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Computational geometry has found applications in many different real world problems– 
both theoretical and applicational ones. In this dissertation, we apply geometric tech-
niques to multiple problems, including traditional machine learning problems, deep 
learning related problems, and a biological problem that can be modeled as a graph 
matching problem. 

1. Distributed SVM and Online SVM. Support Vector Machine (SVM) is an ef-
fective classifcation technique widely used in various machine learning applica-
tions. While having a theoretically guaranteed good classifcation accuracy, train-
ing an SVM can be challenging when the size of the training set is large, which 
is often the case in the big data era. For instance, a huge amount of data might 
be obtained in distributed sites and communication between different sites could 
be expensive. Thus a distributed SVM algorithm with low communication cost is 
desired. It is also possible that the size of the training set might be too large to ft 
into RAM. Thus an online SVM algorithm with low space complexity is expected. 

(a) For distributed SVM, we aim to design communication-effcient algorithms. 
In this work, we frst provide a lower bound on the communication com-
plexity of distributed SVM in the coordinator model, based on a reduction 
from the k-OR problem. Then, we present an algorithm that reaches this 
bound, and has the desired optimality of both convergence speed and qual-
ity of solution. Finally, we give a robust version of the algorithm which can 
explicitly avoid the infuence of outliers in the training set with an improved 
communication cost, based on a faster distributed top-t selection algorithm. 

(b) For online SVM, we aim to fnd a space-effcient algorithm. In this work, we 
give an online SVM algorithm that requires only constant space with respect 
to the size of the training set. 

Both developed algorithms are theoretically guaranteed to output a (1−�)-approximation 
of the corresponding problem, and converge in optimal number of rounds. 



2. Clustering in the Presence of Large Amount of Sparse Noise. We consider the 
problem of clustering with a heavy amount of sparse background noise (over 80% 
of the data). We propose a practical density based clustering method, combining 
with the strength of Minimum Spanning Tree based clustering, Locality Sensitive 
Hashing and Deep Neural Networks. Our algorithm frst uses MST based clus-
tering for high confdence label initialization, and then learns a mapping from 
the original data space to a relatively low dimensional latent space as a deep neu-
ral network, based on the labels obtained from the MST clustering. In the latent 
space, data are clustered based on local density, following the assumption that a 
point is more likely to belong to a cluster if its distance to the nearest neighbor 
in that cluster is small. We use locality sensitive hashing as the nearest neighbor 
search engine to handle the possibly high dimensional data. Experiments on both 
synthetic and real world datasets (with added noise) suggest that our method is 
capable of handling heavy noise and signifcantly outperforms popular existing 
methods. 

3. Alignment of Protein-Protein-Interaction (PPI) Network. In biology, two pro-
teins within a cell are said to be interacting if they are close to each other geomet-
rically. Thus the PPI network is an undirected node-edge graph with some extra 
biological information stored at each node. Studying the alignment of two PPI 
networks are promising in discovering new functionality of different proteins. 
Since the alignment of PPI network can be treated as a generalized graph isomor-
phism problem which is NP-hard and notoriously challenging, current research 
has focused on fnding algorithms with good practical performance. We devel-
oped a geometry based alignment algorithm for the global alignment of two PPI 
networks, which consists of a geometric step of embedding the network into a 
low dimensional Euclidean space and using geometric matching methods to fnd 
a matching, and a min-cost-max-fow step to handle the sequence similarity in-
formation stored in each node. Unlike other popular alignment algorithms which 
are either greedy or incremental, our algorithm globally optimizes the problem 
to yield an alignment with better quality. 

vii 
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Chapter 1 

Introduction 

1.1 Introduction 

Geometry is perhaps one of the oldest subject of human history. Its origins go back 
to approximately 3000 BC in ancient Egypt [19]. They use geometric methods in the 
surveying of land, construction of pyramids, and astronomy. Since then, geometry has 
been an important tool in the development of human society. Over the time, different 
branches of geometry have been developed, and different ways to look at a geometric 
problem have been proposed. Among these developments, Computational Geometry 
emerged from the feld of algorithm design and analysis in the late 1970’s [30]. In con-
trast to other ways of treating geometric problems, computational geometry mainly 
focuses on the algorithmic aspect of geometry, namely designing algorithms to solve a 
geometric problem, proof of the correctness and quality of such algorithm, and analy-
sis of its time and space complexity. Due to its algorithmic nature, results in computa-
tional geometry are widely used in all kinds of applications such as computer vision, 
geographic information system, CAD, database, etc. It will, as demonstrated in this 
dissertation, also serve as building blocks for another major important application do-
main. 

Recent years, due to the advent of Internet and the Moore’s Law, we have observed 
two phenomenon: the sudden burst of huge amount of data generated everyday, and 
the continuously fast increasing of computational power. The former presents us with 
enormous opportunities in better understanding the world and better serving the hu-
man kind, together with a challenge of the so called Big Data. The latter, in the mean-
while, gives us the hardware capability of meeting that challenge. What lacks in be-
tween is a software tool that is capable of fully utilizing the computational power to 
effciently analyze big data. And that tool has been identifed as Machine Learning. 

The objective of machine learning is already told in the name of it: teach a machine 
to learn. Humans learn since born, they learn about language, abstract concepts, pro-
cedure of life, and after some 20 years, some are eventually able to write a PhD thesis. 
Why can’t the machine do similar things? The answer is yes, the machine should be 
able to do such things. Although we are still far from general machine intelligence, cur-
rent machine learning research has achieved some rather astounding results, especially 
in simpler tasks such as classifcation. Some even achieved super human abilities, such 
as image classifcation[49], the game of Go[94], or playing Atari games[76]. 

There seems to be little connection between machine learning and computational 
geometry at the frst glance. When talking about geometry people might think of piles 
of complex shapes in a 3D coordinate system, and when talking about machine learn-
ing people think of a speaking robot. However, computational geometry and machine 
learning share one common thing under the hood: the handling of large point set. For 
machine learning, this might require some explanation. A typical machine learning 
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task involves designing an algorithm, feeding the algorithm with training data, and 
testing the performance on testing data. Both the training data and testing data are 
sometimes datasets whose elements can be described using lots of attributes. In ge-
ometry, an element with lots of attributes is exactly equivalent to a high dimensional 
point, with each of those attributes as one coordinate. Many times, machine learn-
ing tasks have a clear geometric interpretation. Even if it doesn’t, the connection to 
computational geometry are still most likely spotted all over the subproblems of that 
particular machine learning task. 

In this dissertation, we look to several new geometric applications in machine learn-
ing problems, in both theoretical and practicable ways. We look at several machine 
learning problems including traditional machine learning problems and deep learning 
problems, and we fnd either a direct geometric interpretation of it, or are able to use 
geometric ideas as aides to implement better solution. We introduce these problems in 
details in the following sections. 

1.2 Support Vector Machine 

Support Vector Machine (SVM) [23] is a widely used classifcation algorithm in various 
machine learning applications that has good classifcation accuracy both theoretically 
and practically. However, it also faces a number of challenges. For example, training a 
SVM in a distributed setting is a commonly encountered problem in the big data era. 
This could be due to that fact that the data set is too large to be stored in a centralized 
site (e.g., bioinformatics data [70]), or simply because the data set is collected in a dis-
tributed environment (e.g., wireless sensor network data [106]). In many scenarios, data 
communication between different sites could be rather expensive and time consuming. 
Thus effcient distributed SVM algorithms are needed to minimize the communication 
cost and meanwhile preserve the quality of solution. Another scenario is when the 
training data is too big to be contained in the memory. To process this vast amount of 
data, a general practice is to apply an online algorithm which requires few passes over 
the training data, and uses very small amount of space. So online SVM algorithm that 
aims to reduce the space requirement is also much needed. 

In this dissertation we provide solutions for both problems. For the distributed 
SVM problem, we present the frst distributed SVM algorithm that is theoretically 
guaranteed to have the lowest possible communication cost and optimal number of 
iterations, together with a guaranteed near-optimal solution. Comparing to previous 
distributed SVM algorithms, our algorithm has several advantages. (1) Our algorithm 
has a communication complexity which is theoretically guaranteed to reach the lower 
bound (i.e., optimal); (2) it does not make any assumption on the input data and its dis-
tribution; (3) its running time is only linearly dependent on the input size, and the num-
ber of iterations is also proved to be optimal; and (4) it produces a (1−�)-approximation 
for the problem which is sparse (i.e., the number of support vectors is small). We also 
consider the case of distributed SVM with outliers. We show that it is possible to ex-
plicitly avoid the infuence of outliers in distributed settings by using a combinatorial 
tool called Random Gradient Descent (RGD) tree [31] to achieve a (1 − �)-approximation 
on the quality of solution and meanwhile signifcantly reduce the communication cost. 

For the online SVM problem, we present an online SVM algorithm with constant 
space requirement and constant running time, which outputs an approximation so-
lution that is theoretically guaranteed to be near-optimal (up to a small user-defned 
factor �). 
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Both algorithms are designed to solve an equivalent problem of SVM, called the 
polytope distance problem. In following sections we introduce the preliminaries as 
well as necessary notations and defnitions that are common to both algorithms. 

1.3 Clustering with Heavy Noise 

Clustering is the task of grouping data items based on their similarities. It is a fre-
quently encountered problem in both research and real world applications. In recent 
years, a tremendous amount of effort has been devoted to the development of effcient 
and accurate clustering algorithms in various scenarios [104],[9],[3]. One such scenario 
is the case when the data to be clustered contain noise. Noise in the data could seri-
ously damage the performance of the clustering algorithm, making it rather diffcult to 
fnd the clustering structure of the remaining non-noise data [50]. 

A much more demanding case is that when the majority of the data is noise. One 
may argue that in such a scenario either the data permit no underlying structure, or 
the noise itself is the “data”. However this is not always the case. Consider the fol-
lowing problem arising in the feld of genetics. Genome changes over time. A change 
in genome (deletion, duplication, inversion, etc) is called a structural variation (SV) 
[28]. SVs are fairly common, for example about 13% of the human genome are SVs 
[96]. There are many possible reasons to cause a structural variation, but only a very 
small fraction (around 10%) of SVs are caused by “interesting” reasons, like positive 
selection (a SV causing the host to have a stronger immune system is much more likely 
to survive through time); most SVs are caused by “uninteresting” reasons, like pure 
chance, and have no functionality at all. It is conjectured that those SVs caused by in-
teresting reasons like positive selection tend to be more similar to each other than those 
caused by random chance. Hence they are more likely to form clusters, based on what 
causes them to occur. Those SVs caused by random chance are very likely to follow 
some (hidden) Gaussian distribution, and have much lower average density. So the 
clustering of a small number of “interesting” SVs in the presence of a large number of 
“uninteresting” SVs constitutes a perfect example of the “clustering with heavy noise” 
problem discussed in this work. 

In the above example, noise is an unavoidable part of the dataset, since it is not 
simply generated by measuring errors. In many real world applications, such types of 
(human/device generated) noises are actually quite common. For example in a wire-
less sensor network where each sensor node has a low measuring accuracy and low 
transmission power [107]. It would be very ineffcient, sometimes impossible, to trans-
mit all data sensed by a node, especially when the environment remains stable for 
most of the times, and change occurs only occasionally. In such scenarios, the sensor 
will record a majority of similar data corrupted by random measuring noise induced 
by device limitation, and a small amount of useful (or actionable) data indicating an in-
teresting change. If such a sensor is able to fnd and transmit clusters formed by those 
interesting changes (or even, centers of such clusters), its effciency and life-span will 
be vastly improved. 

The examples above share a “fnding small interesting clusters amongst a large 
amount of uninteresting noise” pattern. This is signifcantly different from most of 
the clustering problems with noise considered by robust clustering algorithms, where 
the amount of noise/outliers is often implicitly assumed to be much less than the nor-
mal data. Consequently, existing robust clustering algorithms are often inadequate to 
solve our problem. To overcome this challenge, we propose a density based practical 
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method. It is worth noting that our method works only when the heavy background 
noise is not as dense as those interesting clusters. If the noise is as dense as true clus-
ters, it would be impossible for any algorithm to tell the difference; the dense noise will 
simply cover all structures. 

Our method consists of three parts: a minimum spanning tree based clustering al-
gorithm as the initialization of high confdence labels; a deep learning framework, ini-
tialized by a stacked autoencoder and trained to minimize the KL divergence between 
prediction and high confdence labels; and a locality sensitive hashing data structure 
as the approximate nearest neighbor search engines to fnd the approximate nearest 
neighbor in each cluster to a query data point. The clustering generated by our method 
is not centroid based, and has a strong density based favor. 

Minimum spanning tree [56] based clustering method is known for its ability to 
detect irregularly shaped clusters. A typical MST based clustering algorithm has the 
following steps: frst build an MST, then cut off the long edges using a certain strategy, 
and fnally treat the remaining connected components as clusters. In our method, MST 
clustering is mainly used for obtaining the initial high confdence labels needed by 
the unsupervised self learning. We cut off most edges until the remaining connected 
components are dense enough to have a high probability that they are correct. 

Based on the high confdence labels obtained from the initial MST clustering, we 
then build a deep neural network to project the original data to a latent low dimen-
sional feature space. Inspired by [103], we train the network to optimize the difference 
between the current soft label distribution and an auxiliary distribution. The auxiliary 
distribution is chosen such that the high confdence labels are strengthened. 

The soft label distribution is computed based on nearest neighbor search. For a 
query point x, we fnd its (approximate) nearest neighbor qi in each of the clusters Ci, 
and compute the distance di = kp, qik. The smaller di is, the more likely x belongs 
to cluster i. We then compute a soft label distribution for point x that can refect the 
relationship between the distance to cluster and the possibility of belonging to that 
cluster. 

1.4 Alignment of PPI Network 

A protein-protein interaction (PPI) network is a graph that describes the interaction of 
proteins, where a node represents a protein, and an edge means that two correspond-
ing proteins interact with each other. The alignment of two PPI networks is thus the 
alignment of two undirected graphs. Since this is usually a generalized subgraph iso-
morphism problem which is NP-hard, researches on this problem are mostly heuristic 
algorithms aimed at achieving good practical effciency. Current alignment algorithms 
can be broadly classifed into two categories: local alignment and global alignment. Lo-
cal alignment algorithms are designed to fnd isomorphic subgraphs of two (or more) 
PPI networks. Popular algorithms include Mawish [54] and AlignNemo [18]. While 
local alignment algorithms can fnd isomorphic substructures, global alignment algo-
rithms can better capture the global picture of how conserved substructure motifs are 
organized. 

A great deal of recent research has focused on global alignment algorithms. Some 
algorithms are designed to handle the alignment of multiple PPI networks, such as 
IsoRankN [67], NetCoffee [51], ConvexAlign [47] and an algorithm framework in [53] 
Some alignment algorithms are designed to work with the alignment of two PPI net-
works, such as IsoRank [95], MI-GRAAL [57], GHOST [82], MAGNA [92], Prob [100], 
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NETAL [80], HubAlign [48] and an embedding algorithm based on graphlet frequency 
[85] . IsoRank is the frst algorithm of such kind, and is also one of the most popu-
lar ones. It defnes the similarity of two nodes recursively, meaning that two nodes 
are similar if their neighbors are similar. MI-GRAAL is an algorithm that uses both 
topological and biological information, and produces an alignment in a greedy way 
using a seed-and-extend approach. GHOST defnes the distance between two nodes 
as the difference of spectral signatures of them, and then generates the alignment in a 
greedy way. NETAL frst defnes topological similarity between nodes in a similar way 
to IsoRank, then tries to optimize the number of conserved edges, and fnally builds 
the alignment greedily. 

In this work we propose a novel global pairwise alignment algorithm, called GeoAlign, 
to align two PPI networks based on techniques including graph embedding, geometric 
algorithms and fow algorithms. GeoAlign is a two-step algorithm, with a Geometric 
step which gives us a topological matching score, and an MCMF step which gives us a 
biological matching score. The general ideas can be summarized as follows. 

Geometric Step. Since directly aligning graphs is challenging and the mostly used 
information in PPI network alignment is the local topology of each node, a natural way 
of thinking is to transform the problem from the graph domain to some other domain 
and hope that the target domain preserves these topological information and has better 
matching algorithms to solve the original alignment problem. 

Since matching is a very thoroughly researched topic in computational geometry, 
we choose to transform the problem to the geometric domain. Given two PPI networks, 
we frst use a graph embedding technique to embed both networks into a low dimen-
sional Euclidean space. The graph embedding technique has the ability to conserve the 
original topological structures of the graph. In this way the original node-edge graph 
is transformed into a low dimensional point set, and local topological properties (such 
as connectivity between nodes, length of shortest path between nodes) are preserved 
in a geometric form. Then, with some preprocessing, we apply a geometric matching 
algorithm called Earth Mover’s Distance under Rigid Transformation (EMDRT) [32] to 
the two point sets. EMDRT establishes a matching between the two point sets. Based 
on this matching, we can then obtain a matching score for each pair of nodes. EMDRT 
ensures that if two nodes have similar local topology, they are more likely to have a 
higher matching score. This score is later used as the topological score. 

MCMF step. In addition to the topological information used in the Geometric Step, 
we also make use of the available sequence similarity information. We build a Min-Cost 
Max-Flow (MCMF) model [38] using the inverse of the similarity score as edge weights. 
Solving the MCMF problem gives us another matching score. Since MCMF favors node 
pairs that have higher sequence similarity (thus smaller cost), we can consider this 
matching score as the sequence score (or biological score). 

Combining the two types of scores, we obtain a fnal matching score between node 
pairs. A pair of nodes are matched if their combined matching score is higher than a 
certain threshold. 



    
   

   

     

   
    

 

      

Chapter 2 

SVM: a Geometric Perspective 

2.1 SVM and Polytope Distance 

In this section we give the defnition of SVM, together with the defnition of polytope 
distance and prove their equivalence. We also show the equivalence between one-class 
SVM and two-class SVM, making it possible for us to focus mainly on one-class SVM, 
and easily extend the result to the more general case of two-class SVM. 

Defnition 1. (One-class SVM): Given a point set P ⊆ Rd , fnd a hyperplane H separating 
the origin o and P such that the separating margin (i.e., the distance between o and H) is 
maximized. 

Defnition 2. (Polytope distance): Given a point set P ⊆ Rd , compute the shortest distance 
between the origin o and a point p in the polytope conv(P ) (i.e., the convex hull of P ). 

It is well known that these two problems are equivalent. Formally we have the 
following lemma. 

Lemma 1. [42] Given a point x which realizes the polytope distance of P ⊆ Rd, the hyperplane 
H passing x and orthogonal to ox is the maximum separating hyperplane of P . In other words, 
the polytope distance problem is equivalent to the one-class SVM problem. 

Figure 2.1 gives an intuitive idea of the equivalence between SVM and polytope 
distance. Given the equivalence, computing polytope distance becomes a key problem 
in SVM and has been extensively studied ([42],[21],[20],[74]). 

2.2 Gilbert Algorithm 

Since the polytope distance problem can be easily formulated as a convex quadratic 
optimization problem, it can be solved optimally in O(n3) time. However the cubic 
running time could be too much and thus intolerable for many applications. In such 
scenarios, a good enough approximation solution is actually suffcient. Thus more ef-
fort has been focused on designing approximation algorithms for the polytope distance 
problem. Gilbert Algorithm (Algorithm 1) is one such algorithm with fast running 
time, theoretically guaranteed quality of solution, sparsity of solution (i.e., resulting 
in fewer support vectors) and supreme simplicity. It is a gradient descent procedure 
that in each step of its execution, fnds the best possible direction for improvement and 
greedily improves the current solution along that direction as much as possible. The 
algorithm is shown in Algorithm 1. Figure 2.2 shows one step of the Gilbert Algorithm. 

Despite its simplicity, Algorithm 1 is theoretically proven to be both fast and ac-
curate. In order to discuss its performance, we need to introduce several defnitions. 

hp,xiDenote hp, xi as the inner product of vectors ox and op. Let p|x := be the signed koxk 
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7 Chapter 2. SVM: a Geometric Perspective 

conv(P)

H

ρ
o

FIGURE 2.1: One-class SVM is equivalent to polytope distance problem. 
ρ is the polytope distance, H is the separating hyperplane, with distance 

to o exactly ρ. 

length of the projection of p onto vector ox (also called the projection distance). Let ρ 
be the optimal solution, i.e. the polytope distance of P . Let D be the diameter of P and 
E = D

ρ2
2 
. 

Defnition 3. ((1 − �)-approximation of polytope distance): x ∈ conv(P ) is an (1 − �)-
approximation of the polytope distance problem of P , if 

kxk − p|x ≤ �kxk, ∀p ∈ P 

Notice that we defne the (1 − �)-approximate solution to be a point rather than an 
actual distance. This is for the convenience of analysis. Also this is a stronger defnition, 
which is guaranteed by the following lemma. 

Lemma 2. [42] If x is an (1 − �)-approximation, then (1 − �)koxk ≤ ρ ≤ koxk 
Under Defnition 3, we have the following theorem. 

Theorem 1. [42] Algorithm 1 outputs an (1 − �)-approximation of polytope distance problem 
of P in O(E ) steps.� 

Theorem 1 enables us to fnd a good approximation of the polytope distance in a 
relatively short amount of time. Together with the equivalence between one-class SVM 
and polytope distance, we can fnd a hyperplane with large enough separating margin 
for the one-class SVM problem. 

Lemma 3. [31] Given an (1 − �)-approximation x of the polytope distance problem of P ⊆ Rd , 
the hyperplane H passing through (1 − �)x and orthogonal to ox separates P from the origin o, 
and has a width at least (1 − �) times the true maximum separating margin. 
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xi

xi+1

pi

o

FIGURE 2.2: One step of the Gilbert Algorithm, updating xi to xi+1. 

This means that we can use Algorithm 1 to fnd an approximate maximum separat-
ing margin for the SVM problem. 

Apart from the fast running time, Gilbert Algorithm (and its variants) also has 
many other properties that make it a very good SVM solvers. 

1. The number of iterations is O(E ), which is proved to reach the lower bound, if a� 
theoretically guaranteed (1 − �)-approximation is required [42]. 

2. The result is sparse, or in other words, the number of support vectors is small. 
We can easily observe that the support vectors returned by the Gilbert Algo-
rithm is just those xi computed at each step, and the number is less than E . This� 
is also proved to reach the lower bound, if a theoretically guaranteed (1 − �)-
approximation is required [42]. 

3. The algorithm works for arbitrary kernels. Since the algorithm only requires the 
computation of projection distance, which can be obtained by scalar product, we 
only need one kernel evaluation at each time when a projection distance is com-
puted. This also implies that our proposed algorithms can be easily kernelized. 

2.3 Two-Class SVM 

Defnition 4. (Two-Class SVM.) Given two point sets P, Q ⊆ Rd , fnd two parallel hyper-
planes H1, H2 that separates P from Q, where the distance between H1 and H2 are maximized. 

For two-class SVM, we will again work on an equivalent problem, the polytope 
distance problem of two polytopes. 



      

  
    

   

    

    

  

   

   
      

          

   
  

  
  

 
     

 

9 Chapter 2. SVM: a Geometric Perspective 

Algorithm 1 Gilbert Algorithm [43] 

1: INPUT: A d dimensional point set P . 
2: OUTPUT: An (1 − �)-approximation x of the polytope distance of P to o. 
3: Initialize i = 1; Let x1 be the closest point in P to o. 
4: In step i, do the following: 

(a) If xi is an (1 − �)-approximation, output xi and halt. Otherwise fnd the point 
pi ∈ P whose orthogonal projection onto oxi has the smallest distance to o. 

(b) Let xi+1 be the point on segment xipi that is closest to the origin o. Update 
i = i + 1. 

Defnition 5. (Polytope Distance of Two Polytopes.) Given two point sets P, Q ⊆ Rd, compute 
the shortest distance pq where p ∈ conv(P ), q ∈ conv(Q). 

Unsurprisingly, the polytope distance of two polytope is actually equivalent to the 
polytope distance of one polytope and the origin. 

Defnition 6. [42] The Minkowski difference 

MD(P, Q) = {(p − q)|p ∈ conv(P ), q ∈ conv(Q)} (2.1) 

of two polytopes conv(P ) and conv(Q) is the set (which is also a polytope) consisting of all 
difference vectors of conv(P ) and conv(Q). 

Theorem 2. [42] Computing the polytope distance of P and Q is equivalent to computing the 
polytope distance of MD(P, Q) and the origin o. 

Intuitively speaking, the Minkowski difference of two polytopes can be considered 
as taking all difference vectors of the two polytopes, and glue them together by their 
starting points. The convex hull of the ending points of all these difference vectors form 
a new polytope, which is MD(P, Q). As we can observe from Figure 2.3, the polytope 
distance ρ of polytopes P and Q are decided by p1, q1 and q2, where in MD(P, Q), the 
polytope distance is also ρ, decided by vector p1q1 and p1q2. Theorem 2 enables us to 
easily extend our results on one-class SVM to two-class SVM. 
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H1

H2

P

Q

ρ o
ρ

(a) (b)

H
MD(P,Q)

p1

q1

q2

FIGURE 2.3: Minkowski difference of P (green) and Q (yellow), which 
is itself a polytope. (a). Arrowed lines denote the difference vectors; (b). 
All difference vectors with their left endpoint glued to the origin o forms 
a new polytope, with the same polytope distance ρ (points of MD(P, Q) 

which are not on the convex hull are not shown). 



  

  

  
 

   

Chapter 3 

Distributed and Robust SVM 

3.1 Introduction 

3.1.1 Related Work 

As mentioned in Chapter 2, the problem of training SVM in a distributed setting is 
now a commonly encountered problem. In recent years, a signifcant amount of ef-
fort has been devoted to this problem ([37][14][44][68][16][78][36][83]), and a number 
of distributed SVM algorithms with different strength have been developed. However 
most of them are still suffering from various limitations, such as high communication 
complexity, sub-optimal quality of solution, and slow convergence rate. For instance, 
the family of incremental construction algorithms [37][14] for distributed SVM have been 
extensively studied in recent years. Such algorithms often have good performance in 
practice and some other nice features related to robustness and decentralization; but 
they generally do not have theoretical guarantee on the communication complexity, 
and some of them even have no quality guarantee on their solutions. There are also al-
gorithms available which parallelize existing centralized algorithms ([44][68][16]). This 
type of algorithms typically focus on enhancing the ability of dealing with extremely 
large size data sets, but generally have no quality guarantee on communication com-
plexity. Also for the family of distributed stochastic gradient descent algorithms like 
[87], the main issue is that the running time (or number of iteration) is mostly sub-
optimal, and they also do not have a guarantee on communication cost. 

3.1.2 Our Results 

In this work we present a lower bound for the communication complexity of the dis-
tributed SVM problem under coordinator model, together with a distributed algorithm 
that achieves this lower bound. 

3.2 Communication Complexity of Distributed SVM 

In a distributed setting, the point set P is arbitrarily distributed among k nodes. Based 
on different modes of communication, there are different models to be considered. In 
this work we mainly study the coordinator model which contains an extra coordinator 
node for communication with all other nodes. 

We are interested in determining the minimum amount of communication that is 
needed to fnd a (1 − �)-approximation of the polytope distance problem. Below is our 
lower bound result. 

Theorem 3. A (1 − �)-approximation of the distributed polytope distance problem requires √ 
17−4Ω(kd) communication for any � < .16d 

11 



      

 
 

            
    

 

 
   

   
    

          
  

  

  

  

            

      
               

               
  

  

  
   

   
 

  
  

     

 

 

 

12 Chapter 3. Distributed and Robust SVM 

We prove Theorem 3 by giving a reduction from the following k-OR problem. 

Defnition 7. (k-OR): Given k players with each holding an n-bit binary vector, fnd the 
bitwise OR of all k vectors. 

An example of the k-OR problem can be like the following: Player 1 holds vector 
(1, 0, 0, 1, 0), Player 2 holds (0, 0, 0, 1, 1), and Player 3 holds (1, 1, 0, 0, 1). Then the out-
put should be the vector (1, 1, 0, 1, 1), where each bit is just the OR of the same bit of 
all players’ vectors. For the communication complexity of this problem we have the 
following result. 

Lemma 4. [84] k-OR problem requires Ω(nk) communication in the coordinator model. 

We frst give the main idea for the proof of Theorem 3 for easier understanding. 
For an k-OR instance with k players each holding an n-bit binary vector, we construct 
an instance of the distributed polytope distance problem in d = n dimensional space, 
with k nodes. Each node holds d points, corresponding to the d dimensions. If the j-th 
bit of player i’s vector is 0, we position the j-th point of node i at ej , where ej is the d 
dimensional point whose only non-zero entry is the j-th coordinate with value 1, i.e., 

ej = (0, · · · , 0, 1, 0, · · · , 0).| {z } | {z } 
j−1 d−j 

If the the j-th bit of player i’s vector is 1, we position the j-th point of node i at λej . The 
value of λ < 1 will be determined in the detailed proof. 

For easier understanding, consider the following instance. Suppose that in the 
original k-OR problem, we have 4 players, each holding a vector of length 3 (which 
means that k = 4 and n = 3). The vectors are (0, 1, 1), (0, 1, 0), (0, 0, 1) and (0, 0, 0), 
respectively. The polytope distance problem we construct then should be the follow-
ing: in d = n = 3 dimensional space, we have k = 4 nodes. Node 1 holds points 
{(1, 0, 0), (0, λ, 0), (0, 0, λ)}, Node 2 holds points {(1, 0, 0), (0, λ, 0), (0, 0, 1)}, Node 3 holds 
points {(1, 0, 0), (0, 1, 0), (0, 0, λ)}, and Node 4 holds points {(1, 0, 0), (0, 1, 0), (0, 0, 1)}. 

Now we have 2d possible positions for all kd points. Notice that in our construc-
tion, there will be a point on λej if and only if there is at least a 1 at the j-th bit of some 
player’s vector. This corresponds to the situation that in the output of the k-OR prob-
lem, the j-th bit is 1. In the example shown above, since the frst bit of all 4 vectors are 
0, the frst bit of the output should also be 0, which corresponds to the situation that 
in the polytope distance instance we constructed, there does not exist a node holding a 
point (λ, 0, 0). Likewise, the second bit of the output vector is 1, which corresponds to 
the situation that there is at least one node holding the point (0, λ, 0) (Node 1 and 2). 

So we have encoded the solution of the k-OR problem using the confguration of 
the point positions of the distributed polytope distance problem. Figure 3.1(a) shows 
the encoding of binary vector (1, 0, 0) in 3-dimensional space. 

We claim that, when � satisfes certain condition, we can fnd out the confguration 
of the point positions based on a (1 − �)-approximation of the distributed polytope 
distance problem. Intuitively, the position of λej covers ej in the polytope distance 
problem, since λ < 1 and λej is always closer to the origin o than ej . Then the polytope 
distance is determined by all those λej ’s. Thus, if we fnd the polytope distance, we can 
uniquely identify the λej which has contributed to the polytope distance, leading to the 
discovery of the confguration of the point positions. Figure 3.1(b) illustrates the case 
of d = 2. Combining this with the fact that the point position confguration encodes 
the solution of the k-OR problem, we establish the reduction. 



      

   

    
   

 

 
   

 
    

            
  

  
 

 

 
  

 

  

  

 
    

     

              
 

               
            

  

13 Chapter 3. Distributed and Robust SVM 

(,0)

(0,)

(1,0)

(0,1)

x0,1

x1,0

x0,0

x1,1

o
(b)

(,0,0) (1,0,0)

(0,1,0)

o

(0,0,1)

(a)

x1,0,0

FIGURE 3.1: (a). The (1 − �)-approximation x1,0,0 corresponding to the 
case of (1, 0, 0) being the result of k-OR problem. (b). In 2 dimensional 
space, the 4 possible positions (blue points) of the (1 − �)-approximation 

encoding the 4 possible outcomes of k-OR problem. 

We now give the full proof of Theorem 3. 

Proof. Given an instance of the k-OR problem with k players each holding an n-bit bi-
nary vector, construct an instance of distributed polytope distance in d = n dimensional 
space with k nodes as follows: 

For player i, for j = 1, · · · , d, if the j-th bit of his vector is 0, add point ej to node 
i’s point set; otherwise add point λej to its point set, where ej = (0, · · · , 0, 1, 0, · · · , 0) is| {z } | {z } 

j-1 d-j 

the d-dimensional point whose only non-zero entry is the j-th coordinate with value 1. 
In this construction, each node holds exactly d points, and there are kd points in 

total. Since for the j-th point there are only two possible positions to place it, i.e., ej or 
λej , there will be points from different nodes sharing the same position. This does not 
affect the proof, since we can add a small enough perturbation to points sharing the 
same location. 

Defnition 8. (Confguration): A confguration C of an instance of the polytope distance 
problem constructed as above is a size d point set, where the i-th point is λei if there is at least 
one λei in the point sets of all nodes; otherwise the i-th point is set to be ei. The order of a 
confguration C is the number of λe it contains. 

It is easy to see that a confguration encodes the solution of the corresponding k-
OR problem. So if we can fnd out the confguration based on a (1 − �)-approximation 
solution of the distributed polytope distance problem, we can solve the k-OR problem, 
thus proving Theorem 3. The following lemma ensures that we can indeed achieve 
that. 

√ 
17−4Lemma 5. If � < , it is possible to determine the confguration purely based on a (1− �)-16d q

1 �dapproximation of the distributed polytope distance problem with λ satisfying 1 − − <2 4 1−� p 
1 �dλ < min{ 1 − d(1 − (1 − �)2), (1 + 

q 
− )}.2 4 1−� 

√ 
17−4 �dNotice that � < guarantees that 1 − > 0, 1 − d(1 − (1 − �)2) > 0, as16d 4 1−�q p

1 1 �dwell as − − < 1 − d(1 − (1 − �)2). Thus such a λ always exists. Denote the 2 4 1−� 
polytope distance of a confguration C as ρ(C), the order of C as order(C). We call the 



      

  

          
     

    

      

  

     

   
     

       

   
  

     
   

   
 

 
  

    

 
   

                
 
      

 

       
 

    
  

     
 

 
 

 

 

  

 
   

 
   

 
         

 
    

 
 

  
          

 
 

   

    
 

 
       

14 Chapter 3. Distributed and Robust SVM 

set of confgurations with the same order d0 as an order-d0 layer of confgurations. We 
prove Lemma 5 in two steps: 

• (Claim 1): order(Ci) = order(Cj ) =⇒ ρ(Ci) = ρ(Cj ); order(Ci) > order(Cj ) =⇒ 
ρ(Ci) < (1 − �)ρ(Cj ). 

• (Claim 2): a solution x cannot be a (1 − �)-approximation for more than one con-
fgurations in the same layer. 

proof of Claim 1: Consider a confguration C = {p1, p2, · · · , pd} with order d0 . This 
means that there are d−d0 points with their only non-zero coordinate as 1, and d0 points 
with their non-zero coordinate as λ. Suppose that the point x = α1p1 +α2p2 + · · ·+αdpd 

on conv(C) is the closest point to the origin. We observe that for i ∈ [1, d], we have 
0 < αi < 1. This can be proved by contradiction as follows. First of all, since x isP 
on conv(C), we naturally have 0 ≤ αi ≤ 1 and αi = 1. Suppose that there existsi 
an αl = 0. This means that the l-th coordinate of x is 0, and thus x is on the simplex 
spanned by C −{pl}. Notice that in this case, we have opl perpendicular to the simplex 

π πspanned by C −{pl}. Thus, ∠oxpl < and ∠oplx < , which means that the projection 2 2 
of o onto xpl is within the line segment xpl, resulting in a point closer to o than x, 
contradicting the fact that x is the closest point to o. Then α < 1 follows immediately. 

The above observation guarantees that the closest point to o is always within conv(C), 
instead of on the boundary. Now let us compute ρ(C). 

We partition the points of C into two subsets based on their non-zero coordinates. 
C1 contains points whose non-zero coordinates are 1, and Cλ contains the rest. By the 
symmetry of the dimensions, we can safely assume that C1 contains the frst d − d0 

points, and Cλ contains the latter d0 points without loss of generality. Now let a = 
a a1 

1 , and consider the point x = (λa · 1, · · · , λa · 1, · λ, · · · , · λ). It is clear 
(d−d0)λ+d0 

λ | {z } λ λ| {z }
d−d0 

d0 

that (1) x is within the boundary of conv(C), since (d − d0)λa + d0 a = 1; and (2) the λ 
λaprojection distance of any point in C onto ox is kxk . Thus ox is perpendicular to the 

subspace spanned by C. Combining the above two facts, we know that x is the closest r 
1point to o on conv(C), and ρ(C) = koxk = . Since ρ(C) depends only on the 

(d−d0)+ d
0 

λ2 

order of the confguration, we have proved the frst half of Claim 1. 
Since each layer of a confguration has the same polytope distance, we let ρd0 denote 

the polytope distance for order-d0 layer. Now for the second half of Claim 1, let us 
consider two consecutive layers with order d0 and d0 + 1. Then we have s 

1d + ( − 1)d0ρd0+1 λ2 
= 

ρd0 d + ( 1 − 1)(d0 + 1) 
λ2 r 

d − (1 − λ2)≤ (3.1)
ds p 2 

d − (1 − 1 − d(1 − (1 − �)2) )
< 

d 
= 1 − � (3.2) 

1in which inequality (3.1) holds because of 
λ2 − 1 > 0. Using (3.2), we immediately have 

ρd0+t 
ρd0 

< (1 − �)t < 1 − �. Thus the second part of Claim 1 is proved. 



      

          
    

       

 
   

  
   

 
 

  

 
 

   

 

   
          

      

     
         

  

 
              

  

     

 
  

  
  

        

      
        

 
                   

   

       
 

                      

   

    
            

 
   

15 Chapter 3. Distributed and Robust SVM 

proof of Claim 2 : In order to prove Claim 2, we frst make another observation of 
the (1 − �)-approximation x of confguration C = {p1, · · · , pd} of order d0 . Since x is 
a (1 − �)-approximation, by defnition it has to be on conv(C). So x takes the form of P P 
x = αipi, and αi = 1. Also by defnition, we have pi|x > (1 − �)kxk. Together with 
the defnition of pi|x, we have � 

(1 − �)kxk2 , if pi = eiαi ≥ 1−� 
λ2 kxk2 , otherwise. 

Then we have for pi = ei, 

αi X 
= 1 − αj 

j 6=i X X (1 − �)≤ 1 − ( (1 − �)kxk2 + 
λ2 kxk2) 

j=6 i,pj =ej j=6 i,pj =λej 

+ d0 
1 − � 

= 1 − ((d − d0 − 1)(1 − �)kxk2 

λ2 kxk
2) 

1 
= ( − ((d − d0 − 1)(1 − �) + d0 

1 − � 
))kxk2 

kxk2 λ2 

Now, suppose that x is a (1 − �)-approximation for two confgurations C1 and C2 

in the same layer. Since all confgurations in the same layer have the same order, this 
indicates that they have the same number of points whose non-zero coordinate is 1 and 
the same number of points whose non-zero coordinate is λ. This means that C1 and C2 

differs by at least two points, with different non-zero coordinates. Denote the index of 
such pair of points as i and j. Without loss of generality, we assume that in C1 the i-th 

(1) (1) (2)point pi = ei, and the j-th point pj = λej . Then in C2, the i-th point p = λei, andi 
(2)the j-th point pj = ej . Since x is a (1 − �)-approximation of C1, it has to take the form P (1) (1)of x = αip , and pi = ei, following (3.3) we have i 

1 
αi ≤ ( − ((d − d0 − 1)(1 − �) + d0 

1 − � 
))kxk2 . 

kxk2 λ2 

Since x is also a (1 − �)-approximation of C2, it has to satisfy 

λαi (2)
= p |x ≥ (1 − �)kxk.ikxk 

Together we have 

1 − � 1 kxk2 ≤ αi ≤ ( − ((d − d0 − 1)(1 − �) + d0 
1 − � 

))kxk2 ,
λ kxk2 λ2 

which means that 

1 − � 1 ≤ − ((d − d0 − 1)(1 − �) + d0 
1 − � 

). 
λ kxk2 λ2 



      

            
 
       

 
 

 
            

  

    
 

            
  

        
 

  
 

 
            

 
     

   
 

   

 
       

      

     
         

 
 

   
  

 
 

 
 

 

 

  

   

16 Chapter 3. Distributed and Robust SVM 

q q
1 �d 1 1 �d 2 1However, since 1 − − < λ < + − , and kxk2 ≥ ρ 0 = , we2 4 1−� 2 4 1−� d (d−d0)+ d

0 
λ2 

always have 

1 − ((d − d0 − 1)(1 − �) + d0 
1 − � 

)
kxk2 λ2 

≤ (d − d0) + 
d0 − ((d − d0 − 1)(1 − �) + d0 

1 − � 
)

λ2 λ2 

= d − (d − 1)(1 − �) + �(
1 − 1)d0 
λ2 

1 ≤ d − (d − 1)(1 − �) + �( − 1)d 
λ2 

�d 
= 1 − � + 

λ2 

1 − � 
< ,

λ 

which is a contradiction. Therefore x cannot be a (1 − �)-approximation for two confg-
urations in the same layer. 

Now we are ready to prove Lemma 5. At the coordinator, pre-compute all possible 
ρd0 , with d0 = (0, 1, · · · , d). Compare the polytope distance of the (1− �)-approximation 

1 x to every segment [ρ, ρ]. If koxk falls within the segment corresponding to ρd0 , then 1−� 
Claim 1 guarantees that the confguration that we want is in the layer with order d0; 
Then for all confgurations C in that layer, check if x is a (1 − �)-approximation for C 
by testing whether for all p ∈ C, p|x ≥ (1 − �)kxk. Since x is a (1 − �)-approximation, 
so there is at least one confguration C that will pass the test; and Claim 2 guarantees 
that there is only one such C. Return C as the desired confguration. This completes 
the proof for Lemma 5. 

Lemma 5 means that if we solve the approximate version of the distributed poly-
tope distance problem, we can solve the k-OR problem. Hence the communication 
complexity of the approximate distributed SVM is Ω(kd), proving Theorem 3 

3.3 Distributed Gilbert Algorithm 

Now we are ready to give the distributed version of Gilbert Algorithm (i.e., Algorithm 
2) in the coordinator model. 

Algorithm 2 Distributed Gilbert Algorithm 

1: INPUT : A d dimensional point set P arbitrarily distributed among k nodes. 
2: OUTPUT(by the coordinator) : A (1− �)-approximation of the polytope distance of 

P to o. 
3: Initialize i = 1; All nodes send to the coordinator its closest point to o; The coordi-

nator picks the global closest point to o as p1; 
4: In step i, the coordinator sends xi to all nodes; upon receiving xi, each node picks 

one of its points that has the smallest p|xi and send back to the coordinator; the 
coordinator picks the point that has the smallest p|xi based on the points it received; 
Denote this point as pi+1 and fnd xi+1 as in non-distributed version. 

5: Return xi+1 when it is a (1−�)-approximation. Otherwise go to Line 4 with i = i+1. 



      

  

 

 

 

    

    
 

  

  
 

  
   

  
 

     
 

 

    
    

   

 

  

   
 

17 Chapter 3. Distributed and Robust SVM 

In each step of Algorithm 2, the coordinator sends the current solution xi to all k 
nodes. Upon receiving xi, each node computes the smallest projection distance onto 
vector oxi based on its own share of points, and return it to the coordinator. The coor-
dinator picks the point that has the smallest projection distance onto vector xi among 
all returned points, and uses it as pi+1. Each step of the algorithm involves one round 
of communication between the coordinator and all k nodes. Thus the communication 
of each step is O(k). By Theorem 1, we have the following theorem. 

Theorem 4. The communication complexity of Algorithm 2 is O(k E ) in the coordinator model. � 

Results from [42] ensure the existence of a point set P with d = Θ(E ). Together � 
with Theorem 3, this means that there exists no algorithm which computes a (1 − �)-
approximation for any distributed polytope distance problem with communication 
complexity asymptotically smaller than k E . This implies that Algorithm 2 indeed� 
reaches the lower bound of the communication complexity of such algorithms. 

3.4 Robust Distributed SVM 

In this section we present an algorithm for explicitly avoiding the infuence of outliers 
in the distributed SVM problem. We frst consider the following problem. 

Defnition 9. (Distributed One-class SVM with Outliers) : Given P as a point set of size n 
in d dimensional space that is arbitrarily distributed among k nodes, and γ as the fraction of 
outliers in P , fnd the subset P 

0 ⊆ P of size (1 − γ)n so that the margin separating the origin 
and P 

0 is maximized. 

Notice that in this problem setting, there are two factors that need to be consid-
ered when evaluating the quality of the approximation result: the width of the margin, 
and the number of outliers accurately pruned out. Thus we need a new defnition of 
approximation. 

Defnition 10. For two constants �, δ > 0, a margin M is an (�, δ)-approximation, if the width 
of M is larger than or equal to (1 − �)ρ, and the number of outliers identifed by M is no more 
than (1 + δ)γP . 

In this problem, we aim to prune out exactly γn points (as outliers) so that the 
rest of the points can be separated from the origin by the largest possible margin. In 
this scenario, Gilbert algorithm may perform arbitrarily bad. This is because in each 
step, Gilbert algorithm fnds the point that has the minimum projection distance and 
there is a possibility that this point happens to be an outlier. As a gradient descent 
procedure, Gilbert algorithm does not have the ability to recover from the negative 
impact of picking an outlier. To avoid this problem, a key observation is that Gilbert 
algorithm does not need to always identify the point with the minimum projection 
distance; it is actually suffcient to fnd one point (to maintain a fast convergence rate) 
as long as its projection distance is one of the w smallest for some w to be determined 
later. Based on this observation, [31] has developed a new framework, called Random 
Gradient Descent (RGD) tree, to explicitly deal with outliers using Gilbert algorithm. 

3.4.1 RGD Tree: Explicitly Avoiding the Infuence of Outliers in SVM 

Roughly speaking, RGD tree is a modifed version of Gilbert algorithm. In each step, 
it randomly samples w points from the t > 1 points which have the smallest projec-
tion distances, and considers each of the w points. This results in a computation tree 



      

 
 

  

 
 

 

  
  

   

  

   

  
  

 

 

 
 

 
  

 

 

 

18 Chapter 3. Distributed and Robust SVM 

with a branching factor of w. The value w is chosen to have the property that there 
is a high probability that the w chosen points contain at least one point that is not an 
outlier. Together with the fast convergence rate of Gilbert algorithm, we can have a 
node in the RGD tree whose path to the root contains only points that are not outliers. 
Then this path is the desired computation path of Gilbert algorithm in an outlier-free 
environment. 

The following theorem from [31] guarantees the performance of the RGD tree: 

Theorem 5. With high probability, there exists at least one node in the resulting RGD tree 
which yields an (�, δ)-approximation, with running time linear in n and d. 

3.4.2 Extending RGD Tree to Distributed Settings 

Given the fact that RGD tree is a variant of Gilbert algorithm, it can be naturally ex-
tended to distributed settings. One simple solution is to let the coordinator send the 
current solution (xi) to each distributed node for them to compute and return its own 
t points with the smallest projection distance to oxi. However such a naive approach 
will incur large communication cost, because now each step will need O(kt) communi-
cation, instead of O(k) communication as in the no-outlier case. Actually the problem 
of fnding the t-th smallest number in a distributed setting has been extensively stud-
ied ([79][91][58]). [58] gives a randomized algorithm that has communication com-
plexity of O(k log (t)), and a deterministic algorithm with communication complexity 
O(k log2 (t)). In this paper we give a deterministic algorithm with communication com-
plexity O(k log (t)) in the coordinator model. Formally, consider the following problem. 

Defnition 11. (Distributed t-selection): Given n distinct numbers distributed among k nodes, 
fnd the t-th smallest number. 

In this problem, we only consider distinct numbers, since we can use any tie-breaker 
to distinguish duplicated numbers. Then we have the following result. 

Lemma 6. Distributed t-selection can be solved deterministically with O(k log (t)) communi-
cation in the coordinator model. 

To prove Lemma 6, we give an algorithm (Algorithm 3) with the claimed commu-
nication complexity. 

Before analyzing the communication complexity of Algorithm 3, we frst show its 
Correctness. Essentially the algorithm acts like the classical linear-time selection algo-
rithm. The coordinator computes two “weighted” medians of medians (mˆ and mˆ )lh lh+1 

for all distributed nodes, and tell them to discard certain portion of its numbers based 
on the location of the t-th smallest number. In Line 11, case 1 means that the t-th small-
est number is smaller than the frst “weighted” median ml̂h 

, so it is safe to discard all 
numbers no smaller than ml̂h 

; case 2 means that the t-th smallest number is between 
mˆ and ml̂h+1 

, so it is safe to discard all numbers no larger than mˆ and all numbers lh lh 

no smaller than ml̂h+1 
; Similarly, we can show for Case 3. We also updates the value of 

t if numbers smaller than the t-th smallest number is discarded. The algorithm either 
fnds the t-th smallest number during the loop of Lines 6 to 12, or fnds it by the coordi-
nator in a non-distributed fashion (when there are fewer numbers left). Thus we have 
the correctness of Algorithm 3. 

For communication complexity, we have the following lemma. 

Lemma 7. Each iteration of Lines 6 to 12 will discard at least a fraction of 14 of the current 
numbers holden by all nodes. 



      

  

 
 

 
   

   
 

    

  
  

      

    

     
   

 

   
  

 
  

 

  
 

 

   
 

   

     

 
 

   
 

   
 

   
 

   
 

   

  
  

      
  

  
  

    

   

19 Chapter 3. Distributed and Robust SVM 

Algorithm 3 Deterministic distributed t-selection algorithm 

1: INPUT : n distinct numbers arbitrarily distributed among k nodes, a natural num-
ber t. 

2: OUTPUT(by the coordinator) : the t-th smallest number of the n numbers. 
3: (Pre-process:) For each node, if it holds more than t numbers, do a local sorting and 

keep the smallest t numbers and discard the rest. 
4: (Pre-process:) The coordinator sends a distinct number l ∈ [1, k] to each node as 

their label. 
5: repeat 
6: For each node, send to the coordinator a message containing a triple (ml, nl, l), 

where ml is the median of the numbers stored in the node, nl is the # of numbers 
in the node, and l is its label. 

7: Upon receiving messages from all nodes, the coordinator frst sorts the messages 
in ascending order of their ml. Suppose in the new order we have mˆ < mˆ <l1 l2 

· · · < mˆ .lk P 
8: Let mˆ = −∞. The coordinator computes a value h such that nl <l0 l:ml≤mˆ 

1 P P P lh 

l nl and nl ≥ 1 
l nl2 l:ml≤mˆ 2lh+1 

9: The coordinator sends a pair (mˆ ,mˆ ) to all nodes.lh lh+1 

10: Upon receiving (ml̂h 
,mˆ ) from the coordinator, each node sends to the coordi-lh+1 

nator a triple (al, bl, l), where al is the # of its numbers smaller than ml̂h 
, bl is the 

# of its numbers smaller than mˆ , l is its label.lh+1 

11: After receiving all (a, b, l) messages from all nodes, the coordinator checks which 
of the following cases will happen (notice that since mˆ < mˆ we always have P P lh lh+1 

a < b): P 
1. t − 1 < a; P P 
2. a < t − 1 < b; P 
3. t − 1 > b; P 
4. t − 1 = a; P 
5. t − 1 = b. 

For case 4, output mˆ and halt; for case 5, output mˆ and halt; otherwise, send lh lh+1P 
i to all nodes for cases i. For case 2, update t to be t − a; for case 3, update t toP 
be t − b. 

12: For each node, if it receives a “1” from the coordinator, discard all numbers larger 
than mˆ ; if it receives a “2”, discard all numbers smaller than mˆ and numbers lh lh 
larger than mˆ ; otherwise discard all numbers smaller than mˆP lh+1 lh+1 

13: until nl = O(k) 
14: All nodes send their numbers to the coordinator. 
15: Now the numbers are no longer distributed, and the coordinator simply outputs 

the t-th smallest number. 



      

 
      

         
  

 
 

   
   

  
 

 
 

 
 

 

 

 
    

   
 

 

 
      

 
  

    
 

 
   

  

    
    

   

  
 

20 Chapter 3. Distributed and Robust SVM 

Proof. We need to consider the frst three cases in Line 11 to see how many numbers 
are discarded in each round. 

• If case 1 holds, it means that we discard all numbers larger than ml̂h 
. SinceP 1 P P 1 P 

nl < l nl, we have nl ≥ l nl. Consider a node that l:ml≤mˆ 2 l:ml>mˆ 2lh lh 

has a median ml larger than ml̂h 
. Since we are discarding all numbers larger than 

ml̂h 
, at least half of its numbers will be discarded. Together with the fact that P P 1 nl ≥ 1 

l nl, we know that at least a fraction of the current numbers l:ml>mˆ 2 4lh 

is discarded. 

• If case 2 holds, it means that we discard all numbers no larger than ml̂h 
and all 

numbers no smaller than mˆ . Consider a node whose median is smaller orlh+1 

equal to ml̂h 
, the smaller half (including the median) of its numbers will be dis-

carded; similarly, for a node whose median is larger than or equal to ml̂h+1 
, the 

larger half (including the median) will be discarded. It is easy to see that these 
two cases cover all nodes. Hence, at least half of the current numbers will be 
discarded. P P 

• Case 3 is very similar to case 1, where we have nl ≥ 1 
l nl by def-l:ml≤mˆ 2lh+1 

nition, and we are discarding numbers smaller than ml̂h+1 
. 

Note that we aggregate all numbers if there are only O(k) left. Combining this with 
Lemma 7, we know that Algorithm 3 terminates after at most log ( tk ) = log (t) rounds. k 
It is also easy to see that each round of Lines 6 to 12 involves only O(k) communication. 
Thus the communication complexity of Algorithm 3 is O(k log (t)). Since Algorithm 3 
is purely deterministic, this also proves Lemma 6. 

Now we are ready to present the distributed version of the RGD tree algorithm (i.e., 
Algorithm 4), and the analysis of its communication complexity. 

The RGD tree has O(wh) nodes. To generate one node, we need O(k log (t)) commu-
nication. Notice that each time we draw the sample Sv, there are O(w) extra commu-
nication. Thus on average each node in the sample (i.e., its associated point belongs to 
the sample) is only charged O(1) extra communication, which does not change asymp-
totically the O(k log (t)) communication incurred by applying Algorithm 3. This leads 
to the following theorem. 

Theorem 6. The communication complexity of Algorithm 4 is O(whk log (t)). 

3.5 Extension to Two-Class SVM 

3.5.1 Distributed Algorithm for Two-class SVM 

In the two-class setting, we will maintain and update two points x(1) ∈ conv(P1) andi 

x
(2) ∈ conv(P2) as the current solution. In each step, the coordinator sends the current i 

(1) (2)solution to all nodes, and receive candidate points for p and pi+1. The communica-i+1 

tion complexity is still O(k E ), which reaches the lower bound. � 



      

   
         

 
     

 

 

     

 

        
 

 

   
   

 
 

  

 
  

21 Chapter 3. Distributed and Robust SVM 

Algorithm 4 Distributed RGD tree 

INPUT : A d dimensional point set P arbitrarily distributed among k nodes, with 
a fraction γ of it being outliers; three parameters 0 < µ, δ < 1, h = 2(1 (D +� ρ 

1))2 ln (D + 1).ρ 
OUTPUT(by the coordinator) : An RGD tree with each node associated with a can-
didate for an approximation solution to the One-class SVM with outliers problem. 

The coordinator randomly select a point from P as x. Initialize the tree at root x. 
Recursively grow the tree in the following manner: 
For a node v associated with point xv, if its height is h, it becomes a leaf; Otherwise, 
do the following: 

1. Let t = (1 + δ)γ|P |. The coordinator fnds the point pt whose projection dis-
tances to oxv are the t’th smallest using Algorithm 3; 

2. Take a random sample Sv of size w = (1 + 1 ) ln µ in the following manner: the δ h 
coordinator randomly take a label of the nodes, and ask the node with this label 
for a random point of its holdings whose projection distance is smaller than the 
projection distance of pt. Repeat until the coordinator has a sample Sv of size 
w. For each point s ∈ Sv, create a child of v in the RGD tree and associate it 

swith point x which is the point on line segment [sxv] closest to o.v 

3.5.2 Distributed Algorithm for Two-class SVM with Outliers 

The RGD tree algorithm can be easily modifed to work with two-class SVM with out-
liers. In each iteration of the RGD tree algorithm, we now need to run the t selection 

(1) (2)algorithm twice to fnd two sets Pv and Pv , and draw samples from them respec-
tively. This means that in the distributed setting, we only need to execute Algorithm 3 

(1) (2)twice to obtain Pv and Pv . So the total communication cost does not change asymp-
totically. 

3.6 Experimental Results 

Since the main contribution of this result is its theoretical part: a lower bound on the 
communication complexity of distributed SVM, and a distributed algorithm that ac-
tually reaches this lower bound with quality guarantee, we design the experiments 
mainly to demonstrate two aspects of our proposed algorithms: communication cost 
and accuracy. We choose two popular distributed trainer for SVM, namely ADMM 
[12][109] and HOGWILD! [87], for comparison. We perform SVM training task on sev-
eral benchmark datasets distributed to 20 simulated nodes, and plot their communica-
tion cost and accuracy accordingly in Figure 3.2 and 3.3. Throughout the experiments 
we use RBF kernels, and use cross-validation to tune the parameters and report the 
best result. Notice that the communication cost of our proposed algorithm is signif-
cantly smaller than the algorithms compared, which is not surprising since it is proved 
to reach the lower bound. The accuracy is overall comparable to the other algorithms, 
making the proposed algorithm not only of theoretical interest, but also practically use-
ful. 
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FIGURE 3.2: Communication cost of three compared algorithms (relative 
to the communication cost of the proposed algorithm) 

For the distributed RGD algorithm, we design the experiments mainly to demon-
strate the robustness of the algorithm. We use 10 benchmark data set as in [15]. We take 
70% as training data, and 30% as testing, and then fip the label of 15% points in the 
training data sets as outliers. We distribute the data among k nodes where k is set to 20. 
To speed up computation, we also use a boosting trick as in [31] : repeatedly build the 
RGD tree using the previous best result as root node. Due to the probabilistic nature 
of the algorithm, we repeatedly run the algorithm 10 times and take the best result. 
We compare the results with the non-distributed version of the RGD tree algorithm, as 
well as three other methods, namely soft margin SVM [24], robust SVM based on CCCP 
[55], and homotopy algorithm [97]. We use the best of the three results as baseline. The 
result is shown in table 3.4. Notice that the performance of the distributed RGD tree 
performs nearly the same as the non-distributed version, and outperforms the other 
three methods on most of the data sets, proving to be still robust in distributed setting. 

3.7 Conclusion 

In this chapter we studied the distributed SVM problems under the coordinator model. 
For distributed SVM without outliers, we proved a lower bound on the communica-
tion complexity for any (1− �)-approximation algorithm and gave a distributed (1− �)-
approximation algorithm to reach this bound. For distributed SVM with outliers, we 
presented a (1 − �)-approximation algorithm to explicitly remove the infuence of out-
liers with low communication complexity. Experiments confrm our theoretical analy-
sis. 
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FIGURE 3.3: Test accuracy of three compared algorithms 

FIGURE 3.4: Accuracy of Distributed RGD algorithm compared to other 
algorithms when 15% of the labels are fipped. 



 

 

Chapter 4 

Online SVM 

4.1 Introduction 

4.1.1 Related Work 

There are many results on online SVM training algorithms. All of them can handle 
training with data stream and achieve good results on certain types of data, but also 
suffer from some common issues. Bordes et al. [11] provides an online algorithm which 
is based on kernelization and smart selection of training sample at each iteration, with 
good classifcation accuracy. Their method is purely heuristic, and has no theoretical 
guarantee on the quality of solutions or the convergence speed. Zheng et al. [110] 
gives an online incremental algorithm that consists of learning prototypes and learn-
ing support vectors. Again, their algorithm is heuristic and provides no theoretical 
guarantee. Rai et al. [86] provides an online SVM algorithm that is based on another 
geometric interpretation of SVM called the minimum enclosing ball (MEB), and uses 
recent advances in online MEB algorithm to solve the online SVM algorithm. One sig-
nifcant drawback of their approach is that the online MEB algorithm has a constant 
lower bound on its approximation ratio (where our algorithm is guaranteed to output 
solution with (1−�) quality), making their solution sub-optimal. Matsushima et al. [73] 
gives an algorithm that scales well, but requires multiple passes of the training data. 
Other methods like Dredze et al. [34], Wang et al. [102], Chang and Roth [17], Romero et 
al. [88], Laskov et al. [63] all suffer from similar issues: slow per-iteration running time, 
huge space requirement or no theoretical guarantee on solution quality. Also worth 
noting is the result of Bartlett et al. [7]. They provide a theoretical result on general 
online gradient descent methods. Our work utilizes the special geometry of the SVM 
problem and is able to achieve a much better theoretical results than the general bound 
given by [7]. 

4.1.2 Our Results. 

In this work we present an online SVM algorithm with constant space requirement and 
constant running time, which outputs an approximation solution that is theoretically 
guaranteed to be near-optimal (up to a small user-defned factor �.) 

The main idea of our work is based on the geometric interpretation of SVM: fnding 
the hyperplane with maximum separating margin is equivalent to fnding the shortest 
distance between two points on the convex hull of the two classes of training data. We 
modify the Gilbert Algorithm to suit the need of designing an online SVM algorithm. 
Assuming that data comes in random order, our algorithm keeps a buffer of training 
data of only constant size , and perform one iteration based on these data. We are able 
to prove that, with high probability, our algorithm outputs an (�, δ)-approximation of 
the optimal solution, using only constant space and time. 

24 



    

       

 

  

         
  

    

    
    

    

     

   
   

    

       
     

    
  

25 Chapter 4. Online SVM 

4.2 Online Algorithm for One-class SVM 

In the original Gilbert Algorithm, each step requires the computation of the projection 
of all input points to one specifc direction. This step takes linear time and requires 
free access to all training data. In the online setting, this is certainly not satisfable. We 
introduce a new algorithm for the following online SVM problem. 

Defnition 12. (Online One-class SVM). For a given data stream containing d-dimensional 
points in random order, fnd a hyperplane that separates all points from the origin with maxi-
mum separating margin. 

To improve the running time and space requirement of the Gilbert Algorithm, one 
key observation is that the only step which requires linear time and space is the step 
where we compute the point with minimum projection distance. However this is not 
always necessary. In the following sections we will show that as long as the point 
chosen at each step has a projection distance smaller than ρ, the fast convergence of 
Gilbert Algorithm will still hold. Based on the above facts, we give our full algorithm 
as Algorithm 5. 

Algorithm 5 Online Algorithm for One-class SVM 

1: INPUT: A randomized stream of points of P ⊆ Rd , parameters 0 < �, δ, µ < 1, and 
E. 

2: OUTPUT: A set R whose elements are candidate approximate solution of the one-
class SVM problem. 

ln 4E 

3: Initialize i = 1; Let B be the local buffer of size |B| = d �µ e; initialize B to be ln (δ+1) 
an empty set. Initialize R to be an empty set. Let x1 be the frst point received from 
the data stream. 

4: While i < 2d2E e + 2, do the following:� 

(a) Retrieve |B| points from the stream and store them in B. Find the point x ∈ B 
that is closest to o. Update xi to be x only if koxk < koxik. Find the point 
pi ∈ B whose orthogonal projection onto oxi has the smallest distance to o. 
Let R = R ∪ {Hi}, where Hi is the hyperplane that passes through pi and is 
orthogonal to oxi. 

(b) Let xi+1 be the point on segment xipi that is closest to the origin o. Empty B 
and update i = i + 1. 

5: Output R. 

4.2.1 Analysis of Algorithm 5 

Before we give the performance analysis of Algorithm 5, we frst defne what kind of 
approximation is considered good enough. 

Defnition 13. ((�, δ)-approximation of one-class SVM). Let P ⊆ Rd be the input point set 
and 0 < �, δ < 1 be two constants. A hyperplane H is an (�, δ)-approximation, if the distance 
between o and H is at least (1 − �)ρ, and the number of unseparated points by H is no more 
than δkP k. We can also call a point x an (�, δ)-approximation, if the hyperplane passing x and 
orthogonal to ox is an (�, δ)-approximation. 



    

      
  

   

   
 

      
   

            
      

 
 

 

      

        

 

   
  

     

      

  

      

        

 

      
 

      

   
 

  

  

26 Chapter 4. Online SVM 

This is a typical bi-criterion defnition for the quality of approximation. It means 
that for a point x ∈ conv(P ) to be an (�, δ)-approximation, its distance to the origin o 
must be almost optimal ((1 − �)ρ); also, the separating hyperplane induced by it must 
be able to separate most of the points from the origin (at least (1 − δ) fraction of the 
whole point set). 

Based on this defnition, we have the following main theorem of this work. 

Theorem 7. With probability at least 1 − µ, the set R returned by Algorithm 5 contains at 
least one (�, δ)-approximation. 

To prove Theorem 7, we need several lemmas. 

Lemma 8. [31] Let Ω be a set of elements, and S be a subset of Ω with size |S| = α|Ω| for 
t ln t 

some 0 < α < 1. If one randomly samples η = O( t ln t ) elements from Ω, then with ln (1+α) α η 
probability at least 1 − η, the samples contains t or more elements in S for any 0 < η < 1. 

Lemma 8 is a key lemma for our algorithm. It makes it possible for our algorithm 
to success with a high probability while using a small amount of space. For example, 
if we want a random sample of the input points to contain at least one point that has a 
projection distance among the top 10% smallest with probability 99%, we only need to 
sample about 50 points. This result lays the foundation for the space complexity of our 
algorithm. 

Now we only need to actually show that a point with projection distance among 
the top δ fraction is indeed enough for the algorithm to converge. For the convenience 
of analysis, we will introduce some more Linear Programming style notations (Figure 
4.1). Let fi = koxik be the distance of current solution (the primal), and ωi = pi|x be the 
current projection distance(the dual); Let hi = fi −ρ be the primal error, and gi = fi −ωi 

be the duality gap. Strong Duality theorem ensures us that if we can decrease gi to a 
small value with respect to fi, we can get a good enough approximation. 

Lemma 9. With probability (1 − �µ ), each step of Algorithm 5 either produces an pi which is 4E 
an (�, δ)-approximation, or whose corresponding ωi < (1 − �)ρ. 

Proof. The proof consists of two phases: 

1. With probability (1 − �µ ), the buffer B of step i contains at least one point pi4E 
whose projection distance pi|xi is among the top δn smallest. 

2. Such a point pi is either an (�, δ)-approximation or has ωi < (1 − �)ρ. 

For the frst phase, apply Lemma 8 with η = �µ , t = 1 and α = δ, and the lemma 4E 
immediately follows. For the second phase, suppose that pi is the point whose projec-
tion distance pi|xi is the smallest in B. Then with probability (1 − �µ ) it is also among 4E 
the top δn smallest of the whole data set. 

Suppose its corresponding ωi ≥ (1 − �)ρ. Consider the hyperplane Hi passing pi 
and orthogonal to oxi. Since pi has a projection distance onto ox which is among the δn 
smallest, we know that there are at most δn that many points on the same side of the 
origin o, which means that there are at most δn points not separated by Hi (Figure 4.2 
provides an illustration of this case). Thus by defnition, Hi is an (�, δ)-approximation. 
So the second phase follows. 

Next, we provide a lower bound on the improvement of each step in Algorithm 5. 
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xi

xi+1

pi

o

fi
fi+1

ωi

Hi

FIGURE 4.1: Defnition of fi (the primal) and ωi (the dual). 

Lemma 10. 
1 2fi − fi+1 ≥ g (4.1)i2Eρ 

Proof. First we prove the Lemma by assuming that the position of xi+1 is not changed 
in step i + 1. Based on the position of xi+1 on segment xipi, there are two cases: 

1. xi+1 is not on the endpoint of segment xipi. This means that oxi+1 is orthogonal to 
xipi (As illustrated in Figure 4.3). So we have 

fi − fi+1 = (1 − cos γ)fi (4.2) 

≥ 
1 
sin2 γfi (4.3)
2 

2 
i = 
g

fi (4.4)
2kpixik2 

in which Equation 4.3 comes from the fact that (1 − cos γ)2 ≥ 0. We also have 
kxipik ≤ D, since both xi and pi are in conv(P ), and fi > ρ by defnition. Com-
bining them together, we have 

g2 1i 2fi − fi+1 ≥ ρ = gi . (4.5)
2D2 2Eρ 

This solves the frst case. 

2. xi+1 is on the endpoint of segment xipi. In fact this case will never happen. First, by 
defnition we know that xi+1 cannot be at the same position as xi. Thus the only 
possible position for xi+1 is pi. However, in each step of Algorithm 5, whenever 
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o

pi

H
xi

FIGURE 4.2: For a pi whose projection distance onto oxi is among the δn 
smallest, there are at most δn points (black points) on the same side of H 

with o 

we receive a new batch of points, we update xi to make sure that xi is closer to 
o than any point p in this batch. This property of xi together with the fact that 
pi|xi < ρ < koxik guarantees that xi+1 is always inside the segment xipi. 

Now we consider the possibility of xi+1 being changed in step i + 1. Since we only 
change xi+1 to a position closer to the origin o, we will only decrease the value of fi+1, 
thus increasing the value of fi − fi+1. Thus the above proof still holds. This fnishes the 
proof. 

Lemma 10 is another key lemma for the analysis of our algorithm. It provides a 
bridge between the primal and the dual, using the special geometric property of the 
SVM problem. Together with later analysis, it ensures that in each step, we can im-
prove the current solution by a certain amount, thus resulting in an upper bound on 
the number of iterations that the algorithm needs to converge. This result lays the 
foundation for the analysis of the time complexity of our algorithm. Now we are ready 
to prove Theorem 7. 

Proof. (Proof of Theorem 7). If some step i yields an (�, δ)-approximation, the theorem 
trivially holds. Thus we can assume that none of the steps yields an (�, δ)-approximation. 
This means that in each step, with probability (1 − �µ ), the ωi corresponding to pi sat-4E 
isfes ωi < (1 − �)ρ < ρ. Together with the defnition of gi = fi − ωi and hi = fi − ρ, we 
have gi > hi. Now let us switch to a re-scaled version of h and g for easier understand-

1 0 1ing of the proof. Defne h0 = hi, g = gi. Also, by Lemma 10 and the defnition i 2Eρ i 2Eρ 
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xi xi+1 pi

o

xi

pi(xi+1)

o
(a) (b)

FIGURE 4.3: Two cases for the position of xi+1: (a). inside segment pixi 
π πwhere ∠oxi+1xi = or (b). on endpoint pi, where ∠oxi+1xi > .2 2 

of hi, we have 
1 2hi − hi+1 ≥ gi . (4.6)
2Eρ 

0Plugging in the value of h0 and gi, we havei 

h0 02 
i − h0 i+1 ≥ g i > h0 i 

2 
, (4.7) 

which can be rewritten as 
h0 i+1 < hi 

0 (1 − h0 i). (4.8) 
1Since h0 i > 0 > −1, we have 1 − h0 ≤ . Hence together we havei 1+h0 

i 

h0 i 1 
h0 i+1 < = 1 , (4.9)

1 + h0 1 + i h0 
i 

which is a very nice induction relation on h0 i. What is left is to fnd the initial value h0 1. 
Based on Equation 4.7, we have 

h0
2 02 

h0 0 
1 < g 1 < 1 − h2 (4.10) 

f1 − f2 
= (4.11)

2Eρ 
kox1k − kox2k 

= (4.12)
2Eρ 

kx1x2k ≤ (4.13)
2Eρ 
D ≤ , (4.14)
2Eρ 
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where (4.13) holds because of the triangle inequality, (4.14) holds because of both x1 

and x2 are inside conv(P ). Taking square root of both sides, we have 

h0 1 < √ 
1 

. (4.15)
4 4E 

Together with Equation 4.9, we have 

1 1 
h0 i < √ 

4 
< . (4.16)

i − 1 + 4E i − 1 

1Thus, after K = d 0 e + 1 steps, we have h0 K < �0 . However, a small h0 does not directly � 
lead to a small g0, which is the duality gap that we aim to decrease. For this, we continue 
the Algorithm for another K steps. Suppose that during these K steps, g0 is always 
greater than �0 . This means that we always have h0 − h0 > �02 . Thus h0 − h0 >i i+1 K 2K 
K�02 > �0 , resulting in h2 

0 
K < 0, which is impossible. So at some K < k < 2K, we have 

0g < �0 . This fnishes the re-scaled version of the proof. k 
To get to the original theorem, we only need to let � = 2E�0, then we know that after 

0at most k steps, where k < 2K = 2d2E e + 2, the duality gap gk = g · 2Eρ < �0 · 2Eρ = � k 
�ρ < �fk. This means that at step k, we have ωk = fk − gk > (1 − �)fk > (1 − �)ρ. So the 
hyperplane Hk passing pk and orthogonal to oxk is an (�, δ)-approximation. 

Since each step, the probability of such an improvement is at least 1 − �µ , we know 4E 

that the total success rate is (1 − �µ ) 
4 
�
E 
> 1 − µ.4E 

4.2.2 Time and Space Complexity 

The main advantage of the proposed algorithm is its small space requirement. As we 
ln 4E 

see in Algorithm 5, the buffer size is only d �µ e = O(1 
δ ln �µ

E ), which is a constantln (δ+1) 
independent of the total input size n which can be extremely large. So the space com-
plexity of Algorithm 5 is O(1 

δ ln �µ
E ). 

The running time is also signifcantly shorter than the original Gilbert Algorithm. 
In our proposed algorithm, each step needs only to calculate O(1 

δ ln �µ
E ) projections, 

instead of n projections in the original Gilbert Algorithm. Since there are at most O(E )� 
steps, we know that the total running time for Algorithm 5 is O(Ed ln E ), which is�δ �µ
again independent of n. 

Formally we have the following theorem. 

Theorem 8. Algorithm 5 requires O(1 ln E ) space and O(Ed ln E ) running time.δ �µ �δ �µ 

4.2.3 Trade-off Between Buffer Size and Solution Quality 

As we can see from the proof of Theorem 7, the size of the buffer B is mainly designed 
to accommodate the need to ensure a high probability of each iteration containing a 
point with small enough projection distance. Here, high probability means that each 
step succeeds with probability 1 − µk , where k is the number of steps that the whole 
algorithm needs to run so that in the end the total success rate of the algorithm is no 
less than 1 − µ; and small enough means that the pi chosen in step i has a projection 
distance among the δn smallest. Thus, if we can afford a larger buffer, we will be able to 
(1) improve the success probability of the whole algorithm and (2) decrease the number 
of misclassifed training data. Though this does not change the theoretical results of 



    

    
  

 
 

 
       

     
  

  

      

        

 
  

         

    
   

    

 
          

        
 

          
      

         
        

           

           
          

31 Chapter 4. Online SVM 

our algorithm, it can be very useful in practice: more computing resource(RAM) will 
always contribute to the improvement of performance. 

4.3 Extension to Two-Class SVM 

Defnition 14. (Online Two-class SVM). Given a data stream of d-dimensional points taken 
from two sets P and Q in random order, fnd two parallel hyperplanes H1, H2 that separates P 
from Q, where the distance between H1 and H2 are maximized. 

Due to the online nature of the problem, we cannot store the whole sets of P and 
Q and then compute their Minkowski difference. Instead, we apply similar technique 
as in the one-class case to compute a suffcient improvement each step using partial 
information stored in buffer B. More specifcally, we store |B| points from the input 

(0) (0) (1)stream in the buffer, and update x to x which is the closest point to x on segment i i+1 i 
(0) (0) (1)

p x , and the same thing for x . Here a point with superscript (0) means that it i i i 
belongs to P , and (1) means Q. Eventually when the algorithm halts, the output will 

(0) (1)consist of a pair of hyperplanes (H , H ) that is an (�, δ)-approximation. Below wek k 
give the full algorithm as Algorithm 6. 

Algorithm 6 Online Algorithm Two-class SVM 

1: INPUT: A randomized stream of points of P, Q ⊆ Rd , parameters 0 < �, δ, µ < 1, 
and E. 

2: OUTPUT: A set R whose elements are candidate approximate solution. 
ln E 

3: Initialize i = 1; Let B be the local buffer of size |B| = d �µ e; initialize B to be an ln (δ+1) 

empty set. Initialize R to be an empty set. Let x(0) be the frst point in P received 1 

from the data stream, and x(1) be the frst point in Q received from the data stream. 1 

4: While i < 2d2E e + 2, do the following:� 

(a) Retrieve |B| points from the stream and store them in B. Find a pair of points 
(0) (0) (1)(x , x(1)) where x ∈ P and x ∈ Q have the shortest distance among 

(0) (1) (0) (1)k <all such pairs. Update x to be x(0) and x to be x(1) only if kx xi i 
(0) (1) (0) (1) (0)kx x k. Find the point p ∈ B whose orthogonal projection onto x xi i i i i 

(1) (1)has the smallest distance to x , and p ∈ B whose orthogonal projection onto i i 
(0) (1) (0) (0) (0)

x x has the smallest distance to x . Let H be the hyperplane passing pi i i i i 
(1) (0) (1) (1)and orthogonal to x x , H be the hyperplane passing p and orthogonal i i i i 

(0) (1) (0) (1)to x x . Let R = R ∪ {H , H }.i i i i 

(0) (0) (0) (1) (1)(b) Let x be the point on segment x p that is closest to x , and x be the i+1 i i i i+1 
(1) (1) (0)point on segment x p that is closest to x . Empty B and update i = i + 1.i i i 

5: Output R. 

Following similar arguments, we have the following theorem for Algorithm 6 
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Dataset training/testing # of features size 
epsilon 400000/100000 2000 15GB 
webspam 280000/70000 16609143 20GB 
kddb 19264097/748401 29890095 5GB 

TABLE 4.1: Datasets used in the experiments. 

Dataset Perceptron CW MIRA Proposed 
epsilon 92.1% 91.0% 90.7% 1.25% 
webspam 91.5% 92.4% 91.9% 5.2% 
kddb 93.0% 91.8% 92.2% 0.92% 

TABLE 4.2: RAM usage of compared algorithms (shown as percentage 
of the total machine RAM). Notice here the other three algorithms effec-
tively used all usable RAM of the system, and swap is being used. The 

proposed algorithm uses very little RAM. 

Theorem 9. With probability at least 1−µ, the set R returned by Algorithm 6 contains at least 
one (�, δ)-approximation, with the same space and time complexity as guaranteed in Theorem 
8. 

4.4 Experimental Results 

The experiments are designed to test three aspects of our proposed algorithm: stor-
age (RAM) usage, wall clock running time, and accuracy. We use three training sets, 
“epsilon”, “webspam” and “kddb” 1. If the dataset does not provide a testing set, we 
randomly take 20% of the data as testing set. We compare our results to three other 
online SVM algorithms: MIRA [25], CW [34] and Perceptron. We only run a single 
pass of these algorithms since this is required by the model. We set � = 0.01, δ = 0.05, 
µ = 0.01, and tune the value of E increasingly based on the performance. We run the 
algorithms 10 times with randomized data stream, and report the average result. All 
experiments are performed on a single machine running Ubuntu 14.04 with a 4.5GHz 
quad-core I5-2500k CPU and 8GB RAM. A description of the datasets is shown in Table 
4.1. 

The results are shown in Table 4.2, 4.3 and 4.4. We see a signifcant improvement 
in memory usage. This is expected, since the algorithm uses a O(1 

δ ln �µ
E ) size buffer, 

where in the experiment setting, corresponds to roughly less than 300, where 1 is 20, δ 
and ln E is a small value, typically less than 15.�µ 

There is a moderate improvement on running time. This is due to the fact that we 
do not need all the training data to obtain a solution, while other algorithms need to 
go over the whole data set. In fact, for most online algorithms, each iteration only 
performs a very simple updating step (computing inner product for each new point 
as in our algorithm). Thus the running time is largely depending on the disk IO time. 
Being able to output a reliable solution without going over all the data results in this 
improvement of running time. 

1All three datasets can be downloaded from http://www.csie.ntu.edu.tw/~cjlin/ 
libsvmtools/datasets 

http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets
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Dataset Perceptron CW MIRA Proposed 
epsilon 5206 4526 4862 2809 
webspam 6943 6074 7602 4189 
kddb 1645 1938 1384 1106 

TABLE 4.3: Wall clock running time of compared algorithms (in sec-
onds). 

Dataset Perceptron CW MIRA Proposed 
epsilon 80.45% 82.89% 83.62% 81.22% 
webspam 98.45% 99.34% 98.60% 98.81% 
kddb 83.98% 89.11% 86.43% 88.55% 

TABLE 4.4: Testing accuracy of compared algorithms. 

Testing accuracy is on the same level with compared algorithms, mainly due to the 
reason of a fxed δ = 0.05. Parameter δ basically is a geometric version of parameter C 
in the soft-margin SVM, where they control how many training data can be misclassi-
fed. 

We also test the performance of our algorithm when the buffer size is increased. 
The result is shown in Table 4.5. We can see that larger RAM usage leads to a slight 
improvement in accuracy. This is because the increased RAM mainly contribute to a 
higher success rate of the algorithm, and since we have µ = 0.01, we already have a 
99% success rate, rendering the improvement almost negligible. However notice that 
the buffer size scales linearly with 1 which controls the accuracy, and scales very slowly δ 
(only a log factor) with 1 which controls the success rate. Thus if the training data is µ 
known to be linearly separable, and we want δ to be as small as possible to achieve 
the smallest amount of misclassifed data as to maximize accuracy, a larger RAM will 
become much more useful. 

4.5 Conclusion and Future Work 

In this chapter we presented an online algorithm for training SVM using a stream of 
data. Our algorithm requires at most one pass of the whole dataset, and outputs a 
theoretically guaranteed near-optimal solution using much less space than other online 
SVM algorithms. Experimental results also confrm such performance improvement. 

Although the proposed algorithm only has a constant space requirement, we still 
do not know whether we can do better in terms of the parameters. Possible future 
work might include a theoretical analysis on the lower bound of the space requirement 

Dataset Default |B| 5|B| 10|B| 20|B|
epsilon 81.22% 81.30% 80.95% 81.63% 
webspam 98.81% 98.93% 98.91% 98.89% 
kddb 88.55% 88.16% 88.47% 88.69% 

TABLE 4.5: Testing accuracy with respect to buffer size. 
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of such an online algorithm, and if the lower bound is indeed smaller, a matching on-
line algorithm that achieves that bound. Another problem of more theoretical interest 
is whether we can achieve an � approximation, instead of the bi-criterion (�, δ) approx-
imation. This might be signifcantly harder, since abandoning the second criterion δ 
means that we need to ensure in each step, the point pi with the true smallest projec-
tion distance must be obtained, in order to guarantee ωi < ρ which leads to the critical 
step in the proof of Theorem 7(Equation 4.7). 



Chapter 5 

Clustering in the Presence of Heavy 
Sparse Noise 

5.1 Related Work 

Clustering is a fundamental problem in computer science and has been extensively 
studied by researchers from both theoretical and applied domains [104],[9],[3]. One 
active research topic in clustering is how to handle noisy data [41]. A commonly used 
approach by many existing methods is a two-step procedure, where the data is frst 
preprocessed to remove noise and outliers [13], [52], and then the cleaned data is fed 
to a normal clustering algorithm. Many trimming based algorithms fall into this cat-
egory [26],[39],[40]. A potential problem of such algorithms is that they could suffer 
from the high time complexity of the noise removal step, and its performance often 
heavily depends on the quality of the trimming step. [66] presents a robustifed spec-
tral clustering method which also computes a projection of data into the feature space, 
and then uses k-means as the clustering method. [8] develops a paradigm to robustify 
a normal centroid based clustering algorithm by adding some extra “clusters of noise” 
as garbage collector, and clustering the rest of data normally.[75] uses a robustifed (t-
component) Gaussian mixture model for clustering continuous multivariate data. [2] 
provides some insight into the trade-off between noise robustness and responsiveness 
to cluster structure, and gives some hardness result. In this work we do not try to solve 
the clustering problem in one attack. Instead, we utilize the power of a deep neural 
network to gradually train a mapping of the data from their original space to a low 
dimensional feature space based on a most likely noise-free initial clustering. 

Recently, clustering on the feature space has also attracted much attentions from 
researchers [105], [46], [99]. Deep autoencoders are often used as an initialization of 
the feature extraction DNN, due to its ability to capture the key features of the data 
[101],[64]. The optimization method of minimizing the KL divergence [61] between the 
prediction distribution and an auxiliary distribution based on the prediction is used in 
[71] and [103]. The former is mainly used for data visualization (aiming to achieving 
the best separation between clusters in 2-D by avoiding the problem of crowding), 
and the latter focuses on the general clustering performance. Inspired by these two 
works, we also make use of the deep autoencoder as parameter initialization and KL 
divergence as loss function; we implement a different soft assignment scheme, and try 
to attack different aspect of the clustering problem (robustness to heavy noise). 

Minimum spanning tree [56] based clustering algorithm is a relatively special branch 
of clustering algorithm, since it is not centroid based like k-means [72], and produces 
non-spherical clusters. MST based clustering has been extensively studied. [108] gives 
an algorithm that deletes those inconsistent tree edges if it is signifcantly longer than 
nearby edges. [45] provides two edge deletion methods with one requiring a priori 
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knowledge of the cluster number and the other does not. The method is also based on 
consistency of edges, e.g., the relation between the variance of all edges and a particular 
edge. We use MST based clustering mainly as a label initialization for this unsuper-
vised clustering problem. 

Locality sensitive hashing is a relatively new concept [29]. It attracts interests of 
researchers from both theoretical [5] and applied areas [60]. In this work we mainly 
use LSH as an approximate nearest neighbor search engine. 

5.2 Method 

Given a point set X , we build clusters from the initial high confdence but small clus-
ters produced by a minimum spanning tree algorithm. We then use a deep neural 
network to transform the original data into points in a much lower dimensional fea-
ture space. The transformation is controlled by the weights and biases of the DNN, 
and is trainable. We then train the DNN to minimize the difference between the cur-
rent soft assignment of the input points and an auxiliary distribution emphasizing the 
initial high confdence labels. 

5.2.1 Initialization: Minimum Spanning Tree Clustering 

Defnition 15 (Minimum Spanning Tree). A Minimum Spanning Tree of a point set X is 
the spanning tree of X with the smallest sum of edge weights, where a spanning tree is a tree 
on top of X so that all points of X are connected. 

A commonly used edge weight is simply the length of the edge. Minimum span-
ning tree can be computed relatively effciently, allowing a worst case running time of 
O(m + n log n), where m is the number of edges and n is the number of points. When 
approximation is allowed, one can obtain a (1 + �)-approximation MST in O(n log n) 
time. 

Minimum spanning tree based clustering algorithms are easy to understand and 
also easy to implement. As the name suggests, a MST based clustering algorithm starts 
by building the MST on the input point set, then tries to delete edges to cut the tree 
into desired partitions. It is the edge deletion methods that make MST clustering algo-
rithms different. In practice, MST based clustering algorithm tends to not perform well 
on general data sets, due to its sensitivity to outliers, and the fact that in many scenarios 
it is required to produce a complete partition of the data, leaving no point unclustered. 
Consider the example illustrated in Figure 5.1. When the point set consists of two clus-
ters of points and an outlier relatively far from both clusters, with number of cluster 
k = 2. After building the minimum spanning tree, the algorithm only needs to remove 
one edge to form two connected components therefore two clusters. However the edge 
to be removed would be the edge connecting the outlier to the rest of the point set, 
resulting in a bad performance. There are various ways to address this issue, for ex-
ample preprocess the data using an outlier removal procedure or design more clever 
edge deletion methods. However in our proposed method, the MST clustering step 
only serves as an initialization for a small batch of points that we are fairly sure have 
the correct clustering. Since we do not need a complete partition and only require a 
small number of points to be clustered, we can trim the MST much further, leading to 
much convincing results, such as in Figure 5.1(b). 

Based on the above observation, we describe the MST clustering algorithm used in 
this work, as Algorithm 7. Typically in practice, we set γ to be larger than the actual 



          

  

     

   

   
  

 
  

  
    

 

3.0 

2.5 

2.0 ( ( 
1.5 

1.0 .\ .\ 
0.5 

(al (bl 

-2 . ::·.~//2f ;~ : 
-4 ~· 
-s~~-~~-~-~~ 

-6 -4 -2 0 4 6 -6 -4 -2 0 
(C) (d) 

37 Chapter 5. Clustering in the Presence of Heavy Sparse Noise 

FIGURE 5.1: (a). The result of a vanilla MST clustering result on two 
well separated clusters; (b) the introduction of a single outlier far from 
both clusters makes itself a one-member cluster, leaving the rest as one 
cluster; (c) when lots of noise get added, the result is similar (a single 
red dot to the left, as a cluster; original clusters are in black circles, due 
to scaling); (d) However if we do not require all data points be included 
in clusters, we can delete much more edges than k − 1, resulting in much 
more accurate partial results (green and red dots). Figure is best viewed 

in color. 

fraction of noise, since a part of noise get mixed inside the clusters, and will be reported 
as part of the cluster. This does not affect the performance at all, since the purpose of the 
MST clustering step is to determine an initial cluster structure as a basis for clustering 
other points. As long as it can capture the densest part of each cluster, it does not matter 
if some noise points get included. It would also be impossible to completely rule out 
such noise points inside a cluster without further a priori knowledge of the data. 

Algorithm 7 MST Clustering with Heavy Trimming 

1: INPUT : A point set X , number of clusters k, percentage of trimmed edges γ. 
2: OUTPUT : k small subsets Ci, where | ∪i Ci| ≤ (1 − γ)|X|
3: Construct the minimum spanning tree of X . 
4: Delete the γ|X| longest edges of MST (X); Return the k largest connected compo-

nents. 

To show that Algorithm 7 produces connected components mainly consisting of 
points from dense clusters, we prove the following lemma. 

Lemma 11. Let P be a point set containing a cluster C of size n and a point set of random 
noise of size m, and p be the probability of the event that an edge between two points in C is 

1longer than an edge not between two points in C. If p < (i.e., indicating that the density of 2 
the cluster is higher than that of the noise), then after deleting the longest m edges of the MST 
of P , the probability of the event that the resulting forest has more than n edges from the cluster 2 

1is larger than .2 

Proof. For the remaining n edges in the forest, the probability of the event that there are� � 
nexactly i edges not from the cluster is pi(1 − p)n−i . Then, the probability of the event i 
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that the forest contains less than n edges not from the cluster is 2 

X� �2 n 
P1 = p i(1 − p)n−i . 

i 
i=0 

While the probability of the forest containing more than n edges from the cluster is 2 

n � �X n 
P2 = p i(1 − p)n−i 

i 

n 

ni= 
2 � �n 

2X n 
p n−i(1 − p)i = 

n − i 
i=0 � �n 
2X n 

p n−i(1 − p)i = . 
i 

i=0 

1Since p < , we have2 
p i(1 − p)n−i > p n−i(1 − p)i 

n 1when i ≤ 2 . Thus, we have P1 > P2. Since P1 + P2 = 1, we immediately have P1 > 2 , 
meaning that with a probability larger than 12 , there are less than half of the edges in 
the forest not from the cluster. 

In practice, the probability p is normally much smaller than 1 , due to the fact that 2 
the clusters have higher density than the noise. Also since Algorithm 7 deletes more 
than m edges from the MST, P1 is generally much larger than 1 .2 

5.2.2 Optimization: Deep Neural Network and Locality Sensitive Hashing 

After the label initialization, we want to be able to generalize these high confdence 
labels stably to the whole dataset. Consider a data point x (we use letter x for data point 
to avoid confusion with probability p defned later). If x is particularly close to a cluster 
Cj , it is likely that x also belongs to that cluster. More formally, we provide a scheme 
for computing a soft label assignment for each point x, given an initial clustering Ci. 

Defnition 16 (Soft Label Assignment). 

α+1 
(1 + kzi − nnj (zi)k2 /α) 2 

=pij P 2 α+1 , 
j0 (1 + zi − nnj0 (zi) /α) 2 

where zi denotes the feature vector of xi, or the transformed xi after it goes through the DNN; pij 
denotes the probability that point xi belongs to cluster Cj , and nnj (zi) is the nearest neighbor 
of zi in cluster j. 

At this stage, given an initial clustering, k nearest neighbor search engine with one 
for each cluster, and a DNN to project the original data into the feature space, we are 
ready to produce a soft label assignment for each new data point. To optimize the 
performance of this framework, the key component is the DNN that does the feature 
extraction. Following the work of [71] and [103], we train the DNN by optimizing the 
KL divergence of current soft label assignment P and an auxiliary distribution Q. We 
choose Q to be the square of P normalized, due to its emphasize on high confdence 
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labels and the ability to normalize different clusters’ contribution to the loss function. 
Formally we have 

Defnition 17 (Objective Function of DNN). X qij
L = KL(Q|P ) = qij log , 

piji,j 

where P
2pij /( i pij )P Pqij = 2 

j0 pij0 /( i pij0 ) 

is the auxiliary distribution given a soft label assignment p. 

Initialization of the DNN 

To initialize the parameters of the DNN, we choose to use a stacked denoising autoen-
coder. Stacked denoising autoencoder has shown to be able to capture the essential 
features of the data set, and the result is often well separated. An autoencoder is a two-
layer neural network, where the frst layer is an encoding layer, and the second layer 
is a decoding layer. Upon receiving a data point, the encoding layer transforms it into 
the low dimensional feature space, then the decoding layer tries to restore the original 
data from the feature vector provided by the encoding layer. Suppose that the input 
data is X , and the output of the decoding layer is y, then the loss function is simply 
Lae = ky − Xk2 , i.e., the squared distance between the output and the original data. In 
this way, the encoder is forced to learn a compact representation of the original high di-
mensional data, using only a small number of features. A denoising autoencoder is an 
autoencoder where a random corruption is applied on the input to increase the robust-
ness and to learn better features. In the rest of the work for abbreviation we just call it 
an autoencoder. Autoencoders can be easily stacked, allowing for much more fexibil-
ity and better performance. The stacking of autoencoders is very straightforward, one 
can just use the output of the previous autoencoder’s encoding layer as the input to the 
next autoencoder. Formally, with input x, the layers are described as follows. 

xe = r(We · Dropout(x) + be), 

y = r(Wd · Dropout(xe) + bd), 

where xe is the encoded data, We and be are the weights and biases of the encoding 
layer, respectively, y is the reconstruction of x, Wd and bd are weights and biases of the 
decoding layer, respectively, and r is the non-linear activation function. 

We frst pretrain the stacked autoencoder layer-wise, and then fne tune the whole 
stacked autoencoder. During layer-wise pretrain, we frst apply a dropout function to 
each layer as the corruption. We use ReLU [77] as the activation function on all lay-
ers except for the frst decoding layer where the original data (could contain negative 
value) need to be reconstructed, and the last encoding layer, where we wish to retain 
all features. 

After layer-wise pretrain, we chain all the encoding layers, followed by all the de-
coding layers, with the originally last encoding layers that produces the fnal features 
in the middle of the whole DNN. Now that the frst layer (encoding) accept the original 
data as input, while the last layer (decoding) outputs a reconstruction of the input data. 
We now fne tune this DNN optimizing the reconstruction loss. After the fne tuning, 
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FIGURE 5.2: Original data and reconstructed data by an autoencoder. 

we discard all decoding layers and keep only the encoding layers as our fnal DNN, 
since we are only interested in the fnal features provided by the fnal encoding layer. 
This fnishes the initialization of the DNN part of the framework. 

Nearest Neighbor Search Engine 

A critical part of the framework is the nearest neighbor search engine nnj for each 
cluster Cj . Due to the relatively high dimensionality of even the feature space, an exact 
NN search engine is too time consuming, and also meaningless, since a good enough 
approximating nearest neighbor will suffce. In such context we choose to use the both 
theoretically and practically successful algorithm, Locality Sensitive Hashing, to be the 
NN search engine. As the name suggest, LSH is a hashing method. Its most signifcant 
difference from a normal hashing algorithm is that, normal hashing tries to minimize 
the chance of a collision, while LSH tries to maximize the probability of collision, if the 
two data points being hashed are close to each other. There are many variants of the 
LSH algorithms following similar rules. Data are hashed based on their similarity, so 
that if two points are similar (close to each other), their chance of being hashed into 
the same bucket is high. Formally, the hashing function h should satisfy the following 
condition: 

• if d(x1, x2) ≤ R, then P (h(x1) = h(x2)) ≥ P1 

• if d(x1, x2) ≥ cR, then P (h(x1) = h(x2)) ≤ P2 

Here P (h(x1) = h(x2)) denotes the probability of a collision (x1 and x2 are in the same 
bucket), and d(x1, x2) is the similarity measure, which is typically Euclidean or Ham-
ming distance. 

With proper implementation and choice of parameter, LSH can be a very effcient 
NN search engine with accuracy up to the user’s need. We initialize one LSH engine 
for each of the clusters on feature space. We update the engine every certain number of 
iterations, to refect the mapping change of input data. We also dynamically add/delete 
points to the engine when its soft label exceeds/falls below a certain threshold. 

5.3 Experiment 

5.3.1 Implementation Details 

For high confdence label initialization, we delete the largest 1 − 1−γ fraction of MST 2 
edges, and report the top k connected components as the initial clusters. For nearest 
neighbor search, we frst initialize k LSH engines (on the feature space, after the ini-
tialization of the DNN), and then update the engine when the change in weights of 
the DNN Δ(W ) is larger than a threshold, to make sure that the LSH engines keep a 



          

 

 
 

  

 

 
  

  

  

  
 
     

 

 

41 Chapter 5. Clustering in the Presence of Heavy Sparse Noise 

current version of embedded data. We also add/remove a data point from the LSH 
engines if its corresponding soft label assignment is larger than/smaller than certain 
threshold. 

For the initialization of the DNN model, we use a standard network dimension, 
d-500-500-2000-10, since there is no validation set in an unsupervised learning prob-
lem for us to adjust hyperparameters. So the stacked autoencoder has 4 encoder-
decoder pairs, with network dimensions d-500-d, 500-500-500, 500-2000-500, 2000-10-
2000, where we feed the encoding results of the previous layer to the input of current 
layer. We then start the layer-wise pretrain. We use a Gaussian distribution with 0 
mean and 0.01 standard deviation to initialize the weights. Then we perform 100000 
iterations of training with a dropout rate of 0.2. The learning rate is initially set to 0.1, 
and divided by 10 every 20000 iterations. The batch size is set to be 100, and weight 
decay is set to be 0. 

After the layer-wise pretrain, we concatenate on the layers in the following fashion: 
enc1-enc2-enc3-enc4-dec4-dec3-dec2-dec1, and start the fne tuning. The parameters 
are set similarly to the pretraining step, with 100000 iterations and a decreasing learn-
ing rate starting at 0.1, but without dropout. 

After the fne tuning of the stacked autoencoder, we discard all decoding layers 
dec1-4, and keep only the encoding layers, with the last one, enc4, to output the feature. 
We then start the optimization of the objective function (KL divergence between p and 
q). The discrete label of a data point xi is determined by the largest component of pij . 
We run this optimization step until the clustering is stable, i.e. the number of points 
whose cluster label changes between iteration is less than a threshold. The learning rate 
is set to a constant 0.01. The DNN is implemented using the GPU-version of Tensorfow 
[1], and runs on a single GTX 1080 GPU. 

5.3.2 Datasets 

We perform experiments on synthetic datasets and real world datasets. To generate 
synthetic data, we frst generate k well separated clusters of data Ci (together with 
corresponding labels) drawn from k normal distributions, with mean µi and standard 

γdeviation σi. We then generate | ∪ Ci| noise data from a normal distribution with 1−γP 

mean i µi and standard deviation βmax(σi), where β > 1 controls the relative density k 
of noise compared to data clusters. 

For real world datasets we use the MNIST [65], STL-10 [22] and 20-newsgroup [62]. 
We summarize the characteristics of these datasets in Table 5.1. MNIST is a dataset 
of handwritten digits of (0 - 9). Each data point is a 28-by-28 gray scale image of a 
handwritten digit. All data points are centered and normalized. STL-10 is a color image 
dataset. Each data point is a color image of size 96-by-96. We use the concatenated 
HOG feature and a 8-by-8 color map as input, following [33]. 20-newsgroup is a text 
dataset, with each data point being a 100-dimensional binary word-occurrence vectors 

γfor documents from 20 different newsgroups. We also add amount of noise similar 1−γ 
to synthetic data. We normalize the data in all data sets before feeding them to the 
DNN. 

The evaluation metric we use is the standard unsupervised clustering accuracy pro-
posed in [105], which is defned as follows. 
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TABLE 5.1: Datasets 

DATA SET SIZE DIMENSIONALITY #CLUSTERS 

MNIST 70000 784 10 
STL-10 13000 1428 10 
20-NEWS 16242 100 20 

Defnition 18 (Clustering Accuracy (ACC)). For the i-th data point xi, denote pi as the 
prediction from the clustering algorithm, and li as the ground truth label. Then P n 

i=1 δ(pi, map(li))
ACC = , 

n 

where δ(x, y) is 1 if x = y and 0 otherwise; map is the match between clustering and labels 
that has the best result. 

Since an unsupervised clustering algorithm is only able to report clusters, we have 
to use the mapping of cluster-to-label with best accuracy over all possible mappings to 
assign each cluster a label. Finding such a mapping is a classic fow/matching problem 
and can be solved optimally by a Hungarian algorithm [59]. 

We compare our method to different clustering methods designed for robustness 
and the ability to work with noise, including the Trimmed k-means [26], Gaussian Mix-
ture Model (GMM) [6] and Robust Spectral Clustering (RSC) [66]. Trimmed k-means 
is a modifed version of the k-means algorithm which performs a trimming operation 
on the input data in order to remove noise. GMM assumes input data are drawn from 
a mixture of Gaussian distributions, and tries to fnd the parameters of these Gaussian 
distributions. RSC is a robustifed version of the spectral clustering method, which also 
compute a mapping of the data into feature space based on the graph Laplacian. 

Since our method is based on deep learning, we also choose to compare it to other 
deep learning based clustering algorithms, even though not designed to work with 
noise. We compare to a deep learning based unsupervised clustering algorithm DEC 
[103]. 

5.3.3 Results 

Synthetic Data 

We report the clustering accuracy of compared algorithms on synthetic data sets gen-
erated by different parameters in Table 5.2. Here the data set contains 10 clusters each 
with size 1000, and dimensionality is set to be 300. It is observed that when the noise 
ratio is low (e.g., γ = 0.2) all algorithms can handle the data well. However the perfor-
mance of other algorithms deteriorate relatively fast when noise ratio is increased. 

To visualize the results, we illustrates the clustering of a 2-D small sized data-set, 
with 2 clusters and γ = 0.7 in Figure 5.4. Although such a toy example may not rep-
resent the overall performance of the compared algorithms, it can serve as an intuitive 
way to observe the effect of noise on clustering methods. The initial clusters are two 
dense point sets relatively close to each other, with some overlap. Then we add a heavy 
amount of Gaussian noise, which almost completely covers both clusters. With such 
a data set, trimmed k-means performs similarly to normal k-means, clustering most 
points of both clusters into one cluster, resulting in a clustering accuracy slightly better 
than random guess (0.555). For GMM, since it works in a completely different way 
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FIGURE 5.3: Clustering accuracy w.r.t. varying noise fraction γ. 

TABLE 5.3: Results on
TABLE 5.2: Results on Real World Data with

Synthetic Data γ = 0.8. 

ALGORITHM γ = 0.2 γ = 0.5 γ = 0.8 ALGORITHM MNIST STL-10 20-NEWS 
TKMEANS 0.932 0.750 0.548 TKMEANS 0.363 0.167 0.302 GMM 0.916 0.682 0.591 GMM 0.424 0.185 0.267 RSC 0.941 0.54 0.322 RSC 0.258 0.149 0.162 DEC 0.863 0.655 0.447 DEC 0.337 0.166 0.249 PROPOSED 0.955 0.904 0.834 PROPOSED 0.783 0.266 0.563 

than k-means-like clustering method, it tries to fnd Gaussian distributions to best ft 
the data, and successfully does so with this data set, due to both clusters being rather 
dense and dominating the parameter search of the GMM. It reports an accuracy of 
0.915. Robust spectral clustering is a variation of spectral clustering, which is a class 
of clustering method best at fnding structures in data set. Since both clusters in the 
example are dense, close to each other, and the rest is non-dense noise, RSC eventu-
ally considers points from both clusters (together with some noise within that range) 
as one structure and the surrounding noise as another one (like a halo surrounding a 
centroid), resulting in an accuracy of exactly 0.5. The proposed algorithm is able to 
grow the clustering based on a mostly correct initial MST clustering, and eventually 
achieves an accuracy of 0.94. It is worth noting that synthetic data cannot fully capture 
the different nature of data from real world applications, and is mainly a handy way of 
performing comparison of different methods, and of different parameter choices. 

Real World Data 

We report the clustering accuracy of compared algorithms on real world datasets in 
Table 5.3, and plot the accuracy with respect to varying γ value in Figure 5.3. 

Clustering accuracy on real world data sets is much lower than that on synthetic 
data sets, which is expected. The proposed method outperforms comparing robust 
clustering algorithms, and is also more robust to noise ratio. The performance of 
trimmed k-means is similar to GMM. Clustering accuracy of all methods decrease 
when noise ratio is increased, among which RSC is much more sensitive to noise ratio, 
with the clustering accuracy decreasing faster than the others. Although DEC is not 
designed to work with noise, it stills performs decently. The performance decreasing 
is faster on the document data set 20-NEWS than that on image data sets MNIST and 
STL-10. 
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FIGURE 5.4: (a). Original two clusters, with some overlapping; (b). The 
data set after added noise; (c) Result of trimmed k-means, with accuracy 
0.555; (d) Result of GMM, with accuracy of 0.915; (e) Result of RSC, with 

accuracy 0.5; (f). Result of proposed method, with accuracy of 0.94. 

5.4 Conclusion and Discussion 

Results in previous section show that our proposed method is indeed capable of han-
dling datasets with large amount of noise. A major advantage of the proposed method 
is its robustness with respect to different noise ratio. The performance of the proposed 
method decreases much slower than compared methods when noise ratio is increased. 
It has an advantage over other initialization method like k-means, the performance 
of which may be seriously damaged by the presence of heavy noise and irregularly 
shaped clusters. 

The proposed algorithm does assume that the density of noise should be no larger 
than that of real clusters. When noise density is comparable to, or even larger than the 
density of the real clusters, the MST clustering step will most likely fail with a perfor-
mance no different to a random initialization. Such effect is illustrated in Figure 5.5. 
We can observe that when density of noise increases, even with heavy edge deletion 
(resulting in smaller initial clusters), the MST clustering algorithm will still output a 
wrong result. Fortunately the assumption mostly holds. When the noise ratio is low, 
it will form a small cluster of its own if the noise is too dense, which is very likely 
detectable by increasing the number of clusters, following the paradigm in [8]. When 
noise ratio is high, for example 60% of the data is noise, and the density is high, it 
would be very diffcult for any algorithm to detect the real clusters. 

Another important factor of the performance of the method is the DNN framework. 
It continues to adjust its feature mapping so that similar data points are close to each 
other in the feature space. This is mainly due to the asymmetric nature of the objective 
function, the KL divergence of p and q. The DNN framework tries to concentrate clus-
ters, leading to better separation. The choice of deep autoencoder as initialization is 
mainly due to the fact that it produces good enough feature extraction with relatively 
fast training. 
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FIGURE 5.5: MST clustering under different density of noise. (a). When 
noise is not dense, clustering is mostly accurate; (b). When added noise 

is very dense, clustering becomes totally random. 



 
  

   
         

 

  

  

 

Chapter 6 

Alignment of PPI Network 

6.1 Method 

6.1.1 Problem Defnition 

Defnition 19. PPI network A PPI network is an undirected graph G = (V,E), where the 
node set V represents the proteins and the edge set E represents interactions between proteins. 

Based on Defnition 19, in this work, the notions “graph” and “PPI network” are 
often used interchangeably. 

Defnition 20. Pairwise Global Alignment of PPI Networks The pairwise global align-
ment of two PPI networks G1 = (V1, E1), G2 = (V2, E2) is a matching (one-to-one or many-
to-many) M = V1 ∪ V2 = M1 ∪M2 ∪ · · ·Mk of the node sets (V1, V2). 

For simplicity, in the rest of the work, we refer to “global pairwise alignment” sim-
ply as “alignment”. The goal of the algorithm is to fnd a matching so that certain 
evaluation metrics are optimized (detailed in later sections). There can be many such 
metrics, however most of them follow the same intuition: if a node v1 from PPI net-
work A has similar local topology to another node v2 from PPI network B, they should 
have a high probability to be matched. Also, if v1 and v2 have high sequence similarity 
score, they also should have high probability to be matched. Based on these intuition, 
we introduce the proposed method in the following subsections. 

6.1.2 Geometric Step 

Graph Embedding Algorithm. As discussed in the introduction, we need to frst trans-
form the problem from graph domain to geometric domain. To achieve this, we need 
a graph embedding algorithm that is able to preserve the topological properties of the 
original graph. Intuitively, by preserving topology we mean that if the length of the 
shortest path between two nodes in a PPI network is short, the geometric distance be-
tween embedded points should also be short. More specifcally, we want to be able 
to recover the connectivity of the original graph based only on the positions (coordi-
nates) of the embedded points using some connectivity algorithm. There are multiple 
connectivity algorithms to choose from, in this work we used the k-nearest-neighbor 
algorithm, where a point in a point set is connected to its k nearest neighbors. So 
when given an input graph, the desired graph embedding algorithm should be able to 
produce an embedding (point set) which, if fed as the input to the k-nearest-neighbor 
algorithm, will result in a graph that is close to the original graph. In this way, a good 
matching between the embedded point sets will also lead to a good matching between 
the original graphs. 

In this work we choose to use an embedding algorithm called the Structure Pre-
serving Embedding (SPE) algorithm [93]. The algorithm satisfes the aforementioned 
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47 Chapter 6. Alignment of PPI Network 

requirements, and also have some other nice properties, such as a low dimensionality 
embedding result that will reduce the computation time. 

Roughly speaking, for each connectivity algorithm G, the SPE algorithm enumer-
ates a certain number of linear constraints on the kernel matrix K of G (in our case the 
knn algorithm). It is shown that as long as these constraints are satisfed, the topolog-
ical properties of the original graph can be preserved. Then the SPE algorithm tries to 
optimize an objective function that ensures a low dimensional embedding. The pseudo 
code of the algorithm is as follows: 

Algorithm 8 Structure Preserving Embedding 

1: INPUT: Adjacency matrix A of graph G; connectivity algorithm G; parameter C 
2: Solve SDP K̃ = arg maxK∈K tr(KA) − Cξ s.t. Dij > (1 − Aij ) maxm(AimDim − ξ) 
3: Apple SVD to K̃ and return the top eigenvectors as embedding coordinates. 

P 
In the above algorithm, K = {K � 0, tr(K) ≤ 1, Kij = 0, ξ ≥ 0} is a set ofij 

constraints to ensure that the embedding is centered at the origin. Dij = Kii+Kjj −2Kij 

is a distance function based on the kernel matrix K, and Dij > (1−Aij ) maxm(AimDim) 
is the linear constraints mentioned above. The parameter C is used to allow some 
constraints be violated to make sure that there will always be a solution to the SDP. For 
more detailed explanation on SPE we refer the reader to [93]. 
Earth Mover’s Distance under Rigid Transformation. After transforming the problem from 
graph domain to geometric domain, we need an algorithm to match the two point 
sets resulting from the graph embedding step. Since in the original graph domain, we 
would like nodes with similar local topology to be matched, the ideal geometric match-
ing algorithm should also try to match points with similar local geometric structure 
(such as similar relative position to its neighbors). For this purpose we frst introduce 
the concept of Earth Mover’s Distance (EMD) [89]. 

Defnition 21. (Earth Mover’s Distance). Given two point sets A = {p1, p2, · · · , pn} and 
B = {q1, q2, · · · , qm} in Rd with nonnegative weights αi and βj for each pi ∈ A and qj ∈ B 
respectively, the earth mover’s distance between A and B is defned as: P P n mminF · kpi − qj ki=1 j=1 fij

EMD(A, B) = P P n mmin { αi, βj }i=1 j=1 

where F = {fij } is a feasible max fow. 

Despite the relatively long defnition, the intuition behind EMD is easy to under-
stand. Without loss of generality, we assume that A has a smaller total weight. We can 
then consider the weight αi as the amount of “earth” that a point in A holds, and βj as 
the maximum amount of “earth” that a point in B can hold. The “earth mover” wants 
to move all “earth” from A to B, and he wants to fnd a way of moving “earth” into B 
using the smallest amount of effort, where effort is defned as the sum of the product 
of the amount of earth moved and the distance that it is moved. 

The intuition of EMD is that the “earth mover” should try to move more “earth” for 
a shorter distance. So points from A and B that are close to each other are favored. Also, 
since EMD is associated with an underlying fow f , a matching is naturally generated: 
simply match the points that have a positive fow between them (in our case, we assign 
a matching score that equals the fow value between them). An important property 
of EMD is that it is a concept based on global optimization. Thus instead of greedily 
matching local points that are close to each other, EMD will fnd a matching that is able 
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to capture the global relationship between two point sets. All these properties of EMD 
makes it a suitable choice for the measure of closeness of two embedded PPI networks. 

However, directly computing the EMD between two PPI networks embedded into 
Euclidean space will not give us any valuable information, since the embedding algo-
rithm will only preserve the relative positions within the original graph and the gen-
erated point set may have arbitrary orientation and scale. Thus before computing the 
EMD between two embedded PPI networks (A and B), we need to put them in a po-
sition where points with similar local structure are actually close. To achieve this goal, 
we need to compute a rigid transformation for one of them, say A, to best match the 
position of B so that the EMD between A and B is minimized. This is called the Earth 
Mover’s Distance under Rigid Transformation (EMDRT) problem. Before formally in-
troducing the EMDRT problem, we need to perform a preprocessing step on A and 
B. 

Algorithm 9 Preprocessing 

1: INPUT: Point sets A and B. 
2: Compute average pairwise distance of points of A and B, as a and b; 

b3: For all point v ∈ A, scale its coordinates to v · a 

Because the SPE algorithm could output point sets with different scaling, and we 
would like to consider only relative positions of points within a point set, we do not 
want the matching to be infuenced by the scaling of the point set. This preprocessing 
step ensures that point sets A and B have the same scaling. 

We are now ready to introduce the last piece of the geometric part of our algorithm, 
the EMDRT problem. 

Defnition 22. (Earth Mover’s Distance under Rigid Transformation). Given two 
weighted point sets A, B ∈ Rd , compute a rigid transformation (rotation, translation or both) 
τ on A, so that the EMD between the transformed point set τ(A) and B, EMD(τ(A), B) is 
minimized. 

There are multiple EMDRT algorithms with strength in different aspects. In this 
work we choose to use the Iterative Closest Point (ICP) [10] algorithm. It tries to fnd a 
transformation step by step to decrease its objective value. Although it may converge 
only to a local minimum, instead of a global minimum, ICP performs quite well in prac-
tice in most of the time, and a PTAS that fnds a near global minimum will generally 
take a much longer running time rendering it unpractical for our problem. 

Before introducing the ICP algorithm, we frst need to set the weight for points in 
the point set A and B. In this work we choose to let A and B have the same total weight 
(the same principal is also applied to the MCMF step described later). So each point in 
A has weight |B|, and each point in B has weight |A|. 

We are now ready to introduce the ICP algorithm, which is briefy described as the 
following algorithm: 

After the ICP algorithm fnds a rigid transformation τ , we apply this transformation 
to A and compute the EMD between τ(A) and B. We record the computed fow value 
in a matrix T = {tij }, where tij is the fow value from node i in A to node j in B. Based 
on the defnition of EMD, a larger fow value between node i and j means a higher 
chance of them being close, since EMD tries to move large amount of “earth” along the 
shortest possible distance. We then use the matrix T as the topological score. 
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49 Chapter 6. Alignment of PPI Network 

Algorithm 10 Iterative Closest Point 

1: INPUT: Two point sets A, B in Rd . 
2: For each point v ∈ A, fnd the closest point u ∈ B; 
3: Find the rigid transformation that will best match v to u found in previous step; 
4: Apply the rigid transformation found in previous step; 
5: Repeat until convergence. 

v1

x

y
v2

v3

v4

v5

v1 v2

v3

v4

v5

u1
u2

u3

u4
u5

u1

u4

u5

u2

u3

x

y

v1
v2

v3

v4

v5
u1

u4

u5

u2u3

(SPE) (EMDRT)

(a) (b)(a) (c)

FIGURE 6.1: Illustration of the geometric step of GeoAlign. (a). The 
original PPI networks. (b). After applying the embedding algorithm, 
the PPI networks become two point sets with arbitrary orientation and 
position. (c). Apply EMDRT to the red point set, so that the EMD 
between these two point sets are minimized. The matching we get is 
{{v1, u3}, {v3, u1}, {v2, u2}, {v4, u4}, {v5, u5}}. Note that for the purpose 
of a clear demonstration, we show the matching that we get from EM-
DRT as a one-to-one matching. In real cases, the matching is almost 

always a many-to-many one. 

6.1.3 MCMF Step 

The sequence similarity score is a biological measure of the sequence similarity of the 
two proteins represented by that two nodes, thus is considered part of the input data to 
the alignment algorithm. Note that in most cases (for example the NAPAbench dataset 
used in this work) the similarity score is partial, meaning that not all pairs of proteins 
have their sequence similarity measured. In this work in addition to the “Embedding-
EMDRT” method, we also make use of the available sequence similarity score to better 
align the PPI networks. More specifcally, we build another network fow model for 
the two PPI networks in the following way: 

Defnition 23. Min-cost Max-fow with Sequence Similarity Score For two PPI networks 
A = (V1, E1) and B = (V2, E2), construct a fow network G = (V, E) in the following fashion: 
V = V1 ∪ V2 ∪ {s, t}, where s is the source and t is the sink of the fow network. Connect s to 
all nodes in V1 and t to all nodes in V2, and set the edge cost to be 0. Set the capacity of edge 
between s and v ∈ V1 to be |B|, set the capacity of edge between t and u ∈ V2 to be |A|. For 
v ∈ V1 and u ∈ V2, connect them iff there is a sequence similarity score between them. Also 
set the edge cost c(vu) to be the inverse of the similarity score between v and u. Set the edge 
capacity of all edges between V1 and V2 to be inf . Find a max fow f with minimum cost. 

In the problem defnition above, since the edge cost is the inverse of sequence sim-
ilarity score, an MCMF will favor those edges with large sequence similarity score. In 
practice, we use a scaled and rounded inverse of sequence similarity score as the edge 
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weight, since it will speed up computation and increase precision. Min-cost max-fow 
is one of the most fundamental problem of computer science, and has received a signif-
icant amount of attentions over the years. In this work we choose to use the Network 
Simplex [27] algorithm which is very fast in practice and produces a very good result. 
For details on the algorithm, we refer the reader to [27]. 

Once we have a solution f to the MCMF problem, similar to the EMDRT step, we 
record the fow value between nodes of A and B as S = {sij } where sij is the fow 
value from node i in A to node j in B. We use this matrix S as the biological score. 

6.1.4 The GeoAlign Algorithm 

In this subsection we are ready to introduce the GeoAlign algorithm. An illustration of 
the geometric step is shown as Figure 6.1. 

Algorithm 11 GeoAlign 

1: INPUT: Two PPI networks, with (possibly partial) similarity scores; parameter λ, 
µ. 

2: Apply the SPE algorithm to both PPI Networks, with k-nearest-neighbor as the 
connectivity algorithm; Denote the two point sets that we get from SPE as A and 
B. 

3: Apply the preprocessing step to A to update the coordinates of points in A; 
4: Apply the ICP algorithm on A and B to get a rigid transformation τ so that 

EMD(τ(A), B) is minimized; 
5: Compute EMD(τ(A), B) to get the topological score matrix T = {tij }, where an 

element tij represents the topological score between node i in A and node j in B; 
6: Solve the min-cost max-fow problem to get the biological score matrix S = {sij }, 

where an element sij represents the biological score between node i in A and node 
j in B; 

7: Compute the combined matching score M = λ · T + (1 − λ) · S, where λ is the 
parameter controlling the relative importance of topological score over biological 
score; 

8: Match node i in A to node j in B, if Mij > µ. 

6.2 Experiments 

We compare our algorithm with 4 popular alignment algorithms, including IsoRank, 
MI-GRAAL, GHOST and NETAL. We choose the value of λ and µ in GeoAlign using a 
10-fold cross-validation on the NAPAbench CG data optimizing the specifcity. 

6.2.1 Datasets 

For synthetic data, we use the NAPAbench [90], which is a widely accepted synthetic 
benchmark dataset with functional annotation of proteins. It is generated from an an-
cestral network using a sophisticated tree growth algorithm. The NAPAbench consists 
three types of network: crystal growth (CG), duplication-mutation-complementation 
(DMC) and duplication-with-random-mutation (DMR). The NAPAbench provides pair-
wise, 5-way and 8-way network data, here we are only going to use the pairwise data. 
Each network is grown from an ancestral network of 2000 nodes, and there are 1000 
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nodes generated for A, 2000 nodes generated for B. So the size of A is 3000 and the 
size of B is 4000. In addition to the network topology and functional annotation, the 
NAPAbench also provides a partial sequence similarity score between nodes of A and 
B that mimics the BLAST bit score. 

For real world data, we use the PPI networks of C.elegans, D.melanogaster, S.cerevisiae, 
and H.sapiens from the IsoBase data set [81]. We use the BLAST bit score [98] as the se-
quence similarity scores. We use the GO terms [4] as annotations for proteins where 
the root GO terms that are on level higher than 5 are excluded. 

6.2.2 Evaluation Metrics 

We use the following four metrics to evaluate the performance of alignment algorithms. 
Induced Conserved Structure (ICS).[82] Let G(V ) denote the induced subgraph of 

G on vertices V , then the induced conserved structure score of an alignment M from 
A = (V1, E1) to B = (V2, E2) is 

|M(E1) ∩ E2|
ICS(M) = 

|EB(M(V1))| 

This metric is based on the edge correctness (EC), where the denominator is |E1|, in-
stead of |EB(M(V1))|. An advantage of ICS over EC is that ICS penalizes alignments 
that map to denser subgraphs of B. Also, ICS = 1 iff M is an isomorphism. ICS is 
considered a topological score, because it only takes into account the graph topology 
of the two PPI networks, with no functional annotation information. 

Specifcity (SPE).[35][67] Note that the alignment produced by GeoAlign is not nec-
essarily an one-to-one mapping. It can be potentially one-to-many or many-to-many, 
since the indices of the highest scores in rows of the score matrix M may collide. We 
call a connected component C of the matching a cluster. A cluster is annotated if at least 
two of the proteins are annotated, and we call a cluster correct if all annotated proteins 
share the same annotation. Specifcity measures the ratio of correct clusters to anno-
tated clusters. Obviously, the higher specifcity an alignment has, the more functional 
consistent it is. 

Mean Normalized Entropy (MNE).[35][67] The mean normalized entropy is also a 
measure of the consistency of the alignment. The smaller MNE an alignment has ,the 
more functionally coherent it is. For a cluster C, the normalized entropy is defned as 

dX1 
NE(C) = − · pi · log pi

log d 
i=1 

where d is the number of annotations in C, pi is the fraction of proteins with annotation 
i. Then the mean normalized entropy is simply the average normalized entropy for all 
annotated clusters. By the defnition of MNE, we can see that a cluster that consists of 
proteins with higher functional consistency will have lower normalized entropy. 

Conserved Orthologous Interactions (COI). COI is defned as the ratio of the to-
tal number of interactions between all correct clusters to the total number of aligned 
interactions. In other words, it measures the alignment algorithm’s ability to detect 
conserved interactions between orthologous proteins. 

SPE, MNE and COI are considered biological score, since they take into account 
the functional annotation of each protein alongside the topological information. An 
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alignment algorithm will be awarded higher biological score if it tries to match proteins 
with the same functional annotation to each other. 

FIGURE 6.2: Average relative performance on NAPAbench dataset. Here 
the performance of GeoAlign is set as 1, while the performance of com-
pared algorithms is shown as the percentage of the performance of 

GeoAlign. 

6.2.3 Results on Synthetic Dataset 

Results on the NAPAbench dataset are summarized in Tables 6.1 to 6.3. Note that for 
MNE, smaller value is better, while for other metrics, larger value is better. The best 
performer in each row is shown in black. 

We see that GeoAlign outperforms all other algorithms on ICS and COI, where the 
improvement is relatively big. For SPE and MNE the GeoAlign algorithm performs 
on par with the best of the compared algorithms. Since ICS is a topological metric, a 
high ICS score means that the alignment produced by the GeoAlign algorithm has a 
better topological quality. COI is a biological metric, meaning that a higher COI score 
is usually an evidence of the alignment being more functional consistent, that proteins 
that have the same functional annotation are more likely to be matched. 

CG IsoRank GHOST MI-GRAAL NETAL GeoAlign 
ICS 0.58 0.81 0.76 0.52 0.9 
SPE 0.78 0.83 0.8 0.21 0.82 

MNE 21.54 16.34 18.23 24.32 12.55 
COI 0.42 0.51 0.53 0.49 0.72 

TABLE 6.1: Comparison of performance on NAPAbench CG type net-
works. 
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FIGURE 6.3: Comparison on real world datasets. Except MNE, all other 
metrics see worse performance than synthetic data. This is mainly due 
to noise, outlier, or incompleteness of data. GeoAlign still outperforms 

compared algorithms on ICS, MNE and COI. 

DMC IsoRank GHOST MI-GRAAL NETAL GeoAlign 
ICS 0.47 0.69 0.55 0.51 0.87 
SPE 0.76 0.81 0.78 0.33 0.79 

MNE 23.49 16.1 27.57 29.32 16.87 
COI 0.45 0.58 0.6 0.48 0.68 

TABLE 6.2: Comparison of performance on NAPAbench DMC type net-
works. 

Figure 6.2 shows the average performance of the compared algorithms on the whole 
NAPAbench dataset. Here the performance is shown as percentage of the performance 
of GeoAlign, for a better comparison. 

6.2.4 Results on Real World Dataset 

We perform tests on all pair of networks (6 in total). The results, together with the 
average score, are shown as Figure 6.3. We can observe that although the general 
performance is worse than that on synthetic data, the proposed GeoAlign algorithm 
still outperforms the compared algorithms on the ICS, MNE and COI metric. The im-
provement on ICS is relatively signifcant, showing that GeoAlign is good at dealing 
with topological information. Also, a nearly 14% increase on COI indicates that the 
combination of topological and sequence similarity information and the use of global 
matching algorithms yield an alignment with higher functional consistency. 
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DMR IsoRank GHOST MI-GRAAL NETAL GeoAlign 
ICS 0.56 0.79 0.62 0.55 0.85 
SPE 0.79 0.82 0.81 0.38 0.81 

MNE 21.82 16.97 25.67 27.32 13.45 
COI 0.44 0.55 0.59 0.46 0.71 

TABLE 6.3: Comparison of performance on NAPAbench DMR type net-
works. 

6.3 Conclusion and Discussion 

This work introduces a new algorithm, GeoAlign, for the global pairwise alignment 
of PPI networks. The most signifcant difference from other alignment algorithms is 
that GeoAlign transforms the problem from the relatively diffcult graph domain to 
geometric domain where good global matching algorithms exist. Since the transforma-
tion preserves the topological information, the geometric matching will also serve as 
a good candidate for the alignment of the original PPI networks. Combining with the 
solution of a min-cost max-fow problem built on top of the available sequence similar-
ity data, GeoAlign is able to produce alignment with relatively high topological quality 
and biological quality, on both synthetic and real world datasets. 

Currently the wall clock running time of the GeoAlign algorithm is several hours. 
The running time is mainly bottlenecked by the embedding algorithm and fow com-
putations. It is possible to modify the GeoAlign algorithm for different purpose. If 
performance and accuracy has the highest priority, we can use a PTAS for EMDRT 
problem, instead of the current ICP algorithm. Generally this step will be the new bot-
tleneck of running time of the whole algorithm. If speed is desired, we can change the 
embedding algorithm to shorten the running time. Algorithms like spectral embedding 
[69] will generally run much faster than SPE, however parts of the topological informa-
tion might be lost. We can also modify the MCMF step to speed it up, for example use 
unit edge capacity, and use sequence similarity score directly as edge weight. Then it 
becomes a maximum weight bipartite matching problem, where the fnal matching is 
one-to-one. 



  
  

Chapter 7 

Conclusion 

7.1 Conclusion 

In this dissertation we studied the distributed SVM problems under the coordinator 
model. For distributed SVM without outliers, we proved a lower bound on the com-
munication complexity for any (1− �)-approximation algorithm and gave a distributed 
(1 − �)-approximation algorithm to reach this bound. For distributed SVM with out-
liers, we presented a (1−�)-approximation algorithm to explicitly remove the infuence 
of outliers with low communication complexity. Experiments confrm our theoretical 
analysis. 

We also presented an online algorithm for training SVM using a stream of data. 
Our algorithm requires at most one pass of the whole dataset, and outputs a theoreti-
cally guaranteed near-optimal solution using much less space than other online SVM 
algorithms. Experimental results also confrm such performance improvement. 

We then proposed a framework for clustering small dense clusters when there exists 
large amount of sparse noise. Experimental results show that it is practicable, and also 
out performs existing clustering method designed to deal with noise. 

And fnally we introduce a new algorithm, GeoAlign, for the global pairwise align-
ment of PPI networks. The most signifcant difference from other alignment algorithms 
is that GeoAlign transforms the problem from the relatively diffcult graph domain to 
geometric domain where good global matching algorithms exist. Since the transforma-
tion preserves the topological information, the geometric matching will also serve as 
a good candidate for the alignment of the original PPI networks. Combining with the 
solution of a min-cost max-fow problem built on top of the available sequence similar-
ity data, GeoAlign is able to produce alignment with relatively high topological quality 
and biological quality, on both synthetic and real world datasets. 

These results show a very positive sign of benefts of applying geometric ideas in 
the understanding of machine learning problems. While being only a tip of the whole 
machine learning research domain, this study can certainly serve as a positive example 
and hopefully spark some interest in geometric treatment of other machine learning 
problems. 
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