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Abstract 

The flight conditions of a hypersonic vehicle on an ascent trajectory are computed 

and Reynolds-averaged Navier-Stokes (RANS) simulations of the turbulent boundary layers 

are performed across a Mach number range of 0.3 up to 16 using the computational fluid 

dynamics (CFD) software , VULCAN. The boundary conditions and leading edge geometry 

are varied from the simple case of adiabatic and sharp to cooled and blunted to reveal 

the physics of how these effects impact the results of flat plate boundary layer methods as 

applied to practical aerospace systems. The law of the wall, the Van Driest transformation, 

and a shear stress preserving transformation's ability to collapse boundary layer velocity 

profiles under the conditions of variable wall boundary condition and leading edge geometry 

is explored. 

Boundary layer related quantities examined include the boundary layer thickness, 

local skin friction coefficient , displacement thickness, momentum thickness , heat flux, and 

integrated loads. It is found that cooling the surface serves to increase the density of the 

boundary layer, making it thinner. This thinning of the boundary layer thickness increases 

the velocity gradients, thus increasing the shear stresses and the local skin friction coefficient. 

The effects on turbulent boundary layers of blunting the leading edge are explained by the 

difference in properties, particularly viscosity, caused by a detached bow shock instead of 

a Mach wave that comes off of a sharp nose plate. Heat flux into a vehicle is found to 

be insignificant at low speeds, but increases drastically as the Mach number rises into the 
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Abstract XVll 

supersonic and hypersonic regimes. It is observed t hat t he integrated skin friction coefficient 

decreases as Mach number increases and t he leading edge becomes blunted, however , it 

increases as more cooling is applied at t he boundary. The integrated heat flux computed 

from a sharp leading edge geometry is greater compared to a blunted leading edge due to 

greater temperature gradients in t he sharp nose case relative to t he blunt nose case. 

The shear stress preserving t ransformation , derived wit h t he inclusion of a stress 

balance condit ion, is found to produce a better collapse of t he velocity profile data t han 

t he Van Driest transformation and t he incompressible law of the wall regardless of Mach 

number, boundary condit ion or leading edge geometry. The normalized untransformed 

velocity gradients are compared to t he velocity gradients result ing from the Van Driest and 

shear stress preserving tranformation. It is shown that t he velocity gradients from the shear 

stress preserving match t he normalized unt ransformed velocity gradients more closely t han 

t he Van Driest velocity gradients do. The advantages, disadvantages, and limitations of 

each transformation are discussed . 



Chapter 1 

Introduction 

1.1 Background 

Hypersonic flight has a history that stretches back decades. The first flight of a 

multistage rocket, a German V-2 with a WAC Corporal upper stage, occurred in 1949 out 

of a test range in the United States White Sands Proving Ground. The maximum speed 

after second stage ignition was 5150 miles per hour, well above five t imes the speed of sound, 

the common delimiter for hypersonic speed. This is typically considered the first hypersonic 

flight. 1 The next major achievement in hypersonics came out of the U.S.S.R. in April of 

1961 when the first man in space, Flight Major Yuri Gagarin, reentered the atmosphere at 

more than Mach 25 in the Vostok I spacecraft. The Vostok I was soon followed by Alan 

Shepherd's suborbital flight and atmospheric reentry above Mach 5, the US Air Force flight 

of the X-15 at Mach 5.3, and the reentry of the Apollo space capsule at Mach 36 while 

returning men from the Moon. More recent efforts in hypersonic flight include the NASA 

X-43 Hyper-X program, which saw the first ever successful flight of a scramjet engine and 

attained a speed of almost Mach 10 in 2004, and the US Air Force led X-51 which reached 

speeds above Mach 5 in 2010. 

There are several factors motivating the development and understanding of hyper-

1 



2 Chapter 1. Introduction 

sonic systems. One of the most important factors is the desire for less expensive access to 

space. Rocket based systems were not reusable until the Space Shuttle in 1981, which was 

partially reusable, and the SpaceX Falcon 9 booster stage roughly 30 years later. The need 

to build an entirely new vehicle for every launch has made access to space extraordinarily 

expensive. Even with the advent of reusable rockets, there are still large costs associated 

with the processing, refurbishing, and logistics of rocket launches . A system that is able 

to take off horizontally from a conventional runway, deliver a payload into orbit, and then 

land horizontally on a runway promises to reduce the price per pound of payload into or

bit by orders of magnitude. 2 Accomplishing such a feat while transporting the heavy load 

of oxidizer with the vehicle does not seem feasible. However, vehicles that make use of 

air-breathing scramjets from roughly Mach 5 up to orbital velocities may yet be attain

able. Aside from access to space, ramjets and scramjets may be used for missile propulsion 

systems and hypersonic cruise aircraft. This has lead to significant interest in hypersonic 

research for defense applications. 3 

Hypersonic flight has been achieved many times, both by rocket-based and air

breathing systems, but many questions still remain. In addition to the propulsion, struc

tural, and material challenges, several boundary layer and aerothermodynamic techniques 

break down at the high speeds and rates of heat transfer encountered in hypersonic flight. 

Chief among these challenges are the inability of the law of the wall and its compressible 

extensions to collapse turbulent velocity profiles in this difficult operating environment. 

The logarithmic law of the wall, due to Von Karman, 4 is an empirical relationship 

that results from dimensional analysis and matching the velocity profiles in the viscous 

sublayer and the defect layer. 5 This scaling law allows the velocity profiles within boundary 

layers to be collapsed onto a single profile. The law of the wall for incompressible flows 6 

uses the scaled wall normal coordinate, y+, to give the scaled velocity, u+, as 

(1.1) 

(1.2) 
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where "'c is Karman's constant , C is a dimensionless constant , and uT is t he friction velocity 

(1.3) 

wit h t he wall shear stress 
au 

(1.4)Tw = µway w 

Experiments indicate t hat "'c ~ 0.41 and C ~ 5.2, alt hough the value of C varies based 

on t he surface condit ion at t he wall. 7 As stated by Pope, 6 "there is some variation in 

t he values ascribed to t he log-law constants , but generally t hey are within 5%" of t he 

values stated above. While t he law of t he wall successfully collapses velocity profiles for 

incompressible flows, it does not scale velocit ies correctly in compressible flow. Generally, 

Karman's constant is upheld but t here is significant variance in C. Note t hat in t he viscous 

sublayer, generally treated as y+ < 5, t he law of t he wall does not accurately describe t he 

fluid behavior. The relevant equation for t his layer is found to be 

(1.5) 

and t here is a smooth transit ion between t he relationship given by equations 1.1 and 1.5. 

This smooth region is referred to as t he buffer region. The empirical relationship is shown 

in figure 1.1. 

Mult iple attempts to extend the law of t he wall to compressible flow regimes were 

made, and the Van Driest I 8,9 and Van Driest II 10 t ransformations are typically considered 

t he most successful. The Van Driest I transformation produces an effective velocity t hat 

allows t he law of t he wall to be successfully applied to compressible flow, while t he Van 

Driest II transformation uses a slight ly different set of assumptions to derive a skin friction 

law. 11 After t he Van Driest II skin friction law was published, researchers noticed t hat 

replacing some of t he coefficients from t he Van Driest I velocity transformation with t heir 

counterpart coefficients from Van Driest II improved results . This is referred to as t he 

Van Driest II velocity t ransformation. For t he rest of t he present work, t he Van Driest II 

velocity transformation will be denoted as t he Van Driest (VD) t ransformation. No results 

or calculations are presented t hat use t he Van Driest I velocity transformation. 
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The Van Driest transformation accounts for the density variation throughout the 

boundary layer by transforming the mean compressible velocities to an effective incompress

ible velocity, UJD. This effective velocity replaces the incompressible scaling in eq 1.1 , and 

the law of the wall is once again satisfied. The Van Driest transformed velocity is calculated 

as12 

U+ Ue { . -1 [2Bf(u/ ue) - B2 ] + . -1 [ B2 ] } = -- sin - ----;====~ sin (1.6) 
VD u B1 JB 2 +4B2 JB 2 +4B2 ' T 2 1 2 1 

where B1 and B2 are defined as 

(1. 7) 

(1.8) 

and where r is the recovery factor that accounts for the partial recovery of the stagnation 

temperature at the wall. For turbulent flow, a common approximation 12 for the recovery 

+ 
::J 

I·········· LotW Theory I 
o~-~-~~~~~--~~~~~~--~~~~~~ 

100 103 
+ y 

Figure 1.1: The empirical law of the wall. 
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factor is based on the Prandtl number, Pr , 

r = Pr113 (1.9)
' 

where Pr= 0.72 . Several experiments and DNS studies 13,14 have found that the Van Dri

est transformed velocity collapses data very well across a wide range of Mach numbers, 

even up to a Mach 47 wind tunnel test with helium as shown in figure 2 of Marvin and 

Coakley.15 However, this success is limited to cases with adiabatic wall boundary condi

tions. When heat transfer at the wall is introduced, the Van Driest transformations fail 

to satisfactorily collapse the velocity profiles, as demonstrated in figure 3 of Huang and 

Coleman. 11 This also impacts Van Driest skin friction computations based on log-law pro

files, as some authors have noted that non-adiabatic boundary conditions increase the error 

20in skin friction predictions. 15- In general, cooling the wall tends to increase the velocity 

and shift the value of UJD upwards in the log layer. 21 In the viscous sublayer, the cooled 

wall results in a decreased velocity slope. Since a hypersonic aircraft will require a highly 

cooled wall, as explained in section 1.4, the Van Driest transformation is thus incapable 

of accurately collapsing the boundary layer velocity profiles and producing accurate skin 

friction predictions. 

A recent development in the literature is a new transformation which couples the 

scaling of the wall normal coordinate and the velocity. 22 Since the Van Driest transformation 

scales the two independently of one another, the scaled velocity gradients dUJD / dy+ will 

not match the true velocity gradients. These gradients are the source of shear stresses, so 

it is no surprise that skin friction predictions based on distorted gradients are inaccurate. 

This new shear stress preserving (SSP) transformation, proposed by Trettel and Larsson, 23 

also appears to handle cases with non-adiabatic boundary conditions much better than the 

current status quo . This gives the new shear stress preserving transformation promise for 

collapsing the flow around a cooled hypersonic vehicle more effectively than the Van Driest 

transformation does, and perhaps increasing the accuracy of skin friction predictions as 

well. 

https://Coakley.15
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1.2 Derivation of Shear Stress Preserving Transformation 

The shear stress preserving t ransformation of Tret tel and Larsson 23 is briefly derived 

here. For more comprehensive details of the derivation , the original t hesis of Trettel22 should 

be consulted . 

The shear stress preserving t ransformation is derived by relating an assumed in

compressible st ate with constant properties to t he t rue compressible state with varying 

propert ies. The general approach is to find an expression for t he t ransformed velocity gra

dient first using t he well known log-law behavior, and then again using an inner layer shear 

stress balance. Once both condit ions have been found , t hey are related to one another 

and t he full t ransformation may be solved for. The raw compressible st ate is denoted wit h 

lowercase letters, and consists of t he mean velocity u, mean density p, mean viscosity µ, 

Reynolds stress r ij, and wall-normal coordinate y . For simplicity, mean velocity will here

after be denoted as u wit h t he bar dropped. The t ransformed state, denoted by capital 

letters, consists of t he t ransformed velocity UssP, Reynolds stress R ij, and wall-normal 

coordinate Y . The transformed state is furt her defined to have t he same density, viscosity, 

and shear stress at t he wall, Pw, µw, and Tw, as t he raw state. Due to these equalit ies, t he 

t ransformed state must also have t he same friction velocity, uT, and viscous length scale, lv, 

(1.10) 

(1.11) 

The chain rule is applied in order to construct a different ial scaling, 

dUssP dUssP dy du 
(1.12) 

dY du dY dy ' 

where t he transformed velocity gradient dUssp/dY is expressed as t he product of t he raw 

velocity gradient du/dy and t ransformation kernels for t he velocity and wall-normal coor

dinate, dU SSP / du and dY/ dy , respectively. The t ransformed quant it ies are t hen computed 

by integrating t he t ransformation kernels with respect to dimensionless quant it ies, denoted 
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with a plus superscript, 

u -1u+dUssP d + (1.13) SSP - d u ' 
0 u 

y = 1y+dY dy+ . (1.14) 
o dy 

Due to t he t ransformed state and t he unt ransformed state having t he same friction velocity 

and viscous length scale, t he quant it ies used to scale velocit ies and distances, equalit ies may 

be formed between the unscaled and scaled forms of t he t ransformation kernels. 

dUssP dU'tsP 
(1.15)

du du+ ' 

dY dY+ 
(1.16) dy dy+ . 

Applying dimensional analysis to the velocity gradients in t he log layer , t he variables of 

24 interest are found to be Tw,p, and y . The velocity scale is t hen ,/T;;Jp and the length 

scale is y. Velocity gradients for both states are constructed using t hese scales. 

(1.17) 

~2_ (Tw) 112 
dUssP = 

dY "'cY Pw 

If t he raw compressible gradient , equation 1.17, is mult iplied by Y / Y and JPw/ Pw t hen 

t he transformed velocity gradient can be formed on t he right hand side. 

du= [~2_(Tw)1/2](y) (p~)l/2 
(1.19) 

dy K,c Y Pw Y P 

(1.20) 

The velocity t ransformation kernel, in both scaled and unscaled forms due to equation 1.15, 

can now be solved for. 
112 

dUssP = ]!_( p ) dY _ (1.21) 
du Y Pw dy 

The t ransformed velocity gradient from t he log-law condit ion can be expressed as 

112 
dUssP = ]!_( p ) du_ (1.22) 

dY Y Pw dy 
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As noted by Trettel, many existing coordinate transformations are already de

rived from these conditions, including the Van Driest transformation, which assumes that 

dY/dy = 1 and dU/du = ~- Where the shear stress preserving transformation differs 

is that the coordinate transformation kernel is not assumed, rather it is derived from a 

stress balance. The reasoning for this is that the Van Driest transformation, among others, 

adjusts the velocity profile independently of the coordinate. As the velocity profile and the 

wall-normal coordinate are scaled separately, the transformed velocity gradients become 

distorted and no longer conserve momentum. Therefore, if the coordinate transformation 

kernel is derived in such a way that the transformed velocity gradients maintain the conser

vation of momentum, the resulting transformation should be more physically representative. 

The condition which ensures momentum is conserved comes from a stress balance in the 

26inner layer of boundary layers, relating the viscous stress to the Reynolds stress . 25 , 

(1.23) 

where the Reynolds stress is 

(1.24) 

Due to setting the wall shear stress equal in both the transformed state and the untrans

formed state, a relationship can be made between the raw and the transformed velocity 

gradients, 
_du _ dUssP 
µ dy - prij = µw dY - PwRij , (1.25) 

At this point, Morkovin's scaling 27 is introduced to scale the Reynolds stress, 

(1.26) 

When this relationship is multiplied by Tw, the result is 

(1.27) 

This allows equation 1.25 to be simplified to 

(1.28) 
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As long as Morkovin's scaling is true , then this equation can be used to relate the velocity 

gradients in the transformed state to the untransformed state with 

dUssP = ( µ ) du. (1.29)
dY µw dy 

Additionally, the velocity transformation kernel as derived from the stress balance condition 

can be expressed as 

dUssP 
(1.30)

du 

Now that the transformed velocity gradient is obtained using the log-law condition, 

given by equation 1.22, and the inner layer shear stress balance, given by equation 1.29, 

they are set equal to one another. 

112 
y ( p ) du ( µ ) du (1.31)
Y Pw dy = µw dy . 

This allows the transformed dimensional coordinate Y to be solved for explicitly, 

(1.32) 

Scaling by lv results in the dimensionless transformed wall-normal coordinate, 

112 
y + = y(TwP) (1.33)

µ 

When equation 1.32 is differentiated with respect to y , the result is the coordinate trans-

formation kernel, 
112 

dY = (µ_w) ( p ) [l + 1_dp y _ ~ dµ y]. (1.34)
dy µ Pw 2p dy µ dy 

The velocity transformation kernel may be plugged into either the velocity transformation 

kernel derived from the log-law condition, equation 1.21, or the kernel derived from the 

stress balance condition, equation 1.30. Taking either path will result in 

112 
dUssP = ( p ) [1 + 1 dp y _ ~ dµ y]. _ (1.35)

du Pw 2pdy µ dy 

This equation, combined with the equality between scaled and unscaled kernels of equation 

1.15, can be integrated to give the shear stress preserving velocity transformation, given as 

112 1 
(1.36)utsP = fou+(~) [1 + 2P (;:)y-t (;~)y] du+ . 
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The full shear stress preserving transformation is then given by equation 1.33 for 

the coordinate and equation 1.36 for the transformed velocity. 

1.3 Research Objectives 

The first objective of the present work is to investigate hypersonic turbulent bound

ary layer behavior with a specific emphasis on aerospace applications. Due to the need 

for practical high speed systems to be cooled at the walls , isothermal boundary conditions 

are of particular interest. Many theoretical derivations and computational efforts are based 

on flat plates with sharp leading edges. In order to add some realism to the problem, flat 

plates with blunt leading edges typical of those found on aircraft such as the X-43 and 

X-51 will be considered. Comparisons between the different combinations of geometry and 

boundary conditions will be made in order to understand the difference in physics imposed 

by each change, with the ultimate goal of understanding how practical aerospace systems 

will perform compared to theoretical predictions. To accomplish this , the representative 

access-to-space ascent trajectory of a hypersonic vehicle is first computed in section 1.4. 

The trajectory is sampled at eight points, starting from M = 2.0 and incrementing by two 

up to M = 16.0. Two subsonic points, one at M = 0.3 and another at M = 0.8, are 

considered as well. These subsonic points serve as a reference for how hypersonic aircraft 

compare to conventional aircraft used in general aviation and commercial transport. 

The second objective of the present work is to apply the existing versions of the law 

of the wall for compressible flows to results for hypersonic boundary layer flow. Both Van 

Driest 8 and the shear stress preserving transformation proposed by Trettel and Larsson 23 

are examined and the merits and deficiencies of each are explained. 

Chapter 2 describes the governing equations, numerical methods, and flow configura

tions used in the studies that follow. Before discussing the primary research results though, 

it is important to first undertake some preliminary studies for the purpose of verification 

and validation. This preliminary work, as detailed in chapter 3, includes: (1) grid conver-



11 Chapter 1. Introduction 

gence studies for both the sharp nose flat plate and blunt nose geometries, (2) comparison 

with DNS data at high Mach numbers to verify the computational fluid dynamics (CFD) 

software used, (3) a turbulence model sensitivity study, and (4) comparison with Trettel 

and Larsson 23 results to ensure that the proposed transformation has been implemented 

correctly. It is only once all of these studies have concluded that any confidence can be 

placed in the results of the primary objectives outlined above and reported in chapter 4. 

1.4 The Hypersonic Vehicle Ascent Trajectory 

In order to study hypersonic aircraft aerothermodynamics, it is first necessary to 

understand the wide range of flight conditions that the vehicle will experience. This requires 

analysis of a nominal hypersonic ascent trajectory. The 1976 Standard Atmosphere model 28 

is used to generate the thermodynamic state variables and the air viscosity as a function 

of altitude, p00 (y), p00 (y) , T00 (y) , and µ 00 (y). Model output from sea level to an altitude 

of 40 km is shown in figure 1.2. The freestream dynamic pressure, q00 , and speed of sound, 

a00 , are defined using the ratio of specific heats , 100 , and the specific gas constant of air, 

Rair, and the ideal gas law is introduced. 29 

1 2 
qoo = 2Poo V (1.37)00 

aoo = ,; = J,ooRairToo (1.38) 
00 

P = pRairT (1.39) 

Substituting equations 1.38 and 1.39 into 1.37 allows the dynamic pressure to be 

specified in terms of the Mach number and the ambient pressure. 

(1.40) 

Due to material limitations , an aircraft can not fly at too high a dynamic pressure 

or else the forces will cause structural failure. On the contrary, flying at too low a dy-
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namic pressure will increase t he necessary size of wings in order to produce sufficient lift. 

For these reasons, the ideal hypersonic trajectory is characterized by a constant dynamic 

pressure t hat is as high as possible wit hout exceeding structural limitations. 3 Typical de

sign numbers range from 1000 to 2000 pounds per square foot (psf) , and the first working 

scramjet-powered aircraft, the NASA X-43, was designed for and flew at a roughly 1000 psf 
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Figure 1.2: Thermodynamic properties of the standard atmosphere, including (a) pressure, 

(b) density, (c) temperature, and ( d) viscosity. Note t hat t he jagged lines in (c) and ( d) 

are not due to a lack of resolution, but to abrupt changes in temperature lapse rate in t he 

Standard Atmosphere model. 
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trajectory. 30-33 Throughout the rest of the present work, a constant trajectory of q00 = 1500 

psfis assumed. In metric units, this is 71.8 kilopascals (kPa). Figures 1.3(a) and 1.3(b) show 

how the altitude and flight velocity vary with Mach number over this specific trajectory. 

In addition to the dynamic pressure and Mach number, the mass flux m" and the 

unit Reynolds number Re' are important properties of the trajectory, 

II ffi 
m =A= PooVoo, (1.41) 

Re'= Poo Voo. (1.42) 
µ 00 

Mass flux is useful in propulsion analysis because the thrust that can be produced by an 

air-breathing engine is proportional to it , and the unit Reynolds number is an indication 

of how turbulent the airflow will be. The mass flux is equal to the mass flow rate per unit 

area, and the unit Reynolds number is the Reynolds number per unit length of the vehicle. 

Both of these quantities use the freestream properties and the flight velocity V00 • 

Figures 1.3( c) and 1.3( d) show how these quantities vary over the trajectory, with 

both of them decreasing as Mach number increases . This is because along a constant 

dynamic pressure ascent trajectory, the atmospheric density decreases faster than the flight 

velocity increases . Since an air-breathing engine depends on incoming mass flux in order to 

produce thrust, if the engine's air mass flow capture area remains constant, then the thrust 

available will decrease as the vehicle ascends. In addition, the decreasing unit Reynolds 

number means that the transition from laminar to turbulent flow should be expected to 

take place further downstream along the vehicle as speed increases. 

Closer examination of these figures reveals that there is a slight kink in some of the 

plots occurring just after Mach 2. The kink is most readily visible in figure 1.3( d). This is 

due to the vehicle reaching the stratosphere. This layer of the standard atmosphere model 

has a different temperature lapse rate than the troposphere below it, so there is a slight 

but abrupt shift in the rate of change of thermodynamic states with altitude. This abrupt 

change in temperature lapse rate directly impacts the rate of change of the speed of sound 

with altitude. Confirmation of this can be found in figure 1.2(c) . 
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Another useful component of the hypersonic ascent trajectory to analyze is the 

outer skin temperature of the vehicle. This , in general, requires a heat transfer analysis 

involving the detailed vehicle geometry and convection conditions. However, conservative 

approximations of the wall temperature may be made by calculating the total temperature, 
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Figure 1.3: Hypersonic trajectory dynamics and fluid flow properties as functions of Mach 

number, including (a) altitude, (b) velocity, (c) mass flux, and (d) unit Reynolds number. 

Note that a slight kink can be seen in ( d) just after Mach 2. This is related to the abrupt 

shift in temperature lapse rate in the Standard Atmosphere model that occurs just after 

10km in altitude. 
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To, and the adiabatic wall temperature, TAw- The total temperature results from converting 

all the kinetic energy of a flow into enthalpy, with frozen gas composition. The adiabatic 

wall temperature is reached when a flow is brought to zero velocity at a wall and some 

of the kinetic energy, due to viscous effects, is lost and cannot be converted to enthalpy. 

This energy loss is modeled using the same recovery factor, r, that was used in the Van 

Driest transformation and defined in equation 1.9. The total temperature and adiabatic 

wall temperature are expressed as 

To= T00 ( 1 + -,-1- M 00
2) 

, (1.43)
2 

,-1TAw = T00 ( 1 + r - - M 00
2) 

• (1.44)
2 

Using the results obtained in figure 1.2(c) as the freestream temperature, the adia

batic wall temperature along the ascent trajectory is computed and compared to the total 

temperature in figure 1.4. As the Mach number rises into the hypersonic regime, conven

tional engineering materials will clearly not suffice. This analysis shows that at Mach 8 the 

adiabatic wall temperature is roughly 3000 Kelvin, while at Mach 12 it is over 6000 Kelvin. 

The requirement that hypersonic vehicles use some sort of cooling system is plainly appar

ent. However, it is worth noting that one of the defining features of hypersonic flows is their 

deviation from calorically perfect behavior. Examples include vibrational excitation, vari

able specific heats, molecular dissociation, and ionization. Due to these high-temperature 

effects that are unaccounted for in the previous analysis acting as an energy sink, the tem

peratures shown for hypersonic speeds in figure 1.4 are conservative. 

This analysis provides the inflow conditions for all of the ascent trajectory simu

lations which follow in chapter 4. Eight different points along the ascent trajectory are 

considered, with inflow conditions summarized in table 1.1. The conditions for the two 

subsonic points are computed by assuming nominal Mach numbers of 0.3 and 0.8 at 1000 

ft and 30,000 ft, respectively. Once those assumptions are made, the rest of the conditions 

are found using the standard atmosphere model as outlined above. 
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Figure 1.4: Stagnation temperature and adiabatic wall temperature along the ascent tra

jectory compared to the melting point of titanium, inconel, and aluminum. 

I Moo I A lt (km) I Po(kP a) I Poo(~) I Uoo(~) I Too(K) I To(K) I TAw(K) I 

0.3 0.30 l.040e+05 1.190 101.7 286.2 291.3 290.8 

0.8 9.14 4.587e+05 4.583e-01 242.5 228.7 258.0 254.8 

2.0 10.20 2.007e+05 4.027e-01 597.2 221.9 399.4 379.9 

4.0 19.00 9.736e+05 l.031e-01 1180.3 216.6 909.4 833.7 

6.0 24.18 4.500e+06 4.496e-02 1787.4 220.8 1810.8 1635.9 

8.0 27.93 l.565e+07 2.487e-02 2403.4 224.6 3099.2 2783 

10.0 30.88 4.354e+07 l.571e-02 3023.9 227.5 4778.2 4277.6 

12.0 33.33 l.029e+08 l.068e-02 3667.1 232.4 6924.9 6188.7 

14.0 35.46 2.156e+08 7.652e-03 4332.7 238.3 9580. 7 8553.1 

16.0 37.34 4.119e+08 5.732e-03 5006.2 243.6 12715.9 11344 

Table 1.1: Simulation input conditions from ascent trajectory analysis. 



Chapter 2 

Numerical Methodology 

2.1 Governing Equations 

The equations that govern high speed flow include the compressible forms of con

servation of mass , momentum, and energy. 34 This system of equations, together with an 

equation of state, is solved simultaneously. The first equation, conservation of mass, is 

(2.1) 

where p is the density and Uj is the velocity in the Xj direction . 

The next equation is the conservation of momentum, 

(2.2) 

where p is pressure and Tij is the viscous stress tensor, modeled as 

OUi OUj) 2 auk (2.3)Tij = µ ( OXj + OXi - 3µ OXk Oij, 

with the fluid dynamic viscosity, µ, and the Kronecker delta function 6ij. When equation 

2.3 is substituted into 2.2, the result is commonly known as the Navier-Stokes equations . 

The final conservation equation is for total energy e, the sum of internal and kinetic 

17 
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energy, given as 

(2.4) 

wit h t he heat flux qw defined using Fourier 's law of conduction, where T is temperature and 

r;, is t he t hermal conductivity 
aT 

qw,j = - K, ax .. (2.5) 
J 

Finally, t he t hermodynamic equation of state used is t he ideal gas law, 

(2.6) 

where R air is t he specific gas constant for air. 

Although equations 2.1-2.6 govern t he physics of non-reacting compressible flow, 

t hese are not precisely t he equations t hat are solved numerically. Since only general char

acteristics of boundary layers t hat relate to vehicle performance are of interest, rather t han 

t he intricate turbulence statistics, it is not necessary to resolve all of t he scales of t urbu

lence caused by t he Navier-Stokes equations as in direct numerical simulation (DNS). In 

fact, due to grid resolut ion requirements, attempting to do so for any realistic vehicle is pro

hibit ively impractical both now and for t he foreseeable future. Thus, t he detailed t urbulence 

statistics are "averaged out" using Favre averaging, and t he result ing Reynolds-averaged 

Navier-Stokes (RANS) equations are solved instead. 5 When a generic variable ¢ is Favre 

averaged , it is indicated as ¢, while a Reynolds-averaged variable is indicated as ¢. The fluc

t uating component of a Reynolds-averaged quant ity is denoted as ¢' , while a Favre-averaged 

fluctuating component is denoted as ¢". The practical difference between Favre-averaged 

and Reynolds-averaged quant it ies is t hat Favre-averaged quant it ies are density-weighted. 

This makes Favre averaging more convenient for compressible flow t han Reynolds averag

ing because it removes density fluctuations from appearing directly in t he equations. The 

RANS equations for conservation of mass , moment um, and energy, using Favre averaging, 

are: 

(2.7) 
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(2.8) 

(2.9) 

where h is the Favre averaged enthalpy and k is the turbulent kinetic energy, 

1~ 
k = - u"u" (2.10)

2 i i, 

Pr and Prt are the laminar and turbulent Prandtl numbers , <Yk is a model coefficient 

dependent on the turbulence model chosen, and w is the specific dissipation rate. Based 

on the turbulence model used , k and w will have their own governing equation of slightly 

different form. For the primary model used in the present work, the Menter Baseline 

model, 35 these equations are given as 

a( _ ) a ( --) aui * - a [ ( pk)ak ]~ pk + ~ pujk = Tij ~ - f3 pwk + ~ µ + <Yk - ~ , (2.11)
ut UXj UXj UXj W UXj 

a _ a __ r aui _ 2 a [ pk aw ] /J<Yw2 ak aw 
- (pw)+ - (pujw) = - Tij - - /3 pw + - (µ+<Yw- ) - +2(1-Fi)---,
at axj Vt axj axj w axj w axj axj 

(2.12) 

where the model constants 1 , /3, <Yk , and <Yw are blends of two sets of constants based on 

(2.13) 

The model constants of set 1, based on the k - w model of Wilcox, 5 are 

<Ykl = 0.5 , <Ywl = 0.5 , /31 = 0.0750 
(2.14) 

/3* = 0.09 , K,c = 0.41 , 

and the model constants of set 2, based on the standard k - E model, are 

<Yk2 = 1.0, <Yw2 = 0.856, /32 = 0.0828 
(2.15) 

/3* = 0.09 , K,c = 0.41 , 
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The following definitions are also used in the Menter Baseline35 model: 

k 
Vt=- , (2.16) 

w 

Fi = tanh(argf) , (2.17) 

4f5<Yw2k ]. [ ( vk (2.18)arg1 = min max O.Qgwy, CDkwY2 , 

1 ak aw 
CDkw = max 2 j5<Yw2 - ~ ~, (2.19)( 10-20)'

W UXj UXj 

where y is the distance to the nearest surface. 

It is worth noting that the choice of governing equations has already imposed er

ror on the research solutions before any simulations have even run. The RANS equations 

use simplified models in an attempt to represent highly complicated physics. While the 

sophistication of these models has grown drastically over the years, they remain an approx

imation. Some flow phenomena, such as boundary layer separation, continue to give RANS 

models difficulty. Furthermore, the use of non-reacting governing equations is not entirely 

realistic for the higher Mach numbers in which dissociation starts to occur. Nevertheless, 

these equations form a starting point to begin the investigation. The methods by which 

they are solved are discussed next. 

2.2 Numerical Methods 

The CFD software used in the present work is known as VULCAN (Viscous Up

wind Algorithm for Complex Flow Analysis) , a CFD code written and maintained by the 

Hypersonic Airbreathing Propulsion Branch (HAPB) at NASA Langley Research Center. 

VULCAN has a long history of being used in studies of high Mach number reacting flows . 

Previous works that utilized VULCAN include engine combustor research, 35-3s injector 

studies, 39,4o modeling ground tests, 41 and advanced engine concept analysis. 42 VULCAN 

has also been used for designing the propulsion system of flight test vehicles, such as HI

FiRE 43 and the NASA X-43. 44 
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VULCAN is a structured finite volume flow solver with many options available to 

fine-tune the solution scheme. 45 VULCAN is capable of solving the Navier-Stokes equa

tions in their RANS and large eddy simulation (LES) forms. The conservation equations 

for two-dimensional, axisymmetric, or three-dimensional geometries can all be solved for 

either calorically perfect or a mixture of thermally perfect gases. 46 Multi-grid and coarse 

to fine grid sequencing options are available to speed up convergence. The user is able to 

select various combinations of inviscid flux construction scheme, interpolation method, and 

47flux limiters. Available flux construction schemes include Roe's flux difference method, 

the local Lax Friedrich scheme, 48 the van Leer flux vector split scheme, 49 the flux split

ting scheme of Harten, Lax, van Leer, and Contact, 50 or the low dissipation scheme of 

Edwards. 51 ,52 Options for the interpolation method include MUS CL schemes, 53 the piece

wise parabolic method (PPM) of Colella and Woodward, 54 and weighted essentially non

oscillatory55 (WENO) schemes of both fourth and sixth order. The options available for flux 

limiters include minmod, 56 and the limiters of van Leer, 57 van Albada, 58 and Koren. 59 The 

time stepping scheme options include a diagonalized approximate factorization 60 (DAF), 

incomplete LU factorization 61 (ILU), and Runge-Kutta (RK). The user is able to use local 

time stepping or global time steps. VULCANs turbulence models include the Spalart

Allmaras model, 62 the blended Menter baseline (BSL) model and Menter-SST model, 35 

both the 1998 and 2006 k - w models of Wilcox, 5 and the explicit algebraic stress model 

of Rumsey and Gatski. 63,64 VULCAN also contains provisions for blending RANS and 

LES models together, 55-57 although those features were not used in this research. Many 

compressibility corrections exist for use in RANS modeling, as described by Wilcox5 and 

Rumsey. 68 No such compressibility corrections are used in the present work, aside from the 

stress limiters already built into some of the models. 5,35 

In the present work, simulations are done using two-dimensional grids and the RANS 

equations for thermally perfect air. First a series of flat plate simulations are completed, and 

then a blunt nose geometry is considered. Adiabatic and isothermal boundary conditions are 

examined on both geometries. The inflow conditions and isothermal temperature boundary 
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conditions used are those derived in the trajectory analysis of section 1.4. The flow is 

initialized on a coarse grid and then interpolated onto a fine grid after a startup period in 

order to speed up convergence. The Edwards low dissipation flux splitting scheme (LDFSS) 

and the third order upwind biased interpolation method are used exclusively. The van 

Leer 57 flux limiter is the primary limiter used due to its low numerical dissipation, but 

some cases require the van Albada 58 flux limiter for increased stability. The DAF time 

stepping scheme is used at the beginning of the simulations in order to quickly propagate 

the correct qualitative behavior of the flowfield, and then the ILU scheme is switched to in 

order to drive down error. The ILU scheme takes much longer to complete a single iteration 

than the DAF scheme does, but it is able to decrease error quicker due to allowing much 

higher CFL numbers to be used. A turbulence model sensitivity study is performed in order 

to quantify impact of the selected model on the results obtained. All simulations are run 

on the Pleiades supercomputer located at NASA Ames Research Center and maintained by 

the NASA Advanced Supercomputing (NAS) division. 

Each simulation is run on 80 processors and takes about eight hours to complete. 

Iterative convergence is judged by observing residuals , the percentage difference between 

mass inflow and mass outflow, shear stress at the boundary, and heat transfer. 

2.3 Flow Configurations 

All simulations performed in the present work use one of two boundary geometries, 

and one of two wall boundary conditions for a total of four flow configurations considered. 

The two geometries consist of a flat plate with a sharp leading edge (SN), and a flat plate 

that has a blunted nose (BN). Both geometries are two-dimensional. 

The SN plate, shown in figure 2.1, lies along the bottom of the computational domain 

and starts at the coordinates (0,0). All of the SN inflow goes through a single outflow plane, 

and there is zero pressure gradient across the inflow to the outflow. Opposite the SN plate 

in the farfield, the boundary conditions are defined such that there is zero gradient across 
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the boundary. The SN uses a Cartesian non-uniform stretched mesh that is more dense 

near the plate than it is in the farfield . 

The BN plate, as shown in figure 2.2 only lies partially along the bottom of the 

computational domain . While there is only a single inflow zone, there are two outflow zones 

for the BN, one above and one below the plate. The BN plate therefore acts as a splitter 

plate . The BN geometry uses a non-Cartesian non-uniform boundary-fitted mesh. The BN 

grid is more dense near the plate than it is in the farfield, and more dense near the leading 

0.15 

0.05 

~Iii 
0.05 0.1 0.15 0.2 

X (m) 

Figure 2.1 : The sharp nose, SN, geometry used in the present research simulations. For 

clarity, the coarse grid level is shown, and the leading edge region is emphasized. The coarse 

grid is created by removing 75% of all grid points from the medium grid, which is made by 

removing 75% of all points from the fine grid. The sharp nose grid starts at the point (0,0) 

and extends out to 6 meters downstream of the leading edge. 
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Figure 2.2: The blunt nose, BN, geometry used in the present research simulations. For 

clarity, the coarse grid level is shown, and the leading edge region is emphasized. The coarse 

grid is created by removing 75% of all grid points from the medium grid, which is made by 

removing 75% of all points from the fine grid. The blunt nose grid extends out to 6 meters 

downstream of the leading edge. 

edge and stagnation point region than it is near the outflow. 

The two boundary conditions applied to the plates are adiabatic and isothermal. 

The wall temperature for the isothermal boundary conditions was chosen in such a way as 

to prevent the melting of materials, and is a function of the Mach number. The maximum 

wall temperature in isothermal cases, used for Mach 6 and above, is 1200 Kelvin. Due to 

the difference between the adiabatic wall temperature, a function of Mach number, and the 

fixed wall temperature, the isothermal cases all have different amounts of heat flux at the 
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boundary. 

Combining t he results of t he t rajectory analysis in section 1.4 with t he four possible 

flow configurations yields 40 simulation cases - 10 each for sharp nose adiabatic (SNA) , sharp 

nose isot hermal (SNI) , blunt nose adiabatic (BNA) , and blunt nose isot hermal (BNI) . These 

are in addit ion to t he simulations performed for t he verification and validation studies of 

chapter 3. Summaries of all cases, including t he wall temperature for isot hermal cases, can 

be found in the tables of section 2.4. 

2.4 Summary of Cases Considered 

The first step in any CFD study is to examine t he grid and ensure t hat grid

converged results are obtainable. This is addressed in section 3.1 for t he sharp nose flat 

plate, and section 3.2 for t he blunt nose flat plate for t he cases shown in t ables 2.1 and 

2.2. These tables include the case name for ident ificat ion within t he plots, t he leading edge 

geometry and grid resolution, and whether t he t hermal boundary condit ion at t he wall is 

adiabatic or isothermal. The t urbulence model used is specified, and t he value of y+ at t he 

first point above t he wall at t he x station where post-processing is done is specified. This 

is significant because t he first y+ value should be approximately equal to or less than 1.0 

to ensure adequate resolution of t he sublayer. Addit ionally, if t he case has an isothermal 

boundary condit ion, t he dimensionless wall heat transfer parameter , B 9 , is given for t he 

same location where flow t ransformations are calculated. 

(2.20) 

The next task is ensuring t hat comparison of RANS results to high Mach number 

DNS results to ensure consistency. This is done in section 3.3, and t he cases covered are 

shown in table 2.3. The grid resolution is no longer stated, as all studies except t he grid 

convergence studies use the fine grids. 

Once trust has been established in the capabilities of t he CFD to replicate high Mach 
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number physics reasonably accurately, a turbulence model sensitivity study is undertaken. 

This ensures t hat t he results obtained are consistent and not a quirk of one part icular 

model's intricacies. This is done in section 3.4, wit h t he cases shown in table 2.4. 

The final preliminary study is a comparison wit h wind t unnel data. This serves a 

dual-purpose; first to reinforce the validation of t he CFD software, and second to verify 

t he implementation of the SSP t ransformation. This is done by performing t he numerical 

t ransformations on the same flow configuration t hat Tret tel and Larsson 23 used and then 

comparing with their results. This is described in section 3.5, and t he cases considered are 

shown in table 2.5. 

After t he preliminary studies are completed, t he primary research results are de

scribed in chapter 4, and covers t he cases shown in tables 2.6 through 2.9. The total number 

of cases considered , including all studies, is 73. 

I Case Name I G eome try I R esolution I M 00 I Wall BC I RANS Mode l I y+ I Tw(K) I Bq 

SN-CO SN Fine 5.0 Isothermal Menter-ESL 0.99 327 -0 .1201 

SN-Cl SN Medium 5.0 Isothermal Ment er-ESL 1.98 327 -0 .1201 

SN-C2 SN Coarse 5.0 Isothermal Ment er-ESL 3.96 327 -0 .1201 

Table 2.1: Case details for t he sharp nose grid study. 

I Case Name I G eome try I R e solution I M 00 I Wall BC I RANS Mode l I y+ I 

E N4-CO E N Fine 4.0 Adia batic Ment er-ESL 0.15 

EN4-Cl EN Medium 4.0 Adia batic Menter-ESL 0.32 

E N4-C2 E N Coarse 4.0 Adia batic Ment er-ESL 0.72 

Table 2.2: Case details for t he blunt nose grid study. 
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I Case Name I G eome try I M 00 I Wall BC I RANS Mode l I y+ I Tw(K) I Bq 

RANS0.3 SN 0.3 Isothermal Menter-ESL 0.13 220.0 -0.0030 

RANS3.0 SN 3.0 Isothermal Menter-ESL 0.23 552.0 -0 .0016 

RANS4.0 SN 4.0 Isothermal Menter-ESL 0.17 842.6 -0 .0001 

RANS5.0 SN 5.0 Isothermal Menter-ESL 0.14 1192 0 .0002 

RANS6.0 SN 6.0 Isothermal Menter-ESL 0.11 1615 -0 .0001 

RANS7.0 SN 7.0 Isothermal Menter-ESL 0.08 2128 -0 .0001 

RANS8.0 SN 8.0 Isothermal Menter-ESL 0.07 2598 -0 .0022 

RANS12.0 SN 12.0 Isothermal Menter-ESL 0.03 6293 0 .0030 

Table 2.3: Case details for t he DNS comparison study. 

I Case Name I G eome try I M 00 I Wall BC I RANS Mode l I y+ I Tw(K) I Bq 

T l-1 SN 2.0 Isothermal Menter-ESL 0.66 516.0 0.0011 

T l-2 SN 5.0 Isothermal Menter-ESL 0.99 327 -0.1201 

T l-3 SN 5.0 Isothermal Menter-ESL 0.33 819.0 -0.0396 

T l-4 SN 5.0 Isothermal Menter-ESL 0.14 1635 0.0054 

T 2-1 SN 2.0 Isothermal Menter-SST 0.66 516.0 0.0011 

T2-2 SN 5.0 Isothermal Menter-SST 0.99 327 -0 .1201 

T2-3 SN 5.0 Isothermal Menter-SST 0.32 819.0 -0 .0396 

T 2-4 SN 5.0 Isothermal Menter-SST 0.14 1635 0.0054 

T3-1 SN 2.0 Isothermal W ilcox-2006 0.66 516.0 0.0011 

T3-2 SN 5.0 Isothermal W ilcox-2006 0.99 327 -0.1201 

T3-3 SN 5.0 Isothermal W ilcox-2006 0 .32 819.0 -0.0396 

T3-4 SN 5.0 Isothermal W ilcox-2006 0 .14 1635 0.0054 

T4-1 SN 2.0 Isothermal EASM 0.66 516.0 0.0011 

T4-2 SN 5.0 Isothermal EASM 0.99 327 -0.1201 

T4-3 SN 5.0 Isothermal EASM 0.33 819.0 -0.0396 

T4-4 SN 5.0 Isothermal EASM 0.14 1635 0.0054 

Table 2.4: Case det ails for t he t urbulence model study. 

I Case Name I G eome try I M 00 I Wall BC I RANS Model I y+ I Tw(K) I Bq 

E l SN 4.9 Isothermal Menter-ESL 0.07 295 -0.0049 

E2 SN 4.9 Isothermal Menter-ESL 0.39 90 -0.1013 

E3 SN 3.0 Isothermal Menter-ESL 0.17 172.2 -0.0360 

Table 2.5: Case det ails for the wind tunnel comparison study. 
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Case Name G eome try Moo Wall BC RANS Mode l y+ 

SNA-M03 SN 0.3 Adia batic Menter-BSL 0.981 

SNA-M08 SN 0.8 Adia batic Menter-BSL 0.898 

SNA-M2 SN 2.0 Adia batic Menter-BSL 0.969 

SNA-M4 SN 4.0 Adia batic Menter-BSL 0.185 

SNA-M6 SN 6.0 Adia batic Menter-BSL 0.056 

SNA-M8 SN 8.0 Adia batic Menter-BSL 0.023 

SNA-M lO SN 10.0 Adia batic Menter-BSL 0.012 

SNA-M12 SN 12.0 Adia batic Menter-BSL 0.007 

SNA-M14 SN 14.0 Adia batic Menter-BSL 0.004 

SNA-M16 SN 16.0 Adia batic Menter-BSL 0.003 

Table 2.6: Det ails for the adiabatic sharp nose ascent trajectory cases . 

I Case Name I Geometry I M 00 I Wall BC I RANS Mode l I y+ I Tw(K) I Bq 

SNI-M03 SN 0.3 Isothermal Menter-BSL 0.959 300 0.001 2 

SNI-M08 SN 0.8 Isothermal Menter-BSL 0.956 240 -0 .0021 

SNI-M2 SN 2.0 Isothermal Menter-BSL 0.969 400 0.0029 

SNI-M4 SN 4.0 Isothermal Menter-BSL 0.189 800 -0 .0004 

SNI-M6 SN 6.0 Isothermal Menter-BSL 0.074 1200 -0 .0136 

SNI-M8 SN 8.0 Isothermal Menter-BSL 0.054 1200 -0 .0546 

SNI-MlO SN 10.0 Isothermal Menter-BSL 0.042 1200 -0 .1025 

SNI-M12 SN 12.0 Isothermal Menter-BSL 0.035 1200 -0 .1568 

SNI-M14 SN 14.0 Isothermal Menter-BSL 0.030 1200 -0 .2169 

SNI-M16 SN 16.0 Isothermal Menter-BSL 0.026 1200 -0 .2810 

Table 2. 7: Det ails for the isothermal sharp nose ascent trajectory cases . 

Case Name G eometry Moo Wall BC RANS Mode l y+ 

BNA-M03 BN 0.3 Adia batic Menter-BSL 0.834 

BNA-M08 BN 0.8 Adia batic Menter-BSL 0.787 

BNA-M2 BN 2.0 Adia batic Menter-BSL 0.858 

BNA-M4 BN 4.0 Adia batic Menter-BSL 0.152 

BNA-M6 BN 6.0 Adia batic Menter-BSL 0.045 

BNA-M8 BN 8.0 Adia batic Menter-BSL 0.019 

BNA-MlO BN 10.0 Adia batic Menter-BSL 0.009 

BNA-M12 BN 12.0 Adia batic Menter-BSL 0.005 

BNA-M14 BN 14.0 Adia batic Menter-BSL 0.003 

BNA-M16 BN 16.0 Adia batic Menter-BSL 0.002 

Table 2.8: Det ails for the adiabatic blunt nose ascent trajectory cases . 
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I Case Name I G eometry I M 00 I Wall BC I RANS Mode l I y+ I Tw(K) I Bq 

ENI-M03 EN 0.3 Isothermal Menter-ESL 0.798 300 0 .001 2 

ENI-M08 EN 0.8 Isotherm al Menter-ESL 0.860 240 -0 .0021 

E NI-M2 EN 2.0 Isothermal Menter-ESL 0.803 400 0 .0028 

E NI-M4 EN 4.0 Isothermal Menter-ESL 0.155 800 -0 .0004 

E NI-M6 EN 6.0 Isothermal Menter-ESL 0.060 1200 -0 .0138 

E NI-M8 EN 8.0 Isothermal Menter-ESL 0.044 1200 -0 .0555 

ENI-M IO EN 10.0 Isothermal Menter-ESL 0.034 1200 -0 .1034 

ENI-M 12 EN 12.0 Isothermal Menter-ESL 0.028 1200 -0 .1577 

ENI-M 14 EN 14.0 Isothermal Menter-ESL 0.023 1200 -0 .2178 

ENI-M16 EN 16.0 Isothermal Menter-ESL 0.020 1200 -0 .2809 

Table 2.9: Details for t he isot hermal blunt nose ascent t rajectory cases. 



Chapter 3 

Verification and Validation Studies 

An aspect of critical importance when undertaking any CFD study is that of ver

ification and validation (V&V). Verification is the process of ensuring that the equations 

are being solved correctly, while validation is ensuring that the correct equations are being 

solved. Uncertainty in a solution arises from several sources, including numerical round-off, 

discretization, incomplete iterative convergence, and modeling assumptions. Once these 

concerns are suitably addressed, then confidence can be placed in the final results. This is 

done by following the methodology recommended by Roy and Blottner. 69 Numerical accu

racy of the simulations is first established via grid convergence studies (sections 3.1 and 3.2), 

then the performance of RANS compared to DNS and the sensitivity to turbulence models 

are examined (sections 3.3 and 3.4). Finally, comparison to wind tunnel experimental data 

for additional validation as well as verification of correct transformation implementation 

(section 3.5) is performed. 

3 .1 Sharp Nose Grid Convergence Study 

The standard method to quantify discretization error is to compare the results of 

equivalent computations performed on grids of different resolution. As the grid is refined, the 

results should asymptotically approach the true solution of the discretized partial differential 

30 
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equation (PDE). The rate of this asymptotic approach is primarily determined by the order 

of the computational method used, although quantities that require significant extra post

processing to obtain may converge slower. This is because each extra step of processing will 

impose some additional numerical error on the answer. 

In order to facilitate easier comparison and understanding of results , Roache 70 pro

posed a common grid convergence index (GCI). This index is obtained by relating the 

results of a grid convergence study to the results that would be expected from doubling the 

grid density and using a second-order computational method. This establishes a common 

language for evaluating discretization error, since it is otherwise not straightforward how to 

compare grid refinement studies that use different orders of accuracy and refinement ratios. 

First it is assumed that the obtained solution, f , is related to the exact solution of 

the discretized PDE, ! exact, by the relation 

(3.1) 

where his the grid spacing and the 9i are functions defined in the continuum and indepen

dent of discretization. The fine grid and coarse grid solutions, ft and Jc , are then written 

as 

ft= f exact + g1ht + g2hJ + g3h} + ... , (3.2) 

f c = f exact + g1hc + g2h; + g3h~ + ..., (3.3) 

using the fine grid spacing ht and coarse grid spacing he. The coarse grid solution is 

interpolated onto the fine grid mesh, and then the difference between the two solutions E, 

is directly computed. 

E = fc - ft• (3.4) 

It is important that the interpolation is of the same order of accuracy, or higher, than the 

solutions themselves so that no additional numerical error is introduced. After E has been 

72computed, the Richardson 71 , error estimator E is calculated using the mesh refinement 
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ratio r grid and the order of accuracy p. 

E- E (3.5)- 1 p 
- rgrid 

The error estimator is related to the GCI by a factor of safety, Fs, 

GCJ = FslEI. (3.6) 

Roache 73 recommends a value of 3 for F8 when a grid study is done with two grids, and 

a value of 1.25 when three grids are used. In the grid convergence studies of the present 

work, three grid resolution levels are used so F8 is taken to be the latter, 

Fs = 1.25. (3.7) 

The quantities that are examined in the grid convergence studies include the boundary 

layer thickness <5, the local skin friction coefficient CJ, the momentum thickness 0, and the 

displacement thickness <5*, defined as 

(3.8) 

(3.9) 

(3.10) 

where Pe and Ue are the density and velocity at the edge of the boundary layer. The GCI for 

these quantities is calculated after the transition to turbulence. The sharp nose case with 

the highest unit Reynolds number, Tl-2 in table 2.4, was selected for this study because it 

has the highest resolution requirement. The case details for this study are shown in table 

2.1. Table 3.1 and figures 3.1 and 3.2 show the results. 

For all four quantities examined, the solution is converging, however, the solution is 

not converging as quickly as expected based on the use of a second-order accurate method. 

This is because none of these quantities are primitive variables computed within the CFD 

solver, they all require additional post-processing to compute. Each step of post-processing 
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Medium-Fine GCI Coarse-Medium GCI Order of Convergence 

Cf 2.79 6.34 1.08 

J 0.23 0.55 1.19 

0 1.35 2.00 0.67 

1.20 1.46 0.82 

Table 3.1: Numerical results of t he sharp nose grid convergence study. 

will contribute some addit ional numerical error. Skin friction coefficient and boundary layer 

t hickness require relatively little post-processing, while t he integrated moment um t hickness 

and displacement t hickness require more. This is why t he observed order of accuracy in 

table 3.1 is lower for the two latter quant ities. Figure 3.1 shows t he curves for these four 

quant ities from each of the grid resolut ion levels. It can be seen t hat t he solut ions change 

less wit h each successive grid refinement . This indicates asymptotic convergence. Figure 

3.2 shows t hat t he Van Driest t ransformed velocity profiles are converging asymptotically 

as well. Due to all of t he fine grid values of t he GCI being under 3%, it is concluded that 

t he sharp nose grid is sufficient ly resolved to cont inue wit h t he present research. 
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Figure 3.1: Boundary layer properties for the sharp nose flat plate grid study. Quantities 

include ( a) the skin friction coefficient along the plate, (b) the calculated boundary layer 

thickness using 99% of the inviscid velocity, (c) the momentum thickness, and ( d) the 

displacement thickness. 
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Figure 3.2: Van Driest transformation for the sharp nose flat plate comparing coarse, 

medium, and fine grid resolution. 

3.2 Blunt Nose Grid Convergence Study 

The process used for the blunt nose grid convergence study is the same as was used 

for the sharp nose. The case details are shown in table 2.2, and the fine grid case is based 

on BNA-M4, shown in table 2.8. While the Mach 2 case has a higher unit Reynolds number 

than the Mach 4 case, and therefore a higher grid resolution requirement, significant trouble 

was encountered with obtaining iterative convergence while running BNA-M4. The source 

of this difficulty was identified to be due to the carbuncle phenomenon, 74 caused by grid 

cells misaligned with the bow shock. Although the carbuncle phenomenon was present in 

some of the other blunt nose cases, the Mach 4 case has the most severe symptoms. Based 

on this observation, it is determined that the Mach 4 case is the best choice to perform 

a convergence study to ensure that the obtained solution is still accurate. Table 3.2 and 
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figures 3.3 and 3.4 contain the results for the blunt nose grid study. 

Medium-Fine GCI Coarse-Medium GCI Order of Convergence 

Cf 0.23 0.64 1.48 

J 1.37 3.29 1.44 

0 0.13 0.19 0.55 

J* 0.38 0.64 0.74 

Table 3.2: Numerical results of the blunt nose grid convergence study. 

As with the sharp nose grid study, it is found that boundary layer thickness and skin 

friction coefficient converge more rapidly than the momentum and displacement thickness. 

While the numbers for the observed order of accuracy may differ slightly between tables 3.1 

and 3.2 , the results still fall neatly into two categories: quantities computed with little post

processing, and quantities computed with significant post-processing. Figure 3.3 shows that 

the four quantities examined are all asymptotically converging, and figure 3.4 shows that 

the blunt nose grid is fine enough that differences in the Van Driest transformed velocity 

profiles are only discernible in the wake region. Based on this observation, and the results 

in table 3.2 which shows that the fine grid GCI for all quantities of interest is below 2%, it 

is concluded that the second grid used in the present research has sufficient resolution to 

produce reasonably accurate results. 
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Figure 3.3: Boundary layer properties for the blunt nose flat plate grid study. Quantities 

include ( a) the skin friction coefficient along the plate, (b) the calculated boundary layer 

thickness using 99% of the inviscid velocity, (c) the momentum thickness, and ( d) the 

displacement thickness. 
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Figure 3.4: Van Driest transformation for the blunt nose flat plate comparing coarse, 

medium, and fine grid resolution. 

3.3 Comparison with Flat Plate DNS Data 

It has been noted by researchers that RANS results decrease in accuracy, especially 

for cooled walls, as Mach number increases. 68 The Morkovin hypothesis 27 states that mean 

density variations account for the effect of compressibility on turbulence. This hypothesis 

77 79has been tested by So, 75 Fernholz and Finley, 76 and Duan, Beekman, and Martin 14, -

(DBM), among others. Both wind tunnel experiments and DNS studies have found that 

Morkovin's hypothesis generally holds true for supersonic flat plates. In order to better 

understand how the accuracy of RANS compares to DNS, calorically perfect RANS simu

lations are performed to replicate the calorically perfect DNS studies of Duan, Beekman, 

and Martin, 14 and the results are compared in figure 3.5. 
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Figure 3.5: Comparison of RANS results to calorically perfect DNS results of Duan, Beek

man, and Martin using t he Van Driest transformation for (a) M = 0.3 and M = 3.0, (b) 

M = 4.0 and M = 5.0, (c) M = 6.0 and M = 7.0, and (d) M = 8.0 and M = 12.0. 

The results of t he RANS simulations are found to generally match t he mean flow 

log layer behavior of t he DNS from t he subsonic into t he supersonic regime. As hypersonic 

condit ions are approached however , the RANS flow starts to gradually depart from t he DNS 

in t he log layer. The RANS profiles were taken at t he point along a flat plate where Re82 

matched the profiles of Duan, Beekman, and Martin. Due to differences in init ialization 
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procedure and simulation details , 77,80 all three of the Reynolds numbers provided by Duan, 

Beekman, and Martin can not be matched. The unmatched Ree and ReT contribute to 

some of the discrepancy that is seen between the RANS and the DNS data. 

From these results, it can be concluded that RANS results are generally trustworthy 

at subsonic and supersonic Mach numbers. However, as the Mach number increases into the 

hypersonic regime, the outer layers of turbulent boundary layers start to depart from DNS. 

Considering the difference in formulation of governing equations for the two simulation 

methods , a difference of accuracy such as this is to be expected. Whether this discrepancy 

is significant or not depends on the topic of research. 

3.4 RANS Model Sensitivity Study 

RANS models are an approximation of turbulence, rather than a direct solution 

as is DNS. It is therefore important to be diligent and show that the choice of turbulence 

model is not significantly affecting the solutions obtained. Of the RANS models available 

in VULCAN, four are chosen for the model study. These models are run on a variety of 

flat plate cases and the results are compared to those obtained by other researchers. The 

goals of this study are to show that (a) the VULCAN results will reasonably match the 

results obtained by researchers using other CFD codes, and (b) that the choice of RANS 

model will not impact the conclusions reached in the primary research objectives outlined 

in section 1.3. 

The models chosen for this study include the blended Menter baseline model (BSL) 

and the Menter shear stress transport (SST), 35 the 2006 k - w model of Wilcox, 5 and 

64the explicit algebraic stress model of Rumsey and Gatski. 63, The data for comparison 

originates from the NASA Langley Research Center Turbulence Modeling Resource (TMR) 

website. 81 Four different flow configurations are run , all of which use a sharp nose flat 

plate geometry with an isothermal temperature boundary condition on the plate. The 

first configuration is at Mach 2 with the wall temperature held fixed to the adiabatic wall 
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temperature TAw, computed as follows : 

(3.11) 

The other three configurations are all at Mach 5 with the wall temperature held to 20%, 50%, 

and 100% of the computed adiabatic wall temperature. It is worth noting that specifying 

adiabatic wall temperature at the wall and using an adiabatic wall boundary condition 

produces similar, but not identical, results. 

Applying the four selected turbulence models to the four flow configurations results 

in a total of 16 cases for the RANS model study, shown in table 2.4. Data published on 

the TMR website, to be used as comparison, are shown in figure 3.6. This data consists 

of theoretical predictions of what the RANS models should produce for the given flow 

conditions. The decreasing agreement with the law of the wall as cooling is introduced and 

amplified is clearly visible. 
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Figure 3.6: Data from the NASA Langley Research Center Turbulence Modeling Resource. 
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The results of the 16 model study cases are shown in figure 3.7, in which the results 

of running the selected models in VULCAN are compared to the derived RANS theory and 

published results from the CFL3D code. Agreement in the viscous sublayer and the log layer 

is found to be very good for all cases, with slight discrepancies in the highly cooled Mach 

5 cases of figure 3.7(b). Some of this discrepancy may arise from the slightly ambiguously 

defined inflow of "freestream temperature of 300K and standard air conditions". 82 Another 

possible source of discrepancy is that the grids used, while similar, are not identical in 

resolution. Despite the slight difference between the RANS results , it is observed that 

results are largely insensitive to the choice of turbulence model across the range of Mach 

numbers and degrees of wall cooling. 
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Figure 3.7: RANS study law of the wall comparisons for (a) the M = 2.0 and ,£:, 1.0 

cases, and t he Mach 5 cases with (b) TTw = 0.2, (c) TTw = 0.5, and (d) TTw = 1.0. 
AW AW AW 

In addit ion to the law of t he wall , results for t he local skin friction coefficient are 

obtained for the range of turbulence models, shown in figure 3.8. A larger difference between 

VULCAN, CFL3D, and the TMR-published RANS theory is observed for skin friction than 

for the law of the wall. The largest discrepancy, about 10%, once again occurs with the 

Mach 5 highly cooled cases shown in figure 3.8(b). There is precedence in the literature 

for t his discrepancy between VULCAN and CFL3D results. Rumsey 68 performed some 
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experiments to test the effect of fully coupling the RANS turbulence equations to the mean 

flow equations, as is done in VULCAN, compared to leaving the turbulence equations 

uncoupled as in CFL3D. Rumsey reports that "the VULCAN results are seen to be relatively 

close to the CFL3D results on the same grid, yielding slightly lower CJ levels". Additionally, 

while the grids used in the CFL3D studies and the present VULCAN studies are highly 

similar, they are not identical. This contributes to some of the observed discrepancy as well. 

As with the law of the wall, VULCAN results are all insensitive to the choice of turbulence 

model. 
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Figure 3.8: RANS study skin friction coefficient comparisons for (a) the M 2.0 and 

TTw = 1.0 cases, and the Mach 5 cases with (b) TTw = 0.2 , (c) TTw = 0.5 , and (d)
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Considering figures 3.7 and 3.8 together, it can be confidently asserted that the 

choice of turbulence model will not significantly impact the results of the primary research 

objectives. If detailed turbulence statistics or correlations were of interest, as they may be 

in a DNS study, this would not be the case. For the boundary layer characteristics on the 

scale of a vehicle however, the differences between the selected models are found to not be 
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significant . 

3.5 Transformation Verification with Experimental Data 

The final preliminary study to be completed is verification that the transformation 

specified by Trettel and Larsson 23 has been implemented correctly. This is done by running 

the flat plate cases that Trettel and Larsson used, which recreate wind tunnel data from 

84Fernholz and Finley. 83 , 

The results of the transformation verification study comparing the transformed data 

84from the present RANS to the transformed data from Fernholz and Finley83 , are shown 

in figure 3.9. Before discussing the SSP transformation results , it is important to first 

observe the Van Driest transformation performance. This is a much simpler transformation 

to implement , and gives a good indicator of how well the present RANS matches the wind 

tunnel data. If a discrepancy exists between the Van Driest transformed RANS data and the 

measured data, then it should be expected that there will also be a discrepancy between the 

SSP transformed data and the measured data as well. This is because, independent of any 

transformation implementation error, there will be some error in the RANS simulations. 

Based on the previous results obtained in section 3.3, it may be expected that RANS 

performs well in the viscous sublayer and the log layer, but starts to depart from the 

experimental data in the outer layers. Such a trend can be seen most clearly in figure 

3.9(a), and less so in figure 3.9(b). The results in figure 3.9(c) match quite well, with the 

exception of slightly distorted velocity profile measurements in the viscous sublayer due to 

instrumentation. Accordingly, this same behavior is present in the SSP transformed data. 

This explains why the SSP transformed RANS data matches the transformed wind tunnel 

data so well throughout the viscous sublayer and log layer, but departs in the outer layers. 

As with the Van Driest transformation, this is most readily apparent in the nearly adiabatic 

data of figure 3.9(a), while the other data sets match much more closely. Figure 3.9(c) 

displays a particularly good match between data sets using both transformations. On the 
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basis of the data matching to the degree expected of RANS simulations, it is concluded that 

the numerical algorithm implementing the SSP transform has been correctly implemented. 
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84Figure 3.9: Verification of SSP transform with wind tunnel experiments 83 , (a) case El 

with M = 4.9 and minimal cooling, (b) case E2 with M = 4.9 and light cooling, and (c) 

case E3 with M = 3.0 and light cooling. 
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3.6 Summary of Preliminary Study Results 

To build confidence in the primary research results, several studies are completed 

to address errors and uncertainty present in all CFD simulations. The grid convergence 

studies of sections 3.1 and 3.2 demonstrate that the grids used are fine enough to achieve 

monotonic asymptotic convergence. The comparisons with DNS data in section 3.3 show 

that even at hypersonic Mach numbers, RANS simulations are capable of reproducing the 

correct physics . The possibility that choice of turbulence model impacts the conclusions 

drawn is addressed in the turbulence model study of section 3.4. For additional validation of 

correct physics, wind tunnel experiments at supersonic and near-hypersonic Mach numbers 

are replicated in section 3.5, and implementation of numerical routines is compared to other 

researchers on this dataset for the purpose of verification. With this ground work complete, 

discussion may proceed onto the primary research results. 



Chapter 4 

Results 

The computed boundary layer propert ies along a hypersonic ascent trajectory are 

presented . For each of t he ten t rajectory points, four configurations are considered: t he 

sharp nose adiabatic flat plate (SNA), the sharp nose isothermal flat plate (SNI), t he blunt 

nose adiabatic plate (BNA), and the blunt nose isothermal plate (BNI). The nose curvature 

in t he BNA and BNI cases is chosen to be representative of what would be found on t he 

leading edge of a practical hypersonic vehicle, such as t he X-43 and X-51 research vehicles. 

The SN A flat plate serves as a baseline for comparison due to both the large volume 

of work that has been done involving it, and because it is used as the starting point in many 

t heoretical derivations concerning boundary layers. The isothermal boundary condition 

cases, while less widespread than adiabatic condit ions in t he relevant theory, are more 

practical when considering t he engineering of vehicles. This is because at hypersonic speeds 

t he adiabatic wall temperature is high enough to melt most materials. In order to avoid 

t his, t he walls of such vehicles must be cooled . Studying a blunt nose to compare wit h 

a sharp nose is also done for reasons of engineering practicality. Once t he effects of both 

geometry and boundary condit ion changes are individually understood, they are combined 

in t he BNI cases. This results in t he configuration t hat is t he most realistic, and t herefore 

t he most relevant for design purposes . 

49 
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While simulations are carried out up to Mach 16 to observe t rends, discussion focuses 

on t he results up to Mach 8. This is because t he effect of dissociation starts to become 

important at Mach numbers beyond t his, and all t he fo llowing results are for non-reacting 

flow. 

4.1 Boundary Layer Properties 

One of t he results of the hypersonic ascent trajectory from section 1.4, specifically 

figure 1.3( d), is t hat t he unit Reynolds number decreases as Mach number increases. This 

is because in order to maintain a constant dynamic pressure while increasing flight velocity, 

density must decrease faster t han velocity increases. Viscosity changes wit h alt it ude and 

temperature as well, but as shown in figure 1.2(d), t he viscosity only changes by about 

20% from maximum to minimum over t he trajectory. The mass flux however, shown in 

figure 1.3(c) , changes by an order of magnit ude. This decrease in mass flux dominates 

the unit Reynolds number change over t he trajectory. As is well known in boundary layer 

85 86t heory, 12 , , a decrease in Reynolds number will increase t he t hickness of t he boundary 

layer. This is t he source of t he t rend in figure 4. l (a). 

The effects of cooling t he boundary are shown in figure 4. l (b). From t he ideal gas law 

at a constant ambient pressure, decreasing t he temperature will increase t he density and t hin 

t he boundary layer. The flow profiles in t he Appendix figures A.3 and A.4 provide evidence 

of this cooling and density increase. Due to t he rise in adiabatic wall temperature caused 

by increasing t he Mach number, it is t hus necessary to increase cooling wit h Mach number 

as well. This increases t he effect of t hermal compression, explaining why the decrease in 

boundary layer t hickness in figure 4.l (b) becomes more noticeable as Mach number rises. 

Another cont ribut ing effect is t hat of viscosity, which decreases wit h decreasing temperature. 

This serves to increase t he unit Reynolds number, further decreasing t he boundary layer 

t hickness. Viscosity profiles supporting t his are provided in Appendix figure A.5. Both 

the viscosity and t he thinning effect rely on heat t ransfer, which necessarily increases wit h 
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Mach number. This is why the effect of cooling on c5 is more pronounced for Mach 8 while 

the difference is almost non-existent at Mach 4 in figure 4.1 (b). 
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Figure 4.1: Effect of (a) Mach number, (b) cooling the wall, (c) geometry, and (d) geometry 

and cooling on boundary layer thickness c5. 

The next effect on boundary layer thickness studied is caused by changing the shape 

of the leading edge, shown in figure 4.l(c). A sharp nose at supersonic speeds results in 

a weak Mach wave, while a blunt nose creates a detached bow shock. Pressure contours 

illustrating this difference for the isothermal Mach 8 cases can be seen in figure 4.2. In the 

vicinity very close to the plate, bow shocks act like normal shocks. As distance above the 
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Figure 4.2: The pressure contours for (a) the sharp nose and (b) the blunt nose configura

tions . For both the sharp nose and blunt nose geometry, the flat section of the plate begins 

at point (0,0) . For the blunt nose geometry, there is a hemispherical nose with a radius of 

0.001 m in front of the plate. Note that different pressure scales are used in order to more 

precisely illustrate each flow. The maximum pressure in the sharp nose case is 5 kPa, while 

the maximum pressure in the blunt nose case is 135 kPa. 
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plate increases, the bow shock becomes weaker and curves downstream, behaving first like 

an oblique shock and then like a Mach wave far above the plate. 29 The boundary layer, 

due to its small size, is contained within the region behind the bow shock that acts similar 

to either a normal or oblique shock. The shock compresses the gas more than weak Mach 

waves do, and there is a corresponding increase in static temperature as well. It is this 

greater rise in static temperature behind a bow shock relative to a weak Mach wave that 

causes the difference in boundary layer thickness. Consider two gas parcels with identical 

pre-shock conditions, and thus identical pre-shock unit Reynolds numbers. If one gas parcel 

goes through a bow shock and the other goes through a Mach wave, they will have different 

post-shock unit Reynolds numbers, once again stated for convenience as 

(4.1) 

Due to the conservation of mass, the numerator must be equal after both types of waves. 

As for the denominator, applying Sutherland's law to the different post-shock temperatures 

leads to different viscosities . The temperature of the gas parcel passing through the bow 

shock increases which results in higher viscosity and therefore a lower Re'. This difference 

between the sharp nose and blunt nose cases can be seen in the viscosity profiles of Appendix 

figure A.5 . 

When wall cooling and a rounded leading edge are combined, it can be seen from 

figure 4.l(d) that the geometry effects generally overpower the cooling effects, assuming 

typical values are used for both. Figures for boundary layer thickness along the plate for 

all simulations are available in Appendix figure B .l. 

The next boundary layer related characteristic to discuss is the local skin friction 

coefficient, CJ, given by equation 3.8. Figures 4.3 and 4.4 show the skin friction coefficient 

plots, and there are several interesting trends on display. The first observation that can be 

made about the skin friction is that it decreases as a function of distance down the plate 

after an initial spike at the leading edge. The cause of this initial spike can be explained 

by equation 3.8. At the leading edge where a boundary layer has not yet formed, there 
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is a vanishingly small distance between t he freestream velocity and t he no-slip boundary 

condit ion at t he wall. This large velocity gradient causes a large value of Tw right at t he 

leading edge. The reason that CJ decreases as t he flow proceeds in t he downstream direction 

can also be explained by equation 3.8. The dynamic pressure in t he denominator is not 

changing as a function of posit ion , as it is set constant for t he hypersonic ascent trajectory, 

but t he wall shear stress in t he numerator is varying spatially. The two components of t he 

wall shear stress are viscosity, µw, and t he velocity gradient, t- The viscosity is roughly 

constant along t he plate, and can be calculated by applying Sut herland's law for eit her 

t he fixed isothermal wall temperature or t he adiabatic wall temperature, depending on t he 

boundary condit ion at t he wall. If t he velocity gradient at t he wall is approximated as t he 

gradient across t he ent ire boundary layer , as done by Schlicht ing86 for t he estimation of 

friction forces, t hen t he velocity difference is always t he same as well , from zero at t he wall 

due to t he no-slip condit ion to Ue at t he edge of t he boundary layer. However, t he height 

difference between t he plate and t he freestream does change as t he boundary layer grows 

along t he plate. This results in a decrease in t he velocity gradient, ~~, in t he downstream 

direction, t hus causing t he local skin friction coefficient to decrease. 

Cooling t he wall, as shown in figures 4.3(b) and 4.4(b), increases t he skin friction 

coefficient. This can be understood t hrough t he effect of cooling on t he boundary layer 

t hickness, discussed previously. The same velocity difference exists between t he no-slip 

condit ion at t he wall and t he freestream velocity, but t here is a smaller distance between 

t hem due to t he boundary layer becoming thinner, as shown in figure 4. 1 (b). This creates 

larger velocity gradients, t hus result ing in higher shear stresses at t he wall and t herefore a 

higher skin friction coefficient . It is worth noting t hat cooling t he wall will also decrease 

t he viscosity at t he wall. While t his effect will tend to decrease t he skin friction coefficient, 

it is found to be overpowered by t he change in velocity gradients. Supporting evidence for 

t his can be found in t he Appendix figures A.2, showing t he velocity profiles very close to 

t he wall , and A.5 showing the viscosity profiles t hroughout t he boundary layer. As wit h 

t he effect of cooling on boundary layer t hickness, t he higher Mach numbers require more 
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cooling. Therefore, the effect of cooling on skin friction coefficient may not be significant 

until the hypersonic regime is reached. This is why the effect of cooling is more prominent 

for the Mach 8 case compared to the Mach 4 case in figure 4.3(b). 

The effect of rounding the leading edge, shown in figures 4.3(c) and 4.4(c), is to 

decrease the skin friction coefficient near the leading edge. This is primarily a bow shock 

effect, and the skin friction coefficient is seen to vary smoothly from this initial change until 
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Figure 4.3: Effect of (a) Mach number, (b) cooling the wall, (c) geometry, and (d) geometry 

and cooling on local skin friction coefficient as a function of distance downstream x. 
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collapsing back onto the sharp nose lines. Since bow shocks reduce velocity more than weak 

Mach waves do, there is a smaller velocity difference between the no-slip wall and the post

shock freestream. In addition to a smaller velocity difference across the boundary layer, 

the boundary layer itself is larger, as seen in figure 4.l(c). A smaller velocity difference and 

a larger boundary layer thickness both result in decreased velocity gradients. This acts to 

decrease the shear stresses at the wall and therefore decrease the skin friction coefficient. 
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Figure 4.4: Effect of (a) Mach number, (b) cooling the wall, (c) geometry, and (d) geometry 

and cooling on local skin friction coefficient as a function of Ree. 
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The combined effect of cooling and rounding the nose is shown in figures 4.3(d) and 

4.4( d). At Mach 4, the isothermal case shows no difference from the adiabatic case in figures 

4.3(c) and 4.4(c) due to the negligible amount of cooling. At Mach 8, however, the required 

cooling is much greater, and the effects of cooling become noticeable. Near the leading edge, 

the cooled blunt nose is seen to have a smaller skin friction coefficient than the baseline 

adiabatic sharp nose. This is due to the decreased velocity gradients after the bow shock 

compared to a Mach wave, as discussed previously. Further downstream, where the values 

of blunt nose skin friction coefficient approaches the values of sharp nose skin friction in 

figures 4.3(c) and 4.4(c) , the effect of cooling is still present. As observed from figures 4.3(b) 

and 4.4(b), significant cooling at the wall will increase the skin friction coefficient. This 

causes the cooled blunt nose skin friction to become larger than the adiabatic sharp nose 

skin friction as the flow moves away from the shock at the leading edge. Comprehensive 

results for skin friction coefficient can be found in Appendix figures B.2 and B.3. 

The local skin friction coefficient also serves as an indication of flow self-similarity. 

As mentioned by Schlichting, 86 there is a large change in the skin friction drag as the flow 

transitions from laminar to turbulent. Figure B.2 shows that the skin friction coefficient for 

all cases stops changing significantly downstream of x > 4 meters. Beyond this point , the 

flow is considered to be self-similar. To ensure self-similarity of results, all flow profiles of 

Appendix A and transformations in section 4.2.1 and Appendix Care computed at x = 5.5 

meters. 

To facilitate the comparison with experimental data, the integrated quantities dis

placement thickness , c5*, and momentum thickness, 0, are reported as well. Displacement 

thickness , shown in figure 4.5 , is commonly understood 86 to be the distance inviscid stream

lines move outward from the wall such that the mass flow between the viscous profile and 

an imagined inviscid flow are equal. This displacement is caused by the velocity drop in the 

boundary layer due to the no-slip condition and viscosity. The higher the viscosity is , the 

larger this displacement distance will be. The recognition that displacement thickness can 

be associated with viscosity allows arguments similar to those used in explaining normal 



Chapter 4. Results 58 

boundary layer t hickness to be deployed again. 

The first displacement thickness trend, shown in 4.5(a) , is that c5* increases as the 

Mach number rises. As discussed previously for c5, the design of the hypersonic ascent 

trajectory in section 1.4 results in the unit Reynolds number decreasing as t he Mach number 

is increased. This decreased Reynolds number means t hat viscous effects become more 

pronounced. Thus displacement thickness, associated with viscosity, increases as a vehicle 

accelerates along a hypersonic ascent trajectory. 
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Figure 4.5: Effect of (a) Mach number, (b) cooling the wall, (c) geometry, and (d) geometry 

and cooling on displacement thickness c5* . 
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The effect of cooling the boundary layer, displayed in figure 4.5(b) , is to increase the 

density through the ideal gas law and decrease the viscosity through Sutherland 's law. As 

discussed in the section on boundary layer thickness, the mean flow profiles for density and 

viscosity are available in Appendix figures A.4 and A.5. It is observed that the decrease in 

viscosity is larger than the decrease in density. This results in an increase in Reynolds num

ber compared to the adiabatic cases. A larger Reynolds number decreases the prominence 

of viscous effects, and is related to a decrease in displacement thickness . 

The effect of a blunt nose on displacement thickness , shown in figure 4.5(c) , is ex

plained using the same argument as was used in the explanation of boundary layer thickness 

in 4.l(c). Continuity requires that the mass flux before and after the shock be equal, re

gardless of whether it is a Mach wave coming off the sharp nose or a bow shock in front 

of the blunt nose . The higher temperatures associated with the bow shock will lead to a 

higher viscosity through Sutherland's law. As viscosity rises for the blunt nose case, the 

Reynolds number falls , and the displacement thickness increases. The results for displace

ment thickness for all the simulations are shown in Appendix figure B.6. 

Momentum thickness , shown in figure 4.6 , is a similar concept to displacement 

thickness, except it refers to the distance needed to match momentum flow instead of mass 

flow. Momentum thickness is frequently related to the skin friction coefficient through the 

Karman momentum-integral equation, 12,86 given as 

(4.2) 

If it is assumed that the boundary layer edge velocity U e is constant and there is no flow 

through the wall , Vw = 0, then the momentum-integral equation reduces to 

d0 
(4.3)

dx 

Integrating 4.3 with respect to x results in 

l {x 
0 = '.2 }o cfdx. (4.4) 
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Note that this integration should use the initial condition that 0x=O = 0 since a boundary 

layer is unable to have formed yet right at the leading edge. Equation 4.4 provides another 

perspective on the momentum thickness - it is the integration of local skin friction coef

ficient as the flow proceeds downstream. From this observation and the results of figure 

4.3, it is expected that increasing the Mach number decreases 0, cooling increases it, and 

blunting the nose decreases it. Figures 4.6( a) and 4.6(b) reveal that the first two of these 

expectations are met , but 4.6(c) shows that the expected effect of blunting does not occur, 

the opposite does. This anomaly demands further investigation. 

Both CJ and 0 are calculated independently of one another. Local skin friction 

coefficient is calculated using equation 3.8, while momentum boundary layer thickness is 

calculated using equation 3.9. This allows the two of them to be compared. Equation 4.3 

is rearranged into 
2 d0 
-- =1 (4.5)
CJ dx 

and the streamwise derivative of momentum thickness, ~! is computed. The two indepen-

dently calculated quantities are combined into the left-hand side of equation 4.5 and it is 

examined whether this reduced form of the Karman integral-momentum equation is upheld. 

This is done by comparing the left-hand side to 1.0. Results are shown in figure 4.7. 

Figures 4.7(a) and 4.7(b) show that the momentum-integral equation is upheld for 

sharp nose plates regardless of Mach number or wall cooling. Small deviations from 1.0 

are present . These can be explained by numerical errors in calculating 0 or the numerical 

differentiation of 0 in the streamwise direction. Figures 4.7(c) and 4.7(d) however, reveal 

that this relationship is not upheld near the leading edge for blunt nose cases, roughly for x < 

2 meters. This can be explained by the presence of the bow shock in the blunt nose cases. As 

the bow shock curves downstream over the plate, it imposes a pressure gradient in the wall

normal direction. Additionally, the boundary layer edge velocity is found to slightly vary in 

the streamwise directions for the blunt nose cases. One of the assumptions made in deriving 

the boundary layer equations, upon which the Karman momentum-integral equation is 

based, is that there is not a pressure gradient in the transverse direction. Furthermore, 
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reducing t he Karman momentum-integral to equation 4.3 requires t hat t he boundary layer 

edge velocity remain constant. Thus, equations 4.2-4.5 break down in the vicinity of a 

bow shock. Comprehensive results for momentum t hickness and the rearranged Karman 

momentum-integral are available in Appendix figures B.7 and B.8. 

Another crit ically important component of boundary layer behavior in regard to 
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Figure 4.6: Effect of (a) Mach number, (b) cooling t he wall, (c) geometry, and (d) geometry 

and cooling on momentum thickness 0. 
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hypersonic aircraft is heating. F igure 4.8 shows the heat flux from the flow to t he plate as a 

function of distance from the leading edge for t he isothermal cases. The sign convention used 

is such t hat a posit ive value represents t he amount of heat flux t hat a cooling system must 

be able to extract in order to maintain t he isothermal wall temperature. Comprehensive 

results for heat flux are shown in Appendix figure B.9. It is seen that heating increases 

drastically as Mach number rises. This is why for vehicles designed to operate in the 
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Figure 4.7: Effect of (a) Mach number, (b) cooling t he wall, (c) geometry, and (d) geometry 

and cooling on t he validity of t he assumptions made in deriving t he momentum-integral 

equation. 
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hypersonic regime, thermal protection becomes one of the primary design considerations, 

as discussed in section 1.4. 
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Figure 4.8: Heat flux to the plate as a function of distance downstream. 

The Mach 8 curves of figure 4.8 share a similar shape with the skin friction coefficient 

plots of figure 4.3, and similar reasoning can be used to explain their initial spike and 

subsequent tapering off behavior. While skin friction is due to velocity gradients, heat flux 

is caused by temperature gradients via Fourier's law of conduction. Outside the boundary 

layer the temperature is the post-shock temperature, but the temperature at the plate is a 

function of the wall cooling. For adiabatic cases the plate is at roughly the adiabatic wall 

temperature, and for the cooled cases it is at the values listed in tables 2.7 and 2.9. This 

results in little cooling at Mach 4, but significant cooling at Mach 8. Near the leading edge 

where the boundary layer is the thinnest, the temperature gradient is the highest . As the 

flow proceeds downstream and the boundary layer grows, the distance between these two 

temperatures grows, decreasing the temperature gradient and therefore the heat flux. It 
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can also be seen that the sharp nose and blunt nose lines for Mach 8 converge to a single 

line. If this is compared to figure 4.1 ( d), it can be seen that the boundary layer thickness 

for the sharp nose and blunt nose grow closer together as they proceed downstream as well. 

Comparing the sharp nose to the blunt nose in figure 4.8 reveals that a blunt nose 

acts to slightly decrease heat transfer to the vehicle. This is because the streamlines that 

flow through the bow shock and stagnation region, where the temperature rise is most 

extreme, are deflected further out from the plate than they would be with the sharp nose 

geometry. This can also be seen by examining the displacement thickness plots of figure 

4.5. Because the streamlines with the highest temperatures are further away from the 

plate, temperature gradients decrease. Through Fourier's law of conduction, this results in 

a decrease in heat flux. These streamlines and the temperature contours are shown in figure 

4.9. This high temperature deflection effect, combined with the cooling at the boundary, 

acts to create a local temperature maximum in the middle of the boundary layer for blunt 

nose geometry cases. This local maximum temperature will be more noticeable as the Mach 

number rises and the effect becomes more pronounced. At Mach 8, it is just noticeable at 

X = 0.005 min figure 4.9(b). Evidence of this behavior can also be seen in the blunt nose 

temperature profiles of Appendix figure A.3(d). 

The final topic to discuss concerning the boundary layer properties is the effect of 

integrating the loads on the plate, specifically the skin friction coefficient from figure 4.3 

and heat flux from figure 4.8, in the streamwise direction. Once they are integrated along 

the x direction, the quantities are normalized by the plate length to provide an average skin 

friction coefficient, Gp, and an average heat flux, 1fw• These integrated loads are shown in 

figure 4.10, and allow for general conclusions to be drawn about the effect of varying Mach 

number, cooling, and leading edge geometry. Calculations are only done for the points 

indicated by markers on the plots; the lines are plotted only to assist in differentiating one 

set of conditions from another. 

Figure 4.lO(a) shows that the average integrated skin friction coefficient decreases 

as the Mach number increases, as discussed previously for figure 4.3. This trend, combined 
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with the design choice that dynamic pressure remain constant along a hypersonic ascent 
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Figure 4.9: The temperature contours and streamlines near the leading edge and stagnation 

region at Mach 8 for (a) sharp nose and (b) blunt nose. The white space within the contours 

denotes the grid boundary. For both the sharp nose and blunt nose geometry, the flat section 

of the plate begins at point (0,0). For the blunt nose geometry, there is a hemispherical 

nose with a radius of 0.001 m in front of the plate. 
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trajectory from section 1.4, results in the total skin friction force decreasing as the vehicle 

accelerates. While the drag due to skin friction may be decreasing along the trajectory, 

there is still an upper bound on vehicle speed. From section 1.4, specifically plot 1.3( c), 

the mass flux decreases roughly exponentially as the Mach number increases. As previously 

mentioned, the thrust that can be produced by the propulsion system is proportional to 

the mass flux of air entering the engines. Comparing these two plots, it can be seen that 

the mass flux from Mach 2 to Mach 16 goes from 250 kg/m2 
· s to 25 kg/m2 

· s, an order of 

magnitude decrease. Integrated skin friction coefficient however, goes from about 1.5 x 10-3 

at Mach 2 to between 0.3 x 10-3 and 0.7 x 10-3 at Mach 16, depending on configuration. 

This is only a factor of 2 to 5 decrease. Therefore, despite the fact that the viscous drag 

is decreasing along the trajectory, the thrust available is decreasing faster. The point at 

which the more rapidly diminishing thrust becomes smaller than the drag determines the 

maximum speed of an airbreathing hypersonic vehicle. A full drag analysis, including profile 

drag and wave drag, would require much more detailed vehicle geometry information than 

what is considered in the present research. 

The other differences that exist between the configurations can be extrapolated from 

the trends that are present in the local skin friction coefficient plots of figure 4.3. A blunt 

leading edge decreases the integrated skin friction coefficient relative to a sharp leading edge 

due to decreased velocity gradients near the nose, caused by a bow shock. Cooling serves to 

increase the skin friction coefficient due to thinning the boundary layer and thus increasing 

velocity gradients. Both of these effects become more noticeable at higher Mach numbers 

than they are at lower Mach numbers, and the four configurations of SNA, SNI, BNA, and 

BNI differentiate themselves more. 

The average integrated heat flux into the plate can be seen in 4.lO(b). The two 

adiabatic configurations, SNA and BNA, are zero across the entire trajectory by definition, 

and so are not plotted. For the two isothermal configurations, the values of iJ.w are smaller 

for the blunt nose cases than compared to the sharp nose cases. This is caused by a thicker 

boundary layer, and thus decreased temperature gradients, as seen in figures 4.1 and 4.9. 



68 Chapter 4. Results 

This difference increases as t he Mach number increases. 

4.2 Flow Scalings 

This section fo cuses on t he second research objective out lined in section 1.3- to 

apply various forms of t he law of t he wall to t he simulation results and compare t heir 

performance. This is done in subsection 4.2.1. The first form used is t hat of t he stan

dard incompressible law of t he wall. 6 Next, t he law of t he wall is shown using Van Dri

est 8 t ransformed velocit ies. The final transformation used is t he shear stress preserving 23 

t ransformation. After t hat, subsection 4.2.2 discusses t he comparison between normalized 

untransformed velocity gradients and t ransformed velocity gradients to explain why some 

t ransformations perform better t han others. 

4.2.1 Flow Transformations 

The results of applying t he incompressible law of t he wall to t he selected points along 

t he flight trajectory are shown in figures 4. 11 and 4. 12. The purpose of showing t he results 

of an incompressible relationship applied to compressible flow is to establish a baseline for 

comparison so t hat areas of improvement in t he other t ransformations may be recognized. 

As expected , figure 4. ll (a) shows that t he incompressible law of t he wall does not perform 

well for compressible flow. None of t he supersonic cases collapse onto eit her t he Mach 0.3 

subsonic reference case or t he t heory. The reason that t he subsonic case does not collapse 

onto t he t heory can be explained by variation in t he log-law constants. As stated by Pope, 6 

"there is some variation in t he values ascribed to t he log-law constants, but generally t hey 

are wit hin 5%" . Also, performance seems to degrade as t he Mach number is increased. 

Even in t he log layer , t he lines are not collapsing as t he Mach number is increased. As 

noted by Wilcox, 5 as t he Reynolds number increases, t he maximum value of y+ for which 

t he empirical law of t he wall holds t rue increases. Figure 4. ll (b) shows t hat changing t he 

boundary condit ion from adiabatic to isothermal cooling does not result in collapse eit her , 
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as the isothermal Mach 8 case does not match the adiabatic Mach 8 case. Figures 4.12(a) 

and 4.12(b) show that the leading edge geometry does not have a significant effect on law 

of the wall performance. Results from applying the incompressible law of the wall to all 

points along the flight trajectory are shown in Appendix figures C.1 and C.2. 

The Van Driest 8 transformation, shown in figures 4.13 and 4.14, is derived to be 

an improved transformation for compressible flow as explained in section 1.1. Comparing 

figure 4.13 to 4.11, it does appear that an improvement over the incompressible law has 

indeed been achieved. For the incompressible law of the wall in figure 4.11, none of the 

supersonic cases collapse onto the subsonic case outside of the buffer layer. For the Van 

Driest transformation, however, the Mach 2 and 4 cases are seen to collapse closely onto the 

Mach 0.3 case throughout the entire log layer, with only a small hint of departure for Mach 

4 when approaching y+ = 1000. The Mach 6 case collapses onto the lower Mach number 

cases up to around y+ = 100, while the Mach 8 case collapses up to roughly y+ = 20. The 

observed departure from the Mach 0.3 case is likely an effect of the vastly different unit 

Reynolds numbers found across the hypersonic ascent trajectory, since the Reynolds number 

influences where the log-layer ends. Comprehensive results for the sharp nose adiabatic Van 

Driest transformed velocity profiles are available in Appendix figure C.3( a). 

While the performance with increasing Mach number is improved compared to the 

incompressible law of the wall , figure 4.13(b) reveals that the VD 8 transformation does 

not have strong performance when cooling is applied at the boundary. The isothermal 

Mach 4 case collapses perfectly onto the adiabatic Mach 4 case, but this is because the 

cooling is nearly insignificant at this Mach number. At Mach 8, where cooling is much 

more substantial, there is a large departure between the adiabatic and the isothermal cases. 

Evidence for this departure can first be seen at around y+ = 5, the transition between the 

viscous sublayer and the buffer region. Appendix figure C.3(b) reveals that at higher Mach 

numbers , departure from collapse starts even earlier in the viscous sublayer. It appears 

that the VD transformation performs even worse than the incompressible law of the wall in 

the viscous sublayer when cooling is present , based on comparisons with Appendix figure 
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Figure 4.11: Performance of the incompressible law of the wall. Effects of (a) Mach number 

and (b) cooling the wall. 
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Figure 4.12: Performance of the incompressible law of the wall. Effects of (a) geometry, 

and (b) geometry and cooling. 
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Figure 4.13: Performance of the law of the wall using the Van Driest transformation. 8 

Effects of (a) Mach number, and (b) wall cooling. 
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Figure 4.14: Performance of the law of the wall using the Van Driest transformation. 8 

Effects of (a) geometry, and (b) geometry and cooling. 
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C.l(b). Performance remains poor in the log layer. Here, the slope of the VD transformed 

curves can be seen to grow increasingly farther away from the law of the wall theory as the 

Mach number and degree of cooling are increased. 

The effect of a blunt leading edge on the Van Driest 8 transformation and the effect 

of combining cooling and a blunt leading edge can be seen in figures 4.14(a) and 4.14(b). 

Only small differences exist between the adiabatic sharp nose cases and the adiabatic blunt 

nose cases in figure 4.14(a). Similarly, a comparison between the cooled blunt nose cases in 

figure 4.14(b) and the cooled sharp nose cases of 4.13(b) reveals that there are no significant 

differences between these either. Examination of the comprehensive results in Appendix 

figure C.4(b) reveals that departure from collapse can still be first observed at the end of 

the viscous sublayer in the cooled cases. Additionally, the higher Mach number velocity 

profile slopes within the log layer continue to not match the Mach 0.3 profile. From these 

observations and comparison of Appendix figures C.3 and C.4, it is concluded that a blunt 

leading edge does not have a significant effect on Van Driest transformation performance. 

The shear stress preserving transformation, 23 shown in figure 4.15 can be seen to 

perform better for the adiabatic sharp nose case than the Van Driest transformation does 

in figure 4.13(a), under conditions for which the VD transformation is generally accepted 

as performing well. While the VD transformation 8 of the Mach 4 case can be seen to begin 

departing from collapse, the SSP transformed Mach 4 case collapses onto Mach 2 and 0.3 

perfectly. The Mach 6 and 8 cases are much closer to the lower Mach number cases as 

well, and also collapse well into the log layer. For Mach numbers higher than 8, available 

in Appendix figure C.5(a), interpreting SSP transformation performance relative to VD 

transformation performance is less clear. The highest Mach numbers do not collapse onto 

the subsonic and low supersonic cases well for either of them. However, comparing the 

performance in the buffer region of Appendix figures C.3(a) and C.5(a) offers some insight. 

The highest Mach numbers can be seen to have already departed from the other cases in the 

VD transformed profiles before a y+ value of 10 is reached. By the equivalent point in the 

SSP transformed profiles, however, all of the cases remain perfectly on top of one another. 
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In fact, departure from collapse is only becoming noticeable in the SSP transformed profiles 

around y+ = 20. Based on this observation, it is concluded that the SSP transformation 

is performing better than the VD transformation for adiabatic sharp nose plates. 

Figure 4.15(b) shows the results of the SSP transformation 23 when cooling is applied 

at the wall. Once again, performance is improved relative to the VD transformation 8 in 

the viscous sublayer and buffer region. While the VD transformed isothermal Mach 8 case 

can be seen to start departing from the other cases around y+ = 5, the SSP transformed 

profile does not begin departing from the other cases until roughly y+ = 10. Comparison 

of the comprehensive results in Appendix figures C.3(b) and C.5(b) shows that the SSP 

transformation has better performance than the VD transformation in the buffer region for 

the higher Mach numbers simulated as well. The SSP transformed profiles have slopes that 

more closely match the law of the wall theory as well, although there is some variation in 

the constant offset, C. Once again, while the SSP transformation is not collapsing the data 

perfectly, it is an improvement over the Van Driest transformation. 

Finally, figures 4.16(a) and 4.16(b) show the performance of the SSP transforma

tion 23 when the leading edge is blunt, and when there is both a blunt leading edge and wall 

cooling. Similar to the VD transformation, 8 a blunt leading edge has only minimal effects 

on transformation performance. The only noticeable difference between the adiabatic blunt 

nose and adiabatic sharp nose cases, for both transformations, is a slight decrease of the 

offset C. Aside from that, performance in the viscous sublayer, buffer region, and log layer 

largely matches between the two geometries. When higher Mach numbers are considered, 

as in comparing Appendix figures C.4(a) and C.6(a), then an increase in the slope within 

the log layer is noticeable for the blunt nose cases compared to the sharp nose cases. How

ever, it is known that the Reynolds number influences the wall-normal coordinate at which 

log layer behavior gives way to the wake layer, accompanied by an increase in the slope 

of mean velocity before leveling off. The cooled blunt nose cases of figure 4.16(b) exhibit 

the same behavior of being nearly identical to the cooled sharp nose cases. Examining 

the comprehensive results of the isothermal sharp nose in Appendix figure C.5(b) and the 
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Figure 4.15: Performance of the law of the wall using the shear stress preserving 23 trans

formation . Effects of (a) Mach number, and (b) cooling the wall. 
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Figure 4.16: Performance of the law of the wall using the shear stress preserving transfor

mation. 23 Effects of (a) geometry, and (b) geometry and cooling. 
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isothermal blunt nose in Appendix figure C.6(b) , it is observed that these cases are almost 

identical to one another. From these considerations , it is concluded that, similar to the 

VD transformation , a blunt nose does not have a significant impact on SSP transformation 

performance. 

4.2.2 Velocity Gradients 

Although improvement can be seen in the plots of section 4.2.1 as the velocity trans

formation grows more complex - from the incompressible law of the wall to the Van Driest 

transformation 8 to the shear stress preserving transformation 23 - the mean velocity profile 

plots cannot provide an explanation for the better performance of the SSP transformation 

compared to the VD transformation. The reason for the observed improved performance is 

primarily due to shear stresses and velocity gradients. In both the incompressible law of the 

wall and the Van Driest transformation, the velocity and the wall-normal coordinate are 

scaled independently from one another. Because different scaling factors are used for the 

velocity and the wall-normal coordinate, the transformed velocity gradients are distorted 

compared to the untransformed gradients. As distance from the wall increases , this error in 

the velocity gradients accumulates into error in the integrated velocity profile. In contrast 

to this , the SSP transformation couples the scaling of the velocity and the wall-normal 

coordinate together by including a shear stress balance in its derivation, as discussed in 

section 1.2. The result is that the transformed velocity gradients match the untransformed 

velocity gradients. As the distance from the wall increases , the matching velocity gradi

ents are integrated and the mean velocity profiles more closely match one another. The 

velocity gradients for the Mach 4 configurations are shown in figure 4.17, and the Mach 8 

configurations are shown in figure 4.18. 

Figures 4.l 7(a) and 4.18(a) show that the Van Driest transformed velocity gradients, 

plotted with dashed lines, have some error matching the normalized untransformed velocity 

gradients, plotted with circles, for adiabatic walls. The discrepancies present start in the 

viscous sublayer. This matches the observation made in subsection 4.2.1 that the VD trans-
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formation is "missing" some of the physics in the inner layer. The shear stress preserving 

transformation, plotted with solid lines, matches the untransformed shear stresses perfectly 

throughout the entire boundary layer due to the stress balance condition, including in the 

buffer layer where the VD transformation falls short. 

When cooling is introduced, as in figures 4.l 7(b) and 4.18(b), then the perfor

mance of the Van Driest transformation degrades significantly for the highly cooled Mach 8 

case. The VD transformed velocity gradients depart from the untransformed velocity gradi

ents , explaining why the Van Driest transformation has more difficulty with the isothermal 

boundary conditions. This effect becomes more pronounced and error increases with larger 

Mach numbers and higher cooling, as shown throughout Appendix D. The SSP transformed 

velocity gradients continue to match the normalized untransformed velocity gradients re

gardless of Mach number or cooling at the wall. As discussed in section 4.1 , one of the 

primary changes imposed by wall cooling is the thinning of the boundary layer. This is 

because a temperature drop leads to a density increase via the ideal gas law. Both the 

VD and the SSP transformations are derived to account for density variations ( see section 

1.1 and equation 1.22) but only the SSP transformation couples the wall-normal coordi

nate transformation to the velocity transformation. This preserves the velocity gradients 

during transformation, and results in the integrated velocity gradients collapsing onto a 

near-universal velocity profile. 

As discussed in section 4.1 , the primary difference as the geometry is changed from 

a sharp nose to a blunt nose is a decrease in Reynolds number due to a different post-shock 

temperature causing a different post-shock viscosity. Since the variation of local viscosity 

is included in the derivation for the SSP transformation (see equations 1.29 and 1.30) the 

SSP transformation's strong performance is maintained when the nose is blunted. Evidence 

for this is shown in figures 4.17(c) and 4.18(c). This strong performance is unaffected when 

cooling and blunt nose effects are combined, as seen in figures 4.1 7 ( d) and 4 .18 ( d). Even 

for the high Mach number cases, and thus stronger shocks and more cooling, there are no 

discernible differences in the SSP transformation performance between the isothermal blunt 
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nose and the adiabatic sharp nose cases. The comprehensive results for untransformed 

and transformed velocity gradients across the hypersonic ascent trajectory are shown in 

Appendix D. These comprehensive results show that the SSP transformation maintains its 

strong performance across the entire ascent trajectory. 
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Figure 4.17: Comparison between the transformed velocity gradients and the untransformed 

shear stresses at Mach 4 for an (a) adiabatic sharp nose, (b) isothermal sharp nose, (c) 

adiabatic blunt nose, and ( d) isothermal blunt nose. For clarity, only every other point is 

plotted for the sharp nose cases . 
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Figure 4.18: Comparison between the transformed velocity gradients and t he untransformed 

shear stresses at Mach 8 for an (a) adiabatic sharp nose, (b) isothermal sharp nose, (c) 

adiabatic blunt nose, and ( d) isothermal blunt nose. For clarity, only every other point is 

plotted for t he sharp nose cases. 

4.2.3 Advantages and Disadvantages 

The final component of t he research objectives from section 1.3 is to discuss t he 

various advantages and disadvantages of each of t he forms of t he law of t he wall. While 

t here are differences in accuracy among t hem, t he less accurate forms may still be useful. 
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The incompressible law of t he wall can not be extended to compressible regimes 

wit h any expectation of accuracy. That being said, it is by far t he most straightforward 

to calculate, requiring only simple algebra on individual points with values easily obtained 

from post-processing CFD data. Because t hese calculations can be implemented easily and 

wit h a high degree of confidence, it makes t his form ideal for comparison between data 

sets from different researchers, as was done wit h t he t urbulence model study of section 3.4. 

Addit ionally, if t he data being analyzed is incompressible and features adiabatic boundaries, 

t hen t he simplicity of t his form may be all t hat is required in order to meet study objectives. 

The Van Driest 8 t ransformation, similar to t he incompressible law of t he wall, also 

only requires simple algebraic operations on individual data points. However, some addi

tional values are required from post-processing in order to implement t his t ransformation. 

These addit ional values consist of t he velocity, temperature, and Mach number at t he edge 

of t he boundary layer , as well as an approximation of t he recovery factor. While none of 

t hese values are particularly onerous to obtain, t hey do require addit ional processing rou

t ines. The addit ion of each post-processing rout ine imposes some numerical error , and t hat 

is before even considering t he possibility t hat different researchers may implement t hose 

rout ines different ly. For example, some may define t he edge of t he boundary layer to occur 

where t he velocity is 99% of t he inviscid velocity, some may define it to occur at 98% or 95% 

of t he inviscid velocity, and still others may search for a vanishingly small velocity gradient 

when an inviscid velocity is not straightforwardly defined , such as behind a bow shock. Due 

to t he possibility of different implementations or assumpt ions for t he recovery factor, t his 

t ransformation can be more challenging to compare between researchers unless great detail 

is provided on t heir specific numerical techniques. Otherwise, t here may appear to be a 

discrepancy between data sets t hat is simply caused by differing definit ions and rout ines. 

However , if t he data being analyzed reaches into t he compressible regime, t he Van Driest 

t ransformation should be expected to perform better t han t he standard law of t he wall. 

Finally, t he shear stress preserving transformation 23 is t he most successful at scaling 

mean velocity profiles across a wide array of condit ions. It appears to be able to collapse 
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data well regardless of wall cooling across up to Mach 8. The price to pay for t his is in

creased implementation complexity. While t he previous transformations were able to be 

calculated at individual points, t he shear stress preserving t ransformation requires full pro

files of velocity, density, and viscosity for t ransformation kernel evaluation. Once t he kernels 

have been evaluated at each point, t hen t he full profile is integrated . This requires fairly 

robust data resolut ion , which may not always be available for experimental data. However, 

if t he data resolut ion supports it and t he flow being analyzed is eit her compressible, con

tains heat transfer from a boundary, or both, t hen t he present research indicates t hat t his 

t ransformation results in t he best collapse of t he data. 



Chapter 5 

Summary and Conclusions 

The research objectives outlined in section 1.3 are to investigate hypersonic tur

bulent boundary layer behavior with a specific emphasis on aerospace applications, and 

to apply the existing versions of the law of the wall for compressible flows to results for 

hypersonic boundary layer flow. To accomplish this, a representative access-to-space as

cent trajectory is computed and steady-state two-dimensional RANS CFD simulations are 

performed at sample points along the trajectory using VULCAN. 45 Several preliminary 

studies are performed to ensure trustworthy results : (1) grid convergence studies are done 

for the two types of geometry used, sharp nose and blunt nose, (2) RANS simulations are 

compared to DNS and wind tunnel experiments, (3) the effect of turbulence model selection 

on results is explored, and (4) the numerical implementation of a new transformation 23 in 

the literature is validated against known results for that transformation. 

Sections 3.1 and 3.2 examine the discretization error in the present studies. A 

conservative case is selected for both the sharp nose and blunt nose geometries, and the 

corresponding grids are coarsened twice. The coarsening strategy removes every other grid 

point from the fine mesh in both dimensions. This results in a factors of four and 16 fewer 

points in the medium and coarse grids, respectively, compared to the fine grid. The medium 

to fine grid convergence index for all quantities of interest is found to be under 3% for the 
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sharp nose geometry, and under 2% for the blunt nose geometry. 

Section 3.3 recreates the calorically perfect DNS studies of Duan, Beekman, and 

Martin, 14 ranging from a Mach number of 0.3 up to 12.0. It is found that mean velocity 

profiles from RANS are able to match the DNS results well at subsonic and low supersonic 

conditions. However, as Mach number rises into the hypersonic regime, discrepancies start 

to appear in the outer layers and wake region of the turbulent boundary layer. These 

discrepancies are likely caused by the inability to match all of the various Reynolds numbers. 

In section 3.4, four turbulence models available in VULCAN are chosen for a tur

bulence model sensitivity study. The models chosen include the Menter Baseline model, 35 

5used in the primary research of chapter 4, as well as the Menter-SST, 35 2006 Wilcox k - w, 

54 and an explicit algebraic stress model. 53 , Four sharp nose flat plate cases were run for 

each model with varying amounts of heat transfer at the plate, and results for skin friction 

coefficient and the law of the wall are compared. It is observed that the results are largely 

insensitive to the choice of turbulence model. 

The implementation of the shear stress preserving transformation 23 is verified in 

section 3.5, which also provides additional validation of the RANS simulations at supersonic 

Mach numbers. The results of the transformation in the present work match the results 

from Trettel and Larsson 23 throughout the viscous sublayer and log layer. 

The main results are presented in chapter 4. The objectives are to study hypersonic 

turbulent boundary layer behavior with an emphasis on aerospace applications , and to 

examine how three flow transformations compare to one another. For both objectives, the 

effects of Mach number, wall cooling, and leading edge geometry are examined. 

The first topic of investigation is the effect of increasing Mach number. It is found 

that as the Mach number increases along a hypersonic ascent trajectory, the boundary 

layer thickness increases and the skin friction coefficient decreases. Displacement thickness 

is observed to increase , while the momentum thickness decreases . The adiabatic wall tem

perature rises quickly as the Mach number increases, causing the heat flux to increase as 
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well. This est ablishes t he need for hypersonic vehicles to be cooled. Despite the viscous 

drag decreasing as Mach number increases, t he mass flux, which is proport ional to thrust , 

decreases faster. This ult imately places an upper bound on t he speed that can be achieved 

by airbreathing hypersonic aircraft . As expected , t he incompressible law of t he wall signif

icant ly degrades in performance as t he Mach number increases. Both t he VD 8 and SSP 23 

transformations are able to collapse mean velocity profiles as t he Mach number increases, 

but t he SSP transformation is found to perform better. 

The second topic of study is t he effect of cooling on hypersonic t urbulent boundary 

layer behavior. The degree of cooling used increases as t he Mach number increases, in 

order to restrict surface temperatures such t hat some commonly used engineering materials 

will not melt. It is observed t hat cooling tends to t hin t he boundary layer t hickness, and 

to increase t he skin friction coefficient and t he momentum thickness. The displacement 

t hickness decreases with addit ional cooling. Neither t he incompressible law of t he wall 

nor t he VD 8 t ransformation are able to collapse t he mean velocity profiles when cooling 

is applied at t he boundary. The SSP 23 transformation achieves a significant improvement 

over t he other flow velocity t ransformations when cooling is present at the wall. 

The next effect on boundary layer behavior examined is that of blunting t he leading 

edge geometry. A blunt nose leads to t he formation of a detached bow shock in front of t he 

vehicle. This bow shock decreases t he unit Reynolds number , leading to an increase in t he 

boundary layer t hickness and a decrease in skin friction coefficient. Bot h t he displacement 

t hickness and momentum t hickness are found to increase from a t his case. Concerning t he 

design of practical hypersonic vehicles, it is observed that sharp nose simulations tend to 

overpredict t he total loads from both aerodynamic forces and heating, relative to a more 

realistic blunt nose geometry. It is found that all t hree of t he examined flow velocity 

t ransformations are largely insensit ive to t he leading edge geometry. 

The final impact on boundary layer behavior studied is t hat of combining wall cool

ing with a blunted leading edge. These results are, in general, a combination of effects 

discussed from previous studies. Nevertheless, t hey are useful to be explored since t his 
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combination of boundary condition and leading edge geometry represents the physical con

figuration that is closest to a realistic hypersonic vehicle. For the chosen leading edge 

bluntness and fixed wall temperature, both the boundary layer thickness and the integrated 

skin friction coefficient increase. The displacement thickness and momentum thickness are 

seen to increase as well. The average heat flux is found to decrease relative to the SNI 

case. Due to flow transformation performance being insensitive to leading edge geometry, 

the same trends observed from cooling the wall can be directly applied to the BNI case. 

It is concluded that the incompressible law of the wall is satisfactory for application 

to flows of Mach number 0.3 or less that do not include heat transfer. The VD 8 transfor

mation should be used when compressible flow regimes are reached, but heat transfer is not 

present at any boundaries. If heat transfer is present at a boundary, regardless of Mach 

number, then the SSP 23 transformation should be utilized. 

There is an important limitation to the present research- chemical reactions are 

unaccounted for. Reactions become important at high Mach numbers, roughly Mach 8, as 

oxygen starts to dissociate. At higher Mach numbers than that, nitrogen begins to dissociate 

as well, and nitric oxide starts to form. It is expected that the inclusion of reacting flow 

would lower the temperature the flow reaches, decreasing heat flux. 

Future work that can be done to extend the present investigation includes accounting 

for chemical reactions, and experimenting with hybrid RANS/LES simulations to observe 

the effect on the wake region of the boundary layer. Transformation studies may also 

be performed that hold Mach number and Reynolds number constant while varying heat 

transfer at the wall. Building on the examination of more complex geometries such as blunt 

noses, simulations of airfoils or propulsion systems may be undertaken as well. 
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Figure A.l: Velocity profiles near the edge of the boundary layer at X 5.5 m for (a) 

M=2, (b) M=4, (c) M=6 , and (d) M=8. 



100 Appendix A. Mean Flow Profiles 

5 X 10•5 
X 10-4 

6
-SNAMach2 

-SNAMach4 
o SNI Mach 2 

o SNI Mach 4 54 - - -BNA Mach 2 - - -BNA Mach 4 
" BNI Mach 2 " BNI Mach 4 

o _,_~~~~~~~~~~~~~~~ 

0 50 100 150 100 200 300 400 500 

u (m/s) u (m/s) 

(a) (b) 

8 x 10·3 2 X 10·3 

-SNAMach8-SNAMach 6 
o SNI Mach 8 o SNI Mach 6 

- - -BNA Mach 8 - - -BNA Mach 6 61.5 " BNI Mach 8 " BNI Mach 6 

.§..4 
>, 

0.5 2 

0 
200 400 600 800 0 200 400 600 800 1000 1200 

u (m/s) u (m/s) 

(c) (d) 

Figure A.2: Velocity profiles near the wall at X = 5.5 m for (a) M = 2, (b) M = 4, (c) 
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Figure A.3: Temperature profiles near the edge of the boundary layer at X = 5.5 m for (a) 

M = 2, (b) M = 4, (c) M = 6, and (d) M = 8. 
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Figure B.l: Boundary layer 99% t hickness along a hypersonic vehicle 
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Figure C.1: Law of the wall transformation for (a) sharp nose adiabatic cases and (b) sharp 

nose isothermal cases . 
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Figure C.2: Law of the wall transformation for (a) blunt nose adiabatic cases and (b) blunt 
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Figure C.4: Van Driest transformation for (a) blunt nose adiabatic cases and (b) blunt nose 
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Figure C.5: Shear stress preserving transformation for (a) sharp nose adiabatic cases and 

(b) sharp nose isothermal cases . 
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Figure C.6: Shear stress preserving transformation for (a) blunt nose adiabatic cases and 

(b) blunt nose isothermal cases. 
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Figure D.l: Velocity gradients for an adiabatic sharp nose flat plate for Mach numbers (a) 

2, (b) 6, (c) 10, and (d) 14. For clarity, only every third point is plotted for Mach numbers 

above 2. 
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Figure D.2: Velocity gradients for an isothermal sharp nose flat plate for Mach numbers (a) 

2, (b) 6, (c) 10, and (d) 14. For clarity, only every third point is plotted for Mach numbers 

above 2. 
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Figure D.3: Velocity gradients for an adiabatic blunt nose flat plate for Mach numbers (a) 

2, (b) 6, (c) 10, and (d) 14. 
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Figure D.4: Velocity gradients and for an isothermal blunt nose flat plate for Mach numbers 

(a) 2, (b) 6, (c) 10, and (d) 14. 
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