γ0). First: 
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lf ·XN (γ0) ≤ KlXN (γ0) (since dT eich(XN , f ·XN ) ≤ M +1), which establishes 
the claim for i = 1. 
Now suppose, for some 1 ≤ i < 3g−3, that lf i·XN 

(γ0) ≤ KilXN (γ0). Then: 
lf i+1·XN 

(γ0) = lf ·(f i·XN )(γ0) ≤ Klf i·XN 
(γ0) (since 

dT eich(f
i · XN , f · (f i · XN ) = dT eich(XN , f · XN ) < M + 1) 

≤ KKilXN (γ0) (by the inductive hypothesis) 
= Ki+1lXN (γ0); by finite induction, our claim holds. Now, we show that 

this inequality establishes that lXN (γi) < δ for 1 ≤ i ≤ 3g − 3: 
lXN (γi) = lXN (f

−i(γ0)) = lf i·XN 
(γ0) (by the isometry of the action) 

≤ KilXN (γ0) (by the argument above) 
< Ki( 1 )3g−3δ

K 
= Ki−3g+3δ < δ (since K > 1 and i − 3g + 3 < 1). 
By Corollary 3.5, since each γi has length less than δ, the set 

{γ0, γ1, . . . , γ3g−3} must be mutually disjoint. But by Proposition 1.2, no set 
of scc’s in S with more than 3g − 3 elements can possibly be disjoint; thus, 
there is some k > 0 such that fk(γ0) = γ0. This implies that f permutes the 
set C = {γ0, γ1, . . . , γk−1}, which implies that f is reducible. � 

Finally, we show that a mapping class which is neither periodic nor re-
ducible must be pseudo-Anosov. 

Proposition 3.14. Let f ∈ Mod(S) act on T eich(S) with positive minimal 
translation length. Then f has a pseudo-Anosov representative. 

Proof. That f has a positive minimal translation length means that there is 
some M > 0 such that dT eich(X, f · X) ≥ M for all X ∈ T eich(S) and that 
there is some X for which this is an equality. For such an X, let γ be the 
Teichmüller line through X and f · X. We will show that γ is an axis for f , 
so that f acts on T eich(S) in the same way that a loxodromic element of 
P SL2(R) acts on H. 
Let Y be a point on the segment of γ between X and f · X. Then: 
dT eich(Y, f · Y) ≤ dT eich(Y, f · X) + dT eich(f · X, f · Y) (by the Triangle 

Inequality) 
= dT eich(Y, f · X) + dT eich(X, Y) (by isometry) 
= dT eich(X, f · X) (because γ is a geodesic) 
= M . Since M is minimal, this means that dT eich(Y, f · Y) = M . But 

then the first inequality above implies that 
dT eich(Y, f · Y) = dT eich(Y, f · X) + dT eich(f · X, f · Y), so that f · X lies on 
the geodesic line through Y and f · Y. Since these two geodesics overlap on 
the segment from Y to f · X, and since geodesics are unique in T eich(S), it 
follows that these Teichmüller lines are the same line. In particular, since 
f · X is on the segment from Y to f · Y, the same argument applied to that 
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segment shows that f 2 · X is on γ. By induction, it follows that all iterates 
of X are points on γ, so that γ is an axis for f . This implies that f cannot 
be periodic, since Teichmüller lines do not loop back on themselves. 
Let X = [(X, φ)] and let h be the Teichmüller map homotopic to 

φfφ−1 : X → X (the change of marking from X to f · X); then M is given 
by Kh. Suppose, without loss of generality, that Kh > 1. We will show that 
h2 is a Teicmüller map. 
By Lemma 3.9, Kh2 ≤ KhKh = (Kh)

2 . Thus: 
dT eich(X, f

2 · X) ≤ 1
2 ln[Kh2 ] (h2 is in the isotopy class of φf 2φ−1 , the 

change of marking from X to f 2 · X, so its dilatation Kh2 is greater than or 
equal to that of the Teichmüller map in that homotopy class) 
≤ 1

2 ln[(Kh)
2] (by the inequality above) 

= 2(
2
1 ln[Kh]) = 2M = dT eich(X, f

2 · X). Since the first and last quantities 
in the inequality are equal, all quantities are equal. In particular, 
dT eich(X, f

2 · X) = 
2
1 ln[Kh2 ]; by Teichmüller’s Uniqueness Theorem, this im-

plies that h2 is the Teichmüller map in its isotopy class. 
Let q and q0 be the initial and terminal differentials of h and let p ∈ X 

be a point which is not a zero for q. As we observed above, the differential 
dhp : TpX → Th(p)X maps the unit disk in TpX onto an ellipse in Th(p)X and 

1 Kh−1the direction of maximal stretch is θ = arg(µh(p)) = 0, since µh(p) = 
2 Kh+1 

is a real number. This is the direction of the leaf of the horizontal foliation 
Hq that passes through p. Since h2 is also a Teichmüller map, its direction of 
maximal stretch is also along leaves of Hq; since its stretch factor is the square 
of the stretch factor of h, it must be that the scaling operation resulting from 
both factors of dh are applied in the same direction: the output of the first 
stretch must be the input of the second. This implies that the leaves of 
Hq and Hq coincide at every nonsingular point of q; it follows that the two 0 

foliations agree at every point in X, so that Hq = Hq0 . By Proposition 3.11, 
0q = q . 

By Property 2 of Teichmüller maps, both Hq and Vq are invariant under√ 
h; h stretches along leaves of Hq by Kh and shrinks along leaves of Vq by 
√1 . Therefore, φ−1hφ is a pseudo-Anosov homeomorphism on S with stable 
Kh 

foliation F s = φ∗Vq and unstable foliation F u = φ∗Hq. Since f ' φ−1hφ, f 
is a pseudo-Anosov mapping class. 
To show that a pseudo-Anosov cannot be reducible, let f be a mostly 

smooth pseudo-Anosov homeomorphism on a Riemann surface X ≈ Sg, let 
F u be its unstable foliation, and let λ > 1 be its stretch factor. By Lemma 
3.8, there is a quadratic differential q such that Hq v F u . We will show 
that, in the singular Euclidean metric on X defined by q, the lengths of the 
iterates fn(γ) of any smooth curve γ ⊂ X tend to infinity. 
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Let γ ⊂ X be a smooth curve. Then its length in the q-metric isR p
lq(γ) = |φα(zα)| |dzα|, where φα(zα) is the local expression of q in 

zα(γ) 

the coordinate system zα. If we isotope γ so that it avoids singular points, 
we can choose natural coordinates z and w = f(z) = u(z) + iv(z) such that 
f(x, y) = λx + i

λ 
1 y and q = dz2 . Then:R R √ 

lq(f(γ))q 
= |dw| = du2 + dv2 

w(γ) w(γ)R R R 
= λ2dx2 + 1 dy2 ≥ λ |dx| = λ |Re dz| = λνq(γ), where z(γ) λ2 z(γ) z(γ) 

νq is the transverse measure on Vq = F s . Since this inequality holds for any 
smooth curve, it follows by induction that lq(fn(γ)) ≥ λnνq(γ) for each n; 
if γ is essential then, since λ > 1, this length grows without bound as n 
increases. This argument applies to individual curves, but can be extended 
to the lengths of isotopy classes of curves since the measure of an isotopy 
class is the infimum of the measures of all curves in that class. 
Suppose that f is reducible and let γ be a curve in its reduction system. 

Then every iterate fn(γ) is also in the reduction system and, since a reduction 
system is finite, {fn(γ) : n ∈ N} must also be finite. But then the values of 
lq attain a maximum on this set of iterates, contradicting the fact that these 
lengths must go to infinity. Therefore, f cannot be reducible. � 



Chapter 4 

Connected-Sum Constructions 
and Decompositions 

We turn now to the question we asked in Chapter 2.2: for which surfaces does 
there exist a minimally-intersecting filling pair? Let Fg denote the surface 
S = Sg together with the Mod(S)-class of a minimally-intersecting filling pair 
(α, β); thus an Fg is S with a particular filling pair, and a non-homeomorphic 
filling pair on the same surface is a different Fg. In their 2015 [AH], Aougab 
and Huang showed that Fg’s exist for all genera g =6 2 and established upper 
and lower bounds on the number of distinct Fg’s of a given genus. The lower 
bound is exponential in g and the upper bound is factorial in g. 
To prove these bounds, they introduced a means of representing the filling 

pair (α, β) by a permutation σ ∈ Σ8g−4 (this σ is known as a filling permu-
tation of (α, β)). The defining feature of σ is that it satisfies the equation 

σQ4g−2σ = τ (4.1) 

where Q and τ are permutations defined in Section 4.2 below. The filling 
permutation determines the pair (and, therefore, the surface) up to conjugacy 
by a particular subgroup of T < Σ8g−4. 
To prove the existence of Fg’s, Aougab and Huang produced an explicit 

construction which involves producing a higher-genus F from one of lower 
genus by iteratively attaching Z-pieces : copies of a fixed surface Z of genus 
2, together with a filling pair that intersect six times. See Figure 4.1. 
A Z-piece is attached to an Fg by connected sum: delete a disk neighbor-

hood from each surface, and then identify the boundary curves created by this 
deletion, producing the surface Sg+2. Producing a minimally-intersecting fill-
ing pair on this new surface requires a particular choice of the deleted disks. 
The filling pair on Z has a distinguished intersection which is adjacent to 

114 



CHAPTER 4. CONNECTED-SUM CONSTRUCTIONS AND DECOMPOSITIONS115 

Figure 4.1: Z with curves α (red) and β (black). The green vertex is adjacent 
to all four regions. 

each of the (four) complementary regions of the filling pair (throughout this 
chapter, we will refer to this intersection as the “green vertex”). By deleting 
a disk neighborhood of the green vertex from Z and a disk neighborhood of 
any intersection of Fg, we create boundary in the curves: they become arcs. 
When we identify the boundaries of the surfaces (circles), we simultaneously 
identify the boundaries of these arcs (endpoints on the circles). This pro-
duces a filling pair on Sg+2 with exactly the minimum number of intersections 
on the new surface−i.e., it produces an Fg+2. 
This splits the existence problem into odd-genus and even-genus cases. 

There is an obvious candidate for F1−namely, the longitudinal and merid-
ional curves of the torus, which intersect 2(1) − 1 = 1 time−and so existence 
follows for all odd genera. It turns out that there is no F2: if (α, β) is a filling 
pair on S2, then i(α, β) ≥ 4 > 3 = 2(2) − 1. This is the only defect in the 
result, however: there exists an F4 and, therefore, existence follows for all 
even genera g ≥ 4. 
In counting the minimum number of possible filling permutations, it’s vi-

tal that Z-pieces can always be removed cleanly : given an Fg with g > 3, if it 
is possible to decompose Fg in more than one way into a connected sum−say, 
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Fg−2 ] Z and Fg 
0
−2 ] Z

0 , with Z 6= Z 0−then Z and Z 0 can overlap only on 
the boundary curves where each piece is attached to the larger surface: the 
interiors of the two surfaces must be disjoint (note that the remainder sur-
faces Fg−2 and Fg 

0
−2 may be different). By successively removing Z-pieces, 

we could (in principle, at least) decompose an Fg uniquely into an irreducible 
core surface with Z-pieces attached at specified points. 
This hints at a more general phenomenon, and prompts us to ask a num-

ber of questions: 

1. Is Z the only piece? That is, does there exist an Fg that decomposes as 
Fg−2 ] S2, where the filling pairs on S2 and Z are not homeomorphic? 

2. Are there higher-genus pieces? Is it possible to perform constructions 
or obtain decompositions of surfaces of the form 

Fg−k ] Zk (4.2) 

where Zk has genus k > 2? 

3. Is there a criterion that will determine when a surface admits a decom-
position like that in (4.2), and that will indicate how to perform the 
decomposition? 

Each of these questions is answered below in the affirmative. The decom-
position criterion depends on filling permutations. Specifically: 

Theorem 4.1. Let Fg be a closed surface of genus g > 2 together with a 
filling pair (α, β) which intersect 2g − 1 times, and let σ ∈ Σ8g−4 be a filling 
permutation for (α, β). Then Fg admits a decomposition of the form (4.2) if 
and only if there exist “appropriately separated” numbers 
x, a, y, b ∈ {1, 2, . . . , 8g − 4} which satisfy a list of six permutation equations 
involving σ, Q4g−2 , and τ . 

Two of these equations express the genus of the Z-summand of the de-
composition: 

Q4g−2τ 2k+1(x) = y 
Q4g−2τ 2k+1(a) = b 
The other four express more subtle information about the structure of 

Zk. See Theorem 4.4 below for the full statement of the result. 
By Fact 2.9, if (α, β) is the filling pair on an Fg, then d(α, β) = 3 in the 

curve graph. By extending Fg into an Fg+2, we map this pair of vertices in 
C(Fg) to a pair (ιg(α), ιg(β)) in C(Fg+2) with the same distance (since the 
new pair intersects minimally on the new surface). But we achieved this 
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extension by performing a surgery in a disk neighborhood of one point of 
α ∩ β; since we can isotope any other scc in Fg away from this neighborhood, 
it follows that no other curve is affected by the extension. Thus the map 
ιg : C1(Fg) → C1(Fg+2) acts as inclusion on every other curve in Fg; we 
therefore have an embedding of one curve graph into the other which does 
not increase distance: all intersection numbers among curves in Fg other than 
α and β are preserved (including intersections of either α or β with any other 
curve), and so any path in C1(Fg) connecting two such vertices is embedded 
in C1(Fg+2). We have a similar embedding ι2 : C1(Z) → C1(Fg+2). 
A surface Y is an essential subsurface of Sg if Y ⊂ Sg and every boundary 

component of Y is an essential curve in Sg. If Y is not an annulus, we have 
the following map on 0-skeleta, πY : C0(Sg) → P(AC0(Y )) (where P denotes 
the power set): for a vertex in C(Sg), take a representative γ of its class that 
intersects Y minimally; then πY (γ) = γ ∩ Y . The image of γ is a (possibly 
empty) union of disjoint curves and/or arcs−the segments of γ where it cuts 
through the subsurface. This map πY is the subsurface projection. 

Fg,1 (the surface with one of its vertices removed) can be thought of as 
an essential subsurface of Fg+2; for every curve γ in Fg other than α and β, 
ιg(γ) ∩ Fg,1 = ιg(γ) (since ιg(γ) is completely contained in Fg,1), and so the 
subsurface projection sends ιg(γ) to γ: πFg,1 ◦ ιg is the identity on all vertices 
of C(Fg) except α and β (and similarly for πY and ι2, where Y is Z with 
the green vertex removed, viewed as a subsurface of Fg+2). The maps ιg and 
ι2 are (almost) one-sided inverses of the subsurface projection. In diagram 
form: 

πF 
C1(Fg+2) < bg,1 πY 

| ) ιg ι2 U " 

C1(Fg) 
5 
C1(Z) 

Theorem 4.1 generalizes this picture: 

C1(Fl+k)< bπFl,1 
πZk,1 

C1(Fl 
| 

) 
) ιl ιk 5 

C 
U " 
1(Zk) 
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The maps ιl : C1(Fl) → C1(Fl+k) and ιk : C1(Zk) → C1(Fl+k) are almost 
one-sided inverses to the appropriate subsurface projections. 

4.1 Filling Pairs and Filling Permutations 

Let (α, β) be a filling pair on Sg. As we’ve said, Sg r (α ∪ β) is a union 
of polygons; if i(α, β) = n, then the sum of the edges of these polygons is 
4n (each curve has n arcs and, when we cut open the surface, we produce 
two copies of each arc). Let Σ4n be the symmetric group on {1, 2, . . . , 4n}. 
We will define a filling permutation σ ∈ Σ4n for (α, β), which will record 
the information about the intersections of the two curves and is sufficient to 
completely determine the surface and its filling pair. This definition and the 
associated results are generalizations of those introduced in [AH]. We define 
σ as follows: 
Orient α and β and choose an initial arc of each. Label these arcs α1 

and β1 (respectively), and then label the other arcs of each curve in the 
order of orientation. The union of polygons will then have edges with labels 
in {αi, βi, αi, βi : 1 ≤ i ≤ n}. We will assign to these labels elements of 
{1, 2, . . . , 4n} by the convention: 

αi 7→ 2i − 1 
βi 7→ 2i 
αi 7→ 2i − 1 + 2n 
βi 7→ 2i + 2n. 
We will often equivocate between “an edge,” “the label of an edge,” and 

“the number assigned to the label of an edge.” 
For each region of Sg r (α ∪ β), construct a cycle whose entries are the 

numbers of the edge labels, in clockwise order (note that, as a permutation, 
the cycle is independent of the choice of starting edge). Let σ be the product 
of these (commuting) cycles. Then σ is a filling permutation of the (oriented) 
pair (α, β). 

Example 4.1. Consider the surface Z introduced above (see Figure 4.1). 
This surface has a filling pair (α, β) with intersection number 6, Z r (α ∪ β) 
has four regions (two octagons and two rectangles), and the green vertex (as 
well as one other vertex) is adjacent to all four regions. Orient the curves as 
shown in Figure 4.2 and choose initial arcs to be the ones whose origin is the 
green vertex. Then σ = (1, 10, 15, 20, 17, 22, 3, 12)(24, 5, 18, 11) 
(23, 16, 9, 6, 7, 4, 21, 14)(2, 19, 8, 13). 

� 
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Figure 4.2: The surface Z with the curves α and β now oriented and labeled 
so that both curves begin and end at the green vertex (left). The regions of 
Z r (α ∪ β) with orientations and labels (right). 

In [AH], the definition is given for minimally-intersecting filling pairs only; 
as we noted in the proof of Fact 2.10, (α, β) intersects minimally if and only 
if Sg r (α ∪ β) consists of only one disk-region. Thus, filling permutations 
in [AH] are always a single cycle, while our definition allows them to have 
more than one cyclic factor. Apart from some slight streamlining, the proofs 
of the results below mainly differ from the analogous results in [AH] in that 
they allow for Sg r (α ∪ β) to have more than one component, and for σ to 
consist of more than one cycle. 

Lemma 4.1. Let (α, β) be a filling pair on a surface Sg with i(α, β) = n, 
and let σ ∈ Σ4n be a filling permutation for (α, β). Then σ determines 
g−specifically: 

1 
g = 1 + (n − c), (4.3)

2 
where c is the number of cyclic factors of σ. 

Proof. Observe that α ∪ β is an embedded graph in Sg: its vertices are the 
elements of α ∩ β, its edges are the components of α 4 β, and its regions 
are the components of Sg r (α ∪ β). Since (α, β) is a filling pair, all of these 
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regions are disks, and therefore this graph gives a cell decomposition for Sg. 
Thus, we can compute its Euler characteristic by χ(Sg) = V − E + F . 
We have V = i(α, β) = n, F = c and, since the graph is 4-valent, it 

follows that E = 2V . We therefore have: 
χ(Sg) = n − 2n + c 
χ(Sg) = −n + c. Since Sg is a closed surface, we have 
−n + c = χ(Sg) = 2 − 2g. Solving for g, we get (4.3). � 

Since the surface on which (α, β) is a filling pair is determined by its filling 
permutation, this suggests that both the surface and the pair can be defined 
by the permutation. We need a way to characterize filling permutations in 
purely algebraic terms. Let Q, τ ∈ Σ4n be the permutations 
Q = (1, 2, . . . , 4n) and τ = (1, 3, . . . , 2n − 1)(2, 4, . . . , 2n) 
(4n − 1, 4n − 3, . . . , 2n + 1)(4n, 4n − 2, . . . , 2n + 2); let N = 2n. Then we 
have the following result. 

Theorem 4.2. Let σ ∈ Σ4n be a filling permutation. Then σ is a product 
of cycles of length greater than 2 which alternate odd and even entries, and 
which satisfies the permutation equation 

σQN σ = τ. (4.4) 

Conversely, if σ is a permutation whose cyclic factors alternate odd and 
even entries, none of its cyclic factors are transpositions, and σ satisfies 
(4.4), then σ is a filling permutation of a pair (α, β) on some surface Sg. 

The proof does not closely follow that of the analogous result (Lemma 
2.2) in [AH]. 

Proof. As we’ve observed, the polygonal components of Sg r (α ∪ β) have 
alternating α-and β-edges; since α-edges have odd numbers and β-edges have 
even ones, the cyclic factors of σ must alternate odd and even entries. 
Since we take α and β to be in minimal position, there are no bigons 

between them and, therefore, σ contains no cyclic factors of length 2. 
To see that σ satisfies (4.4), consider a crossing of α and β with arcs 

αi, αi+1, βj , and βj+1 (where n + 1 = 1). Cutting open the surface along 
α ∪ β splits the crossing into four corners (see Figure 4.3). 
The permutations σ, QN , and τ act on the set of edges of the union of 

polygons: σ sends each edge to the edge next to it in the clockwise direction, 
QN sends each edge to its opposite, and τ cycles the edges of α and β in 
the order of their labeling (cycling positive edges in the forward order and 
negative edges in the reverse order). Applying the left side of (4.4) to αi, we 
see that σ sends it to βj , QN sends βj to βj , and σ sends βj to αi+1 = τ(αi), in 



~j+l 

~j+l . 

........... ~ 
• ~j+l 

t ai+l 

• 

13j 

· · · · · · · · · · ·~ 

ai 

13j 

~ ·· ·· 

l 13j 

CHAPTER 4. CONNECTED-SUM CONSTRUCTIONS AND DECOMPOSITIONS121 

Figure 4.3: A crossing of α∪β split into four corners on the union of polygons. 

agreement with the right side of (4.4); similarly, σQN σ(βj ) = τ(βj ). Applying 
the left side to αi+1 sends it to βj+1, which then goes to βj+1, which then 
goes to αi = τ(αi+1) (and similarly for βj+1). Since i and j are arbitrary, 
(4.4) holds. 
Conversely, suppose σ is as described in the statement of the theorem. 

We will construct a surface Sg and a filling pair (α, β) for which σ can be a 
filling permutation. For each cyclic factor of σ, take a polygon with as many 
sides as the cycle has entries. Assign to the edges of the polygon the labels 
in {αi, βi, αi, βi : 1 ≤ i ≤ n} that correspond to the entries of the cycle, 
going around the polygon in the clockwise direction. We show that, when 
these polygons are glued together by identifying edges with opposite labels, 
we obtain a closed, orientable surface, and the edges form a filling pair of 
simple closed curves. 
The permutations σ, QN , and τ act on the edges of the polygons as stated 

above. Take the corner with αi on the left side (that is, counterclockwise to 
the vertex; in Figure 4.3, this is the lower left corner). The left side of (4.4) 
sends αi to the edge that will follow it once opposite β-edges are identified; 
according to (4.4), this edge must be τ(αi) = αi+1. Since i is arbitrary, each 
α-edge is followed by the one with the next label (with αn followed by α1); 
since τ cycles all the positive α-edges, the resulting curve must contain all 
of them: α is a single, closed curve. Similarly, each negative α-edge is sent 
to the next in the order of their labeling, and all the β-edges must form 
a single curve when opposite α-edges are identified. Since no cycle of σ is 
a transposition, there are no bigons between α and β, and so they are in 
minimal position. 
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We now show that the 4n vertices of the union of polygons are identified 
in fours, so that i(α, β) = n. The permutation QN σ sends the left edge of 
a vertex to the left edge of a vertex identified with it, so it suffices to show 
that (QN σ)4 = 1. 

QN σQN σQN σQN σ = QN (σQN σ)QN (σQN σ) = QN τQN τ . 
This product acts on a positive edge by sending it forward by 1 (τ), send-

ing the next edge to its opposite (QN ), sending the opposite edge backward by 
1 (since τ sends positive and negative edges in opposite directions), and then 
sending this edge to its opposite−which is the edge with which we started. 
Negative edges follow a similar circuit. Thus (QN τ)2 fixes every edge, and is 
therefore the identity permutation. Notice that we have just proved τ and 
QN anticommute: QN τ = τ−1QN . This will be a useful fact in what follows 
(see the remark after the statement of Theorem 4.4). 
Gluing together opposite edges of the polygons produces a surface. Since 

all the boundary edges have been identified in pairs, the surface is closed; 
since we have identified opposite-oriented edges, the surface is orientable. 
The pair (α, β) is obviously filling, since their complement is precisely the 
original union of polygons. By Lemma 4.1, then, the surface produced by 
the gluing is Sg, where g is given by (4.3). � 

The construction of the filling permutation from the pair (α, β) depended 
on the introduction of additional information− namely, the orientation of 
the two curves and the labeling of their arcs. If we made different choices 
for this information, we would obtain a different filling permutation. The 
pair (α, β) together with orientations and labelings is defined in [AH] as 
an oriented filling pair, while the pair without this extra information is an 
ordinary filling pair. We would like to know when both types of pairs are 
related by homeomorphisms. 

Proposition 4.1. Let κ, δ, η, µ ∈ Σ4n be the permutations: 
κ = (1, 3, . . . , 2n − 1)(2n + 1, 2n + 3, . . . , 4n − 1) 
δ = (2, 4, . . . , 2n)(2n + 2, 2n + 4, . . . , 4n) 
η = (1, 2n + 1)(3, 2n + 3) · · · (2n − 1, 4n − 1) 
µ = (1, 2)(3, 4) · · · (4n − 1, 4n). Let T = hκ, δ, η, µi ≤ Σ4n. If (α, β) and 

(α0, β0) are in the same Mod(Sg)-orbit, then their filling permutations are 
conjugate by an element of T . 

This proof differs from that of Lemma 2.3 in [AH] only in that (α, β) is 
allowed to have more than one complementary region. 

Proof. If we restrict our attention to homeomorphic oriented filling pairs, 
then there is no difference in the filling permutations. Let σ and σ0 be 
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the filling permutations for the two pairs (respectively). The action of a 
homeomorphism on Sg which maps (α, β) to (α0, β0) gives an action mapping 
Sg r (α ∪ β) to Sg r (α0 ∪ β0). This action must be simplicial (mapping 
vertices to vertices and edges to edges), and it must map polygons with the 
same number of sides to one another. 
Suppose there is a unique k-gon among the components of Sg r (α ∪ β). 

Then the homeomorphism maps it simplicially to itself−i.e., the restriction 
of the homeomorphism to this k-gon is an element of the dihedral group 
D2k; since it preserves orientation, it must be a rotation. Rotating the k-gon 
has the effect of cycling the entries of the factor of σ corresponding to the 
k-gon−but this does not change the underlying permutation. Now suppose 
there are multiple k-gons. Each one is mapped simplicially onto another. 
But this is also an element of D2k: since it maps the vertices and edges of a 
k-gon to the vertices and edges of another, it is a rigid motion of an abstract 
k-gon. Since this map is orientation-preserving, it must be a rotation. Thus, 
under the homeomorphism, each k-gon in Sg r (α ∪ β) is replaced with a 
rotation of another k-gon (possibly itself). This has the effect of permuting 
the k-cycle factors of σ and cycling their entries. We have already observed 
that cycling the entries doesn’t change the permutation and, since all the 
cyclic factors of a filling permutation commute, σ = σ0 . 
It remains to show how to obtain one filling permutation from another 

when the oriented filling pairs of each have the same ordinary filling pair. This 
is equivalent to the question of how to obtain one oriented filling pair from 
another and is simply a matter of relabeling: we can interchange the roles of 
α and β (conjugation by µ), change the orientation of α (conjugation by η) 
or β (a combination of the previous two), cycle the labels of α (conjugation 
by a power of κ), or cycle the labels of β (conjugation by a power of δ). The 
elements of T (called twisting permutations) give every possible relabeling 
action of the oriented filling pairs, thus completing the proof. � 

4.2 Minimally-Intersecting Filling Pairs 

Having introduced filling permutations as a combinatorial device for repre-
senting filling pairs, we will now restrict our attention to minimally-intersecting 
filling pairs. As we showed in Fact 2.10, the minimum intersection number 
is 2g − 1. 
Recall that Fg refers to the surface Sg together with a minimally-intersecting 

filling pair (up to homeomorphism). We now show that the construction we 
described in Chapter 4.1 realizes the minimum intersection number for nearly 
all genera. Most of the work is done by the following lemma. 
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Lemma 4.2. Let Z and Fg be as described and let Fg ] Z be the connected 
sum obtained by deleting a disk neighborhood of the green vertex from Z, 
deleting a disk neighborhood of any vertex of Fg, and identifying the bound-
aries of both the deleted disks and the pairs of arcs produced by deleting the 
disks. Then Fg ] Z is an Fg+2. 

This proof is very similar to “Proof of the Lower Bound” in [AH]. 

Proof. The key to the construction is that, when the two surfaces are glued 
together, the complement of the resulting curves is a single disk. This implies 
that the new curves form a filling pair, and it immediately follows that they 
intersect minimally. As we remarked, Fg r (α ∪ β) is an (8g − 4)-gon and, 
when we glue the surface together, the vertices are identified in fours; thus, 
deleting a disk neighborhood of one of Fg’s vertices clips four angles off of 
the (8g − 4)-gon (as in the proof of Lemma 1.6)). See Figure 4.4. 

Figure 4.4: The surfaces Fg and Z represented as unions of disks. The clipped 
edges (green) correspond to the intersections cut out of their respective sur-
faces. 

Similarly, when we delete the disk neighborhood of the green vertex, we 
clip one angle off each of the four complementary regions of Z. When we 
connect the two surfaces, we glue the regions of Z onto the (8g −4)-gon along 
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these clipped edges−gluing five disks together to produce one big disk. This 
completes the proof. � 

This lemma provides the inductive step of the existence proof. The ex-
istence of Fg’s follows from two basal examples−one of odd genus and one 
of even genus. While the obvious genus-1 example mentioned in Chapter 
4.1 suffices for odd genera, the situation is not quite as nice for even gen-
era. Before proving the existence result, we record the following nonexistence 
result. 

Proposition 4.2. An F2 does not exist−that is, for a filling pair (α, β) on 
S2, i(α, β) ≥ 4. 

See Theorem 2.16 in [AH]. 
Although an F2 does not exist, an F4 does. Let 
σ = (1, 16, 27, 10, 7, 18, 15, 2, 3, 20, 21, 12, 11, 22, 17, 4, 9, 26, 19, 8, 13, 28, 
23, 6, 5, 24, 25, 14) 
This is a filling permutation for an F4. From these components, the 

existence theorem follows easily. 

Theorem 4.3. There exists an Fg for every g =6 2−that is, for each such g, 
there is a filling pair (α, β) on Sg such that i(α, β) = 2g − 1. 

4.3 Generalizing Z 

Combinatorially, the essence of the construction described in the previous 
section is the arithmetic of vertices: Z has the right number of intersections 
so that, when we remove one from each of Fg and Z, the remaining inter-
sections of Z are enough to replace the deleted intersection from Fg, plus 
four more−thus making up the minimum number on Fg+2. In Chapter 4.1, 
we asked if it’s possible to generalize this construction: can we describe a 
class of surfaces Zk (with filling pairs) such that, if we take a connected sum 
Fl ] Zk like that described in Lemma 4.2, the result is an Fl+k? 
As a first step, we can compute the number of intersections Zk must have. 

Remark 4.1. Let V be the number of intersections of the filling pair on 
Zk. When we delete disk neighborhoods from Zk and Fl, the intersection 
numbers are V − 1 and 2l − 2, respectively. When we glue them together, 
we get V − 1 + 2l − 2 = V + 2l − 3. Since the total surface is an Fl+k, this 
must equal 2(l + k) − 1. Thus: 

V + 2l − 3 = 2l + 2k − 1 
V = 2k + 2. 
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Further, by the proof of Lemma 4.1, 
χ(Zk) = −(2k + 2) + F 
2 − 2k = −2k − 2 + F 
F = 4. 
So we have our general description of Zk: a Zk is a closed surface of genus 

k, together with a filling pair (α, β) with i(α, β) = 2k + 2, and such that 
at least one intersection is adjacent to every region (as we saw in the proof 
of Lemma 4.2, this is essential to ensure that, when Zk is attached to Fl, 
the resulting filling pair has a single complementary region and, therefore, 
minimal intersection). 

� 

Note that the original surface Z fits into this class with k = 2. 

Example 4.2. We construct a Z3 by reverse engineering: we begin with a 
union of four disks and describe how to glue their edges together to produce 
the desired filling pair on a closed surface. Consider the disk with five handles 
shown in Figure 4.5. The handles are attached so that there are two boundary 
components, each of which intersects every handle. Topologically, this is the 
surface S2,2; by identifying the two boundary components, we get a S3. 
The identified boundary curves (red/blue) will be α. To construct β, we 

construct eight arcs connecting the red boundary to the blue boundary (one 
on each handle and three on the “feet” of the handles, as shown) so that 
these arcs partition the surface into four polygonal regions (two rectangles 
and two 12-gons). All that remains is to find a way to identify the arcs of 
the red and blue curves so that the black arcs form a closed curve, and such 
that one of the intersections is adjacent to all four regions. In the figure, 
like-labeled points are identified. 
We can describe this Z3 by a filling permutation. If we label the arcs of 

α and β so that both curves start and end at the green vertex, we have: 
σZ = (1, 6, 25, 18)(2, 23, 28, 5, 14, 27, 22, 3, 12, 21, 26, 15) 
(31, 24, 11, 16)(32, 13, 10, 19, 20, 9, 8, 29, 30, 7, 4, 17). 
This construction can be generalized, at least in principle: attach 2k − 1 

handles to a disk so that there are two boundary components with alternating 
feet (this implies that both curves intersect each handle). Construct an arc 
on each handle connecting the boundary curves, and one each connecting 
the left-most, center, and right-most feet of the handles to the bottom edge 
of the disk (by construction, each arc connects one boundary curve to the 
other). This partitions the disk-with-handles into two rectangles and two 
(4k)-gons. To complete the construction, we have to find an identification 
of the boundary curves so that the arcs form a single curve and there is at 
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Figure 4.5: A Z3 with curves α (red/blue) and β (black). Identified points 
are labeled. The green vertex is adjacent to all four regions. 

least one vertex adjacent to all four regions. It is not apparent that such an 
identification is always possible. 

� 

We conclude this section by describing how the connected sum Fl ] Zk 

can be obtained from filling permutations. The entries of σF (a filling 
permutation for Fl) are in {1, 2, . . . , 8l − 4} and the entries of σZ are in 
{1, 2, . . . , 8k + 8}. Let 
E = {v, w : v ∈ {1, 2, . . . , 8l−4}, w ∈ {1, 2, . . . , 8k+8}} (we denote Fl-entries 
by v and Zk-entries by w). We need a function A : E → {1, 2, . . . , 8(l+k)−4}
which relabels all the entries in a consistent fashion. 
As noted in Examples 4.1 and 4.2, we adopt the convention of labeling 

edges of Zk so that both curves begin and end at the green vertex. The 
other piece of information we will need is which vertex we choose to delete 
from Fl. Let i and i + 2 be the entries corresponding to the positive odd 
edges adjacent to this vertex (i.e., i points toward the vertex and i + 2 points 
away) and let j and j + 2 be the entries corresponding to the positive even 
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edges. Note that this choice assumes that the numbers i + 2 and j + 2 both 
correspond to positive edges, which need not be true. We comment on this 
case below. 
Define 

⎧ 
v 7→ v, v ≤ i odd or v ≤ j even 

w 7→ w + i + 4(k + l) − 3, w ≤ 4k + 3 < 4(k + l) − 1 odd 

w 7→ w + j + 4(k + l) − 4, w ≤ 4k + 4 < 4(k + l) even 

4(k + l) − 1 7→ 4(k + l) − 1 ⎪4(k + l) 7→ 4(k + l)⎨ 
A = v 7→ v + 4k, i + 2 ≤ v ≤ 4l − 3 odd or j + 2 ≤ v ≤ 4l − 2 even 

v 7→ A(v − 4l + 2) + 4(k + l) − 2, v > 4l − 2 

w 7→ w + i − 4k − 5, 4k + 4 < w < 8(k + l) − 1 odd 

w 7→ w + j − 4k − 6, 4k + 4 < w < 8(k + l) even 

8(k + l) − 1 7→ 1⎪⎩ 
8(k + l) 7→ 2 

This is our assembly function. Note that line 2 only applies when 
4k + 3 < 4(k + l) − 1; equality implies that l = 1 and, in this case, line 4 
tells us to send 4k + 3 (the last positive odd edge of Zk) to itself (the first 
negative odd edge of Fk+1). Lines 3 and 5, 9 and 11, and 10 and 12 are 
similarly related. As we will see, there is a fundamental difference between 
the cases l = 1 and l > 1. Note also that line 6 does not apply to odd edges 
if i = 4l − 3 (nor to even edges if j = 4l − 2). In these cases, line 2 will have 
4k + 3 7→ 8(k + l) − 3 and line 3 will have 4k + 4 7→ 8(k + l) − 2−but the 
largest entry of the new filling permutation is supposed to be 8(k + l) − 4. 
Here, we simply reduce mod 8(k + l) − 4: 8(k + l) − 3 = 1, 8(k + l) − 2 = 2. 
This reflects the cyclicity of the labels: if i = 4l − 3 (the last odd entry for a 
positive edge) points toward the deleted crossing, then 1 (the first odd entry 
for a positive edge) points away. Finally, observe that the orientation of Fl -
edges is preserved, while the orientation of Zk-edges is reversed. This reflects 
the fact that one subsurface is oriented positively, and the other negatively, 
with respect to the boundary curves that are identified in the connected sum. 

Example 4.3. We will attach the Z3 from the previous example to an F3 

using filling permutations and the assembly function. Let 
σF = (1, 2, 13, 20, 7, 6, 19, 14, 5, 10, 11, 16, 9, 8, 15, 12, 3, 4, 17, 18). We ap-

ply A to the entries of σF and the inverse of σZ (again, reflecting the opposite 
orientations of the two subsurfaces). We choose i = 3 and j = 2. By abuse 
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of notation, we will refer to the resulting permutations as A(σF ) and A(σZ 
−1), 

even though the inputs of A are the entries of these permutations rather 
than the permutations themselves. Then 

A(σF ) = (1, 2, 25, 44, 19, 18, 43, 38, 17, 22, 23, 40, 21, 20, 39, 24, 3, 16, 41, 42) 
and 

A(σZ 
−1) = (2, 11, 28, 25)(39, 10, 7, 34, 27, 6, 13, 36, 29, 12, 9, 24) 

(38, 35, 8, 17)(3, 26, 31, 14, 15, 30, 33, 4, 5, 32, 37, 16). 
We arranged the cycles of σZ so that the first cycle begins with 1 and each 

subsequent cycle begins with the opposite of the last entry of the previous 
one. Notice that, in the relabeled version of this permutation, these first and 
last entries are duplicated in the relabeled version of σF , and that entries 
which begin and end a cycle of A(σZ 

−1) are consecutive in A(σF ). This tells 
us exactly how to insert the cycles of A(σZ 

−1) into A(σF ). 
The result is 
σ = (1, 2, 11, 28, 25, 44, 19, 18, 43, 38, 35, 8, 17, 22, 23, 40, 21, 20, 39, 10, 7, 
34, 27, 6, 13, 36, 29, 12, 9, 24, 3, 26, 31, 14, 15, 30, 33, 4, 5, 32, 37, 16, 41, 42). 

It is straightforward to verify that this is a filling permutation for an F6. 

� 

4.4 Decomposition of Fg’s as Connected Sums 

We have shown that we can assemble a larger-genus F out of the smaller-
genus pieces we’ve described. Our final question from Chapter 4.1 was 
whether it’s possible to reverse our perspective: given an Fg, is it possi-
ble to recognize that it’s assembled from such pieces, and is it possible to 
determine how to disassemble them? The surface Fg (with filling pair (α, β)) 
is decomposable as a connected sum Fl ] Zk if and only if there exists a sep-
arating curve γ with i(α, γ) = i(β, γ) = 2 such that one component of Fg r γ 
is an Fl,1 and the other is a Zk,1. After cutting them apart, we completeL 
the disassembly by patching each component with a decorated disk , thus 
replacing the missing intersection and rendering everything with boundary 
(the surfaces and their arcs) closed. 
In order to state our decomposability condition, we must consider an 

aspect of Zk that we haven’t yet touched upon. We have been able to show 
how many vertices Zk must have (which determines how many edges) and 
how many regions, but this tells us nothing about how many edges each 
region can have. The original Z2 has two rectangles and two octagons. The 
Z3 we constructed in Example 4.2 has two rectangles and two 12-gons, and 
our hypothetical generalization of that construction produces a surface with 
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two rectangles and two (4k)-gons. We might conjecture that every Zk has 
such a configuration of regions, but this turns out to be false. 
In order to capture Zk in full generality, then, we give the following de-

scription of its regions. The type of a Zk is an ordered quadruple (r, s, t, u) 
(modulo cyclic permutation), where r, s, t, and u are even integers greater 
than 2 such that r +s+t+u = 8k +8. These are the numbers of sides of each 
region, and their order indicates the way that they’re glued together to form 
the surface: each region must have an even number of edges, the smallest 
possible region is a rectangle, and the total number of edges is 8k + 8. The 
order of the entries in the type is the order in which the regions are traversed 
by a curve encircling the green vertex, oriented clockwise (thus any cyclic 
permutation of (r, s, t, u) gives the same type). We will refer to the type of 
a decomposition as the type of the associated Zk. 

Theorem 4.4. Let Fg be a surface of genus g > 1, together with a filling 
pair (α, β) which intersect 2g − 1 times, and let σ be a filling permutation of 
Fg. There exists a decomposition Fg = Fl ] Zk of type (r, s, t, u) if and only 
if the following two conditions are satisfied: 

1. There exist numbers x, a, y, b ∈ {1, 2, . . . , 8g − 4} such that: 

QN σr−1(x) = a (4.5) 

QN σs−1(a) = y (4.6) 

QN σt−1(y) = b (4.7) 

QN σu−1(b) = x (4.8) 

QN τ 2k+1(x) = y (4.9) 

QN τ 2k+1(a) = b. (4.10) 

2. For (v, p), (w, q) ∈ {(x, r), (a, s), (y, t), (b, u)}, w = σi(v) for i < p − 1 
implies σp−1(v) = σj (w) for q − 1 < j < 8g − 4. 

Since QN τ 2k+1 has order 2 (see the proof of Theorem 4.2), this permuta-
tion also sends y to x and b to a. Necessarily, x and y have the same parity 
(odd/even) and opposite orientations, as do a and b. 

Example 4.4. We will show that this condition detects the decomposition 
of our F6 into the F3 and Z3 from which we assembled it. We will also show 
that it predicts a decomposition into an F1 and a Z5. 
In the first case, we have k = 3 and N = 22. We see that: 
Q22σ11(3) = 38 
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Q22σ3(38) = 39 
Q22σ11(39) = 2 
Q22σ3(2) = 3 
Q22τ 7(3) = 39 
Q22τ 7(38) = 2. These were precisely the insertion points at which we 

combined the permutations A(σF ) and A(σZ 
−1), and the powers of σ agree 

with the type of the Z3 we constructed. Moreover: 
Q22σ27(23) = 38 
Q22σ5(38) = 1 
Q22σ9(1) = 16 

τ 2g−1Q22σ3(16) = 23. Note that, if k = g − 1, then τ 2k+1 = = 1, so we 
get that x and y are opposites, as are a and b. If our condition is sufficient, 
then we should find a decomposition of the surface into an F1 and a Z5. Note 
that the Z5 will not consist of two rectangles and two 20-gons. 

� 

Proof. Necessity. 
Suppose there exists a curve γ which produces a decomposition of the 

appropriate type and consider the arc of γ adjacent to the r-gon. On the 
(8g − 4)-gon, this arc cuts two of the edges of the r-gon in half. The edges 
between the endpoints of this arc are the edges of the r-gon, but they are also 
consecutive edges of the (8g −4)-gon, so we can move from one endpoint (call 
it x) to the other by applying a power of σ. Since we move r − 1 spaces from 
one endpoint to the other, we end on the edge σr−1(x). The permutation QN 

takes us to an endpoint of the next γ-arc. Let a = QN σr−1(x). This satisfies 
(4.5) (see Figure 4.6, compare Figure 4.4). 
Let y be the other endpoint of this second γ-arc. By a similar argument, 

σs−1 takes us from one endpoint to the other, but it is not clear in which 
direction: whether σs−1(a) = y or vice versa. If y and b are the endpoints of 
the third arc (implying that b and x are the endpoints of the final arc), then 
σt−1 takes us from one of y and b to the other, and σu−1 takes us from one 
of b and x to the other. These arcs partition off the regions of Zk along the 
boundary of the (8g − 4)-gon. 
Orient γ so that x is the initial edge of the first arc. All the arcs must 

point in the same direction, since the regions of Zk all have to be on the same 
side of γ, and we have defined x and a so that their arc points clockwise. 
Thus, a, y, and b are all initial edges of their respective arcs, implying that 
(4.6), (4.7), and (4.8) are satisfied. 
Now consider Fg in closed form. When we remove Zk from Fl, we will be 

removing a string of consecutive arcs of α and β. 
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Figure 4.6: The surface Fg represented as an (8g − 4)-gon with α in red, β in 
black, and γ in green. The arc of γ that partitions off the r-gon has initial 
endpoint x and terminal endpoint a; similarly, the s-, t-, and u-gon arcs have 
(unoriented) endpoints a and y, y and b, and b and x, respectively. Note 
that, although x is shown as an α-edge, this need not be the case. 

Suppose (as in Figure 4.7) that x is a positive α-edge and that a is a 
negative β-edge. The curve γ cuts the arc at x in half; α enters Zk, passes 
through all the intersections inside it, then exits, so the next half-arc will be 
at the end of this path. Since Zk contains 2k+2 arcs, we get from one half-arc 
to the other by moving forward 2k + 1 spaces along α. Since x is a positive 
edge, τ 2k+1 takes us to the positive side of the other half-arc. But since this 
edge is y, we have (4.9). Since a is a negative edge, the path through Zk 

moves backward along β but, again, τ 2k+1 takes us to the negative side of 
the other half-arc. Since this is b, we have (4.10), and therefore Condition 1 
is satisfied. 
Let (v, p), (w, q) ∈ {(x, r), (a, s), (y, t), (b, u)}. Each of the edges v and 

w are initial edges of an arc of γ. The v-arc partitions off a p-gon and the 
w-arc partitions off a q-gon. If w = σi(v) for i < p − 1, then the w-arc 
originates inside the p-gon. This implies either that the v-arc and the w-arc 
intersect (so γ is not simple), or that the q-gon is nested inside the p-gon 
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Figure 4.7: The curves α (red), β (black), and γ (green) on Fg. The region 
inside γ is Zk and the region outside is Fl. A region of Fg r (α ∪ γ) contained 
in Zk is outlined in purple, and a region contained in Fl is outlined in blue. 

(so γ “subpartitons” a region which has already been partioned off). Both 
of these are contradictions, implying that there is no such v and w, so that 
Condition 2 is satisfied vacuously. � 

In order to prove the converse, we assume that the equations in Condition 
1 are satisfied, and we use this to define the curve γ. We can describe this 
curve as a sequence of oriented arcs in the (8g − 4)-gon. We let x, a, y, 
and b be the initial edges of the arcs; the terminal edges are a, y, b, and 
x (respectively). By (4.5), (4.6), (4.7), and (4.8), these arcs partition off 
regions of the right size and in the right order to fit the desired type of the 
decomposition. In order for this to produce the decomposition we want, we 
must show that none of these regions overlap, and that γ is separating. This 
holds if the opposite of an edge on the left side of the curve is also on the 
left side. 

Proof. Sufficiency. 
Condition 2 implies that no two arcs of γ intersect (γ is simple). This 

turns out to be sufficient to prove the result. 
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To see that γ is simple, let (v, p), (w, q) ∈ {(x, r), (a, s), (y, t), (b, u)}, and 
suppose that w = σi(v) for i < p−1. As we observed above, this implies that 
the w-arc originates between the endpoints of the v-arc (since the boundary of 
the (8g − 4)-gon is a circle, any vertex is technically “between” the endpoints 
of the v-arc; we mean here that w is on the shorter of the two segments 
connecting the endpoints). The terminal edge of the w-arc is σq−1(w); by 
Condition 2, σp−1(v) = σj(w) for q − 1 < j < 8g − 4, which means that, 
moving clockwise from w, we will reach the terminus of the w-arc before we 
reach the terminus of the v-arc−i.e., the w-arc is nested inside the v-arc, and 
therefore they do not intersect. 
We now show that, if γ is simple, then γ is separating. There are two 

cases: k = g − 1 and k < g − 1. In the latter case, there are eight edges 
that intersect γ: x, a, y, and b, and their opposites (and all of these edges 
must be distinct). In the former case, as we have noted, we have x = y and 
a = b, so there are only four. This means that each one is both an initial 
and a terminal edge, and so each one is cut into thirds by the arcs of γ. The 
middle thirds of each edge are on the right side of γ, and the outer thirds (as 
well as all the other edges of Fg) are on the left side. Since the opposite of a 
middle third is also a middle third, it follows that γ is separating. 
Suppose that k < g − 1. Since γ crosses each edge of the (8g − 4)-gon 

at most once, we can describe its path through the surface in terms of the 
edges it crosses. Let ρ = (x, a, a, y, y, b, b, x). This permutation is defined by 
choosing an arc of γ and recording in a cycle the numbers of the edges it 
crosses in the order in which they occur: from an initial edge to its terminal 
edge, from a terminal edge to its opposite (the next initial edge), and so on, 
until the cycle is completed. 
Let τ = τατβ and QN = φαφβ , where we have factored each permutation 

into a portion that moves only edges of α and one that moves only edges of β. 
Recall that τ acts by cycling positive edges of α and β in the forward direc-
tion, and negative edges in the backward direction; we can obtain from ρ a 
permutation which acts similarly on the edges of γ: ρ0 = (x, a, y, b)(x, b, y, a). 
Note that ρ and ρ0 are related by the equation ρ0 = [φγ , ρ], where φγ is made 
up of the 2-cycle factors of QN that move only edges appearing in γ (in fact, 
φγ ρ consists of initial edges of ρ0 and φγ ρ

−1 consists of terminal edges; note 
that they commute with one another). 
We will show that the permutation ταφαγ ρ

0 (where φαγ consists of the 
factors of QN that move only edges that appear in both α and γ) traces out 
the boundaries of the complementary regions of α ∪ γ (and likewise for β). 
To trace out one boundary component of a complementary region, we 

choose a starting edge and move along α ∪ γ, keeping the same region to 
the right of α ∪ γ. Suppose x is an α-edge. Starting at x (an initial edge) 
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and moving along γ takes us to a, which is an edge of β (note that, since 
γ is simple, the boundary curves are only formed by γ-edges intersecting 
α-edges). We want to pass through this edge and proceed along the next arc 
of γ. The permutation ρ0 sends x to a (the next initial edge); φαγ and τα fix 
a (since it’s not an edge of α), and so a is the second entry of this cycle of 
ταφαγ ρ

0 . 
The next initial edge is ρ0(a) = y. In order to reach this edge, though, 

we have crossed over α; instead, we should follow α (again, keeping the same 
region on the right). So we return to the terminal edge on the other side 
of α by sending y to its opposite, which is φαγ (y). If y is a positive edge, 
we should follow α in the forward direction and, if it’s a negative edge, we 
should follow in the backward direction: either way, the next edge along the 
boundary will be τα(y). 
Proceeding in this fashion, we trace out a sequence of (α∪γ)-edges, always 

keeping the same region on the right. If the next edge is an initial edge of γ, 
we should follow it in the forward direction and, if it’s a terminal edge, we 
should follow it in the backward direction−in either case, ρ0 moves us to the 
appropriate edge. If the edge doesn’t intersect γ, then both ρ0 and φαγ fix it, 
and τα advances it in the appropriate direction along α. 
If we move along an edge of γ and come to a β-edge, we should keep 

moving (φαγ and τα fix this edge, and then ρ0 sends it on along γ). If we 
cross an α-edge (initial or terminal), we should back up to the previous edge 
(terminal or initial, via φαγ ), and then move along α according to τα. When 
we complete a circuit of one boundary component, we will have completed a 
cycle of ταφαγ ρ

0 . For each boundary component of α ∪ γ, there is one cycle 
of ταφαγ ρ

0 . Observe that it fixes all edges of β that don’t intersect γ. 
It’s important to note that entries of ταφαγ ρ

0 and boundary edges of the 
complementary regions do not exactly correspond: not every edge of the 
boundary will appear in one of its cycles and some edges will appear that 
are not on the boundary. For instance, the edge a belongs to β, so it is not 
on the boundary of α ∪ γ. In general, a β-entry will appear each time we 
cross an arc of β and an α-entry will be missing each time we switch from 
following γ to following α. 
If we again suppose x is an α-edge, we claim that the cycles of ταφαγ ρ

0 

are: 

(x, a, τ (y), τ 2(y), . . . , τ 2l−3(y)) (4.11) 

(y, b, τ(x), τ 2(x), . . . , τ 2l−3(x)) (4.12) 

(x, b, τ(y), τ 2(y), . . . , τ 2k(y)) (4.13) 

(y, a, τ(x), τ 2(x), . . . , τ 2k(x)). (4.14) 
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The computations of (4.11) and (4.12) are similar, as are the computations 
of (4.13) and (4.14), so we will show the computations of (4.11) and (4.13). 
To begin with, we have ρ0(x) = a, which is fixed by the other two per-

mutations; ρ0(a) = y and φαγ (y) = y, so the next entry is τ(y). It remains 
to show that none of the edges τ i(y) is an entry of ρ0 for 1 ≤ i ≤ 2l − 3. 
The edge y has the same parity as y; since τ preserves parity of edges, if 
τ i(y) belongs to ρ0 , it must be an edge with the same parity as y. However, 
x and y have opposite orientations; since τ preserves orientation, the only 
possibilities are x and y. We have y = τ 2k+1(x), which means that: 

x = τ−(2k+1)(y) = τ 2l−2(y) (since 2g−1 = 2k+1+2l−2), and y = τ 2g−1(y). 
But then: 

i < 2l − 2 < 2g − 1 (since l < g), so τ i(y) cannot equal x or y. Note that 
τ 2l−2(y) = τ 2g−1(x) = x, completing the cycle. 
The first three entries of (4.13) are determined exactly as those of (4.11). 

All that remains to show is that none of the edges τ i(y) is an entry of ρ0 for 
1 ≤ i ≤ 2k. If there were such an entry, it could only be y or x. We have 
x = τ 2k+1(y) and y = τ 2g−1(y); but then: 

i < 2k + 1 < 2g − 1 (since k < g − 1), so τ i(y) cannot equal y or x. 
Finally, τ 2k+1(y) = x, completing the cycle. 
To show that γ is separating, we must show that, for any edge of the 

(8g − 4)-gon that is not an entry of ρ0 , its opposite lies on the same side of 
γ. To do this, we examine the cycles of ταφαγ ρ

0 (and τβ φβγ ρ
0) and show that 

the opposite of any non-ρ0 entry is an entry of a like cycle−that is, entries of 
(4.11) and (4.12) are opposites and entries of (4.13) and (4.14) are opposites. 
This implies that it’s impossible to travel from one side of γ to the other by 
only crossing edges of α (or β) and, therefore, γ is separating. 
Let 1 ≤ i ≤ 2k and consider τ i(y) (an entry of (4.13)). As we noted 

above, QN anticommutes with τ ; thus: 
QN τ i(y) = τ −i(y) = τ−iτ 2k+1(x) = τ 2k+1−i(x). We have: 
1 ≤ 2k + 1 − i ≤ 2k (since −2k ≤ −i ≤ −1), and so QN τ i(y) is an entry 

of (4.14). Note that the τ -powers of x and y are in a dual relationship to 
one another: the opposite of τ(y) is τ 2k(x), the opposite of τ 2(y) is τ 2k−1(x), 
and so on. This implies that the opposite of any non-ρ0 entry of (4.14) is a 
non-ρ0 entry of (4.13). 
Now let 1 ≤ i ≤ 2l − 3. Then τ i(y) is an entry of (4.11). We therefore 

have: 
τ 2g−1−2k−1−i(x)QN τ i(y) = τ −i(y) = τ−iτ−2k−1(x) = = τ 2l−2−i(x). As in 

the previous case, we have: 
1 ≤ 2l − 2 − i ≤ 2l − 3 (since −2l +3 ≤ −i ≤ −1), so QN τ i(y) is an entry 

in (4.12). Again, we have the same dual relationship, proving the claim. A 
similar argument applies for β. 
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Note that, since γ is separating, its arcs cannot be nested, since this would 
imply there is some region of the (8g − 4)-gon which is on both sides of γ. 
Thus γ realizes a decomposition of type (r, s, t, u). 
This concludes the proof of sufficiency. � 

Proposition 4.3. In the case k = g−1 above, Condition 1 implies Condition 
2. 

Proof. As noted above, in this case, x = y and a = b. We show that no two 
arcs of γ intersect. 
The arc of γ that originates at x terminates at b. We will show that neither 

of the edges a or y can lie between x and b; a similar argument will show 
that, for any pair of endpoints, neither of the other two edges can lie between 
them and, therefore, none of the arcs of γ cross. Suppose a lies between x 
and b−that is, a = σi(x), 1 ≤ i ≤ r − 1 (odd). Then σs−1(a) = σi+s−1(x); 
but then x = σs−1(a) = σi+s−1(x). However: 

i + s − 1 < r + s − 2 ≤ 8k − 2 = 8g − 10 (since the t- and u-gons must 
be at least rectangles and so, at most, r + s = 8k). Since the order of σ is 
8g − 4, this is a contradiction. 
Now suppose y = σi(x), 2 < i ≤ r − 2 (even). We have: 
σt−1(y) = a = σ−(s−1)(x) 
σt+s−2(y) = x 
σt+s+i−2(y) = y. But t + s + i − 2 ≤ r + s + t − 4 < 8g − 4, again a 

contradiction. 
As we showed in the Proof of Sufficiency, if γ is simple, then γ is sepa-

rating, so in fact Condition 2 is satisfied vacuously. � 

Remark 4.2. Just as we can assemble the filling permutations of an Fl and 
Zk into an Fg, we can use Theorem 4.4 to extract the filling permutations 
of the constituent surfaces from that of Fg, and then apply an appropriate 
relabeling function. As might be expected, we need two extraction processes 
and two relabeling functions: one each for each of the cases k = g − 1 and 
k < g − 1. 
In the latter case, we can extract the Zk-permutation by using equations 

(4.5), (4.6), (4.7), and (4.8) from Condition 1. Let 
σ̌ = (x, σ(x), . . . , a)(a, σ(a), . . . , y)(y, σ(y), . . . , b)(b, σ(b), . . . , x). 
The cycles of σ̌ have lengths r, s, t, and u, respectively. Let i ∈ {x, a, y, b}

be the positive odd edge and j the positive even edge. Arrange the cycles 
of σ̌ so that the first one ends with the odd edge that is not i and the 
first entry of each subsequent cycle is the opposite of the last entry of the 
cycle before it. Let σ̂ be the filling permutation for Fg with the interior 
entries of σ̌ (i.e., the ones between the first and last entries) deleted. We now 
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define the appropriate disassembly function to relabel the entries of these 
two permutations. 

⎧ 
v 7→ v − max{0, i − 4(g − k) + 3}, max{1, i − 4(g − k) + 4} ≤ v ≤ i odd 

v 7→ v − max{0, j − 4(g − k) + 2}, max{2, j − 4(g − k) + 4} ≤ v ≤ j even 

v 7→ v − 4k, i + 4k + 2 ≤ v ≤ 4g − 3 odd or j + 4k + 2 ≤ v ≤ 4g − 2 even ⎪w 7→ w − i + 4k + 5, i ≤ w ≤ min{i + 4k + 2, 4g − 3} odd⎨ 
D = w 7→ w − i + 4(k + g) + 3, 1 ≤ w ≤ i − 4(g − k) + 4 odd 

w 7→ w − j + 4k + 6, j ≤ w ≤ min{j + 4k + 2, 4g − 2} even 

w 7→ w − j + 4(k + g) + 4, 2 ≤ w ≤ j − 4(g − k) + 4 even 

v 7→ D(v − 4g + 2) + 4(g − k) − 2, v > 4g − 2⎪⎩ w 7→ D(w − 4g + 2) − 4k − 4, w > 4g − 2 

Again, we denote the entries of the permutation corresponding to Fl by 
v and entries of the one corresponding to Zk by w. The choice of notation 
for these permutations is meant to suggest the way one surface is attached 
to the other. If we think of the “points” of both the “check” and “hat” as 
representing the vertices that are cut out of each surface, then σ̌ corresponds 
to the surface that is attached to the other, and σ̂ corresponds to the surface 
that receives the attachment. 
The sequence of odd w’s begins at i and includes the next 2k + 1 con-

secutive positive edges (since we want to skip over even entries, the last one 
will be i + 4k + 2). There are two possibilities: either we reach the end 
of this sequence before running out of positive edges, or we don’t. In the 
former case, all the positive odd entries from 1 up to (and including) i will 
be v’s, the entries from i up to i + 4k + 2 are w’s, and the entries from 
i + 4k + 2 to 4g − 2 are v’s: the sequence of Zk-entries is sandwiched be-
tween sequences of Fl-entries. In the latter case, when we run out of positive 
edges (i ≤ w ≤ 4g − 3), we wrap around to the beginning, continue until we 
complete the sequence of w’s (1 ≤ w ≤ i − 4(g − k) + 4), and then begin 
the sequence of v’s (i − 4(g − k) + 4 ≤ v ≤ i): here, the Fl-sequence is 
sandwiched between Zk-sequences. Accordingly, lines 5 and 7 will only be 
used if 4g − 3 < i +4k + 2 and line 3 will only be used if i +4k +2 ≤ 4g − 3. 
A similar observation applies to even entries. 
In the case k = g − 1, we will only have σ̌, since we can take σ̂ to 

be (1, 2, 3, 4). The difficulty is that Fg has 8g − 4 edges, while Zg−1 has 
8(g − 1) + 8 = 8g edges. The edges x, a, y, and b each serve as both initial 
and terminal edges. In order to construct σ̌, then, we have to add duplicate 
copies of each of these edges. Let x,˜ a,˜ ỹ, and b̃ denote the left ends (with 
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respect to orientation) of their respective edges, and let x, a, y, and b denote 
the right ends. A positive edge is decorated when it appears as a terminal 
edge and undecorated when it’s an initial edge, and vice versa for negative 
edges. Construct σ̌ as described above, decorating edges as appropriate. Let 
i and j be as above. Then ⎧ 

w 7→ w − i + 4k + 5, i ≤ w ≤ 4k + 1 odd 

w 7→ w − i + 8k + 7, 1 ≤ w ≤ i − 2 odd 

ĩ 7→ 8k + 7 

w 7→ w − j + 4k + 6, j ≤ w ≤ 4k + 2 even ⎪ w 7→ w − j + 8k + 8, 2 ≤ w ≤ j − 2 even⎪⎨j̃ 7→ 8k + 8
D̃ = 

w 7→ w − i − 4k − 1, i + 4k + 2 ≤ w ≤ 8k + 3 odd 

w 7→ w − i + 1, 4k + 3 ≤ w ≤ i + 4k odd 

ĩ 7→ 4k + 3 

w 7→ w − j − 4k, j + 4k + 2 ≤ w ≤ 8k + 4 even 

w 7→ w − j + 2, 4k + 4 ≤ w ≤ j + 4k even⎪⎩
j̃ 7→ 4k + 4 

� 

Example 4.5. For the F6 above, we had: 
x = 23 
a = 38 
y = 1 
b = 16. 

Then σ̌ = (38̃ , 35, 8, 17, 22, 23)(1, 2, 11, 28, 25, 44, 19, 18, 43, 38)(16, 41, 42, 1)˜ 

(23̃ , 40, 21, 20, 39, 10, 7, 34, 27, 6, 13, 36, 29, 12, 9, 24, 3, 26, 31, 14, 15, 30, 
˜33, 4, 5, 32, 37, 16). 

Note that i = 1 and j = 16. After relabeling, we get 
D̃(σ̌)−1 = (1, 32, 41, 40, 13, 24)(48, 15, 18, 29, 36, 11, 16, 39, 46, 9, 12, 27, 10, 
33, 44, 7, 22, 37, 38, 5, 20, 31, 42, 17, 30, 45, 4, 23)(47, 6, 19, 26) 
(2, 21, 28, 43, 8, 3, 14, 35, 34, 25), a filling permutation for a Z5. 

We originally constructed this F6 as F3 ] Z3, and we just performed a de-
composition as F1 ] Z5. This suggests that we should find a decomposition 
F3 = F1 ] Z2. Indeed: 

Q10σ7 
F (1) = 4 
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Q10σ3 
F (4) = 11 

Q10σ7 
F (11) = 14 

Q10σ3 
F (14) = 1. Since k = g − 1, we have two pairs of opposite edges. 

Then σ̌F = (14̃ , 5, 10, 11)(1, 2, 13, 20, 7, 6, 19, 14)(4, 17, 18, 1)˜ 

(11̃ , 16, 9, 8, 15, 12, 3, 4).˜ 

After relabeling, we have: 
ζ 0 = D̃(σ̌F )

−1 = (1, 20, 17, 12) 
(24, 15, 10, 5, 18, 21, 4, 11)(23, 6, 7, 14)(2, 9, 16, 19, 8, 3, 22, 13). 

We are now able to answer the first of our questions from Chapter 4.1. The 
permutation ζ 0 defines some surface Z2, and 

ζ = (1, 10, 15, 20, 17, 22, 3, 12)(24, 5, 18, 11)(23, 16, 9, 6, 7, 4, 21, 14) 
(2, 19, 8, 13) 

defines our original Z-piece. We show that the two surfaces are not home-
omorphic. Since the entries of ζ 0 cyclically alternate pairs of positive and 
negative edges (for example, in the second cyclic factor, 24 and 15 are nega-
tive, 10 and 5 are positive, etc.), all the intersections of the filling pair have 
the same orientation: when we move forward along β on the positive side, 
we always move from the positive side of α to the negative side (the positive 
β-entry is preceded by a positive α-entry and followed by a negative one). 
Since the intersections of the filling pair on Z do not all have the same orien-
tation, no homeomorphism can map one to the other. The property that all 
intersections on Z2 have the same orientation makes Z2 an origami. If Fl and 
Zk are both origamis, then so is Fl ] Zk; since F1 and the F4 we introduced 
in Chapter 4.2 are both origamis, it follows that there exist origamis with 
minimally-intersecting pairs in every genus, validating our claim in the proof 
of Proposition 3.10: the fact that the surface Fg r(α ∪β) has only one region 
corresponds to the fact that, when all the squares are glued together, there is 
only one vertex. This, together with Proposition 4.2, is why it was necessary 
to handle the case g = 2 separately in the proof of the proposition. 
Notice that these three decompositions (F6 = F3 ] Z3, F3 = F1 ] Z5, and 

F3 = F1 ] Z2) imply that Z5 = Z2 ] Z3: we can produce higher-genus Z’s by 
connect-summing lower-genus Z’s. 

� 

We close with the observation that assembly and disassembly aren’t per-
˜fectly inverse processes. For example, if we apply A to D(σ̌), and then insert 

its cycles into a relabeled (1, 2, 3, 4), we get 
σ0 = (1, 10, 11, 36, 25, 30, 19, 4, 43, 24, 35, 16, 17, 8, 23, 26, 21, 6, 39, 18, 7, 
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42, 27, 14, 13, 44, 29, 20, 9, 32, 3, 34, 31, 22, 15, 38, 33, 12, 5, 40, 37, 2, 41, 28). 

For comparison, we recall that the original filling permutation for this F6 

was 
σ = (1, 2, 11, 28, 25, 44, 19, 18, 43, 38, 35, 8, 17, 22, 23, 40, 21, 20, 39, 10, 7, 
34, 27, 6, 13, 36, 29, 12, 9, 24, 3, 26, 31, 14, 15, 30, 33, 4, 5, 32, 37, 16, 41, 42). 
Though the two permutations are different, their odd entries are the same 

and their even entries can be cyclically permuted to one another (in fact, 
δ−1σ0δ = σ, where δ is as defined in Proposition 4.1). In assembling an Fg 

from an F1 and Zg−1, the only choice of vertex in F1 gives i = 1 and j = 2 
(in the definition of A), which means that we must have the same values 

˜for i and j in the definition of D. In disassembling σ, we indeed had i = 1 
(which is why the odd edges of σ and σ0 agree), but j = 16. In general, 
if σ is a filling permutation that admits a decomposition, and σ0 is a filling 
permutation produced by disassembling and then reassembling σ, then σ 
and σ0 are conjugate by a power of δ (cycling the labels of β), a power of κ 
(cycling the labels of α), or both. 

4.5 Directions of Future Research 

The most obvious question raised by Theorem 4.4 is whether these more 
general decompositions have any implications for the established upper and 
lower bounds. The lower bound would be increased if we could show that 
there is a large number of Fg’s which can’t be constructed by the addition of 
Z-pieces. A reasonable first step in doing so is to determine whether there 
is a class of indecomposable surfaces: is there Fg such that for no k does 
Fg admit a decomposition of the form (4.2)? For which genera do such Fg’s 
exist? How many are there of a given genus? 
We can search for such surfaces using the process demonstrated in Exam-

ples 4.4 and 4.5, which could be implemented computationally: enter a filling 
permutation σ and a type (r, s, t, u) (which also determines k), and the pro-
gram will search for solutions to the equations in Condition 1 (and whether 
they satisfy Condition 2) and output the relabeled filling permutations of Fl 
and Zk. 
Additionally, there are a number of possible generalizations/improvements 

that can be made to Theorem 4.4. As Example 4.5 illustrates, surfaces with 
filling pairs that intersect non-minimally can also be decomposed as con-
nected sums, but this can’t be detected by the theorem. There should be 
some version of Condition 1 that will apply to filling permutations with more 
than one cyclic factor. 
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Recall that, by Proposition 4.3, when k = g − 1, Condition 1 alone 
is necessary and sufficient for the existence of a decomposition. Does this 
hold for all k, or is there a minimally-intersecting filling pair (α, β) that 
satisfies the equations in Condition 1 for some genus k < g − 1 and some 
type (r, s, t, u), but such that the curve γ defined by those equations is not 
simple (so that we cannot dispense with Condition 2)? 
For g =6 2, let A = {α1, α2, . . . , αn} ⊂ P(Sg) be a set of essential simple 

closed curves in Sg; A is a pairwise-filling minimally-intersecting (PFMI) set 
if, for each j, k ∈ {1, 2, . . . , n} with j =6 k, (αj , αk) is a filling pair with 
i(αj , αk) = 2g − 1. A similar combinatorial framework to the one given in 
Chapter 4.2 describes Sg r (∪A) as a union of polygons, representable by a 
filling permutation that satisfies an equation almost identical to (4.4). What 
is the maximum value of n for given g? Can any PFMI set on Sg be extended 
to one of maximal size, or are there some such sets of less than maximal size 
that cannot be extended any further? 
All of these are interesting questions and might be fruitful directions for 

future research. 
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für die reine und angewandte Mathematik, 32, 119–123, 1846. 

[Ch] N. Chuquet. Le Triparty en la Science des Nombres. Imprimerie des 
Sciences Mathematiques et Physiques, Rome, 1481. 

[dA] J. d’Alembert. Essai d’une nouvelle théorie de la résistance des fluides. 
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