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Abstract 

This dissertation presents results in two broad, inter-related areas. The first three chapters deal with modeling 

and analysis of electro-mechanical vibratory systems and harvesting ambient oscillatory energy. The final three 

chapters present results for manipulating elastic and sound waves in periodic lattices. 

Chapter 1 presents a novel result concerning the rattleback which is an ellipsoidal toy with some curious proper

ties . When placed on a surface, the rattleback has a preferred direction of spin - if spun in the opposite direction, 

it will reverse itself. This phenomenon has been termed spin reversal and the effect is attributed to the asym

metry between the inertia and geometry axes of the top . In this work, results are presented demonstrating that 

the rattleback, when placed on a vibrating platform, will start to spontaneously spin (in its preferred direction) . 

Based on a simple linearization for small angular velocities, we derive an expression for the resonant frequency. 

A simple electromagnetic energy harvester is proposed consisting of a magnetized rattleback surrounded by mag

netic coils is proposed and the possible transduced electric power is evaluated. 

Chapter 2 proposes the use of a piezoelectric curved beam implanted inside the human Carotid artery as a power 

source for implanted biomedical devices proximate to the head - neural sensors, neural simulators and pacemak

ers. The curved beam is analytically modeled and based on blood pressure data and arterial distension the dis

placements and induced bending strain are calculated. Based on Gauss 's law, the direct piezoelectric effect is used 

to calculate the electric power generated across a load resistance . A maximum power of 11.5 µW was harvested 

using P ZT - 5H in the Carotid artery. 

Chapter 3 presents a methodology for the uncertainty analysis of piezoelectric energy harvesters. Extant methods 

in the literature for uncertainty propagation involve approximation and/or assume the parameter stochasticity 

to be small and single dimensional. We use the Conjugate Unscented Transform (CUT) method which can ac

curately estimate moments of output variables under multidimensional uncertainty with minimum computation. 

The common cantilevered energy harvester consisting of steel substrate with piezoelectric patches and a set of re

pulsive magnets (that serve to make the system nonlinear) is considered. The results show that CUT method is 

accurate, computationally efficient and can propagate 4 dimensional uncertainty. Also, we found that a naive 

and purely deterministic analysis of energy harvester can grossly overestimate the harvested power. This may 

have applications in evaluating worst-case scenarios. 

Chapter 4 presents an analysis of elastic waves in a novel metamaterial whose stopbands can be tuned by chang

ing the fold angle. The metamaterial consists of repeating units of panels (modeled as beams) and hinges (mod

eled as torsion springs) so that the panels can fold around the hinges. As such, this model can be used to repre

sent solar arrays, hinged folding structures and origami-inspired structures. The Transfer Matrix (TM) method 

is used for the analysis. A comprehensive COMSOL R Finite Element Method (FEM) simulation is conducted 

for validation. It is shown that the bandgaps in the structure become wider when the fold angle is increased. Band

width increases of as much as 250 % were observed in the bandgaps when the fold angle is changed from O deg to 

90 deg . 

Chapter 5 extends the analysis of elastic waves to a nonlinear periodic structure . The linear torsion spring in 

Chapter 4 is replaced by a hinge with cubic nonlinearity. No closed form solution for nonlinear lattices exists in 

the literature. A harmonic balance formulation is derived and the Galerkin projection is used to obtain a set of 

algebraic nonlinear equations that are numerically solved to obtain the dispersion relationship . It is shown that 

introducing nonlinearity engenders amplitude-dependent dispersion. Another interesting observation is that only 

the leading bandgap edge is affected. Hardening nonlinearity causes the bandgap edges to shift to higher frequen

cies and softening nonlinearity engenders the opposite. The trailing bandgap edge is, however, independent of the 

nonlinearity. It is further shown that the wavemode corresponding to the trailing bandgap edge corresponds to the 

first modeshape of a simply supported beam. Since the moment at the ends of a simply supported beam are zero, 

this explains the independence of the trailing bandgap edge with respect to nonlinearity. 



Chapter 6 presents an active wave manipulation strategy for building an acoustic diode using a smart fluid. An 

acoustic diode permits sound traveling in only one way. Thus, transmission reciprocity is broken. A smart fluid 

like Magnetorheological fluid (MRF) is considered and a time-varying magnetic field is acted upon the fluid. It is 

well known in the literature that local sound speed in MRF is dependent on the applied magnetic field. This cre

ates a space-time periodic media that has bandgaps for forward and backward traveling waves in different frequen

cies thereby achieving one-way sound propagation. A dispersion relationship for an unsteady and inhomogeneous 

fluid is developed. A set of FEM simulations are used to validate the analysis and reasonably good agreement is 

noted between the theoretical and numerical band diagrams . A detailed analysis of the effect of viscosity is con

ducted. It is shown that one-way bandgaps formed at a higher frequency are more susceptible to viscous corrup

tion. A real-world implementation of the device may be possible if the viscosity (µ) is less than 3000 Pa-s 
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Chapter 1 

Energy Harvesting: Spin resonance of 

rattleback 

"dukheshu-anudvigna-manah, sukheshu vigata-spfhah 

vita -raga-bhaya-krodha, sthita-dh1r munir ucyate 

The person who is equal to misery and joy, one who is free from fear and anger 

is truly a learned person" 

The Bhagvad Gita (Chap 2. Verse 56) 

This chapter presents some interesting results concerning the rattleback. The 

rattleback, sometimes also known by the names " celt", "anagyre", " rebellious 

celt" or "wobblestone", is shaped like a semi-ellipsoidal top and exhibits some 

very interesting dynamic properties. The most common type of rattleback will 

rotate about its vertical axis only in the preferred direction. If spun in the 

opposite sense , pitch vibrations are set up and the spin reverses. Further, if it is 

imparted some pitching oscillations, the pitch motion dies down quickly and a 

spinning motion builds up about the vertical axis along the stable spin 

direction. Some rattlebacks will reverse when spun in either direction. The 

rattleback usually has the shape of an semi-ellipsoid as shown in Fig. 1. 1. 

The rattleback has been the subject of a large number of analyses since the 

1890's (see [2, 3]). Many numerical analyses (see [4, 5, 6]) were done in 1980's 

after the advent of computing technologies. In Bondi's chapter , [7], the author 

demonstrates that the preference for a spin direction can be readily defined and 

1 
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FIGURE 1.1: RATTLEBACK 

explained by a small asymmetry between the horizontal principal inertia axes 

and the directions of maximum curvature(principal axes of curvature). Further, 

in the chapter, the equations of motion of a rattleback are linearized about 

some nominal spin about the 3- axis and a fourth order characteristic equation 

pertaining to pitching and rolling motion is obtained. A short analysis of the 

characteristic equation is also done. 

A mathematical treatment of the subject is done by Borisov and Mamaev in 

[4]. The authors used a semi ellipsoidal model with offset inertia axes to 

analyze the presence of strange attractors in the response of an rattleback. In 

[8], the method of averaging is used to integrate the dynamic equation of the 

rattleback derived by taking into account only first and second order terms 

while ignoring slipping. In [9], Markeev derives approximate equations of the 

rattleback by considering small oscillations about the equilibrium. 

Garcia et al. in [5] carried out numerical integration of the equations of motion 

and commented on the behavior of zone 0, zone I and zone II rattlebacks which 

were first expostulated by Bondi. They further developed a model that 

incorporated slipping of the point of contact and dissipative forces such as 

aerodynamic drag forces and contact patch friction. Zone O and Zone I 

rattlebacks, although similar, differ in the fact that stable spin is not possible in 

Zone O rattlebacks in either direction whereas in Zone I rattlebacks 
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unidirectional stable spin is possible only if energy is higher than a critical 

value. The rattleback(s) in this chapter will be modeled, following [4], as a semi 

ellipsoid with inertia axes slightly offset from the geometric axes. 

In this chapter, for the first time in literature, we will demonstrate the 

existence of spin resonance, analyze the mechanism of its occurrence and derive 

a closed form expression for the resonant frequency of a given rattleback in 

terms of its inertia parameters. The phenomenon of spin resonance can have 

novel applications in ambient energy harvesting and vibration sensing since it is 

fairly straightforward to convert rotations to electric energy via electromagnetic 

induction. 

This chapter is organized in six sections. The second section (1.1) reviews the 

non-linear equations of motion governing the motions of a rattleback using 

Newtonian formulation. Results demonstrating the occurrence of spin resonance 

with respect to base vibrations are presented in the third section (1.2). The 

fourth section (1.3) proposes a mechanism explaining the resonance and we 

present a linearized model of the rattleback that is able to successfully predict 

the spin resonant frequency and an expression for the same as a function of 

mass and inertia parameters of the rattleback is derived. Supporting arguments 

and validation of this analysis is presented at the end of section four (See 

subsection 1.3.2). Section five (1.4) presents prototypical ideas for a Energy 

Harvester and a Vibration sensor that utilize the phenomenon of Spin 

resonance. In the final section (1.5), we conclude by summarizing the chapter 

and pitching some ideas for further research. 

1.1 EQUATIONS OF MOTION 

We start by deriving the equations of motion for a rattleback. The following 

notation will be used. All vectors and matrices are bold-faced. 

• M for the mass of the rattleback. 

• v for the velocity vector of the center of mass. 
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• f for the force exerted by the table on the body. 

• w for the angular velocity of the body. 

• r for the vector from the center of mass to the point of contact. 

• u for the vertically upward unit vector. 

• I for Inertia matrix of the rattleback 

The set of axes fixed to the rattleback and centered at the center of mass are 
~ ~ ~ 

denoted by b1 , b2 and b3 as shown in Fig. 1.2. The inertial system will be 

fixed in space with u pointing upwards and x1 and y1 in the horizontal plane 

·L 

FIGURE 1.2: RATTLEBACK WITH FORCES AND AXES 

The surface acts on the rattleback with a contact force f and the relevant 

equations of motion ( for a review of Newtonian mechanics see [10, 11]) can be 

written as 

dv f ~ M-= -Mgu
dt (1.1)

dh 
-=r X f 
dt 

Note that, throughout this chapter, ~f denotes the time derivative of p in the 

inertial frame and time derivative in the moving frame is denoted by p. Since 

the body fixed frame is rotating with w , the derivatives in the two frames are 

related as follows 
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dp . 
-=p+w x p (1.2)
dt 

where p is any vector. If the principal inertia's are 111 , h 2 and h 3 and the offset 

angle between the geometric and inertia axes is 5, the inertia matrix, in the 

body fixed frame, can be expressed as 

11cos25 + h2sin25 

I= (In ; 122
) sin(25) (1.3) 

0 0 1 

The rattleback will be modeled as a semi-ellipsoid and its shape is given by 

q = 0 where 

r2 r2 r2 
1 2 3 (1.4)q=-+-+-- 1 

a2 a2 a2
1 2 3 

and a 1, a2 and a3 are the semi principal axes of the rattleback in the body fixed 

frame. The point of contact , in the body frame , is (r1 , r2 , r3) and these form the 

components of the vector r. The effects of dissipative forces like friction, air 

resistance is ignored. The rattleback is assumed to roll without slipping on the 

surface which implies that the instantaneous point of contact is at rest. Thus , 

friction is present (in fact , it is necessary) but it does not do any work. 

Since we will be dealing with all quantities in the body fixed frame we can 

expand the time derivatives as ~r = p + w x p and together with Equation 1.1 

to obtain 

Iw + Mr x (wx r) = Mr x (r x w + ( w x r) x w + 9cU) + Iw x w 
(1.5) 

w= I'(u)-1 (Mr X (r X w + (w X r) X w + 9cU) + Iw X w) 

where I'(u) =I+ M[r x][rxJI' and [r x] is the cross product matrix composed of 

the components of r. We have written the matrix I'(u) as a function of only u 
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because, as will be evident, r is only a function of u. Equation 1.5 can be used 

to integrate angular velocity forward in time. 

The equations for propagating unit vector u can be obtained from 1.6.Since 

~ ~ d ~ fi d · · t· 1 du - 0 dxi - 0 d dyi - 0 A d th · u , x 1 an y 1 , are xe m mer ia space, dt - , dt - an dt - . n eir 

derivatives in the body fixed frame can be written as 

U=U X W 

(1.6) 

Y1 = Y1 X W 

The vectors r and i: can be obtained as a function of u and w and they depend 

on the exact shape of the rattleback. The unit vector u, is along the gradient of 

the surface q = 0. Thus, u, can be expressed by scaling the gradient. 

(1. 7) 

where (r1 , r2 , r3 ) are the coordinates of the instantaneous point of contact . 

(1.8) 

For the sake of brevity, IV'qi, the norm of the gradient, will be henceforth 

referred to as k, as defined in Equation 1.8, not to be confused with k , which is 

the unit vector in the third inertial direction. Thus we can, now, find r(u) by 

manipulating Equation 1.7. 

2~ 2~ 2~)(r(u) = -k (u1a1b1 + u2a2b2 + u3a3b3 (1.9) 

i:(u, w) can be similarly obtained by differentiating r( u) to obtain. 
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r= (1.10) 

where u1, u2 and u3 are the components of u. k is defined in Equation 1.8 and 

k is the time derivative of k and can be obtained by differentiating Equation 1.8 

with respect to time. 

Eqn. 1.5 and Equation 1. 7 will help us integrate w and u forward in time for a 

rattleback rolling on a rough surface under its own weight and not subjected to 

any dissipative forces. The formulation of the state equations done here is 

similar to that in [5] and, for further reading, the interested reader is referred to 

the same. 

1.2 SPIN RESONANCE 

Let us simulate the rattleback model developed in section 1. 1.The parameters 

used for the simulations are listed in Tab. 1.1 . All parameters are in SI units. 

In our simulation, the rattleback will have a very small initial non-zero pitch 

angle ( and or roll angle) which ensures that the simulated rattleback does not 

simply rotate for all time about the point of contact exactly below the center of 

mass. Thus, instead of assuming u initially to be u= [0 0 - 1JI' we offset its 

value ever slightly to u = [.02 .02 - .9996jI'. 

TABLE 1.1: SIMULATION PARAMETERS 

M 

a1 4.7 X 10-2 m d v2 .19 x 10-1 N m-2 s2 

a2 1.0 X 10-2 m d v3 .175 x 10-1 Nm-2 s2 

a3 1.0 X 10-2 m d w1 .55 x 10-3 Nm rad-2 s2 

d w2 .03 x 10-3 Nm rad-2 s2 

d w3 .189 x 10-3 Nmrad-2 s2 
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FIGURE 1.3: Plot of (a) spin rate (b) roll and pitch angular velocities with time of a 
simulated rattleback( conservative model) rotated in the unstable spin direction with 

initial w = [0 0 - 5JI'rad / s and u = [.02 .02 - .9996]r. 

The rattleback rolls without slipping - the horizontal acceleration of the center 

of mass is provided by the force of static friction and dissipative forces have 

been ignored. In Fig. 1.3(a) and Fig. 1.3(b) , are plotted the spin rate and the 

pitching and rolling angular velocities respectively. The simulated rattleback is 

spun in the unstable direction. Note the spin reversal which causes the 

rattleback to reverse from an initial spin of 5 rad/s to -5 rad/s. The pitching 

and rolling angular velocities, it appears, have a high frequency component that 

appears only during the reversal and dies down subsequently leaving only 

monochromatic oscillations. For detailed numerical simulations of spin reversal 

using conservative and dissipative models of the rattleback, the interested 

reader is referred to [5]. 

In this chapter, we are specifically interested in the dynamic behavior of the 

rattleback when the platform undergoes simple harmonic oscillations. The 
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apparent acceleration due to gravity , 9c,app, in the body-fixed frame ( b1 , h2 
and b3 ) can be written as 

9c,app = 9c + AowJcos(wot) (1.11) 

( 1.12) 

9c,app is the apparent acceleration due to gravity, Ao and wo are the amplitude 

and angular velocity corresponding to the platform vibration respectively. Also, 

wo = 21r!base· To investigate the effect of damping, simulations were run using 

the conservative and the dissipative model. The amplitude of platform 

oscillations was varied with frequency such that the magnitude of change in 

acceleration in the frame of the rattleback was 3 m s-2 at all frequencies. 

Simulations were run with the frequency (!base) of platform oscillations varying 

from O to 38 Hz and the conservative model was used( drag forces were 

ignored). The variation in steady state spin rate (n = -w.u, as recorded at 

t = 10 s) with the frequency of platform oscillations is plotted in Fig. 1.4 . 

There is a clear resonance at !base Rj 19 Hz. The rattleback achieves a high spin 

angular velocity of 11.5 rad/s. 

10 15 20 25 30 35 

Frequency of platform oscillation (fbase) in Hz 

FIGURE 1.4: Plot of steady state spin rate(n) of a simulated rattleback(Conservative 
model) against frequency of platform oscillation with initial conditions : u 

[.02 .02 .9996f and w = [O O of 

We now seek to include dissipation in the analysis. To include dissipation, 

aerodynamic drag forces and torques were modeled as being proportional to the 

square of velocity and angular velocity respectively. Mathematically, 
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5 10 15 20 25 30 35 
Frequency of platform oscillation(fbase) in Hz 

F IGURE 1. 5 : P lot of steady state spin rate(n) of a simulated rattleback(Dissipative 
model) against frequency of platform oscillation with init ial condit ions : u 

[.02 .02 .9996f and w = [O O of 

0 0 

dv2 0 

0 dv3 

0 

dw2 

0 

0 

1lw1 

2lw2 
( 

0 3lw3 

T he values of t he parameters dvi, dv2 etc . is shown in Tab. 1. 1. T he results 

were similar to t hat for t he conservative model as can be observed in F ig. 1.5. 

T he resonance peak is smaller which is not surprising as energy is siphoned off 

from t he rattleback by t he drag forces . T he shape of t he peak has changed 

slight ly and t he resonant frequency has shifted slight ly to t he left . 

1.3 THEORETICAL ANALYSIS 

So far we have seen t hat t he rattleback has a spin resonance wit h respect to 

base vibrations. If t he base on which t he rattleback is placed starts undergoing 

vibrations t hen in t he neighborhood of a certain frequency it will start 

spinning. We do not have any insight or understanding of t he mechanism t hat 

causes t his resonance. Before we go further, we need to take a closer look at t he 

response of t he rattleback. 
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FIGURE 1.6: Plot of Angular velocities against time of a simulated rattleback with 
initial w = [0 0 0JI'rad/ s and u = [.02 .02 - .9996JI'. 

See Fig. 1.6 which plots the angular velocities of a simulated rattleback with 

zero initial spin (w = [O OOJI') and initial orientation slightly offset from the 

equilibrium position (u = [.02 .02 - .9996]I') with respect to time. The rolling 

and pitching angular velocities oscillate about zero and the spin angular 

velocity increases and reaches a steady state value as expected. It is clear that 

the pitching and rolling angular velocities have two frequency components - a 

high frequency component that diminishes as soon as the spin rate ceases 

increasing and a slower frequency that does not seem to undergo any 

attenuation. Our proposition here is that only the high frequency is coupled with 

the spinning motion of the rattleback. The lower frequency does not have any 

coupling (very little coupling, to be precise ) with spinning. 

Consider a stationary rattleback. If we impart some pitching motion to the 

rattleback, both the aforementioned frequencies will appear in the pitching and 

rolling responses as shown in Fig. 1.6 . Simultaneously, the spin of the 

rattleback will increase. However, only the fast frequency will undergo decay. 

As spin increases, more and more energy from the fast frequency is siphoned off 

into the spinning and the amplitude corresponding to the same decreases and 

ultimately becomes zero (or negligibly small). The slow frequency is not 

coupled with the spinning and therefore it does not die down as spin increases. 

Note that the decay is not due to any damping or dissipation as none has been 

considered in this particular model. Instead, it is because of the flow of energy 

from the fast frequency into the spinning motion. Bondi in [7] commented on 

this behaviour by analyzing the motion of roots of the characteristic equation in 
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the complex plane but the crucial insight here is that of the two frequencies 

appearing in the response only one is coupled to the spinning. 

Henceforth , the two frequencies will be referred to as the Coupled frequency 

(the faster frequency for the rattleback described above) and the Uncoupled 

frequency. Reversals can be similarly explained. Consider a rattleback spun in 

the unstable direction. Within a short time, pitching oscillations build up and 

the spin rate starts decreasing. The amplitude of the coupled frequency reaches 

a peak and then starts decreasing concurrent with the spin rate dropping to 

zero and reversing to spin in the stable direction. 

The coupling of the coupled frequency with the spinning motion is an 

important insight because we found that Spin resonance occurs when the 

platfarm oscillations have a frequency that is equal to {or in the neighborhood 

of) twice the coupled frequency. Mathematically, if we represent by !coupled the 

coupled frequency then 

fba se,resonant = 2fcoupled, ( 1.13) 

This equation makes a lot of intuitive sense because when Equation 1.13 holds 

the pitch motion and the base oscillation become phase locked with each other 

such that when the apparent acceleration due to gravity reaches its maximum 

value the pitch displacement is maximum. Since in one time-period of the 

coupled frequency1 the magnitude of pitch displacement will reach maxima twice 

{once to each side) 1 for resonance it is necessary that gc,app attain maxima at 

the same times and this is possible when base oscillations are twice as fast. This 

can be observed in Fig. 1.7 which plots the pitch displacement and the scaled 

apparent acceleration due to gravity with respect to time for a simulated 

rattleback kept on a platform vibrating at !base = 19 Hz ( the resonant 

frequency for the rattleback with parameters in Tab. 1.1). 

Since the described frequencies appear when the rattleback is given small 

perturbations in pitch (and roll) from the zero equilibrium positions , we 
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FIGURE 1.7: Plot of the scaled acceleration due to gravity and pitch displacement 
against time with initial w = [O O OJI'rad/s and u = [.02 .02 - .9996JI' and !base = 19 Hz 

(Spin resonant frequency for the rattleback). 

reasoned that it might be possible to gain some understanding of the same by 

linearization around the equilibrium point. As it turns out, in the linear model 

of the rattleback, the two frequencies appear as Eigenvalues of the Jacobian 

matrix. In this section, we will obtain a linearized model around the 

equilibrium point and obtain expressions for the coupled and uncoupled 

frequencies. Later, this will be validated by running simulations of rattlebacks 

with different parameters. 

1.3.1 Linearization 

Consider a general system with x E IR.nxl as the state vector. 

dx 
- = F(x,t) (1.14)
dt 

This system will have a equilibrium point x 0 if F(x0 ) = 0 and let us assume, 

without loss of generality, that x 0 = 0. The derivative, J = i: is called the 

Jacobian and it is an x n real matrix. Consider the governing equations of the 

rattleback derived in section 1. 1. Our state vector, x will be the augmentation 

of wand u and 
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(1.15) 
= [I'(u) - 1 [Mr X (r X w + (~ X r) X w + 9cU) + Iw X w]l 

u x w 

In this formulation, we are interested in linearizing the system about the 

equilibrium point x 0 = [O O O O O - 1JI'- i.e., all the angular velocities are zero 

(w = [O O OJI') and the orientation is vertically upwards (u = [O O - ljI' ). The 

Jacobian J can, then, be written as 

J _ [Iw 8Fwlau (1.16) 
~u a:uu 

These derivatives will be evaluated one after another as follows. For 8J'; we can 

write 

c;:; = I'(u) :w (Mr x (r x w + (w x r) x w + 9cU) + Iw x w) ( 1.17) 

All the components of the terms Mr x (w x r) x w and Iw x w will contain 

only 2nd order terms of w and will therefore vanish. The term Mr x r x w can 

also be shown to be second order in w. Thus, we can write 

0 0 (8Fw 
0 0 ( 1.18) aw 
0 0 

Let us consider, now, 8J'6 . We can write 
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a;; = I'(u) :u (Mr X (r X w + (w X r) X w + gcu) + lw X w) + 
(1.19):u (I' ( u)) (Mr x (r x w + ( w x r) x w + 9c u) + Iw x w) 

The second term in Equation 1.19 can be dropped because we are evaluating 

this point at the equilibrium point and Fw(O) = 0. The only non-zero 

contribution comes from M gcr x u and after some algebra, we can write 

:uMgc(r Xu) 

0 -u3(a ~ - a§)k 0 (1.20) 
= M9c C , (a§ - ai)k 0 0 

0 0 0 

If we evaluate I'(u) at u = [O O - ljI' to get I(u0 ) and combining equations 

Equation 1.19 and Equation 1.20 we obtain 

-u3(a~ - a~)k O ( 
8Fw = I'( )_1 0 0 (1. 21)8u Uo 

0 0 

For brevity and to avoid very long expressions let us denote the diagonal 

elements of the inertia matrix I by Ii , h , h and the nonzero off-diagonal 

elements by fi 2 . Note that the inertia matrix I was defined in Eqn. 1.3 in terms 

of the principal moments of inertia 111 , h2 and h 3 and is reproduced here for 

convenience of the reader as 
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11cos25 + h2sin25 (111 ;h2 
) sin(25) 0 

(111 ;h2I= ) sin (25) 111cos25 + h2sin25 0 

0 0 1 
(1. 22) 

0 

h 0 

0 h 

Remembering t hat I' (u) =I+ M[r x][r xJI' and substituting for u3 = -1 , r3 = a3 

and k = 1/ a3 we can write t he final form of Equation 1.19 as 

aFw 
au 

(1. 23) 

det(I ( uo)) 

where det( .) denotes t he determinant . Let us, now, consider t he submatrices 

corresponding to Fu· We know t hat Fu= u x w. Taking t he derivatives 

becomes straightforward and t hey can be written as 

- U3 U2 
aFu
-=[ux]= 0 - U1aw 

U1 0 
(1. 24) 

- W3 W2 
aFu au = [w x] = 0 - w1 

W1 0 

Now we are in a posit ion to write down t he J acobian matrix by combining t he 

expressions for all t he submatrices derived in Equation 1.18, Equation 1.23 and 

Equation 1.24. 
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J(l) J (l)0 0 U 1 U2 0 (0 0 J~;) J~;) 0 ~ 
0 0 0 0 0 0 

J= (1. 25) 
0 1 0 0 0 0 

-1 0 0 0 0 0 

0 0 0 0 0 (~ 
where t he terms J~~) , J~~) etc are t he non-zero terms of t he submatrix 8J6 
appearing in Equation 1.23 and, for t he sake of completeness, are reproduced 

here 

(1. 26) 

So far we have linearized t he governing equations of t he rattleback about t he 

equilibrium point x 0 = [O O O O O - l jI' and obtained t he J acobian. We saw 

t hat when t he rattleback was disturbed from t his equilibrium posit ion two 

frequencies dominated t he response. 

To find t he eigenvalues of t he J acobian we solve det(J - ,U ) = O; ,\ being t he 

eigenvalues and I , not to be confused wit h t he inert ia matrix, is t he ident ity 
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matrix . The characteristic equation can be obtained as 

(1.27) 

Solving the characteristic equation will give us the Eigenvalues. Two of the 

Eigenvalues are zero which is expected since we have two zero columns in the 

Jacobian matrix corresponding to dynamics of w3 and u3 . 

,\16 = 0 (1.28)
' 

This implies that the coupling of the spin motion with the coupled frequency is 

a higher order dynamic phenomenon and will not appear in the linearized 

model. This leaves us with a biquadratic equation which can be solved and, for 

the remaining four eigenvalues, after some manipulation, we obtain 

2 

(1.29) 

The four values of,\ will be purely imaginary if evaluated for a real rattleback 

and this completes our derivation. If we evaluate Equation 1.29 for the 

rattleback considered previously (parameters in Tab. 1.1) then we obtain the 

eigenvalues below. 
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,\1 = 0 

A2,3 = ± j63.225 
(1.30) 

,\4,5 = ±j7.24 

,\5 = 0 

We also obtain six eigenvectors which are complex conjugates of each other. 

Note that in the original non-linear system, the rattleback's angular velocity 

around the third axis w3, is highly coupled with oscillations in pitch. This 

implies that although the coupled and uncoupled frequencies appear in the 

linearized model of the rattleback , the coupling with w3 does not. Indeed, all 

the interesting dynamics of u3 and w3 are non-linear and we need higher order 

derivatives of the state equation to describe them accurately. 

1.3.2 Validation of Analysis 

In this section, we will demonstrate the efficacy of the linear model in 

accurately predicting the coupled and uncoupled frequencies of the rattleback. 

We will apply the derived formulae and compare the frequencies by running 

simulations of two rattlebacks with different mass and inertia parameters. 

1.3.2.1 Rattleback - I 

Let us consider the rattleback with parameters shown in Tab. 1.1 and we 

evaluate Equation 1.29 to get the following eigenvalues 

A1 ,2 = ± j63.225 

_ abs(,\1 ,2) _ H 
~ 1------l.0 06 zf 21r (1.31) 

,\3,4 = ±j7.24 

~ h = abs(,\1 ,2) = 1.15 Hz 
21r 
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where j = -J=I and abs(.) represents the Absolute value function. A discrete 

Fourier transform of the pitching angular velocity of the simulated rattleback 

reveals that the Linearized model derived in subsection 1.3.1 is accurate at 

predicting the two fundamental frequencies that appear in the response. 

- Frequency from Nonlinear model 
- Frequency from Linearized model 

FIGURE 1.8: Amplitude spectrum of coupled frequency of a simulated rattleback with 
initial w = [O O ofrad/ sand u = [.02 .02 - .9996f. 

Shown in Fig. 1.8 is the Amplitude spectrum of the angular velocity of the 

simulated rattleback. The red line is the predicted frequency value for the 

coupled frequency obtained from Eqn. 1.29. In Fig. 1.9 is plotted the amplitude 

spectrum of the uncoupled frequency and again it can be seen that the value of 

the frequency predicted by the linearized model is almost exactly equal to that 

obtained from the full order model. 
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FIGURE 1.9: Amplitude spectrum of uncoupled frequency of a simulated rattleback 
with initial w = [O O ofrad/ sand u = [.02 .02 - .9996f . 

Also as can be seen in Fig. 1.8, the coupled frequency for this rattleback 

10.06 Hz . Using Equation 1.13 then, we obtain a value for the resonant 

frequency as 20.12 Hz and this is clearly the case from the results presented in 

Fig. 1.4 and Fig. 1.5 . 

https://Eqn.1.29
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Let us linearize the equations about xo = [0 0 . 5 0 0 - 1] (the rattleback has 

non-zero w3 angular velocity in the stable direction and the orientation is 

vertically upwards) . Note that Equation 1.25 will not be applicable here so we 

will use numerical methods. For linearization about stable spin, we obtain the 

following eigenvalues: -

.\1 = 0 

.\2,3 = -.4558 ± j63.226 
(1.32) 

.\4,5 = .006 ± j7.246 

.\5 = 0 

Note that the eigenvalues which were previously purely imaginary when 

evaluated about zero spin(see Equation 1.30) now have real parts. Especially 

interesting is the fact that the real parts corresponding to the coupled 

frequency are negative in sign which makes intuitive sense as the rattleback has 

stable spin. The uncoupled frequency has a small positive real part and this 

will cause the amplitude to increase slowly- this behaviour is a property of Zone 

I rattlebacks and was observed and commented on by Garcia et. al in [5] and 

can be observed in the simulations we have presented ( See Fig. 1.3 (a) (b) ) . 

Also note that the imparted angular velocity(w3 = .5 rad/ s) does not 

significantly change the imaginary part of the eigenvalues(compare with the 

values in Equation 1.30 ) which corresponds to the frequencies of oscillation. 

The fact that the eigenvalues corresponding to coupled frequency have large 

negative real parts , unlike the uncoupled frequency, can be used to distinguish 

the two when linearization is carried out about zero spin in which case the real 

parts are, of course , zero. 

Linearization about unstable w3 ( x 0 = [0 0 - .5 0 0 - 1] ) yields the following 

eigenvalues. 
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,\1 = 0 

A2,3 = .4558 ± j63.226 
(1.33) 

,\4,5 = -.006 ± j7.246 

,\5 = 0 

which are simply the algebraic negative of the eigenvalues for stable spin. Note 

that, now, the coupled frequency has a positive real part which means it is 

unstable. Thus, when the rattleback is spun in the unstable direction, the 

coupled frequency, because of the large positive real part, is unstable and causes 

oscillations in pitch to grow and this high frequency "rattle" can be observed in 

any reversing rattleback. Once spin crosses zero , the eigenvalues change sign 

and the coupled frequency becomes stable and starts decaying as energy is 

transferred to the spinning and ultimately it dies down completely. 

1.3.2.2 Rattleback - II 

To further investigate the validity of the linearization, simulations were run for 

a rattleback with different parameters (SI units) as summarized in Tab. 1.2. 

These parameters were purposefully made to be large. 

TABLE 1.2: SIMULATION PARAMETERS FOR RATTLEBACK -II 

M 4.5 kg 

a1 .845 m 

a2 .268 m 

a3 .259 m 

Using Equation 1.29 we can obtain the eigenvalues of the Jacobian for this 

rattleback as 
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A1 ,2 = ±jl0.62 

_ abs(,\1 ,2) _ H 
~ 1------l.69 Zf 21r (1.34) 

,\3,4 = ±jl.203 

~ h = abs(,\1 ,2) = .206 Hz 
21r 

Shown in Fig. 1.10 and Fig. 1.11 are the Amplitude spectra of the angular 

velocity of the simulated rattleback for the coupled and uncoupled frequencies 

respectively. The red line is the predicted frequency value obtained from the 

Linearized model via Eqn. 1.29. It can be seen that the frequency coincides 

almost exactly with the predicted values. 

- Frequency from Nonlinear model I0.1 
I - Frequency from Linearized model 

0.5 1.5 2 2.5 3 3.5 4 4.5 5 

Frequency (Hz) 

FIGURE 1. 10: Amplitude spectrum of coupled frequency of a simulated rattleback with 
initial w = [O O ofrad/s and u= [.02 .02 - .9996f 
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FIGURE 1.11: Amplitude spectrum of uncoupled frequency of a simulated rattleback 
with initial w = [O O Ofrad/s and u = [.02 .02 - .9996]r 

Since the coupled frequency for this rattleback is 1.69 Hz , using Equation 1.13, 

we can expect to see a spin resonance at !base = 3.4 Hz. Shown in Fig. 1.12 is a 

plot of steady state spin rate against frequency of base oscillations that shows 

clearly that this indeed is the case. 

https://Eqn.1.29
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FIGURE 1.12: Plot of steady state spin rate of a simulated rattleback against frequency 
of platform oscillation with initial w = [O O Ofrad/s and u = [.02 .02 - .9996f. 

Rattleback parameters in Tab. 1.2 

1.4 PROPOSED APPLICATIONS OF SPIN RESONANCE 

/ 

FIGURE 1.13 : PROTOTYPE RATTLEBACK ENERGY HARVESTER 

The conversion of vibrations (or linear translational motion) to rotations has 

been an important and desirable goal in many scenarios throughout the history 

of science and technology. Large scale examples include the piston mechanism 

and circular gears. In [12], the authors present a simple device, which they refer 

to as "Vibrot", consisting of a mass with 2 or more cantilever "legs" that make 

an angle with the vertical in such a way that placing it on a vertically 
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oscillating surface causes the device to rotate about the vertical axis; via a 

stick-slip mechanism. In [13], Heckel et. al present a circular ratchet with 

asymmetrical saw-like teeth filled with granular material that can achieve 

transduction of vibration into rotations. In [14], Norden et. al present a device 

similar to vibrot that is able to transduce vibrations along the vertical axis to 

unidirectional rotation about the same axis as a result of interaction between 

dry friction and inertia of the device, is analyzed. In [15], Liu et. al propose a 

design for an ultrasonic motor that achieves rotation by using Piezoelectric 

actuation to induce a traveling wave in a cylinder which then causes the 

attached rotor to rotate due to friction. 

Spin resonance can transduce vibrations to rotations and this transduction can 

be achieved very simply. Like many of the designs above, spin resonance is 

dependent on friction- since it is friction that provides the torque that enables a 

rattleback to reverse spin or start spinning. However, the rattleback is fairly 

less complicated- it is a single component that can be easily manufactured 

which makes it ideal for applications for harvesting ambient energy. As a 

prototype for an energy harvester, consider a small rattleback fitted inside a 

disc shaped hole carved in a thick sheet and able to rotate with minimum 

dissipation as shown in Fig. 1.13. The sheet has coils of a ferromagnetic 

material embedded in it as shown and the rattleback is composed of a strongly 

magnetized material. If the sheet is subjected to oscillations in the 

neighborhood of the resonant frequency, then the magnetized rattleback will 

start spinning and it will cause small amounts of electricity to flow in the coils 

because of electromagnetic induction 

Another prototype that the authors would like to propose is a design for a 

sensor. Consider the device in Fig. 1.13 and we have many such rattlebacks 

arranged like an array, each with a different resonant frequency. Figure 2.13 

shows the arrangement. The coils are not shown for clarity. Since the resonant 

frequencies are different , it will be possible to estimate the frequency of base 

vibration by noting the rattlebacks that spin ( and produce current). The 
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FIGURE 1.14: PROTOTYPE RATTLEBACK VIBRATION SENSOR 

accuracy of such an design will depend on the spread of the resonant 

frequencies and the number of rattlebacks used. 

1.5 CONCLUSIONS AND FUTURE RESEARCH 

In this chapter, the rattleback was modeled as a semi-ellipsoid and the 

governing equations of motion were simulated to investigate the behavior when 

the rattleback is placed on an oscillating platform. 

The response of rattleback was found to be composed of two fundamental 

frequencies that appeared irrespective of whether the rattleback was reversing 

spin or building spin from zero spin. Further , only the coupled frequency was 

found to be coupled to the spin and spin resonance was found to occur when 

the frequency of base oscillation was twice that of the coupled frequency. A 

linearized model of the dynamic equations was developed and analytical 

expressions that predict the fundamental frequencies of any given rattleback 

with reasonable accuracy were derived. A simple model for energy harvesting 

consisting of a magnetized rattleback contained within ferromagnetic walls (see 

Fig. 1.13) was also proposed. 
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This opens up scope for further research. An analysis can be done on the 

magnitude of electric power that can be extracted from vibration using the 

configuration in Fig. 1.13. An investigation can also be conducted on the 

efficacy and ability of the prototypical Vibration Sensor (See Fig. 2.13) 

suggested in this chapter to accurately resolve and estimate the frequency of 

ambient vibrations. The dependence between the coupled frequency and the 

spin motion which was found to have higher order nonlinear dynamics in this 

analysis can reveal ways of increasing the extent of coupling and thereby 

maximizing the energy that can be extracted from the vibrating platform and 

channeled into spinning kinetic energy. Further, only sinusoidal oscillations 

were considered in this analysis. Future research can investigate the effect of 

using non-sinusoidal oscillations on the spin resonance. 



Chapter 2 

Energy Harvesting: Arterial blood 

pressure 

"A red rose absorbs all colors but red; red is therefore the one color that it is 

not" 

Aleister Crowley 

2.1 INTRODUCTION 

The principal motivation for this chapter is the development of a chronic power 

source for long-term implantable micro-sensors in the human brain and nervous 

system. Currently, the most widely used neuroimaging interface is 

Electroencephalography (EEG) owing to its low cost, portability and low risk 

[16]. EEG, however, suffers from drawbacks such as low spatial resolution on 

the scalp and poor signal-to-noise ratio. Invasive neural interface modalities 

such as Electrocorticography, suffer from issues as bio-compatibility, risk of 

infection and lack of wireless modes for transfer of data. To achieve truly 

long-term and implantable neural sensing, the most promising modality is using 

micro-sensors implanted in the brain [17]. This chapter proposes a way forward 

for powering chronic, micro and implantable brain sensors by transducing 

arterial distension caused by blood pressure to useful power. For this purpose, 

the carotid arteries which supply blood to the brain, are targeted as ideal 

candidates. 

28 
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Energy harvesting from fluid flow has been researched in many works over the 

years. In [18], an analysis is presented for harvesting energy from the vortex 

sheet induced oscillations of a piezoelectric membrane attached behind a bluff 

body obstructing the flow of fluid. In [19], the authors explore a similar idea 

and investigate energy harvesting in piezoelectric flags acted on by axial flows. 

In [20], composite piezoelectric beams are used to harvest energy from 

vibrations induced by fluid flow. In [21], the authors look at flapping of 

piezo-leafs which act as a generator for harvesting ambient wind energy. The 

also experimentally demonstrate an initial working design of the proposed 

harvester. In [22], Cunefare et. al investigate a harvester directly excited by 

fluid pressure and conduct both theoretical and experimental analysis of a stack 

harvester inside a cavity on the inner surface of a pipeline. The work also 

includes an excellent literature review. 

Most of the works [18, 19, 21 , 20] have concentrated on the wakes behind bluff 

bodies and/or turbulent flow regions as means of inducing vibrations in the 

harvesters. In this chapter, we investigate harvesting useful electrical energy 

from pressure variations in arteries via the piezoelectric effect. Harvesting 

energy from viable energy sources in the Human body itself has been the 

subject of much research in the literature, mainly because of the ability of 

energy thereby extracted to power bio-devices and sensors without resorting to 

external electrical sources. In [23], for example, the authors look at harvesting 

energy from walking. In [24], the authors propose using a bimorph, placed 

proximally to the heart , to convert heartbeat vibrations to electrical energy to 

power pacemakers. 

Although relatively scarce, mechanisms for harvesting energy from blood 

pressure have found mention in the literature. In [25], the authors propose 

attaching a cuff composed of silicone and PVDF around a blood vessel and 

converting the radial deformations of the artery to harvest energy. They also 

experimentally verify their model using a mock artery. However, the power 

harvested is in the order of Nano watts. Further, placing the silicone cuff 

around an artery can be fairly complicated and does not have any precedent 
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medical procedure. In comparison, placing a miniature harvester inside an 

artery will be functionally very similar to using a catheter to place a stent - a 

relatively common medical practice called Angioplasty [26]. In [27], Deterre 

et. al propose using a chamber with a compliant wall that is placed inside the 

left ventricle and deforms in response to changes in blood pressure. The motion 

of the wall causes a set of piezoelectric spiral beams inside the chamber to 

deform and generate power. However, we believe the design is inferior to our 

design because the peak harvested power is ~ .05 µW. The authors report an 

energy density per cycle (for the 10- spiral design) of 3 µJ/cm 3 which, with an 

effective volume of 11 mm3 and a frequency of 1.5Hz gives us the number 

reported above. In [28], the authors conceive a very similar design for 

transducing blood pressure changes to electricity by arranging an array of small 

capacitors inside a cylinder. The deformations of the corrugated surface cause 

the capacitance to change and thereby induce a current. In [29], an energy 

harvester is proposed that uses an electrically conductive fluid which is 

arranged in 2 compartments around an artery. Arterial deformations cause the 

fluid to flow between compartments and the tubes connecting the 

compartments have magnets arranged to create a magnetic flux that causes 

currents to flow in the fluid. The peak power harvested was reported to be in 

the order of Nano watts (10-9 W). In [30], the same authors report an 

optimized version of the harvester that generates a peak power of 30 µ W for 

an arterial radius of 5 mm. Although the harvested power is significant, the 

mechanism and harvester geometry are significantly complicated - consisting of 

two chambers, magnets , and a connecting duct, all around the artery unlike the 

harvester proposed herein which effectively comprises a single component. 

In this research , for the first time in literature , we shall investigate the efficacy 

of using a novel , circular, composite piezoelectric beam, placed within a blood 

vessel, which undergoes bending vibrations and produces power via the 

piezoelectric effect. A crucial obstacle was the design of a harvester that 

maintains its circular shape while bending under pressure loading. Such a 

design was deemed necessary to reduce the risk of arterial tissue rupture and 

ensure the safety of the implant. We develop a tapering design for the curved 
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beam harvester that is thickest at the center and thins towards the edges which 

is shown to remain circular under radial pressure loading. We also constrain the 

thickness of the harvester such that the stiffness corresponding to radial loading 

is significantly less than that for the enclosing artery. This constraint was 

judged to be crucial so that the presence of the harvester does not appreciably 

change blood flow characteristics in the artery. In addition, the theoretical 

analysis is validated by a 3D-FEA model of the harvester by comparing 

theoretically predicted values of power and induced strains with numerical 

values. 

The principal motivation and proposed applications of this research are 

three-fold: (1) To develop an energy harvester capable of powering 

micro-sensors1 particularly in the Brain. Recently, in a breakthrough work, 

[31 , 32], Seo et. al propose using a fleet of sensors (in the µm range), 

nicknamed "Neural Dust" that will internally monitor brain states and record 

chemical and physiological data. In [33], the author proposes a similar neural 

sensor with a power requirement of 10.5µW. In [34], Mark et.al describe in 

detail the issues and obstacles in powering small mm- range implantable 

devices. The authors also implement a 1 mm3 proof-of-concept wireless neural 

transponder with a radio link. (2) As a power source for chronic1 implantable 

Brain micro stimulation device. Brain micro stimulation is the use of extremely 

small currents, in the micro ampere range, to excite 1 or more neurons for a 

specific purpose. Micro stimulation has shown promise for treatment of 

Parkinson's disease [35], Epilepsy ([34]), spinal cord injuries and neurological 

disorders [36]. The power requirement of stimulating a single neuron is less 

than 1 µW [34]. (3) As a chronic1 implantable arterial blood pressure monitor. 

The induced voltages on the harvester are related to the blood pressure and 

abnormalities in the same can be measured. The proposed device thus can 

provide real time, continuous, and powered with a transmitter, wirelessly 

transmitted blood pressure data which will be an asset in monitoring patients 

with hypertension and heart-stroke risk. In [37], Cong et. al propose an 

implantable, instrumented, fluid filled elastic cuff around an artery to monitor 

blood pressure variations. The measuring device is a MEMS pressure sensor. In 
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[38], Yu et. al conduct a comprehensive review of state of the art chronic 

implantable pressure sensing mechanisms. 

This chapter concerns itself chiefly with the theoretical analysis, numerical 

validation, and simulations of the harvested power for the proposed harvester 

which is seen as the first step for implementation of the motivation and 

applications listed above. To this end, the Carotid arteries are good candidates 

for implantation of the device because of their proximity to the brain. We 

evaluate the power in the Carotid artery and also in the Aorta, which is the 

largest artery in the body, as an upper limit of feasible power. The outline for 

this chapter is as follows. In section 2.2 we briefly summarize some previous 

harvester geometries we considered and the obstacles we faced in implementing 

them in a viable manner. Section 2.3 outlines the harvester, the salient points 

of the geometry, the assumptions and the dynamic equations. In section 2.4 , we 

discuss the harvested power for the Carotid artery and the Aorta. We also look 

at the variation of power with changes in pulse rate, harvester width, arterial 

radial strain and load resistance. In final section, we conclude the chapter and 

pitch some ideas for further research. 

2.2 PRELIMINARY DESIGNS 

The initial model for the harvester was based on the design for a stent. A stent 

is a small mesh tube that is positioned inside arteries to prevent clogging and 

improve blood flow. Initially, the harvester was a cylinder composed of a 

piezoelectric material that was to be positioned inside a blood vessel [39]. The 

harvester shape is shown in Fig. 2.l(a) . Blood pressure was assumed to be 

radially directed and caused the harvester to deform and therefore, via the 

piezoelectric effect, produce small amounts of power. The piezoelectric material 

was assumed to be PVDF. Variational energy method was used for the 

derivation of governing equation [39]. This gives us 4 equations which govern 

the dynamics of a composite cylinder comprising a substrate and a piezoelectric 

material 
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Where C and D are the cylinder bending stiffness [40]. u, wand v are the 

longitudinal , radial and tangential displacements , R is the radius of the 

cylinder, p is the material density, v is the Poisson's ratio , h is the cylinder 

thickness and V is the induced voltage in the piezoelectric material. The 

voltage equation can be written as 

(2.2) 

Where C0 is the capacitance of a cylinder with radius R , thickness h and length 

L and can be shown to be 

(2.3) 

To simplify the analysis, it was assumed that the harvester deforms only 

radially since the pressure (given the small length of the cylinder) is uniform. 

Pressure in hydraulic pipes , pressure in blood vessels is ax:issymmetric and as 

such the pressure variation will only excite ax:isymmetric modeshapes of the 

piezoelectric cylinder. Further , the pressure over the inner surface of the 
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cylinder is uniform, i.e., does not vary with respect to x and 0. f x, !0 and f z 

are the pressures acting on the cylinder along the axes x, 0 and i . The terms fu 

and f0 are zero everywhere. Thus, we can write 

(2.4) 

Where P(t) is the radially directed pressure as a function of time and is 

constant over the surface area. In modal coordinates, therefore , the 

contribution from all other modeshapes to the steady state response is zero 

except for the axissymmetric modeshape where the cylinder moves radially 

inward and radially outward uniformly. This modeshape of the cylinder can be 

described by 

U(x, 0) = 0, V(x, 0) = 0, W(x, 0) = w0 (2.5) 

We shall refer to this mode as the Extensional mode. The governing equations 

for the extensional mode( also called the radial breathing mode) of a cylinder 

can be obtained by using Eqn. 2.5 in the equations of motion. We, thus, have 

i~ ,i~ ,~: and other higher order derivatives as zero and we end up with 

C
--w+f =phw (2.6)R2 z 

We have ignored the piezoelectric term for now. The frequency of vibration 

associated with this modeshape can be obtained by setting w = wocos(wet) and 

we can solve for the extensional frequency, W e as 

(2.7) 
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This denotes the radial breathing mode (RBM)[41 , 40] and is characterized by 

a very high natural frequency that is inversely proportional to its radius. 

Equation 2. 7 is actually valid in its entirety only to circular cylinders of infinite 

length. For cylinders of finite length, the derivatives i:, i:1!}_ etc. are not exactly 

zero as was assumed while obtaining Eqn. 2.6. For example, we found that even 

for a relatively soft material as PVDF, the RBM frequency was 

Wn ~ 21r 24000 Hz for a radius of 1 cm. 

The large stiffness is caused by hoop stress and as a way to decrease the natural 

frequency we proposed cutting the cylinder along the longitudinal direction to 

essentially obtain a curved beam with an opening angle of 360 deg, shown in 

Fig. 2.l(b) . Essentially, our model lost its radial symmetry and the harvester 

became a curved beam placed inside an artery and undergoing bending 

vibrations in response to blood pressure. This will decrease the natural 

frequency because when the cylinder is undergoing vibrations in the extensional 

mode , the restoring force is the hoop stress created in the thin cylinder. 

Cutting the cylinder reduces the value of this force , causing the natural 

frequency to drop significantly. For example, for the cylindrical harvester 

described above, the natural frequency Wn ~ 36000 H z . However for the curved 

beam geometry with the very same physical dimensions , the natural frequency 

reduces to Wn ~ 44 H z . 

The dynamics of the streaked stent can be described by modeling it as a 

circular curved beam (some authors use the term "circular arch"). Several good 

works on the vibrations of circular beams and arches exist. An excellent 

theoretical formulation for solving the vibrations of a circular arch is presented 

in [42]. Several computational works, mostly employing the finite element 

method, are [43]. Also see [44] for an overview of the governing equations of an 

elastic curved beam. The equations for a piezoelectric curved beam are 

presented in [45]. They are similar to the equations in Eqns. 2.1 except for the 

difference that longitudinal displacement is zero and displacement boundary 

conditions appear at the edges. The equations are 
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FIGURE 2.1: (a) Cylindrical harvester and (b) Curved beam harvester (c) First mode
shape of uniform, circular, curved beam 
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R is the radius of the circular arch. h and b are the thickness and width of the 

arch cross-section respectively. E and p are the young's modulus and material 

density respectively. R 1 and V are the shunt resistance and the voltage 

produced while C0 is the capacitance of the cylinder described by Eqn. 2.3. To 

determine the harvested energy, it is necessary to obtain the natural frequencies 

and modeshapes corresponding to Eqn. 2.8. The solution then proceeds by 

substituting the modal solution into Eqn. 2.8, multiplying the equations with a 

general pth modeshape and integrating over the domain from 01 and 02 , which 

gives, for the u equation 

Where the complete solution u(0 , t) is expanded in terms of modal functions as 

u(0 ,t) = 'I:/;i=Ouk(0)TJk(t). Since the modeshape uk(0) satisfies the mechanical 

part of the governing equation, we can write 

(2.10) 

where Wk is the natural frequency corresponding to the modeshape uk(0). 

Because the modeshapes are orthogonal , the summation drops away and if we 

introduce nominal damping, we obtain 
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(2.11) 

A similar equation can be obtained for w in terms of the modal coordinate T/k(t) 

and we add it to Eqn. 2.11 to get 

(2.12) 

Where 

fl, ~ { ' Wk(0)d0 
(2.13) 

K,k = e32b(uk(02) - Uk(01) + /3k) 

In this research, we have considered only the effects corresponding to the first 

mode given that the forcing is radially symmetric and as such the summation 

drops away( k = 1). This is a common approximation in energy harvesting 

literature [46]. The first modeshape is shown in Fig. 2.l(c) . Using modal 

analysis we were able to obtain a transfer function relating the applied pressure 

to the closed circuit voltage [39] 

V(s) 
(2.14)

P(s) 

However, to the best of the authors knowledge, there is no method available, to 

include the contact behavior between the harvester and the blood vessel. Blood 

vessels , in general, are very compliant [47], with radial strains of up to 13 % 
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and this implies that the contact behavior between the innermost arterial 

surface and the harvester will be reasonably complex and involve sliding 

between the surfaces. Further, the first mode shape for the curved beam (shown 

in Fig. 2.1 ( c) ), which was used to derive the transfer function relating 

harvested power and pressure, is obtained under the assumption of a free-free 

beam unconstrained to deform under radial pressure. There is no reason, 

however, to believe that the modal analysis results will hold once the harvester 

is placed inside the blood vessel. Particularly, the deformed mode shape of the 

beam must conform to the shape of the deformed blood vessel , which would 

require it to maintain its circular shape (albeit at a larger radius). However, we 

found that a uniform, circular curved beam does not retain its circular shape 

when deflecting under radial pressure and as such the possibility of arterial 

damage and rupture cannot be completely ruled out. Our final harvester 

geometry is based on all these considerations and, to evaluate the harvested 

power, we use quasi-static assumptions (instead of modal analysis) since the 

forcing frequency is typically 1 H z which is significantly lower than the natural 

frequency. 

2.3 CURVED BEAM HARVESTER 

The proposed harvester consists of two circular curved beams, bonded to form a 

bimorph, with an opening angle of 360 deg. Figure 2.2(a) shows the harvester 

and Fig. 2.2(b) shows the harvester placed inside an artery (purposefully made 

transparent). The two curved beams are bonded with epoxy or similar 

adhesive. This is necessary to ensure that the strains induced due to bending, 

on either side of the neutral axis , do not cancel out. The following assumptions 

apply: -

• The harvester is assumed to stay in contact with the arterial wall at all 

times. 
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• The stiffness of the harvester, relative to the stiffness of the artery is small. 

Hence, we assume that the presence of the harvester does not significantly 

change the dynamics of arterial wall. 

• The thickness of the harvester is significantly lower than the radius and 

therefore the neutral axis is assumed to lie in the center of the cross-section 

and the bending strains are assumed to vary linearly with distance from the 

neutral axis. 

Curved beam harvester 

(b) 

FIGURE 2.2: (a) Curved Beam Harvester (b) Harvester inside artery 

2.3.1 Kinematics of motion 

Our system thus comprises a circular curved beam fitted inside an artery which 

is modeled as a cylinder. A schematic showing the initial and final positions of 

the artery and the cylinder are shown in Fig. 2.3. The artery and the harvester 
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initially have a radius, ri. When blood pressure peaks (systole), the artery and 

the harvester deform radially and the final radius is rf · Note that the shape of 

the harvester in both the cases is circular. A cylindrical coordinate system is 

used for the analysis - the first axis 0 is along the tangential direction and, the 

second and third axes, z and f, are along the width and along the normal 

direction respectively ( thus, the piezoelectric poling axis along the f is made 

the third axis, to be consistent with literature). 

FIGURE 2.3: Initial and final configurations of harvester placed in artery 

Although, in curved beams, the centroidal axis and neutral axis are, in general, 

not coincident, when the thickness, h is significantly less than the radius 

(i, << 1) we approximate the neutral axis to line in the center as for a straight 

beam [48]. For example, consider a curved beam with rectangular cross-section, 

the radius of curvature of the neutral axis is r = ~h(hich reduces to
ln r2 

ri 

r Rj r 1 + h/2 where r 1 and r 2 = r 1 + h are the inner an outer rad~i respectively 

and h is the beam thickness. Let us denote the tangential ( along 0) and radial 

displacements to be u and w respectively. Since the enclosing cylinder expands 

to rf, the resulting displacements, from geometry, are given by 

u(0i) = r1(01 - 0i) 
(2.15) 

w(0i) = r1 - ri 
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Where 0f is the angular coordinate shift and is given by 0f = ~. The 

tangential strain, for the circular, curved beam is given as [44] 

1 au z au a2w 
50 ~ (2.16)

ri (~ + 30 + ri [30i - 30f]) ( 

Where S0 denotes the tangential strain and is the sum of membrane strains and 

bending strains. z is the radial coordinate along the thickness. By substituting 

Eq. 2.15 in Eq. 2.16 , the bending strain ( along 0) and corresponding stress can 

be shown to be 

1 1 
S0 ,bending = - Z (- - - ) 

Tj Ti 
(2.17)

1 1 
T0=-Epz(---) 

TJ Ti 

Where EP is the elastic modulus of the piezoelectric material. The bending 

moment, then, by extension can be obtained by integrating over the 

cross-section as 

(2.18) 

Where I is the moment of inertia of the cross-section. Eq. 2.18 is an 

approximation for sufficiently thin beams and in thick curved beams, the 

neutral axis does not lie on the centroidal axis and the strain varies 

hyberbolically with distance from neutral axis. To check the applicability of Eq. 

2.17, we used FEM software ANSYS to simulate the displacements and strains 

in a curved beam placed inside a radially deforming cylinder. Sliding contact 

was used at the interface between the curved beam and enclosing cylinder and a 

radial pressure was exerted on the cylinder as shown in Fig. 2.4( a) . Fig. 2.4(b) 
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shows a reasonably good match between the analytical strains and those 

obtained via FEM and this lends credence to Eq. 2.17s validity in this problem. 

□•. --.:=====:Jo.o1(m) 

0.005 

(a) 

,:1 
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.... . . Q.) 
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.s 
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·;; -~---~ ·-.... 
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~~s=o---- -s*o----o----~s~o----1~0~0---~1so~1~0~0---_ 
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FIGURE 2.4: Circular curved beam(shown in green) placed in a radially deforming hol
low cylinder: (a) FEM model (b) Tangential bending strain(S0 ) compared with Eq 2.17 

2.3.2 Governing Equation 

As mentioned in section 2.2 , the issue of the deformed harvester conforming to 

the circular arterial wall needs to be tackled. To design a beam that suits our 
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purpose we note that the cross-section variation must be such that the bending 

moment varies as required for a uniform loading along the arc length. A simple 

analysis will show that for a uniform pressure, p0 ( or a uniform loading per unit 

length of p0b, b being the width), the bending moment, in a curved beam, is 

given as 

M(0) = p0br2 (1 + cos(0)) ( (2.19) 

Where r is the radius and 0 is the angular coordinate. If we equate the Eq. 

2.19 with the bending moment obtained from the kinematic analysis in Eq. 

2.18 , assume the thickness to be a function of 0, and compare the equations for 

a given 0 and 0 = 0, we have 

(2.20) 

(2.21) 

Now, we are in a position to solve for the thickness as a function of 0 and we 

obtain Eq. 2.22 . 

(2.22) 

Where ho is the maximum thickness which occurs at 0 = 0 and 0, the angular 

coordinate varies from -180 deg. to 180 deg. Eq. 2.22 is thus the profile of a 

circular curved beam that retains its circular shape after deforming under radial 

pressure and now we are in a position to write down the displacements and 

surface strains for the beam under such a loading. First , we calculate rf, using 

Eq. 2.21 and then the strains. 
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1 
T'J -- 1 2por; b 

-;::; + Ebh5 / 12 (2.23)
1 1 

S0 = h(0) (- - - ) ( 
T'J T'i 

The next step is to derive the governing equations relating the induced voltage 

to the blood pressure and motions of harvester. Blood pressure in healthy 

humans varies , on average, from 120 to 80 mm of Hg. This translates to 

2500 Pa. As a response to the variation in pressure , arterial walls deform 

radially. Arterial walls are very elastic and can exhibit radial strains of as much 

as 13% in healthy adults [47]. Mathematically, TJ = 1.13ri. 

The important point to note is that to simplify the dynamics, we assume the 

presence of the harvester does not significantly change or modify the dynamics 

of the arterial wall. But an important question now arises - how do we ensure 

that this assumption actually holds? To address this , we limit the thickness of 

the harvester such that it is significantly more compliant than arterial wall. We 

set the constraint that the radial deformation of the harvester under 25% of 

maximum pressure loading, which turns out to be 625 Pa , should be at least 

greater than the arterial wall deformation. Mathematically, 

(2.24) 

Where p0 is set to 625 Pa. The assumption that the harvester stiffness is 

negligible compared to arterial stiffness essentially decouples the system and 

reduces the problem to a known strain problem. In essence, we are assuming, 

that the motions of the harvester do not influence the motions of the artery. A 

very similar scenario is analyzed in [49]. The author looks at the possibility of 

harvesting energy from vehicle induced vibrations of a bridge, using a 

piezoelectric patch attached to bridge which is modeled as simply supported 

beam. Since the presence of the patch does not affect the bridge vibrations , the 
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mechanical and electrical equations are completely uncoupled. The strain is 

evaluated from modal analysis and is used to evaluate the harvested power. 

A similar analysis is applicable here. The radial deformations of the artery are 

known and therefore the strains induced in the harvester are known. The radial 

direction is the direction of polarization and, therefore, the tensor form of the 

piezoelectric constitutive equations reduce to 

(2.25) 

Where D3(0) is the electric displacement along the radial direction. S0 is the 

tangential bending strains defined in Eq. 2.17 and E 3(0) is the electric field 

along the radial direction. t:33 and e31 are the electrical permittivity and the 

piezoelectric stress coefficient for the material respectively. Note that both the 

normal strain (S0) and the electric field (E 3 ) are functions of 0 because of the 

variation in thickness. Using the integral form of Gauss's law and substituting 

for D3(Eq. 2.25), we obtain 

(2.26) 

(2.27) 

Where R1 is the load resistance. Ce is the equivalent capacitance for one half of 

the harvester, and the thickness being h(0) / 2, leads to 

(2.28) 

Where t:33 is the dielectric permittivity of the piezoelectric material along the f 

- direction and h(0) is the thickness described by Eq. 2.22 . a is the opening 

angle. Note that the strain S0 was derived in Eqn. 2.17 and is used to evaluate 

the time derivative term and we obtain the final governing equation as 
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(2.29) 

Where h* = J(i(0)d0. The equation is essentially an R-C circuit with the 

excitation ter~ involving both r1(t) and f 1(t) terms which are arterial radius 

and arterial rate of deformation (or velocity) respectively. Solving Eq. 2.29 for 

a harmonic excitation can give us some insight as to the expected trends in 

harvested power ( of course, the variation of arterial radius for the purposes of 

estimating harvested power is obtained from blood pressure data and is not 

harmonic. See section 2.4) and we write 

dV V 
Ce-d + -

t R1 
= Asin(wt) (2.30) 

A
V(t) = ---;=::;====~sin(wt + ¢)

;w2 + 1/Ri 
(2.31) 

V _ 
opt -

AR1,apt 

v'2 
A 

Cewv'2 (2.32) 

Where A and w are the amplitude and frequency of the harmonic excitation 

respectively. R1 ,opt and Vmax are the optimal load resistance and the maximum 

voltage amplitude. 

In this section, purely from kinematic assumptions, we derived a framework for 

predicting the strains and the induced voltage in the curved beam harvester 

undergoing bending vibrations inside an artery. The harvester stiffness was also 

taken into account and we were able to come up with a pressure constraint (Eq. 

2.24) that acts as a filter for harvester geometries that are very stiff and, 

therefore, will change the arterial wall deformation. Further, the tapering shape 

( derived in Eq. 2.22) was numerically shown to maintain its circular shape under 

deformation to radial pressure. This requirement was deemed necessary to 

minimize the risk of arterial rupture and tear. The next important step is to 

validate the analysis and we use the FEM (Finite Element Modeling) software 

MAPDL (a subset of package ANSYS) for this purpose. 
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2.3.3 Validation using MAPDL 

For the purpose of validation, a model of the harvester was built and MAPDL 

was used to obtain the tangential strains (S0) and the mean power. The 

geometry was constructed as per Eqn. 2.22 with ho = 0.22 mm with each beam 

having a maximum thickness of 0.11 mm. To simplify the geometry, the 

cylinder was not included in the model and only the harvester was considered. 

The radius and width (b) were r = 1.6 cm and b = 2 cm respectively. For the 

purpose of simulating conductive coating on the outermost and innermost 

surfaces of the harvester, a voltage coupling constraint was used while the two 

intermediate surfaces were mechanically bonded using bonded contact. A 

voltage boundary condition (VOLT=0) was used on the intermediate surfaces 

to set the electric potential to ground. In addition , the resistor ( CIRCU94 

element) nodes were connected to the outermost surface and one of the 

grounded surfaces thereby closing the circuit. The piezoelectric beams were 

meshed using 10080 SOLID226 3D elements. Fig. 2.5(a) shows a screen-shot of 

the elements used in MAPDL with the resistor labeled R0 . 

The simulation was run for different values of the load resistance for a harmonic 

pressure excitation of p(t) = 625cos(21rt) Pa on the innermost surface and the 

average power, closed circuit voltage and tangential strain were recorded. 

Analytical values for the strain, average power and voltage were computed for 

the same geometry and forcing using Eq. 2.29 and 2.17. Plots comparing the 

analytical and FEM results for Power , voltage and tangential strain are shown 

in Fig. 2.5(b) , 2.6(a) and 2.6(b) . It can be seen that the average power and 

strains match reasonably well and including only the e31 piezoelectric coefficient 

leads to a better match which makes intuitive sense. 

Further, the natural frequency corresponding to the requisite mode shape, was 

found to be fn = 152 H z . The natural frequency for thickness ho= 30 µm , 

which is thinner than any harvester considered herein, was found to be 

fn = 38.4 H z which is more than an order of magnitude higher than the pulse 

rate. Further , the natural frequency for the harvester corresponding to Carotid 
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Parameter Value Parameter Value 
r;(Carotid artery) 4mm EP (MFC) 45 Gpa 

r; (Aorta) 1.6 cm e31 (PZT-5H) - 16.1 
b ( Harvester width ) 2cm e31 (MFC) -8.2 

EP (PZT-5H) 60.9 Gpa E33 (MFC , PZT-5H) 1850, 3400 

TABLE 2 .1: Parameters and dimensions of harvester used for simulations 

artery, because of t he smaller radius, will be higher. T his shows t hat t he 

quasi-static assumpt ions used to evaluate t he power are an acceptable 

approximation. 

- Analytical 
···· ······ FEM 
___ FEM-e only 

31 

Load resistance in ohms 
(b) 

F IGURE 2 .5 : Model validation: (a) Screenshot of FEM elements in MAPDL and Com
parison of analytical and FEM results for (b) Average power (c) RMS voltage and (d) 

Induced bending strains on the outermost surface(S0 ) with R 1 = 106ohm 
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F IGURE 2 .6 : Model validation: (a) Screenshot of FEM elements in MAP DL and Com
parison of analyt ical and FEM results for (b) Average power (c) RMS volt age and (d) 

Induced bending strains on the outermost surface(S0 ) with R 1 = 106ohm 

2.4 HARVESTED POWER AND OPTIMIZATION 

In t he previous section , we derived t he governing equations of motion for a 

curved beam bimorph undergoing bending vibrations inside a cylinder and 

validated t he harvested power and t he strains using 3D-FEM. Next, we are 

interested in obtaining t he power wit h t he harvester vibrating inside a blood 

vessel. As ment ioned in t he introduction , one of t he major motivations for t his 

research was in developing an energy harvester for powering embedded 

micro-sensors t hat measure and record physiological data inside t he brain. It is 

important , t herefore , t hat t he source of t his power lie close to t he head region. 

A very attractive option , in t his regard, are t he left and right Carotid artery. 

T he carotid arteries supply blood to t he brain and are located on eit her side of 
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t he neck. In t he remainder of t his section , we look at opt imizing t he harvester 

for maximal power extraction from t he carotid artery. As a ceiling for t he 

feasible harvested power , we also look at t he Aorta, which is t he largest human 

artery in t he human body. 

It is obvious t hat t he radius of t he artery varies as a function of t he blood 

pressure and must reach t he maximum at systole. Arterial walls however 

exhibit nonlinear elasticity and t he relationship between blood pressure and 

arterial radius is likely complicated [50]. However, as an approximation , we 

assume t hat arterial radius varies linearly wit h blood pressure. Blood pressure 

data was obtained from [51] and, t hen , based on a undeformed radius for t he 

Carotid artery of 4 mm [47] and a strain of 12 % [52], arterial radius, r1(t) and 

r1(t ) as a function of t ime are plotted in Fig. 2.7(a) and 2.7(b) respectively. 
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F IGURE 2.7: Arterial radius, r1(t) and velocity, f1(t) for Carotid artery as a funct ion of 
t ime. 
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Material/ Artery her from Eq.2.24 Peak power(h = her) 
MFC in Carotid artery 57 µm 6.95 µW 

PZT-5H in Carotid artery 52.7 µm 11.78 µW 
PZT-5H in Aorta 206 µm 203.4 µW 

TABLE 2. 2: Peak power and critical thickness( her) for various arteries and materials 

2.4.1 Harvested power in Carotid artery 

We evaluate the harvested power by integrating Eqn. 2.29 for parameters 

relevant to the carotid artery as tabulated in Table 2.1. The mean power for 

various thicknesses of the harvester is plotted as a function of the shunt 

resistances in Fig. 2.8(a) and Fig. 2.8(b) . We evaluate the power using the 

piezoelectric materials PZT-5H and MFC (Macro Fiber Composite with volume 

fraction of 80 % SONOX P502 ). The power curves which violate the pressure 

constraint , Eqn. 2.24 namely, that the harvester's radial stiffness should be 

25 % of arterial stiffness are shown in dotted lines. Based on the pressure 

constraint , the critical thickness , her and the maximum viable power(at 

h = her) are tabulated in Table 2.2. The critical thickness, her is slightly more 

for M FC because of a smaller Youngs modulus (hence more compliance) but 

that does not translate into higher values of power because of a smaller 

coupling coefficient. 

It can be seen that the optimal resistance is ~ 105 ohm. For thinner harvesters, 

the optimal resistance migrates to smaller values which can be explained by 

noting that thinner harvesters will have a larger capacitance and therefore a 

smaller optimal resistive load. 

For most applications a power of lµW is considered the minimum baseline for 

the harvester to be a viable alternative to batteries and the harvested peak 

power (especially for PZT-5H) is an order of magnitude greater than that. 

Additionally, a potential tenfold increase in power could be obtained by using 

power management electronics [53 , 54]. 
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FIGURE 2 .8 : Carotid Artery: Time-averaged harvested power as a function of load re
sistance for (a) PZT-5H and (b) MFC. The dotted lines represent power curves which 

violate the pressure constraint , Eqn. 2.24 
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2.4.2 Harvested power in Human Aorta 

The aorta is the largest artery in the human body and has a radius of almost 

1.6 cm [55]. We evaluate the harvested power by integrating Eqn. 2.29 and for 

the parameters as tabulated in Table 2.1. The power for various thicknesses of 

the harvester is plotted as a function of the shunt resistances in Fig. 2.9 . The 

power curves which violate the pressure constraint, as in Eqn. 2.24 are shown 

in dotted lines. The peak power is a relatively high value of 203.4 µW 

- ho = 122 µm 
- ho = 164 µm 
-ho = 206 µm 
····ho = 248 µm 

10-4~~~~~~~~~~~~~~~~~~~~~~~~ 

1i 1~ 1~ 11 1~ 1i 1~ 1~ 

Load resistance in ohms 

FIGURE 2.9: Aorta: Time-averaged harvested power as a function of load resistance for 
PZT-5H in the Aorta. The dotted line represent power curves which violate the pres

sure constraint , Eqn. 2.24 

2.4.3 Variations due to pulse rate, harvester width and optimal resistance 

The width of the harvester is an important parameter. The harvested power for 

various values of the width, b, evaluated for the Carotid artery are plotted in 

Fig. 2.10( a) . Even for a relatively small width of 6.4 mm, the harvested power 

is reasonable(a peak power of 5 µW). We believe, a width of 1 - 2 cm would be 

ideal for most applications. Harvesters longer than 2 cm would harvest more 

power but might increase the risk of complications such as stent thrombosis and 

myocardial infraction [56]. 

Some insight can be obtained by analysis of the result for harmonic excitation 

in Eqn. 2.32 . Notice that the peak voltage does not change with the harvester 

width (Vmax = CA ) since both A, the excitation amplitude, and Ce are 
eW 

proportional to b. But the peak power (vi't) does increase with b because the 
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optimal load resistance decreases with increase in capacitance ( wider 

harvesters). In addition, for higher values of load resistance, having a larger b 

does not translate into higher power because the 1/ R 1 term in the denominator 

in Eq. 2.31 becomes insignificant relative to the capacitance term. 

- b=3.9 cm 

- b=2.2 cm 

. b = 6.4 mm 

- b= 1 mm 
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FIGURE 2.10: Carotid Artery: Harvested mean power wit h PZT-5H wit h variation in 
(a) the harvester widt h b. (b) Pulse rate and(c) load resistance R1 

We are interested in looking at the robustness of the harvester to variations in 

pulse rate. The fundamental frequency for blood pressure data in [51] was 

f n = 0.89 H z . However, in practice , quite a lot of variation in blood pressure 
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rate can be expected because heart rate is affected by many physiological and 

chemical phenomena. Fig. 2.11 shows the variation in harvested mean power 

with the pulse rate in x-axis varying from 10 times to one-tenth of the nominal 

value. We also look at the expected power variation with harmonic excitation 

(Eqn. 2.31) with the amplitude set to have the same power at the fundamental 

frequency. 

It is interesting to note that the harvester is less robust when blood pressure 

excitation is used. For lower values of the excitation frequency, the power for 

harmonic excitation asymptotically approaches the static value which makes 

sense because the excitation frequency is less than the time constant for the 

system(T = R 1Ce= 8.1 s ). For the blood pressure excitation, it is important to 

notice that, the harvested power is greater than 1 µW for frequencies as large 

as 5 times the normal pulse-rate. This is one of the chief advantages of 

non-resonant operation of energy-harvesters because it is possible to have a 

significant leeway in the design process since the precise tuning of natural 

frequency to the excitation frequency is not necessary. Resonant harvesters ( 

even non-linear ones ) are likely to also have a smaller bandwidth over which 

they harvest viable power. The power harvested at slower pulse rates is higher, 

and approaches 30 muW at one-fifth the normal pulse rate. 

Next, we look at the optimal load resistance for the harvester. Fig. 2.12(a) 

shows the variation in power with load resistance. The optimal resistance for 

harmonic excitation (Eqn. 2.32) is plotted in red and it is somewhat larger than 

the optimal load for blood pressure excitation. This shows that even though, 

the excitation for Eqn. 2.29 is not harmonic, for estimation purposes, the 

optimal load resistance can be approximated by using Eqn. 2.32 and setting the 

excitation frequency to the fundamental frequency of blood pressure variation. 

2.4.4 Variation due to arterial contractility 

As mentioned in section " Introduction", one of the proposed applications is to 

use the harvester as a real-time, implantable blood pressure monitor. To that 

end, we look at variation of the induced voltage with arterial radial strain 
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- Human blood pressure excitation 
- Harmonic pressure excitation 

10-1~--~--~~-~~~~~---~-~~-~~~~ 
101 

Normalized Pulse rate 
10-1 10° 

FIGURE 2.11: Harvested mean power in Carotid artery with PZT-5H as function of 
pulse rate. Load resistance, RI = 105 ohm and ho = 52. 7 µm 
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FIGURE 2.12: Harvested mean power in Carotid artery with PZT-5H as function of 
load resistance. ho = 52. 7 µm 

(arterial contractility). Radial strain can vary significantly from 4.5 % to 13 % 

as function of age and health in subjects [52]. Fig. 2.13 shows the variation of 

induced voltage against percent radial strain, which is varied from 3 % to 16 %, 

and the trend is linear. Thus, this forms an effective way of estimating the 

radial deformation of the enclosing artery in real time. 

The linear variation can be explained by noting the excitation term for Eqn. 

2.29 as --2
1

e31brj
TJ 

h* and assuming a harmonic variation in radius of the form 

r1(t) = r i + l::::,.rcos(wt) with 'rJ = -1::::,.rsin(wt). If we ignore l::::,.r as small 

compared tori in the denominator, the excitation term can be written as 
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-½e31 b-~r~in(wt ) h* which makes the excitation directly proportional to tlr. And 
i 

this leads to a linear proportionality between the voltage and the radial strain. 
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FIGURE 2.13: Carotid artery: Induced voltage variation with change in arterial radial 
strain. Material= PZT-5H. Rl = 109 ohm and ho= 52.7 µm 

2.5 CONCLUSIONS 

We have proposed and studied, in this chapter, a novel idea for a harvester 

capable of extracting energy from the motions of arterial walls. The harvester 

operates , quasi-statically and, therefore, has a larger bandwidth than harvesters 

with resonant methodology of operation which would involve careful tuning of 

the harvester to the excitation frequency. The motivation for this research was 

primarily the design of an energy harvester for powering embedded 

micro-sensors in the brain that measure neural and physiological data and , as 

such, the left and right carotid arteries were selected as viable candidates for 

the implantation of the proposed harvester. 

The harvester geometry was a circular, curved bimorph composed of two 

piezoelectric curved beams bonded at the center line. One of the important 

constraints was the design of a harvester that would maintain its circular shape 

while deforming under a radial pressure and this obstacle was overcome by 

developing a tapering curved beam specifically suited for this purpose. The 

tapering geometry was validated by comparing the induced strains obtained 

from an FEM simulation to analytical results. Gauss's law in the integral form 

was used to relate the induced voltage on the conducting surfaces to the strains 
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which allowed us to obtain a closed form first-order equation relating the 

induced voltage(V) to the radial deformations of enclosing artery. In addition , 

the harvester stiffness was constrained to 25 % of the arterial wall stiffness to 

ensure that the arterial wall dynamics do not appreciably change. The 

theoretical analysis was validated using a FEM model of the harvester and it 

was found that the induced bending strains and the harvested power agreed 

reasonably well with the predicted values. 

Based on the theoretical model, we performed a comprehensive design analysis 

of the harvester. It was found that PZT-5H was the best material owing to its 

relatively high electro-mechanical coupling coefficients. The critical thickness 

(her) for PZT-5H was found to be 52. 7 µm when implanted in the Carotid 

artery and the peak harvested power was recorded to be 11.78 µW. Harvested 

power corresponding to MFC was lower by a factor of 2. Note that we report 

the raw power here and an additional 10-fold increase in power could be 

achieved by using power management electronics. We also looked at the 

sensitivity of the harvester to variations in pulse-rate and we found robust 

performance (Power > 1 µW) for pulse rates 5 times larger than normal. The 

harvested power for slower pulse rates was larger , approaching 30 µW at pulse 

rates 5 times slower than normal. We also looked at the effect of arterial 

contractility on the induced voltage and the relationship was found to be linear. 

Several key issues need to be looked at in future research. An analytic 

framework that takes into account the stiffness of arterial walls would be the 

next step. More accurate modeling can be achieved by including non-linear 

elasticity of arterial walls. An experimental validation using macroscale 

geometry would add further rigor to the results presented herein. 



Chapter 3 

Energy Harvesting: Stochastic analysis 

"If you can serve a cup of tea right, you can do anything." 

George Ivanovich Gurdjieff 

3.1 INTRODUCTION 

Energy harvesting is the act of scavenging small amounts of power from the 

ambient energy in the environment. This chapter focuses on the problem of 

quantifying the harvested power when certain parameters are not deterministic. 

In the past , energy harvesters have been proposed for extracting useful energy 

from wide-ranging sources. Such ambient energy may come from vibrations of a 

bridge [57], the spinning of a top [39], the human heart beating [58] or 

mechanical motion of blood vessels [59]. Minute amounts of ambient energy can 

power up sensor nodes and therefore go a long way in reducing wiring 

complications and/ or the need of changing batteries frequently. For more 

information on general energy harvesting the reader may refer to 

[60, 61 , 62 , 63]. 

It is important to quantitatively examine the sensitivity of energy harvesters to 

variations in parameters. The problem of uncertainty propagation through a 

dynamic system requires the computation of statistical moments (expected 

value integrals) of the output variables (mean power, tip deflection or tip 

velocity, in this work). Analytical expressions for these multidimensional 

60 
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integrals exist only for linear systems and, in general, numerical approximation 

is necessary. Several numerical methods exist in the literature to approximate 

the expectation integrals for a specified probability density function (pdf), the 

most popular being Monte Carlo (MC) methods [64], Gauss-Hermite (GH) and 

Gauss-Legendre quadrature rules [65] and sparse grid quadratures such as 

Gauss-Hermite Smolyak [ 66]. All these methods approximate the integrals as a 

weighted sum of the integrand values within the domain of uncertainty. They 

differ in how the weighted points are chosen. MC methods use random samples 

from the domain which are assigned equal weights while Gaussian quadrature 

involves the use of carefully chosen deterministic points for the approximation 

of these integrals. 

In this chapter, we use recent advancements in uncertainty quantification and 

conduct a comprehensive uncertainty analysis of linear and nonlinear energy 

harvesters. A computationally efficient quadrature method, the recently 

developed Conjugate Unscented Transform (CUT) methodology [67, 68] is used 

in this research to calculate the statistical moments (expected value integrals) 

of the output variables. 

A good uncertainty analysis seeks to obtain the pdf of the output as a function 

of the pdf of the uncertain parameters of the system. This is analytically 

intractable for most systems. Approximate analytical methods can also be used 

by assuming, for instance, that the domain of uncertainty is small. In [69], the 

authors assume parametric uncertainties to be normally distributed and they 

use a Taylor's series expansion to obtain the mean and the variance of the 

harvested power in linear and nonlinear harvesters. 

In [70], the performance of a stack-like piezoelectric based harvester is analyzed 

by calculating the mean harvested power when uncertainties in natural 

frequency and the damping ratio are present and the results are verified by 

contrasting them with Monte Carlo simulations. The authors also optimize 

certain parameters (the electrical time constant and the coupling coefficient) of 

the harvester for maximizing the harvested power in presence of parameter 

uncertainties. In [71], the authors derive closed form solutions for the mean 
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harvested power for a stack-like piezoelectric harvester subjected to broad-band 

random base excitation. In [72], the authors use Monte Carlo (MC) method to 

propagate uncertainties for a linear harvester with a tip mass. They also 

optimize the harvester under two different cases - deterministic parameters and 

stochastic parameters and demonstrate that stochastic optimization leads to a 

harvester with better performance. A Monte Carlo simulation is essentially 

conducted by sampling points from the uncertain space and propagating them 

though the dynamic system [64]. Monte Carlo methods require extensive 

computational resources and effort, and become increasingly infeasible for 

high-dimensional dynamic systems [73]. This is due to the fact that an increase 

in MC simulations by a factor of 100 is necessary to gain one decimal place of 

accuracy. 

In [74], Hosseinloo et al. optimize a vibratory energy harvester using a 

worst-case scenario and compare the performance to a harvester optimized 

using deterministic assumptions. They show that the stochastic optimized 

harvester exhibits much better performance. In [75], Daqaq investigates the 

performance of linear and nonlinear harvester to White Gaussian noise and 

Coloured excitations. The author uses the Fokker-Plank-Kolmogorov equation 

to propagate uncertainty and concludes that for both White noise as well as 

Colored excitation, stiffness-type nonlinearities do not increase the mean power. 

In [76], Daqaq investigates the effect of nonlinearities on the performance of 

both mono and bistable nonlinear harvesters to White Gaussian noise. 

In [77], the authors use a Finite Element Model (FEM) model to investigate the 

effect of uncertainties in dielectric coefficients and electromechanical coupling 

coefficients of piezoelectric patches comprising a linear cantilever harvester and 

obtain the mean and confidence intervals for the power output. Quite recently, 

Eshghi et al. use a Reliability-Based Design Optimization (RBDO) process to 

design an energy harvester for vehicle 's rotating tires that satisfies requisite 

power requirements [78]. Seong et al. conduct a similar design analysis using 

RBDO on a cantilievered piezoelectric energy harvester [79]. The authors, 

however , investigate only the linear harvesters and ignore nonlienar 
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configurations. Many of these works, particularly [77, 72, 70], use MC sampling 

techniques to propagate the assumed uncertainty and it is well known that 

convergence for MC is extremely slow [73]. The quadrature schemes employed 

in this work overcome this crucial obstacle because they require significantly 

less number of points to obtain the same accuracy as MC. 

This work is an comprehensive extension of the previous works [80, 81] where 

the efficacy and robustness of nonlinear harvesters was analyzed to single 

dimensional parametric uncertainty with Uniform distribution. However, the 

Gaussian distribution has been used as more accurate model of real-world 

parametric uncertainty in several works [69, 70 , 7 4] and , therefore, 

multidimensional Gaussian uncertainty is considered here. While many of the 

approximate-analytic methods described above, particularly [70 , 69], can offer 

us insights into how uncertainty in the parametric space can affect the response 

of a harvester they might not be accurate when an exact and quantitative 

understanding is necessary. For instance, many of the works described above 

consider single dimensional parametric uncertainty for the analysis which is not 

a realistic model of uncertainty. Further, most of the approximate techniques 

are subject to the constraint that uncertainty in parameters be small and they 

make assumptions about the nature of the probabilistic distribution of the 

output that may not hold in reality. There exists, thus , the important need of a 

methodology which can lend itself to multidimensional uncertainty easily, is 

accurate i.e. , does not include any simplifying assumptions and is 

computationally effective. The method employed in this work caters to all these 

criteria. 

As mentioned before , we employ CUT methodology to propagate the weighted 

points through our dynamic system to compute the statistical moments of the 

output variables. The obtained moments can be used to construct the 

probability density function (pdf) of the output variables by using the Principle 

of Maximum Entropy (PME). A pdf can be characterized by its statistical 

moments. Two distinct density functions can have the same finite set of 

moments. However, based on PME, the density function that has the largest 
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remaining uncertainty, i.e., the largest entropy, and that satisfies the prescribed 

moment constraints is selected [82 , 83]. The CUT methodology and the PME 

are explained in more detail in Section 3.3. 

For the first time in literature , we use CUT methodology coupled with 

Maximum Entropy principle to analyze the effect of uncertain parameters on 

the performance of common energy harvesting systems. The principal novelty is 

the development of a methodology that is able to quantify uncertainty in 

harvesters accurately, without simplifying assumptions and is computationally 

efficient. The structure of this chapter is as follows. In section 3.2, we 

quantitatively describe the energy harvesting systems and review the governing 

dynamic equations. In the following section (3.3) , we review the issue of 

propagating uncertainties, common quadrature methods and the Maximum 

Entropy principle. The results are presented in section 3.4 and we conclude by 

summarizing the chapter in the final section ( 6. 5). 

3.2 ENERGY HARVESTING SYSTEMS 

In this section, we briefly review the dynamic equations of linear and nonlinear 

energy harvesting systems. The linear harvester consists of a cantilever bimorph 

with a tip mass. In the nonlinear harvesters, the tip mass is replaced by a 

permanent magnet placed proximally to another magnet. The detailed 

derivation of the equations of motion can be found in [46]. 

3.2.1 Linear Energy Harvester 

The linear system consists of a cantilever beam with piezoelectric patches 

attached so when the beam undergoes bending vibrations strain energy is 

converted to electric energy. A schematic diagram of the linear harvester is 

shown in Fig. 3.l(a) . Typically, to obtain the governing equations , an energy 

method is used and a modal expansion for the cantilevered beam is used to 

discretize the equations. It is common in energy harvesting literature to 

consider only the first vibration modeshape chiefly because it is the most 
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dominant contributor to harvested power [46]. Here, considering only the first 

mode, a coupled set of ODE's can be obtained and the governing equations for 

this system can be written as [46] 

Tranw•r>l>ly DO'dQnlflrG -• 
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FIGURE 3.1: (a) Linear Harvester (b) Nonlinear Harvester 

u + kzu = -du - ?,b1V - mF(t) 

· V 'I/J2 . 
(3.1)V + R1Co = Co u 

kz = YJs<I>f2 ~ 2Yplp<I>f2 
m 

where u = ¢U,) is the normalized tip displacement and Vis the voltage 

produced across the PZT patch. ¢(£) is tip displacement corresponding to the 
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m= PsAs<l?f0 + 2pvAv<l?f0+ Mt c/>(L )2 <l?fo = foL q; (x)2 dx 
k = -a</>(L )

2 
+ Y, I , ~~ 2 + 2Yp l p1>~i 

rn <I>fo = foL, q;(x) 2dx 

d = 2(wn <l?fo = foL q;(x) dx 

;/;2= m;/;1 <I>fo = foL , q; (x)dx 

<J?f:_l- = foL, q;'' (x)dx <l?f2 = foL ¢" (x)2dx 

TABLE 3 .1: Descriptions of coefficients. See Equation 3.1 and Equation 3.2 

first mode. F(t) is the acceleration of the base. kz is the stiffness for the linear 

harvester. Only the first vibration mode ¢ (x) is modeled since energy 

harvesters typically function in a low frequency environment which is matched 

to their first natural frequency. Other parameters appearing in Equation 3.1 

have the meanings described in Table 3.1 and Table 3.2. 

3.2.2 Nonlinear Energy H arvesters 

The monostable nonlinear harvester is composed of a piezoelectric bimorph 

with a tip magnet . Another magnet is placed under the static equilibrium of 

the beam. The repulsive force between the magnets reduces the natural 

frequency of the beam and makes the vibration system nonlinear and, therefore, 

less sensitive to the frequency of excitation. A schematic diagram of a nonlinear 

harvester is shown in Fig. 3.l(b) . Following [46], the magnetic force is 

characterized as the sum of linear and nonlinear terms as f m = - aWtip + bwfip 

where a(5) and b(5) are the magnetic constants and are experimentally 

characterized as functions of the magnet gap 5. Wtip is the tip deflection of the 

bimorph. Introduction of the magnet modifies the governing equation and 

introduces a nonlinear cubic stiffness therein and the equations of motion are 

obtained as 

(3 .2) 

u is the normalized displacement along z axis and is defined as u = c/>U, ) where 

w(x , t) is the transverse deflection and ¢ (x) is the first mode-shape. L and £ 1 

are the lengths of the beam and the PZT patches respectively. V is the voltage 

across the piezoelectric patch. C0 is the internal capacitance of the PZT patch 
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and R 1 is the resistance in circuit. F(t) is the acceleration of the base. The 

natural frequency of the monsotable harvester is v'k;. The coefficients in 

Equation 3.2 in terms of the physical parameters of the system are given in 

Table 3.1. The physical parameters of the system are described in Table 3.2. 
Ps Density of Steel Young's modulus of Steel and PZT respectively 
PP Density of PZT Area moment of inertia 
A s Cross-sectional Area of steel beam Mechanical Damping constant 
AP Cross-sectional area of PZT z-coordinate of the centroid of PZT patch 
Mt Mass of tip magnet PZT constant in 1-3 direction 
E33 Dielectric permittivity in 3 direction 

TABLE 3.2: Descriptions of Parameters 

The sign of the restoring coefficient as defined in Equation 3.2, k, can be 

positive or negative. The positive coefficient corresponds to low magnetic 

forces. In this situation, the zero deflection equilibrium is stable and the system 

is a nonlinear mono-stable oscillator coupled to the piezoelectric circuit. When 

the magnet gap is decreased ( or the magnetic strength is increased) , the 

stiffness k (Table 3.1) becomes negative. This corresponds to magnetic forces 

overpowering the natural elastic forces of the beam and the system undergoes a 

bifurcation (of the super-critical pitchfork type). The zero displacement 

position becomes unstable and we get two stable equilibria on either side and 

the harvester exhibits bistability [46]. For the bistable harvester, the linear 

stiffness k is negative and the natural frequency (about stable equilibrium) is 

defined as Wn = ,F2k. Note that the monstable and bistable harvesters are 

governed by the same equations of motion (Equation 3.2); the only quantitative 

difference being the sign of the linear stiffness k (positive for monostable and 

negative for bistable). This completes our review of governing equations of the 

energy harvesting systems used in this work. Base acceleration is assumed to be 

a harmonic function r(t) = Fcos(wt). We consider base frequency (w) , base 

acceleration (F) , magnet gap (5) and the initial deflection (u0 ) as the uncertain 

variables. The following section details the techniques used for propagating 

uncertainty through the dynamic system. 
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3.3 UNCERTAINTY QUANTIFICATION 

The error inherent in any model is a result of errors in model parameters, 

forcing function and errors in initial and boundary conditions. These factors 

cause the overall accuracy of model based simulations to degrade. In this work, 

recent developments in uncertainty quantification are used to quantify the effect 

of uncertainty in forcing and model parameters on variables of interest ( e.g. 

mean power output) corresponding to states of energy harvesting models. 

Several approximate techniques exist in the literature to approximate the state 

pdf evolution [84, 85], the most popular being Monte Carlo (MC) methods [86], 

Gaussian closure [87], Equivalent Linearization [88], and Stochastic 

Averaging [89 , 90]. All of these algorithms except MC methods are similar in 

several respects , and are suitable only for linear or moderately nonlinear 

systems, because the effect of higher order terms can lead to significant errors. 

As mentioned before , propagating uncertainty through a dynamic system, 

requires the computation of expectation integrals of the form 

(3.3) 

where x is the N x 1 uncertain state vector and, in our case, it denotes 

quantities like base frequency, base acceleration , magnet gap and initial beam 

deflection. p(x) is the probability distribution of x. J(x) is a general function 

whose expectation value is being computed and , in our case , J(x) are the 

output variables such as time-averaged power (Pwr(x)) and root mean squared 

deflection (u(x)) which are both functions of the uncertainty x. The output 

quantities are described in detail in Section 3.4. £[.] is the expectation 

operator. Assuming Pwr(x) has a Taylor series expansion around the mean, 

which , without loss of generality, can be assumed to be 0, we can expand 

Equation 3.3 to obtain 
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FIGURE 3.2: (a)Schematic of specially chosen axes according to CUT methodology in 
3-D space (b)Comparison of number of 8th order quadrature points required for different 
quadrature schemes, as a function of dimension of random variable. Adapted from [I ] 

with permission 
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(3.4) 

which essentially reduces the computation of the expectation value of a general 

function J(x) to evaluating higher order moments of x (uncertain variables). 

Usually, the series in Equation 3.4 is truncated for finite N to obtain a 

reasonably accurate estimate. Several methods exist in the literature to 

compute the expectation integrals - Monte Carlo (MC) methods [64], 

Gauss-Hermite (GH) and Gauss-Legendre quadrature rules [65] and sparse grid 

quadratures such as Gauss-Hermite Smolyak [66]. 

While MC methods generally suffer from slow convergence rates, the important 

sampling strategies used to alleviate this problem (e.g. , Markov Chain MC) 

cannot be parallelized effectively. An alternative to random sampling is a 

quadrature scheme, such as the popular Gaussian Quadrature, which involves 

carefully choosing deterministic points to reproduce exactly the integrals for 

polynomials , i. e., moments of the density function. Gaussian quadrature 

schemes exactly reproduce the integral of a polynomial of degree 2M - 1 with 

Mm points in am-dimension space. The sparse-grid quadrature schemes, and 

in particular Smolyak quadrature, take the sparse product of one-dimensional 

quadrature rules and thus have fewer points than the equivalent Gaussian 

quadrature rules, but at the cost of introducing negative weights [91]. 

Fortunately, the Gaussian quadrature rule is not minimal for m > 2, and there 

exist quadrature rules requiring fewer points in high dimensions [92]. For 

example, the Unscented Transformation (UT) is exact to degree 2 but with 

linear growth of points with dimension. However , the UT cannot be used to 

reproduce higher order moments. 

In this work, recently developed non-product quadrature rule known as the 

Conjugate Unscented Transformation (CUT)[68] has been exploited to compute 

the various expectation integrals. Rather than using tensor products as in 

Gauss quadrature , the CUT approach judiciously selects special structures to 
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extract symmetric quadrature points constrained to lie on specially defined axes 

as shown in Fig. 3.2(a) . These specially designed axes, known as conjugate 

axes, are derivatives of the Principal axes defined as the n orthogonal axes 

centered at the origin. Inn- dimensional Cartesian space, the m th-conjugate 

axes with m < n , is defined as the directions that are constructed from all the 

combinations, including the sign permutations, of the set of principal axes taken 

mat a time. Fig. 3.2(a) shows a perspective view of the first octant for a 3-

dimensional case. It should be mentioned that all the eight octants in the 3-

dimensional case are symmetrical. These new sets of so-called sigma points are 

guaranteed to exactly evaluate expectation integrals involving polynomial 

functions with significantly fewer points. More details about the CUT 

methodology and its comparison with conventional quadrature rules can be 

found in Ref. [1, 67, 68]. We have used 8th order CUT points in this work. The 

procedure detailing the computation of CUT points is described in Appendix 

A.1. 

The CUT quadrature approach uses a small number of points, relative to Gauss 

quadrature, to compute an integral with the same accuracy. Fig. 3.2(b) 

represents the number of quadrature points required , for 8th order accuracy, by 

different quadrature schemes (CUT, Gauss-Legendre, Clenshaw-Curtis and 

Sparse Grid) , for a uniform random variable , as a function of the dimensionality 

of the random variable. From this figure , it is clear that the growth in the 

number of quadrature points with dimension is much smaller for the CUT 

method, especially compared to the Gauss-Legendre and adaptive quadrature 

methods such as Clenshaw-Curtis approaches. 

The P th order moment of the output random variable (Pwr) can be written as: 

N = 1, 2, · · · (3.5) 

where Pis the order of the moment , Pwr(xq) is the output variable Pwr 

evaluated at Xq which represents the qth quadrature point corresponding to 
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uncertain vector x. Thus, the moments of the output parameter (Pwr and u) 

can be computed as the weighted sums of output values evaluated at 

deterministic points in the uncertain space. Similarly, N th order central 

moments of state variable can be evaluated by shifting the quadrature points by 

the computed mean and then using Equation 3.5. 

Principle of Maximum Entropy 

Given the moments of a random variable of interest, the corresponding density 

function can be reconstructed from these moments via the Principle of 

Maximum Entropy (PME). As discussed earlier, the uncertainty associated with 

a random variable at any time can be described by the set of moments of the 

random variable. However, two distinct density functions can have the same 

finite set of moments. The PME selects the density function consistent with 

prescribed moment constraints that has the largest remaining uncertainty, i.e., 

the maximum entropy. The PME makes sure that any additional assumptions 

or biases have not been introduced into the computation of density function. 

This seems intuitive since any additional information in terms of moment 

constraints will lead to a density function that is better in the sense that it has 

less uncertainty. 

Now, consider the output variables such as time-averaged Pwr , root mean 

squared tip deflection (u) and root mean squared tip velocity ( ud) as defined in 

Section 3.4. Let us define output vector y = [Pwr , u] T. In this work, we are 

interested in obtaining the pdf of output variables p(y). For a pdf p(y) , the 

entropy or specifically Shannon entropy [82] ( denoted as H (y)) of the random 

variable y is a measure of uncertainty and is defined as: 

H(y) ~ - Ap(y)ln{p(y)}dy (3.6) 

Where the integration is over the support Sly of the pdf. The PME is 

essentially an optimization problem that maximizes entropy to find a pdf that 
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has the same given set of moments. The optimization is framed as[82, 93, 94]: 

max: - f( p(y)ln{p(y)} dy (3.7) 
p(y) J\ 

constraint to: J{9i(y)p(y) dy ~ Mi i ~ 1, 2, · · · , Nm (3.8) 

Where Mi are known finite scalar moment values obtained using Equation 3.5 

and Oy is an appropriate domain over which the pdf is to be optimized. The 

functions gi(Y) are simply the monomials in terms of the output variables such 

as the mean, variance and skewness of Pwr. The set of functions gi(Y) have to 

be independent to form a well-posed problem which is satisfied by the 

monomials. 

The optimization problem of (3.7)-(3.8) is a concave optimization problem and 

the solution exists in the literature [83, 94]. The optimal solution for the 

density function can be given as an analytic expression involving only the 

Lagrange multipliers: 

Nm 

p(y) ~ cxp{8 (ig,(y)} (3.9) 

The Nm-Lagrange multipliers Ai are found by solving the system of following 

Nm nonlinear equations: 

(3.10) 

Efficient numerical equation solvers (such as in Ref. [95]) can be used to solve 

the system of nonlinear equations. In this work, we have used the MATLAB 

'fsolve' function to solve the set of equations in (3.10). 

3.4 RESULTS 

This section presents results to show the efficacy of the developed approach in 

accurately quantifying the uncertainty associated with the output of energy 

harvester. Both linear and nonlinear energy harvesters are used to assess the 
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performance of the proposed methodology. As discussed earlier, the uncertain 

model parameters are assumed to be base frequency, base acceleration, initial 

tip deflection and magnet gap ( for the nonlinear harvesters). 

u = rmst (u(t)) 

Ud = rmSt (Ud ( t)) (3.11) 

- ~~s ( ( ))Pwr = Ri' Vrms = rmSt Vi t 

The CUT approach and the PME approach are used to compute statistical 

moments of output variables and obtain the probability density functions of the 

output variables as described in Section 3.3 . 

3.4.1 Numerical Preconditioning 

To achieve efficient convergence of the maximum entropy optimization, the 

output variables Pwr and u (ud for the bistable harvester) were scaled such 

that the mean is zero and co-variance is identity via an affine transformation 

given as: 

[(u;] (_ ~ [( u - E(u) l ( (3.12) 
~ \ ~- E(Pwr) 

Where I:= £(yyT) is the covariance matrix for the output vector 

y = [Pwr , u] T. This transformation is linear and scales the moments such 

that the higher moments are not significantly larger ( or smaller) than the lower 

order moments , which is often the case with unscaled variables. 

3.4.2 Linear Harvester 

In this section, we investigate the effect of parametric uncertainties on 

performance of the linear harvester. The following Gaussian uncertainties are 
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4m 0.013 kg 'lp1 2.34 X 10- ~ 
Co 93nF Wn 78.1 rad/ s 

'lp2 0.077 A-s/ m R1 2 X 105 !1 
Mt;p 48 g k1 6.1 x 10::i N -m/ kg 

TABLE 3.3: Numerical values of the coefficients used for simulations of linear harvester. 
See Equation 3.1 

considered- Base frequency (µ = 12.56 Hz, a= 0.3 Hz ) and Base acceleration ( 

µ = 3 m / s2
, a= 0.3 m / s2 

. For the initial condition, the intuitive choice is 

setting µ = 0 but since the response of the harvesters is symmetric about zero , 

the uncertainty is assumed asµ= 2.5 mm, a= 0.75 mm. We assume one 

parameter to be deterministic (say, base frequency) and assume 

multidimensional uncertainty in remaining two variables (base acceleration and 

initial deflection) and we plot the variation of mean power (£ ( Pwr)) and 

min-max bounds of Pwr with changes in deterministic parameter. The 

min-max bounds are obtained from the CUT runs at every deterministic point 

and give an qualitative idea of the spread around the mean. For the purposes of 

comparison, we also plot the mean harvested power (Pwr) with variation in the 

parameter of interest with all parameters deterministic. CUTS points are used 

to compute the statistical moments because of the comparatively lesser number 

of points required to obtain accurate moments. The parameters of the system 

for this simulation are tabled in Table 3.3. The damping is assumed to be 3 % 

Figure 3.3(a) shows (in red) the mean and min-max bounds of Pwr with 

variation in base frequency. Both the mean and the min-max bounds around 

the mean peak at the resonant frequency. This implies that , at resonance , 

although the mean power is high , the probability is relatively widely spread 

around the mean and hence the harvester is less robust to parametric 

uncertainty - Mann et al. reported the same trend of variation of 95 % 

confidence intervals around mean power which peaked at the resonant 

frequency. In the background, Gaussian uncertainty in frequency considered for 

the test cases is plotted. The peak in power is fairly narrow and optimal power 

is harvested only over a narrow band of frequencies and thus for linear energy 

harvesting, mismatch between the excitation frequency and natural frequency 

can lead to significant reduction in harvested power. Also, we plot (in blue) the 
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variation of Pwr with frequency with all parameters deterministic and it can be 

seen that it exactly matches with mean harvested power (£ ( Pwr)). 

In Figure 3.3(b) the mean and min-max bounds for Pwr are plotted in red. 

The mean power is directly related to the acceleration with a concave upward 

trend. Additionally, the min-max bounds around the mean also increase 

implying that the probability is more widely spread around the mean. Thus, at 

higher values of acceleration, the harvester is less robust to uncertainty. This 

has been observed in literature before by Mann et. al. [69] where the mean 

power and the 95 % confidence intervals increase with increase in acceleration. 

They used 95 % confidence interval around the mean of assumed Gaussian pdf 

as the relevant bounds. This trend is similar to Fig. 3.3( a) in the sense that 

higher mean power leads to broader min-max bounds. Also, plotted (in blue) is 

the deterministic Pwr. Unlike in Fig. 3.3(a) , the deterministic power is 

significantly higher than the mean power. This can be explained by noting 

that , the excitation frequency, for the deterministic simulation, is set to the 

natural frequency of the harvester. Thus , when uncertainty in frequency is 

introduced in the neighborhood of the natural frequency, the mean harvested 

power (£ ( Pwr)) decreases (because around resonance, power is lower 

irrespective of whether the frequency is higher or lower than the natural 

frequency). In the following section, we analyze the performance of nonlinear 

monostable harvester. 

3.4.3 Monostable Nonlinear Harvester 

In this section, we focus on uncertainty propagation through the set of dynamic 

equations of the monostable nonlinear harvester. The maximum entropy 

principle , in conjunction with CUT method is used to obtain the distribution 

functions of p(Pwr) and p(u) while we assume four dimensional Gaussian 

uncertainty in base frequency (J), base acceleration (F0), magnet gap (5) and 

initial tip deflection (u0). The obtained density functions are plotted and 

compared with 80000 Monte-Carlo simulations. The parameters corresponding 

to the monostable harvester are listed in Table 3.4. Note that the stiffness k is 
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F IGURE 3 .3 : Linear Harvester, mean and min-max bounds for Pwr with (a) base fre
quency(b) base acceleration. Deterministic trends are in blue 

smaller t han t he linear stiffness kz (Table 3.3) because of t he repulsive magnetic 

force . T he parameters a and b characterize t he magnetic force and depend on 

t he magnet gap. T he mean magnet gap is set to 50 mm. T he damping is 

assumed to be 3 % 

m 0.013 kg 2.34 X 10-4 ~ 

Co 93 nF Wn 70 rad/ s 

7P2 0.077 A-s/ m R1 2 X 105 ll 

Mtiv 48 g k 5000 N-m/ kg 

7P1 

1010 1 a 0 4.'5b 3.7 X m2s2 b 2.96x 105 

TABL E 3.4 : Numerical values of the coefficients used for simulations of monostable 
harvester. See Equation 3.2 
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3.4.3.1 4 dimensional uncertainty in Base frequency, acceleration, initial tip deflection and 

magnet gap 

4 dimensional Gaussian uncertainties in all four parameters are assumed. The 

mean (µ) and the standard deviations (a) are follows: initial tip deflection 

(µ = 2.5 mm, a= .5 mm), base frequency(µ= 14 Hz, a= .4 H z), base 

acceleration (µ = 2 m/s2
, a = 0.3 m/ s2 

) and magnet gap ( µ = 50 mm , 

a = 1.5 mm). For the initial condition, the intuitive choice is setting µ = 0 but 

since the response of the harvesters is symmetric about zero, the uncertainty is 

centered aroundµ= 2.5 mm. The mean of base frequency is purposely made 

larger than the natural frequency because for the nonlinear harvester, the 

maximum power condition does not occur at the natural frequency, a 

phenomenon that can be clearly observed in Fig. 3.8(a) . The mean power curve 

is bent and sloping to the right. To use the maximum entropy principle, we 

need the values of the moments of the random variables u and Pwr defined in 

(3.5). Since the true values of the moments is not known, it is necessary to do a 

thorough convergence analysis. The Gauss-Hermite quadrature points used here 

for the simulations exist in the literature [65]. The CUT points used in the 

simulations were obtained following the procedure outlined in A.1. We define 

the following root mean square error quantities as a way to estimate the errors 

relative to reference moments. We assume the reference truth to be GHll 

(Gauss-Hermite with 114 points). 
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1 

l t((M,(k))l/2 - M,,ccJ(k)l /2)2) ( 

(3.13) 

1 t(Ms(k)I/' - M3,ccJ(k)l /3)2] ( 

tt(M,(k)l /4 - M,,ccJ(k)l /4)2] ( 

e1 refers to errors in all moments of first order (for example, £(u) ) . e2 , 

similarly, denotes errors in all moments of second order; 

£((u - µu)2) ,£((u - µu)(Pwr - µPwr )) for example and so on. Table 3.5 lists 

the root mean square errors (RMSE) in all moments up to 4th order and it can 

be seen that CUTS has comparable accuracy to MCS0000 even though the 

number of propagated points is significantly less (by a factor of 500). Table 3.6 

shows the RMSE for different order Gauss-Hermite methods compared with 

MCS0000 and CUTS assuming GHll to be reference truth and it can be seen 

that CUTS has comparable accuracy to GH5 even though the number of points 

is significantly less. Once, the moments have converged, we use the maximum 

entropy principle by solving the the optimization problem detailed in 

Equation 3.9 to obtain the probability density functions. 
CUTS

RMSE 24000 MC 32000 MC 40000 MC 48000 MC 56000 MC 64000 MC 72000 MC 80000 MC 
161 points 

e 1 (x l0- 0 ) 0.43 0.305 0.162 0.217 0.258 0.261 0.224 0.163 0.0093 
e2 (xlO-") 0.765 0.809 0. 829 0.860 0.844 0.804 0. 820 0.829 .822 
e3 (x lO-") 0.1862 0.1735 0.1441 0.1449 0.160 0.157 0.1563 0.1441 0.236 
q (x lO-") 0.310 0.3576 0.352 0.355 0.353 0.337 0.354 0.352 0 .407 

TABLE 3.5: Convergence of Monte Carlo runs in capturing fourth order moments. Ref
erence = GHll 

In Fig. 3.4(a) and Fig. 3.4(b) are plotted the maximum entropy pdfs of Pwr 

and u obtained using 4th order moment constraints and contrasted with S x 104 
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RMSE I GH5 I GH7 I MCS0000 I CUTS II 
e 1 ( X 10- 5 ) 1.921 0.512 0.163 0.0093 
e 2 (x l0- 4

) 1.11 0.435 0.829 0.822 
e3 (x 10-;:;) 0.371 0.203 0.1441 0.236 
e4 (x10-;:;) 0.444 0.329 0.352 0.407 

N 625 2401 80000 161 

TABLE 3.6: Mean square errors in Moment integrals from GH5, GH7, MC80000 and 
CUTS. Reference = GHll 

Monte Carlo simulations. Small differences between marginal pdfs and Monte 

Carlo distributions can be alleviated by using higher order moment constraints 

while constructing PME pdf. Figures 3.5(a) and 3.5(b) plot the pdfs obtained 

using additional moment constraints including all moments up to 6th order and 

it can be seen that they match reasonably well with the statistics obtained from 

Monte Carlo simulations. As a benchmark, we also use Gauss-Hermite 

computed moments to obtain the pdf. 114 Gauss-Hermite points were used to 

obtain the moments as contrasted with only 161 CUTS points; however, both 

the probability density functions match reasonably well with the Monte Carlo 

distribution. 

The Monte Carlo distribution has a general bell shape with tail appearing in 

the far left which is caused by very low values of harvested power. The pdf for 

u is similarly segregated into two distinct regimes - Regime I and Regime II. In 

Figs 3.6(a) and 3.6(b) we plot the joint density functions as a contour plot over 

the Monte Carlo distribution. For the joint pdf, all moments up to fourth order, 

a total of 15 statistical moments , were used. Note that the entire pdf lies along 

a narrow curve which is caused by a high correlation between u and Pwr. This 

is intuitively true since if the rms deflection (u) is high , it is likely that the 

power (Pwr) is also high and vice versa. Here as well , the demarcation between 

the two regimes can be seen clearly. 

The Regimes - Regime I and Regime II , that were observed in the pdf (the two 

peaks in Fig.3.6(a) , 3.6(b) ) appear because of jump phenomena. For further 

investigation, we plot the time series and the phase portraits for representative 

samples from Regime I and II in Fig 3.7(a) and 3.7(b) . Even though the 

excitation amplitude for these responses is not very different (F0 = 0.6m/ s2 and 
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2F0 = 0.9 m/ s for Regime I and II respectively), the response is vastly different 

with Regime II having almost 10 times the displacement magnitude as Regime I 

which explains the large difference in harvested power. 

- Regime I, Ace =.6 

- Regime II , Acc=.9I 
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FIGURE 3. 7: Monostable Nonlinear Harvester, (a) Time series and (b) Phase portrait 
for Regime I (in blue, Base acceleration, F0 .6 m / s2

) and Regime II (in red, base 
acceleration, F0 = .9 m / s2

) 

3.4.3.2 Sensitivity Analysis and Design considerations 

In the previous section, we detailed the procedure for obtaining the pdf of 

output power and tip deflection for the monostable nonlinear harvester. The 

output power pdf can give us an accurate idea of the probabilities and spread of 

output power over the domain; however, for the purpose of energy harvester 

design and optimization targeted towards a particular application, the 

sensitivity of output variables with respect to harvester and ambient parameters 

is , frequently, more important. The sensitivity of mean harvested power to 
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harvester parameters has been used as a quantifier of harvester performance in 

several works [69, 70 , 71]. The variation of mean power with harvester 

geometry and other parameters is, thus, an important aspect of the design 

process. However, as we demonstrate here, ignoring uncertainty in parameters 

and assuming a purely naive deterministic model to obtain the sensitivities of 

power can lead to misleading trends and predictions. In this section, we obtain 

the variation in the mean and min-max bounds of Pwr with variation of a 

single parameter while 3 dimensional uncertainty is considered in the residual 

parameters. The min-max bounds are obtained from the CUT runs at every 

deterministic point and give a qualitative idea of the spread around the mean. 

To consider an example, the base frequency is assumed to be deterministic 

while base acceleration, initial deflection and magnet gap are assumed to have 

Gaussian uncertainty. The mean and min-max bounds of Pwr as the base 

frequency is changed are then evaluated using CUTS points. Further, we plot 

the harvested power, for variation in each parameter without any uncertainty 

considered i.e., all parameters are deterministic. The differences between the 

deterministic and uncertain trends are significant because they are a more 

accurate quantification of harvester behavior in the real world. The 

uncertainties in parameters are given as base frequency(µ= 14 H z, a= 0.4) , 

base acceleration (µ = 2 m/ s2
, a= 0.3) , initial deflection 

(µ = 2.5 mm a= 0.5 mm, ) and magnet gap(µ= 50 mm a= 1.5 mm). 

Some interesting observations can be made from figures 3.8(a) , 3.8(b) , 3.9(a) 

and 3.9(b) . Firstly, the deterministic trends and the uncertain trends match for 

most of the domain. They do not match when the nonlinear system experiences 

jump phenomena. Figure 3.8(a) shows the variation of the mean and min-max 

bounds of Pwr with base frequency. The trend is vastly different to that for the 

linear harvester where both mean power and min-max bounds peak around 

resonance (See Fig. 3.3(a) ). Since the system is nonlinear , the resonant peak is 

sloping and tilts to the right and reaching maximum power at f ~ 14.5 H z . 

Further, we plot the deterministic trend for harvested power , Pwr against base 

frequency and it can be seen that the curve slopes less and the decrease in 

power is very abrupt and, therefore, gives us an unrealistic estimate of the 
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relationship between mean power and base frequency. The maximum 

discrepancy between uncertain and deterministic trends is 100 % and it occurs 

at f = 15.8 Hz . This means the purely deterministic model predicts a power 

value that is twice the power harvested when uncertainty is taken into account. 

Further, the purely deterministic trend predicts a wrong value for optimal 

design frequency (maximum harvested power at f = 15.8 Hz) whereas the peak 

power actually occurs at f = 14. 7 Hz; a discrepancy of almost 7.4 %. In 

addition, the min-max bounds around the mean power are widely spread from 

f ~ 13 H z- 16 H z which implies that the power is very sensitive to the 

uncertainty. In clear contrast, the min-max bounds are very close to the mean 

from f ~ 12 H z- 10 H z which implies that although the power is 

comparatively less , the harvester is more robust to uncertainties. 

Figure 3.8(b) shows the variation of the mean min-max bounds of Pwr with 

base acceleration. The trend is slightly similar to that for the linear harvester 

with the mean and variance increasing with increase in base acceleration but 

with the difference that the present curve is a concave-down curve whereas the 

variation for the linear harvester is a concave-upward curve (Fig. 3.3(b) ). The 

deterministic trend can be seen to be virtually indistinguishable from the mean 

power for higher values of acceleration and, therefore, the peak power 

predictions, in this acceleration range, match relatively well. The deterministic 

trend and the uncertain trend, however, predict different values of power in the 

neighborhood of the jump from regime I to Regime II. The largest discrepancy 

is almost 234 % and occurs in the neighborhood of the jump phenomena at 
2Fo = .75 m/ s . 

Figure 3.9(a) shows the mean and min-max bounds of Pwr with variation in 

initial deflection and it can be seen that, initial deflection does have a 

significant effect on the uncertainty in harvested power. At very low values of 

initial deflection a dip in the mean and min-max bounds of Pwr can be 

observed. The deterministic trend shows similar behavior except that the 

changes in harvested power are more abrupt. Also interesting are the sudden 

dips in Pwr for higher values of initial deflection when the harvester switches to 
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a lower energy orbit. Fig. 3.9(b) shows the mean and min-max bounds for 

variation in magnet gap and since changing the magnet gap changes the natural 

frequency, at a certain value of the magnet gap, we have resonance like 

behavior. The peak is nonlinear and slopes to the left. The discrepancy 

between deterministic and uncertain trends reaches a maximum of 110 % at 

6 = 46.2 mm. Further, the deterministic trend predicts a peak power value at 

optimal magnet gap of 6 = 46.2 mm whereas the peak power when uncertainty 

is taken into account occurs at 6 = 48 mm (a discrepany of 3.75 %). In 

addition, the min-max bounds around the mean power are widely spread from 

6 Rj 46 mm- 56 mm which implies that the power is very sensitive to 

uncertainty. In clear contrast, the min-max bounds are fairly close to the mean 

at lower values of magnet gap. There is thus a trade-off between higher values 

of power and how sensitive the harvester is to uncertainties. The behavior is 

similar to the trend of linear harvester with acceleration (Fig. 3.3(b) ) which has 

narrow bounds for lower mean power and broader bounds for higher mean 

power. This concludes our analysis of the monostable harvester. These 

differences between uncertain and deterministic trends clearly highlight the 

importance of taking multidimensional uncertainty into account while 

calculating response trends and these insights may have ramifications on the 

design and optimization of energy harvesters. In the next section, we 

investigate the bistable harvester. 

3.4.4 Bistable Nonlinear Harvester 

In this section, we analyze the Bistable harvester. We assume 3 dimensional 

Gaussian uncertainty in base frequency (J), base acceleration (F0) and magnet 

gap (5). The parameters for the bistable harvester are listed in Table 3.7. Note 

that the linear stiffness , k, is negative because of the large value of a. The cubic 

nonlinearity term, b, is larger than that for the monostable harvester (Table 

3.4) implying greater magnetic restoring forces. The mean magnet gap is set to 

15.5 mm and the damping is 3 %. 
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m 0.013 kg '/fl 2.34 X 10- 4 m 

Co 93 nF Wn 70 rad/ s 
~ 

'/f2 0.077 A-s/ m R1 2 X 105 !1 
Mtip 48 g k -4.1 x 10° N -m / kg 

1011 a O'iU. 0b 9.7 X mt2 b 7.78x 106 

TABL E 3.7: Numerical values of the coefficients used for simulations of bistable har
vester. See Equation 3.2 

3.4.4.1 3 dime ns io na l uncertainty in base frequency, base acceleration and magnet gap 

We assume t he following parametric uncertainties: base frequency( µ = 12 H z , 

a = 0. 5 H z ), base acceleration(µ = 6 m/s2 
, a = .4 m / s2 

) and magnet gap 

(µ = 15.5 mm, a= 1 mm) . T he variables of interest are assumed to be Pwr 

(the power averaged over t ime) and ud = rms(u(t)) (the t ip velocity 

root-mean-squared over t ime) . As before, we start wit h a convergence analysis 

of moments using t he error measures defined in Equation 3.13. T he 

Gauss-Hermite quadrature points used here for t he simulations exist in t he 

literature [65]. T he CUT points used in t he simulations were obtained following 

t he procedure out lined in A. 1. Table 3.8 compares t he t he root-mean-squared 

errors in moments obtained wit h increasing number of MC runs and CUTS. 

And similarly, Table 3.9 compares root mean square errors for moments 

obtained from using different ordered Gauss-Hermite schemes and CUTS. We 

assume t he reference truth to be GH13. 
CUT S 

RMSE lO00 MC 2000 MC 3000 MC 4000 MC 5000 MC 65000 MC 
59 p oints 

e 1 0.0053 0.0044 0.0038 0.0039 0.0038 0.0028 .0105 
e2 0.0165 0.0142 0.0145 0.0085 0.0109 0 .012 .0174 
e3 0.0377 0.0343 0.0345 0.0249 0.00295 0.03 0.035 
e 4 0.0647 0.0605 0.0603 0.0495 0.0544 0.054 .0681 

TABLE 3.8: Convergence of Monte Carlo runs in capturing moments up to fourth or
der. Reference = GH13 

II RMSE I GH5 I GH6 I GH8 I GH9 I CUTS II 
e 1 .0094 .0061 .0038 .0063 0.010 
e2 .027 0.0114 0.0131 .0156 .0174 
e3 0.054 0.033 0.037 0.025 0.035 
e4 0.08 0.04 0.058 .0553 .0681 
N 125 216 512 729 59 

TABL E 3.9 : Mean square errors in Moments from different order Gauss-Hermite and 
CUTS. Reference = GH13 

It can be seen t hat t he moments have converged. It is to be noted t hat CUTS 

has comparable accuracy to MC despite t he vastly lesser computational cost 
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since, in 3 dimensions, CUTS has only 59 points relative to 65000 MC samples. 

Now, we are in a position to use the maximum entropy principle to obtain the 

density functions. The obtained density functions, using 6th order moment 

constraints, are plotted in Fig. 3.lO(a) and 3.lO(b) . To get a better fit, 

additional moment constraints (up to 10th order) are used to obtain the 

distribution functions plotted in Fig. 3.ll(a) and 3.ll(b) . The density function 

has a very interesting shape. Similar to the monostable harvester, multiple 

regimes can be seen. We shall refer to them as Regime I (lowest values of Pwr 

and Ud comprising the first peak) , Regime II (intermediate values of Pwr and 

Ud comprising the second peak) and Regime III (highest values of Pwr and Ud 

which form the third peak). 

Regime I, we found, is almost exclusively composed of the harvester undergoing 

intra-well motion. The phase portrait and the Poincare map for a 

representative sample from this regime is shown in Fig. 3.12( a) and it can be 

observed that the harvester oscillates within a single well and therefore the 

harvested power as well as Ud are the lowest. Regime II is mostly composed of 

chaotic and transitional solutions. Fig.3.12(b) shows the phase portrait and the 

poincare map which clearly shows the chaotic attractors. This gives Regime II 

better values of Pwr as compared to Regime I. Regime III, on the other hand, 

exclusively comprises of periodic inter-well motion involving both stable 

equilibria as can be seen in Figs. 3.12(c) . Regime III has the highest power 

because of the very large deformations of the harvester. 

An interesting observation related to Regime III is that inter-well harmonic 

motion always occurs at a forcing frequency lower than the natural frequency 

(wn = vC2k, k being the stiffness defined in Table 3.1). A similar observation 

is made in [96], where the authors find that in the neighborhood of w ~ .65wn , 

interwell periodic motion is the dominant solution. In Fig. 3.13( a) , the 

harvested power for different regimes is plotted against the forcing frequency 

and it can be seen that while Regime I and Regime II are uniformly spread 

around the mean of forcing frequency (µ = 12 Hz), Regime III , in contrast , has 

a strong bias for lower frequencies. Regime III almost exclusively occurs when 
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t he base acceleration is larger t han 6 m/s2 as can be seen in Fig. 3.13(b) where 

we plot t he harvested power for different regimes against base acceleration. 

T hus, relative to int rawell and chaotic solut ions of t he bistable harvester, 

interwell periodic motion has a preference for relatively higher base acceleration 

and forcing frequencies less t han t he natural frequency. Experimental works 

have documented t his inclination of t he bistable interwell motion for smaller 

forcing frequencies [97, 98]. 
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F IGURE 3 .10: Bistable Harvester,3 Dimensional Gaussian uncertainty: probability 
density function and Monte Carlo distribut ion, with 6th order Moment constraints, 

(a)p(Pwr) and (b)p(ud) 

3.4.4.2 Se nsitiv ity Analysis and D esig n Considerations 

In t he foregoing section, we detailed t he procedure for obtaining t he pdf of 

out put power and t ip velocity for t he bistable harvester given uncertaint ies in 
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FIGURE 3.11: Bistable Harvester, 3 Dimensional Gaussian uncertainty: probability 
density function and Monte Carlo distribution with 10th order Moment constraints ( c) 

p(Pwr) and (d)p(ud) 

important design variables. The output power pdf accurately quantifies the 

exact probability of harvesting a specific power value. This may not always , 

however , be important in the design process and the dependence of mean 

harvested power on design variables is useful for the same. The sensitivity of 

mean harvested power to harvester parameters has been used as a quantifier of 

harvester performance in several works [69, 70, 71]. As we mentioned before , for 

the monostable harvester, ignoring uncertainty in parameters and assuming a 

purely naive deterministic model to obtain the sensitivities of power can lead to 

misleading trends and predictions. In this section, we use CUT quadrature 

points to characterize the effects on mean and mean-max bounds of harvested 

power by varying a single deterministic parameter while assuming the residual 
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FIGURE 3.13: Bistable Harvester, Spread of samples from Regimes I, II and III over: 
(a) base frequency and (b) Base acceleration 

parameters are uncertain. The min-max bounds are obtained from the CUT 

runs at every deterministic point and give a qualitative idea of the spread 

around the mean. Parametric uncertainties are considered as follows: base 

acceleration (µ = 6 m/s2
, a= 0.4 m/s2

), base frequency (µ = 12 Hz, 

a= 0.5 Hz) and magnet gap(µ= 15.5 mm, a= 1 mm). 

In Fig.3.14(a) , we plot the deterministic and uncertain trends for power against 

base frequency. For lower values of frequency, two coexisting solutions can be 

seen and these are characterized by interwell periodic (Regime III) and 

intrawell periodic motions (Regime I). For forcing frequency relatively closer to 

the natural frequency, chaotic and transitional solutions are more prevalent and 

this makes intuitive sense in relation to what was observed in Fig. 3.13(a) . 

Further, some variation can be seen in the mean power and min-max bounds 
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for this frequency range and this can be attributed to the multiple coexisting 

solutions. Similar to what was noted for the case of the monostable harvester, 

the deterministic trend significantly overestimates the harvested power ( a 

difference of 66.6 % at f = 10.8 Hz ). At higher frequency values, the mean 

power and the deterministic values effectively predict the same harvested 

power. In addition, the min-max bounds around the mean power are fairly 

widely spread at lower values of frequency (J ~ 9 Hz - 11 Hz which implies 

that the power is very sensitive to the uncertainty. This makes intuitive sense 

because of the two coexisting solutions; since small changes in parameters can 

cause the harvester to switch to the other solution. In contrast, the min-max 

bounds are close to the mean for higher frequencies implying more robustness 

in this frequency range. 

In Fig. 3.14(b) , the uncertain and deterministic trends for power with variation 

in base acceleration are plotted. The deterministic trend exhibits jump 

phenomena as abrupt switching to a higher energy orbit takes place which has 

been observed in the monostable harvester (Fig. 3.8(b) ). The mean power 

variation with acceleration is relatively smooth and , except in the neighborhood 

of jump phenomena, the predicted power values match with those obtained 

using deterministic values. The uncertain trend predicts a smooth trend , i.e. no 

jumps in mean power, and consistently predicts lower values of power than the 

deterministic trend , particularly, in the range of 7 m/s2 to 9 m/s2 
. This can 

have applications in evaluating "worst case scenario" which may have 

implications for harvester optimization for some environments [74]. The largest 

discrepancy in predicted harvested power of almost 66. 7 % occurs at 

F0 = 7.3 m / s2
. 

In Fig. 3.14(c) , the mean and min-max bounds for power with variation in 

magnet gap are plotted. For low values of magnet gap , the min-max bounds are 

very close to the mean power and very low values of power are harvested. At 

higher 6 values , the mean power and also the min-max bounds around it are 

higher. Changing the magnet gap changes the natural frequency of the 

harvester (and also the nonlinear coefficient b) and significantly affects the 
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harvested power. The uncertain trend predicts a smooth transition from the 

intrawell to the chaotic and transitional solutions whereas the deterministic 

trend features a jump at 5 = 15.2 mm wherein the peak predicted power 

discrepancy of 63.2% occurs . 
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3.5 CONCLUSIONS 

Following are the major conclusions of this work: 

• CUT methodology was used to compute the statistical moments. The 

maximum entropy principle was used to obtain the density functions of 

mean power (Pwr ) , rms deflection (u) and rms velocity ( ud). 

• The obtained probability density functions (pdf) of mean harvested power 

were significantly complicated in shape with two and three distinct peaks 

for the cases of monostable and bistable harvesters respectively. The 

distributions matched reasonably well with Monte Carlo (MC) simulations 

thereby showcasing the efficacy of our method. 

• A significant reduction of computation time (Rj 500 times for the 

monostable harvester and Rj 1000 for bistable harvester ) was achieved 

relative to Monte Carlo techniques in evaluation of the statistical moments 

using CUT method. 

• For the linear harvester , the trend of variation of mean harvested power 

with base frequency is unaffected by the inclusion of uncertainty in base 

acceleration and initial deflection. The trend of mean power with respect to 

base acceleration predicts higher values if uncertainty is not taken into 

account . 

• For the nonlinear monostable harvester, the power trends with variation in 

parameters like base frequency, base acceleration and magnet gap are 

decidedly different when multidimensional uncertainty is taken into account 

as compared to a completely deterministic trend. 

• The predicted power discrepancy between the deterministic and uncertain 

trends reach maxima of 100 %, 234 % and 110 % for base frequency, base 

acceleration and magnet gap respectively. The deterministic trend 

consistently overestimates the harvested power relative to the uncertain 

trends . 
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• For the bistable harvester, three distinct peaks were observed in the mean 

harvested power probability distribution. The three regimes were composed 

of intrawell periodic, chaotic and interwell periodic motions. 

• Interwell periodic motion was documented to have a preference for 

frequencies slightly smaller than the natural frequency of the bistable 

harvester and relatively higher acceleration values. The chaotic and 

intrawell periodic regimes do not exhibit this preference. 

• For the nonlinear bistable harvester, the variation of power is significantly 

different when multidimensional uncertainty was taken into account as 

compared to a completely deterministic trend. This difference is 

particularly significant whenever multiple solutions coexist and in the 

neighborhood of jump phenomena. The predicted power discrepancy 

between the deterministic and uncertain trends reach maxima of 66 %, 

66. 7 % and 62.3 % for base frequency, base acceleration and magnet gap 

respectively. 

• The response trends obtained here can have applications in evaluating 

"worst case scenario" which may have implications for harvester 

optimization for some environments [7 4] 

The methodology outlined here is generally applicable to any energy harvesting 

system, indeed, any dynamic system, as long as we know the governing dynamic 

equations. Also, the domain, nature and extent of uncertainty need not be 

constrained. This opens up scope for further research. Particularly, the effect of 

other important parameters such as damping and electro-mechanical coefficient 

on the output power of energy harvesters can be accurately quantified using 

this approach. The methodology outlined here can be used for effective 

uncertainty quantification of other important energy harvesting systems 

because of its relative ease and computational advantages. 



Chapter 4 

Metamaterials: Foldable structures and 

bandgap tuning 

"Be realistic: Plan for a miracle" 

Osho 

4.1 Introduction 

This chapter is the introductory chapter to the metamaterials section of this 

Dissertation. The term "metamaterial" comes from the Latin meta meaning 

"beyond" and therefore refers to a structure that has properties not normally 

found in nature. Specifically, mechanical metamaterials, are structures that are 

cleverly constructed, by arranging the repeating unit cells in a specific method 

engineered to have a particular application. Active and passive periodic 

structures have the ability to selectively inhibit traveling waves in certain 

frequency ranges. These frequency ranges are referred to as bandgaps [99]. In 

this chapter, we present a foldable metamaterial structure with tunable 

bandgaps. It is shown that the position and bandwidth of bandgaps can be 

tuned and manipulated by changing the fold angle (angle between adjacent 

panel/ beams). 

The use of foldable structures has found many applications in engineering - in 

the automotive industry (foldable airbags) [100] or in deployable space 

100 
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structures ( such as deployable solar panels [101] or foldable telescope lens 

[102]). Foldable origami-inspired structures have also found applications in 

self-folding robots [103] and medical stents [104]. Origami-inspired folding can 

impart remarkable properties to structures composed of ordinary materials -

high stiffness [105], bistable configuration [106, 107] and negative Poisson's ratio 

[108, 107] amongst others. For a review of the wide ranging applications of 

origami-inspired structures, the reader is referred to [109, 100]. 

Vibration propagation in periodic structures received widespread research 

attention since the 1960's with Brillouin's paper [110] and continued, to a large 

extent , by Mead et al. [111]. In the early 90's , considerable research interest 

was generated in Phononic crystals (PC's) which, essentially, are artificially 

periodic composite materials that rely on a mismatch between the receptance of 

their constituent materials for the generation of bandgaps [99 , 112]. The late 

90's saw a surge of research interest after some works proposed local resonance 

(LR) as a way of generating subwavelength bandgaps at frequencies orders of 

magnitude lower than those obtained by Bragg scattering [99]. Local resonance 

flexural bandgaps in Euler-Bernoulli and Timoshenko beams have been 

investigated in [113, 114, 115, 116] amongst others. Bragg scattering in periodic 

beams have , received significant research attention as well. In [117], the authors 

use the transfer matrix method to investigate bandgap formation in a periodic 

hollow cylinder carrying fluid and conclude that Bragg bandgaps shifts to lower 

frequencies with increase in fluid velocity in the pipe. In [118], both local 

resonance and Bragg bandgaps in sandwiched beams are analyzed using the 

phased array approach. In [119], the plane wave expansion (PWE) method is 

used to obtain the band structure in a periodic beam. The differential 

quadrature method is used in [120] to obtain the bandgaps in a periodic beam 

structure. While flexural vibration and attendant bandgaps in periodic beams 

have been well analyzed , there exist few (if any) studies on vibration in foldable 

structures. The foldable structure considered here comprises beams connected 

via torsional springs. The beams are free to rotate and fold about the hinge. A 

variety of real-life foldable structures can be modeled by this arrangement; 
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particularly, solar arrays ( comprising solar panels and hinges) and origami 

inspired structures (that are lD foldable). We consider these as follows. 

4.1.1 Solar arrays with tunable vibration characteristics 

Torsion spring 

Beam 

FIGURE 4.1: Modeling solar array: 4 consecutive cells with panels and torsional springs 

Vibration suppression in multi-panel solar array structures has been the target 

of several works in the literature; for instance, tuned-mass dampers have been 

used as an adaptive, passive vibration suppression system for large solar arrays 

[121]. Quite recently, Jiang et al. proposed a robust H00 controller implemented 

using piezoelectric actuators and velocity sensors for vibration attenuation in 

solar arrays [122]. Similar analyses are carried out in [123, 124]. Folded solar 

arrays consisting of multiple panels interconnected with torsion springs which 

aid in the deployment of these structures have been proposed in many works 

[125, 126, 127]. The effectiveness of installing a root hinge drive assembly 

(RHDA) in mitigating impact shocks during deployment on a foldable solar 

array is conducted in [128]. Typically, the solar panels are modeled as beams 

interconnected by torsional springs. In this chapter, we show that it is possible 

to tune bandgaps of a solar array by changing the fold angle between panels. 

This can have applications in designing solar arrays capable of tunable 

vibration attenuation. 

This literature review underlines the importance of this chapter and 

demonstrates another important motivation for this work- the analysis of 

flexural wave propagation in periodic structures like solar arrays. In [126], 
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Santoni et al. propose a deployable solar array consisting of rigid panels and 

torsion springs designed for Cubesat (a miniature, cube shaped satellite [129]). 

In [130], the same research group present an analysis of a miniaturized version 

of the solar array for Nanosat (Nano-sized satellite). Consisting of novel 

photo-voltaic panels interconnected by torsion hinges , a solar array foldable in 

multiple directions is proposed in [127]. In [131], a theoretical and experimental 

dynamic analysis of a deployable solar array which is foldable in multiple 

directions is conducted. The effectiveness of installing a root hinge drive 

assembly (RHDA) in mitigating impact shocks during deployment on a foldable 

solar array is conducted in [128]. In most of the works mentioned here, the 

panels have been modeled as rigid; however, in certain structures, particularly 

where the length of the panels is large , this approximation cannot hold. This 

literature review underlines the importance of this work and demonstrates 

another important motivation for this work- the analysis of flexural wave 

propagation in periodic structures like solar arrays. 

4.1.2 Flexural waves in Origami structures 

FIGURE 4.2: A folded sheet showing creases and panels 

Origami is the ancient Japanese art of paper folding. Fig. 4.2 shows a 

representative sheet folded along one direction with the creases and panels 

labeled. The analysis of mechanical waves in origami-inspired structures is a 

neoteric area of interest. While notable works on origami metamaterials with 

emergent electrical transmission properties exist [132, 133], similar 

investigations into the mechanical properties of foldable structures are few. In 
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[134, 135], Thota et al. use the plane wave expansion (PWE) to demonstrate 

the existence of band gaps and obtain the band-structure related to 

longitudinal wave propagation on a Miura-folded sheet for various 

configurations (i.e. various fold angles). The authors also comment on the 

possibility of non-reciprocal wave propagation. In [136], Yasuda et al. 

investigate longitudinal wave propagation in a structure composed of several 

simplified Tachi-Miura Polyhedron (TMP) blocks which are modeled as two 

bars hinged together using a torsion spring. They obtain the frequency response 

for a single cell and also the band structure for a binary periodic structure 

composed of alternating TMP cells with dissimilar parameters. The formation 

of longitudinal rarefaction waves in a metamaterial composed of TMP cells has 

been analyzed in [137]. Very recently in [138], acoustic wave-guiding in a 

structure composed of origami-inspired extruded cubes that can be reconfigured 

to direct sound vibrations in prerequisite directions is demonstrated. In [139], 

the authors investigate the vibration suppression and wave propagation control 

characteristics of an auxetic (negative Poisson's ratio) kirigami-inspired 

pyramidal core with shunted piezoelectric patches. They also comment on the 

existence and formation of bandgaps in a structure composed of several such 

pyramidal cells. In [140], a lattice theory is presented for analyzing a folded 

sheet in terms of the topology of the crease patterns. A majority of the works 

referenced above analyzed longitudinal wave motion, ignoring flexural vibration 

of the panels because the considered structures are rigid foldable, i. e. the 

panels do not deform. TMP and Miura-Ori are both instances of rigid foldable 

origami patterns. However, a significant variety of origami structures cannot be 

assumed to prescribe to the condition of rigid foldability [141 , 142], i.e. bending 

behavior of panels needs to be taken into account. In [143], the vibration 

behavior of an origami cylinder is analyzed by modeling the crease lines as 

torsion springs and faces as elastic panels and the shapes and characteristics of 

several modeshapes are commented on. Several of the modeshapes, displayed 

significant bending behavior of elastic panels. In [144], the bending of panels in 

a traditional square twist geometry is exploited to induce bistability in the 

structure. In an elegant work [142], the authors theoretically and 
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experimentally analyze a simple structure consisting of a 2 elastic panels 

connected by a crease. From static considerations, the authors show that the 

crease functions as a torsion spring, i.e. the moment on the elastic panels is 

linear with respect to the slope at the ends. Further, they define a 

characteristic length for the structure as the ratio of the bending rigidity of the 

panels to the torsion stiffness of the crease which determines the behavior that 

the structure exhibits. They conclude that when the elastic panels are longer 

than the characteristic length, the beam-like behavior of the panels cannot be 

ignored. A literature review of origami structures that exhibit panel bending is 

conducted in [145]. 

To the best of the authors knowledge, this is the first work proposing tunable 

bandgaps by modulating the folding of structure. Following are some of the 

novelties in this work. We show the existence of stop-bands, i.e. frequencies 

where no waves will propagate in the structure, consisting of sufficiently large 

number of cells and validate the analysis using FEM. The effect of fold angle on 

the wave propagation characteristics of the structure are studied by extending 

the TMM method to include longitudinal vibration of the beams. It was found 

that it is possible to effectuate significant changes in the location and 

bandwidth of bandgaps by modulating the fold angle W. Moreover, for the zero 

fold angle scenario, we demonstrate that the ratio of bending stiffness to the 

torsional stiffness (as defined in [142]) is an important parameter that details 

the width of the stop-bands and, as such, is an important design variable. We 

also prove that the nth natural frequency of the constituent beam under the 

simply supported condition will always be the upper bandgap edge frequency of 

nth bandgap. Interestingly, this frequency is , therefore, independent of the 

torsion spring constant. 

This chapter is organized as follows. Section 4.2 describes the geometry and 

presents the transfer matrices for the unit cell. The existence of bandgaps is 

shown in the structure and they are validated using an FEM model built on 

software COMSOL R . In section 4.4, we derive a transcendental equation 

whose roots are the bandgap edge frequencies and demonstrate that the simple 
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support natural frequency will always bound the bandgap. A comprehensive 

parametric study detailing the variation of the bandgap edge frequencies with 

variation in fold angle, beam width, beam thickness, Young's modulus and 

length of the beam as well as the torsional stiffness is conducted in section 4.5 . 

In the final section (6.5), we summarize the important results in the chapter 

and pitch some ideas for future research. 

4.2 Geometry and Transfer Matrix Method 

As shown in Fig. 4.1 the unit cell consists of a torsion spring and rectangular 

uniform beam with Young's modulus E, density p, width band thickness h. 

Two cases of the structure will be considered. The first being a zero-fold angle 

scenario (the beams are straight), where only flexural wave motion is set up in 

the beams. The second, more important case, is the non-zero fold angle that 

gives us a zig-zag structure. First , we limit ourselves to the zero-fold angle case. 

4.2.1 Zero fold angle (Straight structure) 

The equation of motion for an Euler-Bernoulli beam is given as [146] 

(4.1) 

The transfer matrix for a beam is available in the literature [147, 148] and , for 

the sake of brevity, we will not be deriving the same here and we write directly 

cos(LK)+cosh (LK) sin( LK)+sinh( LK) sin(LK)- sinh(LK) cos(LK)- cosh (LK) 
2K 2EIK3 2EIK2 

( K(sin(LK~;sinh(LK)) cos( LK)+cosh ( LK) cos(LK)- cosh (LK) sin( LK)+sinh( LK) (
2 2EIK2 2Eh 

EIK3 (sin(LK)+sinh(LK)) -EIK2
( cos(LK)- cosh (LK)) cos(LK)+cosh (LK) K(sin(LK)- sinh(LK)) 

2 2 2 2 
I K2

( cos(LK)- cosh (LK)) EIK(sin(LK)- sinh(LK)) sin( LK)+sinh( LK) cos(LK)+cosh (LK) 
2 2 2K 2 (

(4.2) 
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where L and EI are the length and flexural rigidity of the beam respectively, K, 

is the wave-number related to the frequency (w) as K, = \ 4/?{fj.. Tb, the 

transfer matrix, relates the forces and displacements at th~ t~~ ends (left and 

right) of the beam as 

(4.3) 

e { r { 
where y, 0, V and M denote the transverse displacement, slope, shear force and 

bending moment of the constituent beam respectively. As mentioned before, the 

unit cell is composed of a beam and a torsion spring. The subscript n refers to 

the nth cell and we assume that each cell has its own coordinate system 

~n E [O, 1]. For thicker beams, it is necessary to use Timoshenko beam theory. 

The transfer matrix corresponding to Timoshenko beam theory is developed in 

several works [149, 150]. In this work, we use both Euler-Bernoulli and 

Timoshenko beam theory to critically evaluate the accuracy of the approach. 

The next step in this analysis is writing out the continuity and moment balance 

conditions across the torsion spring and we write 

Yn-1(1) = Yn(O) 

Eiy~_ 1(1) = Eiy~(O) 
(4.4)

EI Ill (1) = EI "'(O)Yn-1 Yn 

Y~-1 (1) - It Eiy~-1 = y~(l) 

where y is the transverse displacement. y' is the slope and kt is the torsional 

spring constant. - EIy" and EIy"' represent the moment and shear force 

respectively. Based on these equations, it is possible to write the transfer 

matrix of the torsion spring as 
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0 
-10t 0 

kt 
(

Tk= (4.5) 
0 0 1 0 

1{o 0 ( 
The transfer matrix of the cell is obtained by multiplying the individual 

transfer matrices and we have 

(4.6) 

4.2.2 Non-zero Fold angle (Zig-zag structure) 

In the foregoing analysis, we assumed that the beams and the torsional spring 

undergo transverse vibration perfectly and seamlessly. However, as shown in 

Fig. 4.2, the panels, more often than not, have fold angles between them. It is 

necessary to analyze the structure, when the panels are no longer horizontal. 

The crucial piece of insight is that a non-zero fold angle will induce both 

bending and longitudinal vibration in the panels even if the forcing is purely 

transverse. The zig-zag structure has, therefore, strong coupling between 

transverse and longitudinal motions. Fig. 4.3 depicts the configuration of the 

structure for two different fold angles W1 and W2-

-~ -·-· .-·-

-.,, __ _____ __ ____ _ 1 

Beam Torsion spring 

FIGURE 4.3: Zig-Zag structure: Configuration at different fold angles - \Jf 1 and W2 
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We assume that the fold angle is constant throughout the structure and we 

obtain a periodic structure once again. However, note that the fold angles for 

two adjacent beams are of the opposite signs. This implies that the unit cell of 

the Zig-zag structure consists of two beams alternating with two torsional 

springs as demarcated in Fig. 4.3. The introduction of the longitudinal degree 

of vibration necessitates the use of two further variables - longitudinal 

displacement ( u) and longitudinal force (F). A schematic showing the 

displacements across two consecutive beams, connected via a torsional spring at 

the junction, is shown in Fig. 4.4. It is intuitively obvious that the 

displacements and forces across neighboring beams connected via the torsion 

spring are related as 

FIGURE 4.4: Schematic showing longitudinal and transverse displacements in neighbor
ing beams 

fn+l,Ll {_ [ los(\J!) sin(\J!)l [fnR] ( (4.7)
[~n+I,L \ \sin(\J!) cos(\J!) ~nR 

where [!::] ~ the vector of displacements at the right end of the nth beam 

and [Un+l,Ll (re the displacements at the left end of the (n + Ilh beam. An 
Wn+l,L \ 

exactly similar relationship exists for the forces ( extensional and shear) as 

Vn+I,L) [ los(\J!) sin(\J!)l [VnR] ( (4.8)
Fn+I,L - \sin(\J!) cos(\J!) FnR 

In addition, note that the transfer matrices for the torsional spring 

corresponding to a positive fold angle (w) is denoted by Tk+ and that for 
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negative fold angle ( -w) is denoted by Tk-. The relationship between the 

moment and the slope at the ends of the beams is not affected by the fold angle 

and we write the transfer matrix of the torsional spring as 

0 0 0 (0 -1 /kt 0 

sin(w) 0 cos(w) 0 0 0 
(4.9)

0 0 0 cos(w) 0 -sin(w) 

0 0 0 0 1 0 

( 0 0 0 sin(W) 0 cos(W) ( 

where W is the fold angle and ½is the angle the beam makes with the 

horizontal. kt is the torsion spring constant. The transfer matrix for the 

negative fold angle, Tk- , can be obtained by negating the sin terms. The state 

vector is assumed to be x = [w , 0, u, V, M, FjI'. Next, it is necessary to obtain 

the transfer matrix for the panel taking into account both longitudinal and 

bending terms. The dynamic stiffness matrix relates the forces and 

displacements across both ends of the beam as 

t ( 
UL 

= D(w) ( 4.10) 

MR 0R 

tR ( f (
where the subscripts R and L refer to the quantities on the right and left sides 

of the beam respectively. D ( w) can be obtained by combining the dynamic 

stiffness matrices for transverse motion [147, 148] and longitudinal motion [151] 

and the interested reader is referred to these works for the dynamic stiffness 

matrices. Note that D(w) for the case considered here will be a 6 x 6 matrix 

because of the two additional degrees of freedom (u and F). This is in contrast 
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to the pure bending case (\JI= 0) where the dynamic stiffness matrix and the 

transfer matrix were 4 x 4 (Equation 5.24). Here, we briefly review the 

procedure used to obtain the transfer matrix of the structure given that the 

dynamic stiffness matrix (D(w)) is known. D(w) broken into sub-matrices as 

(4.11) 

The transfer matrix corresponding to Equation 4.10 is obtained by 

manipulating the sub-matrices as [99] 

( 4.12) 

As mentioned before, the unit cell of the zig-zag structure consists of two beams 

alternating with two torsional springs (Fig. 4.3). And the transfer matrix for 

the unit cell is obtained by multiplying the transfer matrices for the beams and 

the torsion springs (Equation 4.12 and Equation 4.9 respectively) as 

( 4.13) 

In the framework laid out above, the transfer matrices for two different 

geometries were derived. Next, we do a brief review of using TMM to obtain 

bandgaps and the frequency response function (FRF) of a periodic structure. 

4.2.3 FRF for finite periodic structures 

The transfer matrix T relates the forces and displacements at two ends of the 

cell. From the Bloch theorem, we have Yn+i = AYn where,\ is the Floquet 

multiplier related to the propagation constant µ as ,\ = eiµ. This leads to the 

following eigenvalue problem 
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IT - ,\I I = 0 (4.14) 

where I is the identity matrix. Solving Equation 5.28 , for a given frequency, 

gives us the propagation constant. Ifµ is a real number , propagation is possible 

at the considered frequency. If µ is imaginary, wave attenuation takes place and 

with infinitely many such cells, waves of the considered frequency cease to 

propagate and we obtain what is referred to as a bandgap. Ideally, the concept 

of a periodic structure implies that it is infinitely large and the cell is repeated 

infinite times. In a finite structure, if the number of cells is sufficiently large , 

bandgaps can be observed in the FRF. The method used to obtain the FRF for 

a finite periodic structure is as follows [152]. If the number of unit cells is N, 

the transfer matrix of the entire structure (To) is obtained by multiplying the 

transfer matrix of the cells as 

i=N 

To~ !J(' ~ T1N (4.15) 

where the Ti are the transfer matrices of the individual cells (and they all equal 

T 1 ). Consider the case of a cantilevered structure (left-end fixed and right-end 

free). We can write 

( 4.16) 

where XR is the state vector comprising displacements and forces at the right 

end of the structure and To11 , To12 etc. are submatrices of To corresponding to 

generalized displacements and force. Since the right end is free, the generalized 

forces must be zero and we write 

( 4.17) 
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Parameter Meaning Value 
E Young's Modulus 2.1 GPa 
p Density 7850 kg/ m3 

h Beam thickness 1 mm 
L Beam length 0.15 m 
b Beam width 1cm 
kt Torsional stiffness 4.2 Nm/ rad 

TABLE 4 .1: Geometry and material parameters the structure 

where O is a zero vector of appropriate length. Further, the generalized 

displacements corresponding to the left end are known. Using Equation 4.17, 

the generalized forces at the left end are obtained and are used to solve for the 

displacements at the right end using 

( 4.18) XR,J= [To., To,,]{1 
where X Rd are the generalized displacements at the right end. In this section we 

have developed transfer matrix formulations for the two geometries - the 

straight (w = 0) and the zig-zag (w > 0) structures. Next we briefly reviewed 

the procedure for obtaining the FRF for a finite periodic structure. In the 

following section, we present FEM simulations to validate the framework 

derived above. 

4. 3 Validation using FEM 

To validate the analysis, an FEM model using commercial code COMSOL 

R was built . Bzier polygons were used to model the beams and torsional 

springs were implemented at each junction by equating the incident bending 

moment to the stiffness times the difference in slopes at the junction. The 

simulation used 180 elements and the simulation time was approximately 2 

hours on a four core machine. Base acceleration was implemented on the 

structure by using the "prescribed acceleration" option. The displacement was 

recorded at the free end and plotted against frequency. The geometry and 

inertial parameters used for the simulations are tabulated in Table 4.1 
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The TMM approach outlined in section 4.2 is used to obtain the displacement 

at the free end. Both Euler-Bernoulli and Timoshenko beam transfer matrices 

are used and the FRF's are plotted in Fig. 4.5 . The results match well with the 

FEM predictions. Very little difference can be observed between the FRF using 

Timoshenko and Euler-Bernoulli theory which can be attributed to the fact 

that the beams considered here are very slender. 

I I i I 
: 1' ' 1 , , . 1

' : I I : 

\ 

- · Euler-Bernouli 
---Timoshenko 
- FEM 

10-4~--~---~--~---~--~---~ 

0 200 400 600 800 1000 1200 
Frequency in Hz 

FIGURE 4.5: Displacement FRF for straight structure: from FEM (in solid red) , from 
TMM (Euler bernoulli (green dashed) and Timoshenko theory (blue dashed). N= 15 

cells. Fold angle , W = 0 

Next, the transfer matrices derived for the zig-zag structure are validated. 

Another FEM model was built and base acceleration (in the transverse 

direction) was used to excite the structure. The junctions were constrained to 

move together and the torsional spring was implemented as described for the 

straight structure above. The fold angle was set to W = 60 deg. The FRF's are 

plotted in Fig. 4.6 and it excellent agreement can be observed between the 

FRF's obtained from TMM and FEM. An interesting observation is that, even 

though the straight and zig-zag structures used the same number of unit cells 

(15 beams in each case) , the attenuation in the zig-zag structure is 3 orders of 

magnitude larger ( on average) leading to significantly deeper bandgaps. 

Further, some localization phenomena can be observed in the form of peaks in 

the bandgaps but this only occurs in the odd-numbered bandgaps. The even 

numbered bandgaps are smooth and qualitatively similar to the bandgaps for 

the straight structure. 
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FIGURE 4.6: Displacement FRF for ziz-zag structure: from FEM (in solid red) , from 
TMM (Euler bernoulli (green dashed) and Timoshenko theory (blue dashed). N= 15 

cells . Fold angle , W = 60 deg 

4.4 Analytical Results 

One very curious matter in regard to the results for the foldable structure with 

zero fold angle was that the upper bandgap edge frequency for the nth band gap 

was found to be equal to the nth simply supported frequency. In addition, based 

on the results presented in section 4.5 , when the structure is folded this 

frequency remains the upper bandgap edge frequency for even-numbered 

bandgaps irrespective of the fold angle. Similar results have been reported in 

some older works [153, 154, 155]. In [154], Mead considers periodic beams with 

torsional springs and simple supports. They author concludes that such a 

structure has pass-bands that are bounded by the clamped-clamped and simply 

supported natural frequencies of the constituent beam. Miles in [153] analyzed 

a infinite beam periodically supported by simple supports and found the upper 

band edge to be equal to the clamped-clamped frequency. However, one crucial 

difference between the geometries considered herein and the above references is 

the coupling. The simple support causes the problem to be mono-coupled since 

the deformation is set to zero which is not applicable to the problem herein 

(which is bicoupled). To investigate why the bandgaps are bounded by the 

simply support natural frequency, it is necessary to look at the behavior of the 

eigenvalues of the transfer matrix in Equation 5.27. The eigenvalues represent 
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the attenuation (or propagation) of the traveling waves. To obtain the 

eigenvalues, we first obtain the characteristic equation as 

( 4.19) 

where I4 x 4 is the identity matrix. After some manipulation, the characteristic 

equation can be shown to be 

3>,4 + >, ( - 2cos(1eL) - 2cosh(1eL) + ~!; (sin(1eL) - sinh(1eL)) {t 
2>, ( 2 + 4cos(1eL)cosh(1eL) + E:,k (cos(1eL)sinh(1eL) - cosh(1eL)sin(1eL)) { t 

A( - 2cos(1eL) - 2cosh(1eL) + ~~ (sin(1eL) - sinh(1eL)) ff 1 ~ 0 

\ (4.20) 

Several interesting things can be observed from Equation 4.20. The 

contribution due to the torsional spring can be clearly demarcated. Moreover, 

as kt ----+ oo , the characteristic equation reduces to the characteristic equation for 

transfer matrix of a beam which makes intuitive sense. Further, the most 

important observation is that the derived polynomial is a palindrome, i.e. , the 

coefficients of Aj and A n -j for j = 1, 2 ... n are the same, where n is the order 

of the polynomial. This is a really advantageous result because it considerably 

simplifies solving for the eigenvalues in closed form. We denote the coefficients 

as a 1 (coefficient of A3 and A) and a2 (coefficient of A2) , divide the polynomial 

by A2 and substitute ?jJ = A+ ½to get 

(4.21) 

Thus, we have reduced the quartic equation to a quadratic and the roots ?/J 1 

and ?/J2 can be obtained as 
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,1, ~ ~a,± 1~ 4(a, ~ 2) (4.22) 
'f/ 1,2 2 

Further, we have >.2 
- A?p + 1 = 0 which allows us to solve for the roots, in close 

form, in terms of ?/J1,2 as 

( 4.23) 

Thus, a closed form expression for the eigenvalues of a transfer matrix for a cell 

of the periodic structure has been derived. As mentioned previously, pass bands 

are characterized by complex eigenvalues. Bandgaps, in contrast, exhibit purely 

real eigenvalues. To this end, we look for values of K,, the wavenumber which 

leads to all eigenvalues being real. Note that the square root in Equation 4.22 

will always be positive because the near-field waves are denoted by real 

eigenvalues. Therefore, ?/)1 must correspond to the near-field components since 

it will always be real. ?/)2 in conjunction with Equation 4.23 gives the far-field 

wave components. For a bandgap to exist, therefore, a far-field wave component 

must switch to a near-field wave. From Equation 4.23, this is only possible if 

✓?/J ~ - 4 is a real number, that is, ?/J~- 4 > 0. This inequality gives us the 

condition which is satisfied inside the band gap. For the bandgap edge 

frequencies, equality must hold and we write 

( 4.24) 

Equation 4.24 can be solved for the frequencies w to obtain the boundary 

frequencies of the bandgap and is therefore, very important. Substitute 

Equation 4.24 in Equation 4.21 to get 
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2a1 + a2 + 2 = 0 ( 4.25) 

a2 - 2a1 + 2 = 0 ( 4.26) 

The next step is to substitute for a1 and a2 from Equation 4.20. We analyze the 

equations individually. Equation 4.25 becomes 

4(cosh(K:L)- l)~os(K:L)-1) 

+ E:," (sin(1eL) \_ sinh(1eL) + cos(1eL)sinh(1eL) - cosh(1eL)sin(1eL)) t0 

( 4.27) 

Note that the equation is transcendental in nature because of the products 

K:sinh( K:L), ksin( K:L) etc. Transcendental equations, in general, do not have 

close form solutions. However, by inspection, we can see that 

K; = L2n1r 
n = o, 1, 2 ... ( 4.28) 

will always be a solution of Equation 4.27 which is interesting because 

Equation 4.28 is the natural frequency of the constituent beam under simply 

supported condition (for even n, so far) [146] since 

-/¥}4EJ-( 2 2)~JWn - A - 4n 7r 4 ( 4.29) 
p pL 

Now, let us consider the other equation, Equation 4.26 . Substituting for a1, a2 

gives 
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4(1 + cos(r;;L))(l + cosh(r;;L))+ 
( 4.30) E:," (sinh(KL) - sin(KL) + cos(KL )sinh(KL) - cosh(KL)sin(KL)) t0 

which , similar to Equation 4.28, is a transcendental equation. It is immediately 

apparent that r;; = (
2nt}rr n = 0, 1, 2 ... is a solution for Equation 4.30 which 

again describes the natural frequencies of the constituent beam under simple 

support condition with odd n. Based on this, we can say that the frequency 

given by Equation 4.29 for all n, which is the n th simply supported natural 

frequency of the beam is always the bandgap edge frequency of a bandgap in the 

considered structure. Notably, this frequency is be independent of the torsional 

stiffness kt. In addition, since r;;L = 2n1r ( even multiple of 1r) , always satisfies 

Equation 4.27 and r;;L = (2n + l)1r always satisfies Equation 4.30, we can 

coalesce Equation 4.25 through Equation 4.30 into a single equation as 

( 4.31) 

Where n is the bandgap number. Substituting for a 1 and a2 gives 

4((-lr+1 + cos(KL)) ( t1r+1 + cosh(KL))f 
E:,k ((- l)"(sin(KL) - sinh(KL)) + cos(KL)sinh(KL) - cosh(KL)sin(KL)) t0 

( 4.32) 

Note that for even n , Equation 4.32 reduces to Equation 4.25 and for odd n it 

reduces to Equation 4.26 . The other bandgap edge frequency for the considered 

bandgap is determined by solving the transcendental equation Equation 4.32. 

This can be achieved numerically. As a rule , the higher bandgap edge frequency 

is given by simply supported natural frequency equation (Equation 4.29). 

Henceforth , the bandgap edge frequencies will be referred to as the lower 
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bandgap edge and the upper bandgap edge frequencies. For the purpose of 

validation, we plot the bandgaps obtained from the transfer matrix theory and 

compare them to those obtained by solving Equation 4.32 in Fig. 4. 7. It can be 

seen that the analytically predicted values closely match the bandgap edge 

frequencies. 

3 

- Real(µ) 
- Imag (µ) 
- -Analytical Bandgap 

100 200 300 40 500 600 700 800 900 1000 
Frequency in Hz 

FIGURE 4. 7: Bandgaps for the straight structure from transfer matrix method (TMM) 
compared with analytical solution(solving Equation 4.32. Simulation parameters in Ta

ble 4.1 ) 

4.5 Parametric studies 

In this section, we look at how variation in geometrical and inertial parameters 

of the structure affect the wave propagation behavior. Although the material 

used in this study was structural steel. For real world applications , particularly, 

where light weight structures are necessary, different materials-such as acrylic or 

aluminum can be used. First , we investigate the effect of fold angles. The FRF 

for the structure is obtained using the transfer matrix derived in Equation 4.13 

and using the method described in subsection 4.2.3 . The number of cells is set 

to N = 30. The simulation parameters for all the parametric studies are 

tabulated in Tab. 4. 1. For very small W = 2 deg, the FRF is practically 

indistinguishable from the straight structure (W = 0). 

As the fold angle is increased, the bandgap ranges vary in a very definite 

fashion. Odd-numbered and even-numbered bandgaps behave differently. 
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Increasing the fold angle to'¥= 2 deg (Fig. 4.8(a) ) changes the FRF quite 

appreciably- the first, third and fifth bandgaps have widened considerably 

whereas the second and fourth bandgap do not undergo any changes. 

As '¥ is increased further, we find that the lower bandgap edge of all the 

bandgaps shifts to lower frequencies. This causes the bandwidth of the 

bandgaps to widen significantly. Further, the upper band edge frequency of the 

structure only increases for the odd-numbered bandgaps (bandgaps 1, 3 and 5). 

In clear contrast , the upper bandgap edge frequency of the even-numbered 

bandgaps (bandgaps 2 and 4) remains the same as that for the straight 

structure. This trend can be clearly observed in Fig. 4.9(a) (w = 66 deg) and 

Fig. 4.9(b) (w = 90 deg ). 

In addition , the dramatic changes in the FRF even with small values of'¥ (Fig. 

4.8( a) ) demonstrates that the wave transmission characteristics of the structure 

are hypersensitive to changes in fold angle. Interestingly, compared to 

even-numbered bandgaps, odd-numbered bandgaps are remarkably more 

sensitive to the fold angle (Fig. 4.l0(a) and 4.ll(a) ) since merely increasing the 

fold angle to '¥ = 20 deg causes the bandwidth of the first and third bandgaps 

to increase by 100 % and 110 % respectively. Interestingly enough, we found 

that the upper bandgap edge of the straight structure is always equal to the 

simply supported natural frequency of the single beam. This result is explained 

in more detail in section 4.4. 

To better capture the behavior of the bandgap with respect to the fold angle , 

the band edge frequencies for several values of the fold angle were recorded and 

are plotted in Fig. 4.l0(a) , 4.l0(b) , 4.ll(a) and 4.ll(b) for the first , second, 

third and fourth bandgaps respectively. The dashed lines denote the bandgaps 

for the straight structure. The first bandgap bandwidth increases by 252 % 

relative to the bandwidth at '¥ = 0. The second, third and fourth bandgaps, 

similarly, undergo increases in bandwidth by 177 %, 230 % and 163 % 

respectively. Further, several localization induced peaks can be observed in the 

FRF. Note that the localization peaks are far more prominent in the 
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odd-numbered bandgaps and this possibly could be related to their different 

tuning behavior with respect to fold angle. 

0 500 1000 1500 2000 2500 
Frequency in Hz 
(a) "1 = 2 deg 

....w= a I\ 
l- '11 = 8 deg \ 

........: 

0 500 1000 1500 2000 2500 
Frequency in Hz 
(b ) "1 = 8 deg 

FIGURE 4.8: FRF of foldable structure (N = 30 cells) with various fold angles (super-
imposed over FRF for w= 0) (a)w = 2 deg (b) w= 8 deg 

Thus, vast changes in the size of bandgaps can be achieved by modulating the 

fold angle in the structure. This tunability is engendered because of the 

coupling of longitudinal vibration with flexural wave dynamics. To further 

characterize this effect, we plot the band diagram (the propagation constant, µ, 

against frequency(~)) for different fold angles in Fig. 4.12(a) and 4.12(b) . 

Note that, when the fold angle is non-zero, the number of far-field 

(non-attenuating) wave components is 4 (because of the inclusion of 

longitudinal motion) and it is 2 when the fold angle is zero. For clarity, only 

far-field wave components are plotted. Several interesting trends can be 
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FIGURE 4.9: FRF of foldable structure (N = 30 cells) with various fold angles (super-
imposed over FRF for w= 0) (a)w = 66 deg (b) w= 90 deg 

observed from figures 4.12(a) and 4.12(b) ; the most important being that even 

a small fold angle (w = 2 deg for Fig. 4.12(a) ) remarkably changes the 

dispersion relationship. This is particularly true for the real component of the 

wave vector (R(µ)) relative to changes in imaginary component(~(µ), which 

denotes the attenuation). The differential sensitivity of odd and even numbered 

bandgaps to the fold angle is evident here since the odd bandgaps are already 

larger while the even bandgaps are the same size relative to the straight 

structure. At larger fold angles (Fig. 4.12(b) ), further changes take place. Note 

that for the straight structure (w = 0), R(µ) inside bandgaps is either zero or 

±1r (only positive values shown in plot for clarity) while it is clearly not the 

case for zig-zag structure. Inside the odd-numbered bandgaps, R(µ) undergoes 
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FIGURE 4.10: Evolution of bandgaps with fold angle (a) First Bandgap (b) Second 
Bandgap 

a coalescing of the two far-field branches to a value that is frequency dependent 

and in the even-numbered bandgaps ~(µ) = 0. Note also that the 

even-numbered flexural bandgaps are contained inside the larger extensional 

bandgaps unlike the odd-numbererd bandgaps for which the extensional and 

flexural bands coincide. The coupling between the longitudinal and transverse 

motions exploited here to engender tunability also occurs in curved beams and 

analyses of periodic structures comprising curved beams exist [156, 157, 158]. It 

is interesting to note that broad qualitative similarities between dispersion 

relation for periodic curved beams and the band diagrams plotted in Fig. 

4.12(a) , and 4.12(b) can be observed; particularly, for~(µ) , the phenomenon of 

the flexural bandgaps appearing nested inside the larger extensional bandgaps 
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FIGURE 4 .11: Evolution of bandgaps with fold angle ( a) Third Bandgap (b) Fourth 
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can be clearly observed [156]. 

This concludes the analysis of the effect of fold angle on the structure. Next the 

effect of other parameters like material elasticity, length of the beams, torsional 

stiffness etc . on the bandgaps is analyzed. In section 4.4, we have derived and 

validated an easy technique (Equation 4.32) for obtaining the exact bandgap 

edge frequencies of the straight structure which will be used to predict the 

variation in bandgap when parameters are changed. These trends can be 

extended to the zig-zag structure as well. Analytic expressions have the obvious 

advantage of being more amenable to parametric studies and also to 

uncertainty analyses when it is necessary to estimate the bandgap edge 

frequencies when the constituent parameters are not exactly known. 
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FIGURE 4.12: Effect of fold angle on Band diagrams: Real(~(µ)) and imaginary (8'(µ)) 
parts ofµ (a) fold angle , W = 2 deg and (b) fold angle, W = 60 deg. Only far-field 

components are plotted 

The torsional stiffness, kt, explicitly appears in Equation 4.32 as the ratio of 

bending stiffnesses of the beam and the spring ( ~;). When kt is varied, this 

ratio changes and this affects only the lower bandgap edge frequency. The 

upper bandgap edge frequency only depends on the properties of the beam and 

is therefore not affected. In Fig. 4.13, we plot the bandgap edge frequencies as 

the ratio ~; is varied by changing the torsion spring constant. At very high kt, 

i.e., low bending stiffness ratio, no effective band gap exists. This can be 

intuitively seen to be true, from equation Equation 4.32 when kt is very large, 

only contribution from the first term counts and the solution approaches the 

simply supported natural frequency causing the band gap to be negligible in 

size. Strikingly, the parameter ~; also characterizes the behavior of origami 
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panels under a static loading as reported in [142]; although they refer to this 

parameter as "origami length scale"). Similar to this work, they model the 

panel as beams and the crease as a torsion spring. The authors conclude that 

the bending stiffness ratio (~: is an important parameter that characterizes 

whether the bending motion of the panel or torsional rotation around the crease 

dominates the response of the structure to a static loading. 

140 

20 

10-2 10-1 

Bending Stiffness ratio (!{!-) 

FIGURE 4.13: Bandgaps in the periodic structure with variation in torsional stiffness 
(kt) 

Increasing the Young's modulus (E), increases the upper bandgap edge 

frequency because a stiffer beam has a higher simply supported natural 

frequency. At higher values of E , the lower bandgap edge frequency decreases 

because of a higher bending stiffness ratio ~:. As E decreases, the bending 

stiffness ratio decreases and we have the opposite effect causing the first and 

upper bandgap edge frequencies to approach each other and essentially, at low 

values of E, no bandgap exists. This trend can be observed in Fig. 4.14(a) 

where the bandgap edge frequencies (y axis) are plotted against the normalized 

Young's modulus (normalized using Young's modulus of steel= 210 GPa) in x 

Variation of the bandgap edge frequencies with changes in the width of the 

beam can be similarly explained. Note that increasing the width will not affect 

the upper bandgap edge frequency (for a rectangular cross section) because the 

ratio {, which appears in Equation 4.29 , reduces to h2
. The lower bandgap 

edge frequency, however, is affected because the bending stiffness ratio increases 
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FIGURE 4.14: Bandgaps in the periodic structure with variation in (a) Young's Modu-
lus (E) (b) Width (b) (c) Length (L) of the beam 

with increase in the width and vice versa. Fig. 4.14(b) plots the variation in 

bandgap edge frequencies with changes in band this trend can be clearly 

observed. The upper bandgap edge is independent of band the lower bandgap 

edge decreases with increase in width causing the band gap width to become 

larger. 

Increasing the length causes the bandgap to shift to lower frequencies. This is a 

common result in the literature [119, 112] that increasing the lattice constant of 

the periodic cell causes bandgap frequencies to decrease. Decreasing the length 

of beam results in the bandgap being formed at much higher frequencies as can 

be observed in Fig. 4.15(b) . 

Next the variation of the bandgap edge frequencies with thickness of the beam 
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Beam thickness in mm 
(a) 

10-1 

Length of heron (in m) 
(b) 

FIGURE 4.15: Bandgaps in the periodic structure with variation in (a)thickness of 
beam (b) length of beam 

is conducted. The relationship of bandgap edge frequencies to the thickness is 

complicated because h1 appears in both the area of cross section and the area 

moment of inertia I. Fig. 4.15( a) shows the variation of the bandgap edge 

frequencies of the first bandgap as the beam thickness is varied. The upper 

bandgap edge, the simply supported natural frequency, increases linearly with 

increase in thickness which is obvious from the structure of Equation 4.29 . The 

lower bandgap edge, in contrast, initially increases, then reaches a peak value 

and then starts decreasing causing the bandgap width to increase. 

This interesting trend can be explained by noting that for low values of h and, 

therefore, I, the bending stiffness ratio, f: remains small and the lower 

bandgap edge frequency is very close to the upper bandgap edge frequency 

(simply supported natural frequency) and increases with it. At higher values of 
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thickness, the stiffness ratio ~: becomes large causing the lower bandgap edge 

frequency to be significantly smaller than the upper bandgap edge and thereby 

creating a large bandgap. 

4.5.1 Implications for deployable metamaterials 

As discussed before, vast changes in the location, size and attenuation of the 

bandgaps can be effectuated by modulating the fold angle. This has important 

applications in tunable wave manipulation, bandgap engineering and adaptive 

filtering. Tunable bandgaps have generated a lot of research attention in recent 

years [159, 160, 161 , 162, 135]. In particular, the design of a tunable vibration 

suppression device where the bandwidth and location of bandgaps can be tuned 

by varying the fold angle is worth investigating. A possible actuation 

mechanism for such a device could involve the use of active torsional springs 

[163, 164] to vary the fold angle in the structure. 

Additionally, these insights can have applications in health monitoring and 

parameter estimation of deployable structures. For instance, since the bandgaps 

have the lowest bandwith when the structure is completely deployed, we can 

predict the deployment status by monitoring the "narrowness" of the bandgaps. 

This methodology can, therefore, be an easier alternative to 

impedance-matching health monitoring techniques which primarily track the 

changes in resonant frequencies of a structure [165]. Since the number of 

bandgaps in a frequency range will always be smaller than number of resonant 

frequencies, accurately tracking bandgaps, coupled with insights presented here, 

can form a cheap and efficient method for estimating mechanical parameters of 

these structures. For instance, a change in only the lower bandgap frequency 

(but not the upper) of an deployable structure, based on the trend in Fig. 4.13, 

would clearly point to corruption of the torsional spring. 

The conclusions can be summarized as follows 

• A deployable metamaterial structure composed of beams and torsion 

springs was analyzed and it was shown that the wave transmission 
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characteristics can be tuned by modulating the fold angle. This can have 

applications in designing solar arrays with tunable vibration suppression 

and adaptive filtering abilities. 

• Transfer matrix formulations were derived for both zero and non-zero fold 

angle scenarios. For non-zero fold angles, both transverse and longitudinal 

vibration in the structure were coupled. The TMM was extended to include 

longitudinal vibration. Two FEM models were used to validate the 

analyses. 

• Increasing the fold angle was found to inflict profound changes to the wave 

transmission characteristics of the structure. In general, increasing the fold 

angles caused the bandwidth of bandgaps to increase significantly. For the 

lowest four bandgaps we found bandwidth increases of 252 %, 177 %, 230 % 

and 163 % respectively (relative to the bandwidth at '¥ = 0). 

• In addition, appreciable increases in bandwidth of the odd-numbered 

bandgaps occurs even at small fold angles- the bandwidth for the first and 

third bandgaps at '¥ = 20 deg is double those at '¥ = 0. 

• The band diagrams relating w to µ showed remarkable differences even for 

small fold angles and systemic differences in odd and even numbered 

bandgaps were observed. Qualitative similarities to the band diagrams of 

periodic curved beams in [156] were noted. 

• It was shown that the upper bandgap edge frequency of the nth bandgap 

will always be the nth simply supported natural frequency of the 

constituent beam. This frequency is, therefore, independent of the torsional 

spring stiffness used. To rigorously prove this, the characteristic equation 

was obtained from transfer matrix and the roots were solved for in the 

closed form. A transcendental equation was derived whose roots were the 

bandgap edge frequencies of bandgap. 

• Parametric studies detailing the variation of the bandgap edge frequencies 

with dimensions and material properties of the beam and torsional stiffness 

were undertaken. It was found that value of the bending stiffness ratio f: 
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plays an important role and determines the bandwidth of the band gap. 

For low values of the ratio, i.e. , low beam flexural rigidity and high 

torsional stiffness, the lower bandgap edge frequency is almost equal to the 

upper bandgap edge frequency and, effectively, no bandgap exists. As 

higher stiffness ratio values, the lower bandgap edge frequency assumes 

progressively lower values relative to the upper bandgap edge frequency and 

we obtain a relatively large bandgap over which no flexural waves 

propagate. 

• Strikingly, this quantity (f:) has also been defined in [142] as "origami 

length scale" which characterizes the response of origami folds to a static 

loading. This will have important ramifications for the design of foldable 

metamaterial structures. 

• Possible applications of the concepts studied herein include a tunable 

vibration supression device with mechanism for modulating the fold angle. 

Also, as an alternative to resonant frequency-tracking based structural 

health monitoring, we propose an easier technique based on tracking the 

bandgaps of the structure which can provide clues such as the deployment 

status of the structure or corrupted torsional springs. 

Further research should focus on understanding the mechanistic aspects of the 

effect of fold angles on the bandgaps (particularly, the mechanism of bandgap 

tuning, why odd and even-numbered bandgaps behave differently and so on). 

Additionally, the bandgap tuning aspects should be investigated in 

two-dimensional materials. An uncertainty analysis relating the uncertainty in 

bandgap edge frequencies and width of the bandgap to uncertainty in 

parameters can be easily undertaken. In addition , an experimental verification 

would add further rigor to the presented results. 



Chapter 5 

Metamaterials: On nonlinear boundary 

periodicity 

"Can you look at a flower without thinking?" 

Jiddu Krishnamurti 

5.1 Introduction 

Wave propagation in linear and nonlinear periodic structures has a long and 

storied history going back to Leon Brillioun's seminal work in 1950's [110]. 

While the majority of research attention in the past has been focused on 

periodic structures and phononic crystals (PC's) operating in the linear regime, 

nonlinear metamaterials and nonlienar phononic crystals are yet to receive a 

similar level of attention and analysis. In this work, we present a method that 

can be applied to periodic beams with arbitrary boundary periodicity. We 

demonstrate the method for two important cases- a nonlinear locally resonant 

metamaterial and nonlinear torsional spring based phononic crystal. 

Local resonance flexural bandgaps in Euler-Bernoulli and Timoshenko beams 

have been investigated in [113, 114, 116] amongst others. Bragg scattering in 

periodic beams have, received significant research attention as well. In [117], 

the authors use the transfer matrix method to investigate bandgap formation in 

a periodic hollow cylinder carrying fluid and conclude that Bragg bandgaps 

133 
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shifts to lower frequencies with increase in fluid velocity in the pipe. In [118], 

both local resonance and Bragg bandgaps in sandwiched beams are analyzed 

using the phased array approach. In [119], the plane wave expansion (PWE) 

method is used to obtain the band structure in a periodic beam. The 

differential quadrature method is used in [120] to obtain the bandgaps in a 

periodic beam structure. 

While flexural vibration and attendant bandgaps in periodic beams have been 

well analyzed, there exist few (if any) studies on nonlinear phononic crystals 

and metamaterials. Nesterenko et al. conducted one of the first studies on 

waves in nonlinear media [166]. Vakakis et al. studied dispersion in a 

monoatomic chain with nonlinear stiffnesses [167]. The introduction of 

nonlinearity in lD monoatomic and diatomic chains has been conducted in 

several interesting works - using perturbation methods [168], using harmonic 

balance and multiple scales [169], using homotopy analysis [170] and using 

harmonic averaging [1 71]. The dispersion characteristics of periodic chains with 

attached nonlinear resonators has analyzed in [172]. An elegant perturbation 

approach has been developed by N arisetti et al. for 1 dimensional periodic 

structures [173]. Darario et al. presented experimental results and simulations 

of a phononic crystal composed of teflon beads interacting with neighbors via 

nonlinear Hertzian contact forces [17 4]. An analysis of solitons in a Hertzian 

chain exists in the literature [1 75]. Investigations of traveling waves in 

two-dimensional lattices also exist in the literature [176, 177, 178, 179]. 

Almost all the above studies used discrete geometries , i.e. the inertial element 

is composed of point masses. Works investigating the inclusion of nonlinearity 

in continuous structures ( such as beams and bars) are significantly rarer. In 

fact, the vast majority of works analyzing wave propagation in nonlinear media 

have been limited to lD spring-mass lattices. In recent years, the introduction 

of nonlinearity in continuous media ( or partially comprising continuous media) 

have been the subject of some works. One of the older studies to investigate 

dispersion characteristics of a structure with nonlinear elastic bars (material 

nonlienarity) connected via linear stiffness was undertaken in 1995 by Vakakis 
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et al. [180]. Recently, Khajehtourian et al. analyzed a metamaterial comprising 

nonlinear elastic bars with linear spring. The nonlinearity is engendered by the 

finite wave amplitude causing large deformations. A nonlinear periodic 

structure comprising Euler-Bernoulli beams has been analyzed by Sorokin et al. 

[181]. The nonlinearity stems from finite beam displacements and midline 

stretching. 

So far, however, the formulation of a general harmonic balance method for 

nonlinear periodic beam lattices is not available in the literature. Of the few 

studies, that investigate nonlinear periodic structures involving beams, most 

have assumed material nonlinearity stemming either from finite displacements 

or geometry. To the best of the author's knowledge, no studies have so far 

investigated nonlinear boundary periodicity in beams. This work seeks to 

bridge this gap and an harmonic balance method has been presented that can 

account for arbitrary nonlinearity at the junctions of the beams. The bandgap 

properties of beams periodically supported by springs [150], periodic attached 

spring-mass resonators [115], and periodic torsional springs [182, 155] have been 

well-studied in the literature for the linear regime. This work extends this to 

the nonlinear domain by using the harmonic balance method for analyzing the 

dispersion and filtering characteristics when the above mentioned boundary 

periodic geometries are nonlinear. 

Most of the above studies report amplitude-dependent dispersion in nonlinear 

periodic lattices and this is perhaps the most important difference among linear 

and nonlinear media. In linear media, the dispersion relationship ( relation 

between K, and w) is independent of the wave amplitude. In nonlinear systems, 

the precise dispersion relationship is a function of the wave amplitude as 

observed in multiple works [176, 168, 173]. In this work, a harmonic balance 

method to obtain the dispersion characteristics of a nonlinear phononic crystal 

is presented. The nonlinear phononic crystal (NPC) comprises an repeating 

Euler-Bernoulli beam and a torsional spring with cubic nonlinearity. We find 

that the dispersion relationship is amplitude dependent. Hardening and 

softening nonlinearities have opposite effects on the bandgaps of the NPC. This 
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chapter is organized as follows. Section 5.2 presents the theoretical formulation 

of the harmonic balance method. In the following section (5.3), the method is 

applied to the nonlinear phononic crystal and the dispersion relationships are 

obtained. The following section (6.5) concludes the chapter. 

5.2 Harmonic balance Method 

In this section, we present the harmonic balance method. In essence, we assume 

a wave composed of multiple harmonics propagating through the medium. 

Before we construct the multiple harmonic solution, it is important to note that 

the assumed solution must satisfy the Euler-Bernoulli beam equation which, for 

an undamped and unforced beam, can be written as 

EI84w A a2w = 0 (5.1)
8x4 + p 8t2 

The traveling wave cos(K,BX - wt) will only only satisfy Equation 5.1 if the 

beam wavenumber K,B is related to the angular velocity w as K,B = 1t!?f!-
v \I 

[146]. Again, for higher harmonic, for a traveling wave of the form 

cos(K,BmX - mwt), the beam wavenumber can be written as 

K,Bm = rm 
1

~ = rmK,B. Thus, for the m th harmonic , the beam 

wavenumber is proportional to rm. 

It is assumed that the traveling waves are propagating in a infinite lattice of 

beams. We denote the beam number by p. Firstly, for a single harmonic wave 

(M = 1) , displacements in the pth beam can be written as 

(5.2) 
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Where w, K, and µ = K,L are the frequency, wavenumber and propagation 

constant corresponding to the wave. A1 , B1 , C1 and D1 are constants which 

define the wave amplitude. For convenience, we define 

C1 (5.3) 

'¥1(.1:) f[t's(KR,1:) sin(1<R,1:) cosh(1<g1:) sinh(1<R,1:)] ( 

so that we can write wp( x, t) as a vector multiplication 

(5.4) 

Again , for the m th harmonic, the respective beam deformation function Wm(x) 

and wave amplitude Am can be written as 

t: ( 
Cm (5.5) 

q,m (.1:) f[ts(Jm1< RX) sin(Jm1<R·"' ) cosh (Jm1< R·"' )sinh(Jm1< RX)] ( 

An additional constraint that needs attention here is the Floquet-Bloch 

theorem. The Bloch theorem guarantees that wave amplitudes in the 

consecutive cells in the lattice are related by a factor of eiK,L [99] ; K, being the 

corresponding wavenumber. Taking this into account , the final wave form , for a 

total of M terms , summing over all the harmonics , for the pth beam we write 
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m=M 

wp(x, t) = ~ (os(mwt)e'pm•L,i,mAm (5.6) 

Notice that the Equation 5.6 will always satisfy the Euler-Bernoulli equation 

irrespective of the value of M. Given the transverse displacement as expressed 

in Equation 5.6, the bending angle, the moment and shear can similarly be 

expanded. As an instance, the bending moment can be obtained as 

(5.7) 

We consider two adjacent beams with nonlinear boundary periodicity and, 

without loss of generality, we assume the beam numbers as p = 0 and p = 1. 

We denote the beams as having displacements wo(x, t) and w1(x, t). Due to 

continuity of displacement, slope, moment and shear, we can write 

wo(L, t) - w1(0, t) - fnz ,w (t) = 0 

0o(L , t) - 01(0, t) - fnz ,0(t) = 0 
(5.8) 

Mo(L, t) - M1 (0, t) - fnz,M(t) = 0 

Vo(L , t) - V1 (0, t) - fnz,v(t) = 0 

Where L denotes the length of the beams, 0, Mand V denote the bending 

angle, bending moment and shear forces respectively. A new set of quantities -

the generalized displacements and forces corresponding to the boundary 

periodicity are introduced. The quantities fnz,w(t), fnz,0(t), fnz ,M(t) and fnz,v(t) 

denote the effects of the boundary periodic mechanism at the junction of the 

two beams. These terms are important because they make this formulation 

completely general and applicable to problems with any arbitrary nonlinear 

boundary periodicity. For instance, let us consider a linear locally resonant 

periodic beam analyzed in several works [113, 114, 116]. The structure consists 
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of a beams with periodically attached spring-mass systems. The transverse 

vibration of the beam, in this case, acts as the excitation for the resonator. If 

we assume a single term excitation (M = 1) , the displacement amplitude of the 

resonator mass can be obtained as Ur = kki wo(L)2 where wo(L) is the transverse 
1 - m1 w 

beam displacement. The force applied by the resonator on the beam is 

f nl ,V = k1 (wo (L) - Ur). Thus, for the case of the linear local resonant 

metamaterial, Equation 5.8, for a single term harmonic excitation, becomes 

wo(L , t) - w1(0 , t) = 0 

0o(L, t) - 01(0 , t) = 0 
(5.9)

Mo(L , t) - M1 (0 , t) = 0 

Vo(L , t) - V1 (0 , t) - k~m1 w 
2

wo(~) = 0 
1 -m1w 

Where fnz v(t) = k17(;' 1w 
2

wo~L ) is the force applied by the undamped resonator on 
' 1 - m1 w 

the beam junction, k1 is the linear spring stiffness , m1 is the resonator mass , wo 

is the amplitude of oscillation corresponding to w0 (L , t) and the terms 

fnz,w(t) , fnz,0(t) and fnz,M(t) , in this case , are zero. Now, let us consider a 

different kind of nonlinearity. Let us assume we have a nonlinear phononic 

crystal with periodic beams interspersed by nonlinear torsional springs. The 

moment-angle relationship of the spring is given by 

(5.10) 

fnz,0 is the nonlinear 0 differential induced across the junction of beams due to 

the torsional spring at a bending moment of Mo (L, t). The coefficients c 1 and c 3 

are the linear and nonlinear compliances respectively. Further , at the junction 

between the two beams, the terms fnz,w(t) , fnz,M(t) and fnz,v(t) reduce to zero 

and the set of continuity equations are obtained as 
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wo(L, t) - w1(0, t) = 0 

0o(L, t) - 01 (0, t) - c1Mo(L, t) + c3M0 (L, t) 3 = 0 
(5.11) 

Mo(L , t) - M1 (0, t) = 0 

Vo(L, t) - Vi(O , t) = 0 

Thus, it is possible to write the continuity equations for arbitrary boundary 

periodicity and the form of the terms fnl ,w, fnl ,w, fnl ,w, and fnl,V depends on the 

specific geometry of the problem. The 4 equations in Equation 5.8 need to be 

satisfied for a traveling wave to be setup; substituting for w0 and w1, we obtain 

m=M m=M 

~ cos(mwt)Wm(O)Am - e'''' ( ~ rs(mwt)Wm(L)Am) - fn, ,w(t) = 0 

(5.12) 

In Equation 5.12, the unknowns are the 4 x M amplitude coefficients and we 

can rearrange the equations as 

(5.13) 

Now, we apply the Galerkin projection to the equation in Equation 5.13. This 

is achieved by essentially multiplying a column vector G composed of temporal 

basis functions and integrating over a full time period of the fundamental 

frequency [183, 184]. G can be written as 
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(cos(wt) (~os(2wt)
G= (5.14) 

2,r 2,r 

Note that since for any m, J
0
w cos2 (mwt)dt = 1r and J

0
w cos(mwt)cos(nw)dt = 0 

the Galerkin projection reduces the equation in Equation 5.13 to a set of 

algebraic equations. After carrying out the Galerkin projection and rearranging 

Equation 5.13 we obtain 

0 0 

( '¥2(0) - ei"L '112(L)) 0 

0 0 

(5.15) 

Where the quantity fnz,w is Galerkin projection of f nl ,w and is obtained as 

2,r 

fow cos(2wt)fnz,wdt 

fnl,w = f nl,w = (5.16) 

2,r1w G X 

·f cos(Mwt)fn1,wdt ( 

Equation 5.15 is a set of M equations. The 3M additional equations are 

obtained by proceeding as before and applying the Galerkin projection to the 

remaining three equations corresponding to the bending angle ( 0) ,bending 
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moment Mand shear Vin Equation 5.8. For instance, for the bending angle, 

we obtain 

( 8'111 I _ ei"L 8'111 I ) 0 0cfx O cfx L 
A1 

0 ( 8'¥2 1 _ ei"L 8'¥2 1 ) 0 A2ax o ax L -¾ [rn1,0] = 0 (5. 17) 

Am 
0 0 ( 8'11 M I _ ei"L 8'11 M I )

8x O 8x L 

Where fn1,0 again is obtained similarly to Equation 5.16 as 

f{cos(wt)fn1,0dt ( 

J{ cos(2wt)fn1,0dt 

(5 .18) 

{{ cos(Mwt)fn1,0dt ( 

The equations corresponding to bending moment and shear can, in anlogy to 

Equation 5.15 and Equation 5.17 be written as 

2 2 
1 ( a w1 ,KL a w1 )
~ 1O - e ~ 1L 0 0 
ax ax 

EI( 82'¥2 I iKL 82'¥2 I )0 0a70 -e DTL ~ -f1-nz M = 0 
7r ' 

0 0 . . . EI(a2wMI -e'"L 82wM I )
~ 0 ~ L 

(5 .19) 
3 3

'[ ( 8 '¥1 I iKL 8 '¥1 I ) 0 07iT O - e 7iT L 

0 EI ( a3q,i' lo - e'KL a 3q,i' I,:.) 0 1-
ax ax - fnz V = 0 

7r ' 

0 0 EI( 83'¥M lo - e'" L 83'¥M IL))
8x3 8x3 

(5 .20) 
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The set of equations in Equation 5.15, Equation 5.17, Equation 5.19 and 

Equation 5.20 form a set of 4 x M nonlinear equations for the 4 x M amplitude 

variables A 1 , A 2 ... Am with the additional two variables - the wavenumber K, 

and the frequency w. As it is , solving this system of equations is infeasible. For 

this reason, we pre-set one of the elements of the amplitude vector and then K, 

can be solved for different values of w or vice-versa. 

In this section so far, we have assumed a general solution composed of multiple 

harmonics. Using Bloch theorem, we derived a set of equations that can be 

solved to obtain the dispersion relationship. In the following sections, we apply 

the derived method to different geometries and structures. 

5.3 Nonlinear Phononic Crystal 

a) 

Beam 

FIGURE 5.1: Nonlinear Phononic crystal comprising repeating nonlinear torsion spring 
and Euler-Bernoulli beam (a) Isometric view (b) 2 dimensional view 
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In this section, we will use the methodology outlined in section 5.2 to obtain 

the dispersion relationship of a nonlinear phononic crystal. The phononic 

crystal, an instance of which is shown in Fig. 5.l(a) and 5.l(b) , is composed of 

repeating blocks of an Euler Bernoulli beam and a nonlinear torsional element 

where the moment-angle relationship is defined as 

(5.21) 

c1 is the linear torsional compliance and c3 is the nonlinear cubic compliance 

which can be positive (hardening nonlinearity ) or negative ( softening 

nonlinearity). The linear counterpart of this phononic crystal has been analyzed 

in literature before [155, 182]. As mentioned before, for a nonlinear torsional 

spring, Bloch theorem in Equation 5.11 applies. For the purpose of simplicity, 

we only use a single harmonic expansion for the traveling waves (M = 1). The 

4 equations derived in Equation 5.15 , Equation 5.17, Equation 5.19 and 

Equation 5.20 , for the case of the torsional spring can be cast into a single set 

of equations as 

(5.22) 

Where f n1 1 ,0 is the Galerkin projection of the torsional forcing 

f nl ,0 = c1M + c3M3 and the terms like fnl ,w, fnl,V corresponding to the residual 

generalized displacements and forces are set to zero. Substituting for the 

moment M = E1 8;~1 loA1 cos(wt) in Equation 5.22, the final form , completely 

in terms of the state variables, can be cast as 
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P arameter Meaning Value 
E Young's Modulus 2.1 GPa 
p Density 7850 kg/ m3 

h Beam thickness 1 mm 
L Beam length 0.1 5 m 
b Beam width 1 cm 

C1 Linear torsional compliance - 15 radN- 1m 

TABLE 5 .1: Geometry and material parameters the structure 

(5.23) 

Thus , Equation 5.22 in conjunction with Equation 5.23 form a set of equations 

that can be solved to obtain the dispersion relationship. Note that the number 

of equations in Equation 5.22 is 4 (since M = 1). The number of unknowns, 

however, 4 + 2 = 6. As indicated before, this obstacle is dealt with by setting 

one of the amplitude coefficients in A 1 = [ii , b, c, d] T to a constant and then 

solving for the wavenumber K, in terms of w. For the results presented herein, 

we have preset the value of the first element in A 1 denoted as a. 

5.3.1 Comparison with Transfer Matrix method 

For the purpose of evaluating the analysis, we apply the developed methodology 

on a purely linear system and compare it to extant techniques for the analysis 

of wave propagation in linear periodic structures. Transfer matrix method is 

one such popular technique in the literature widely used for analysis of linear 

periodic structures [99 , 182]. We consider an simple phononic crystal 

comprising repeating units of an Euler Bernoulli beam and a linear torsional 

spring. The dimensions of the beam and material parameters used for the 

simulation are tabulated in Table 6.1. 
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FIGURE 5 .2: Comparison of Harmonic balance and Transfer matrix method (TMM) 
for linear phononic crystal ( a) real part OR(µ)) (b )imaginary part (8'(µ) )of propagation 

constant. Simulation parameters in Table 6.1 

The transfer matrix for the entire cell is obtained by multiplying the transfer 

matrices of the beam and the transfer matrix of the torsional spring. The beam 

Euler-Bernoulli transfer matrix Tb is [147, 148]. 

cos(L "b)+cosh (L"b ) sin(L"b )+sinh(L "b) sm (L "b)-smh (L"b) so,(L,,l-~• IL•,l ] 

[ 
"b 2EJ,-.;g 2E J,-.;t 

"b (s in(L "b)-sinh (L"b )) cos( L "b)+cosh (L"b) cos(L "b)-cosh (L "b) sin(L"b)+sinh(L"b) 
2Ehb - 2EJ ,-,,bTb= "t (s in (L"b )+sinh (L "b)) - EI"~ (cos(L "b)-cosh (L"b )) cos(L "b)+cosh (L "b) "b (s in (L "b)-sinh (L "b)) ( 5.24) 

I "~ (cos( L "b)-cosh (L "b)) EI "b(sin (L"b)-sinh (L "b)) s in (L "b)+sinh (L "b) cos( L "b)+cosh (L"b) 
"b 

where L and EI are the length and flexural rigidity of the beam respectively, K,b 

is the beam wave-number related to the frequency (w) as K,b = 1
~ . Tb, the 
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transfer matrix, relates the forces and displacements at the two ends (left and 

right) of the beam as 

(5.25) 

As mentioned before, the unit cell is composed of a beam and a torsion spring. 

It is possible to write the transfer matrix of the torsion spring as [182] 

0 0 

0 -C1t (
Tk= (5.26) 

0 0 1 0 

1{o 0 ( 
where c1 is the linear compliance. The transfer matrix of the cell is obtained by 

multiplying the individual transfer matrices and we have 

(5.27) 

The dispersion relationship, using the TM method, is obtained by equating the 

eigenvalues of the cell transfer matrix to e iµ_ This leads to an eigenvalue 

problem which can be solved for µ in terms of w as 

(5.28) 

Solving Equation 5.28 , for a given frequency, gives us the propagation constant 

µ. µ characterizes whether a given frequency is in a pass-band, a bandgap or a 

complex band [99]. If µ is a real number, propagation is possible at the 

considered frequency. If µ is imaginary, wave attenuation takes place and with 
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infinitely many such cells, waves of the considered frequency cease to propagate 

and we obtain what is referred to as a bandgap. Ideally, the concept of a 

periodic structure implies that it is infinitely large and the cell is repeated 

infinite times. 

To use the harmonic balance method derived earlier we note that for the purely 

linear case, we set c3 = 0 in Equation 5.22 . To consider this, note that, 

Equation 5.23 which details the contribution of the torsional spring will, now, 

for the linear case only comprise terms involving c1 . Substituting this in the set 

of equations in Equation 5.22 we obtain 

(5.29) 

Now, since the equation is completely linear in terms of the amplitude 

coefficients A 1 , we can transfer the torsional term inside the matrix to obtain 

(5.30) 

To obtain the dispersion relationship, we solve the set of equations in 

Equation 5.30 for the parameters tabulated in Table 6. 1. Figure 5.2(a) and 

5.2(b) plot the values ofµ obtained for each w using Harmonic balance (blue 

dots) and Transfer matrix ( red asterisked) and reasonably good agreement can 

be observed between the two methods. 

5.3.2 Amplitude-dependent dispersion 

In this section, we obtain the dispersion relationships for the nonlinear 

phononic crystal. Both hardening and softening nonlinearities are considered. 

We define a nonlinearity coefficient /3 as the ratio of linear and nonlinear 
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FIGURE 5.3: Dispersion relationship in nonlinear torsional PC: (a) Real part of propa-
gation const ant ~(µ ) (b) Imaginary part of propagation const ant ':zs (µ ). f3 = 10-s 

compliances such that c3 = c1 x /3 . In Fig. 5.3( a) and 5.3(b) , the dispersion 

relationships for three cases are plotted- the asterisked red line denotes the 

dispersion relation for the linear system (Equation 5.30), the green dashed line 

represents the nonlinear system (/3 = 10- 8) with an preset amplitude a= l e - 3 

and the blue circle represents the dispersion for a much larger amplitude 

a= 0.5. It can be seen that the there is little to no difference between the 

behavior of nonlinear and linear systems. This can be attributed to the low 

value of the nonlinearity /3 . The system is quasi-linear. 

Next , a second set of simulations for a much higher value of nonlinearity are 

presented. The real part of µ as a function of w is plotted in Fig. 5.4( a) and 

5.4(b) . The iamginary part ofµ is plotted in Fig. 5.5(a) and 5.5(b) . It can be 
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noticed that the low amplitude dispersion relationship (green dashed) matches 

almost exactly with the linear trend (asterisked red) . However, when the 

amplitude is increased to a= 0.5, the nonlinear system is characterized by 

different bandgap edge boundaries . Notably, for the nonlinear structure, the 

higher wave amplitude causes the leading bandgap edge to shift to a higher 

frequency. In Fig. 5.6(a) and 5.6(b) , the dispersion relations for a phononic 

crystal with softening nonlinearity is plotted. Softening nonlinearity implies 

that the cubic coefficient c3 (/3) is negative . It can be seen that softening 

nonlinearity causes the bandwidth to increase as it causes the leading bandgap 

edge to move to lower frequencies . 
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To summarize, nonlinear phononic crystals are characterized by 

amplitude-dependent dispersion relationships . This is in contrast to linear 

systems where the relation between K, and w is independent of the wave 

amplitude. This has been observed in literature in earlier works [173, 176]. 

Particularly, for waves traveling in a lD chain with nonlinear stiffness , 

amplitude-dependent dispersion has been reported and , additionally, the 

increase in bandgap edge frequencies for hardening and decrease for softening 

types of nonlinearity has been observed [173]. However, the important finding 

here is that only the leading bandgap edge is susceptible to manipulation by 

varying the nonlinearity, the trailing bandgap edge is independent of the 

nonlinear stiffness . 
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Importantly, it is also clear that only the leading bandgap edge is affected by 

the nonlinearity; the trailing bandgap edge remains the same as that of the 

linear structure. Note that this is an important difference and point of 

divergence for characteristics of lD monoatomic nonlinear chain and the NPC 

presented here. As noted in several earlier works [176, 173], with the 

introduction of cubic nonlinearity in a monoatomic chains, hardening 

nonlinearity causes both the bandgap edges (leading and trailing edge) to be 

pushed to higher frequencies and introduction of softening nonlinearity causes 

both the bandgap edges to shift to lower frequencies. However, in the NPC 

analyzed here, only the leading bandgap edge is tunable. The trailing bandgap 

edge is independent of the nonlinearity and the wave-amplitude. The reason for 

this discrepancy can be attributed to the fact that the normal wave mode at 

the trailing bandgap edge is similar to the modeshape of a simply supported 

beam. In Fig. 5.7, we plot the wavemodes for the leading and trailing bandgap 

edges (/3 = 10-8) over normalized displacement for 2 beams. Also plotted is the 

modeshape for the beams under the simply supported condition (note that the 

displacement at the edges for both beams is zero). Since the simply supported 

beams have zero moments at the edges, it makes intuitive sense that the 

nonlinearity does not affect the trailing bandgap edge. 

5.4 Conclusions 

In this chapter, a general method for wave dispersion analysis in periodic beam 

lattices with nonlinear boundary periodicity was presented. The method was 

applied to the linear torsional spring case and the obtained dispersion 

relationship was compared with that obtained using the Transfer Matrix 

method and good agreement between the two methods was noted. The method 

was applied to a nonlinear phononic crystal with cubic nonlinearity and 

amplitude-dependent dispersion was observed. For low values of nonlinearity 

and low wave amplitudes, the dispersion relationship was quasi-linear. 
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For higher wave amplitudes, it was observed that the trailing bandgap edge was 

independent of nonlinearity but the leading bandgap edge was not. This was in 

contrast to lD monoatomic nonlinear lattices where edges of both - the acoustic 

and optical branches can be manipulated using nonlinearity. For hardening and 

softening nonlinearity, the leading bandgap edge shifts to higher frequencies and 

lower frequencies respectively. 

For future studies, this method can be extended to other nonlinear periodic 

structures- such as a beam periodically supported by nonlinear springs and a 

beam with periodically attached nonlinear resonators. These results also may 

have applications in amplitude-dependent filtering where the cut-off frequency 

can be tuned by wave amplitude. 



Chapter 6 

Metamaterials: One-way sound 

propagation 

"Every moment is perfect 

Every eye is a jewel 

Every man is a prophet 

At the mercy of a fool" 

Phil Lesh 

6.1 Introduction 

The final chapter in this dissertation presents some results concerning one-way 

sound propagation in a system. Wave propagation in conventional linear 

systems is always characterized by reciprocity, i.e., waves traveling from point 

A to B are identical to waves propagating from B to A. In a band diagram, 

which details the relationship between K, ( the wavenumber) and w (the angular 

frequency) , this manifests as symmetry about thew axis, which essentially 

implies that positive and negative values of wavenumber K, have the same 

frequency associated with them. 

Several interesting applications exist and hinge on the breaking of this 

reciprocity which causes forward and backward traveling waves to behave 

disparately. Of particular interest is inducing bandgaps in a medium while 

155 
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concurrently using a technique to engender non-reciprocity thereby causing the 

stopbands for forward and backward traveling waves to occur at different 

frequency ranges. This facilitates one-way wave propagation within the 

stopbands. In the domain of optics, for example, several works concerning 

one-way light transmission (referred to as "optical diode") exist [185, 186]. A 

growing body of recent works is concerned with the breaking of reciprocity and 

inducing one-way propagation in the mechanical domain, i.e., in context of 

sound waves and elastic waves. This chapter presents an investigation of 

one-way sound propagation using modulation of the mechanical properties of a 

fluid medium. Unidirectional sound propagation can have applications in sound 

isolation, filtering and echo suppression and other novel phenomena. The major 

mechanisms for eliminating reciprocity in wave propagation involve (1) using 

nonlinearity (2) biasing the medium and (3) spatio-temporal variation of the 

medium's properties. 

The use of "nonlinearity" is one of the most commonly used mechanisms for 

inducing non-reciprocity. Nonlinearity has been used to induce directional heat 

propagation in a 1 dimensional lattice [187]. Boechler et al. used hertzian 

contact-nonlinearity and associated localization effects due to a single lattice 

defect to induce one-way elastic wave propagation [188]. Liang et al. engineered 

an acoustic diode comprising a superlattice of two alternating linear materials 

and a strongly nonlinear material at the end with the fundamental wave 

frequency constrained to lie in a stop-band and the second harmonic in a 

pass-band [189, 190]. The asymmetry is achieved by the fact that when waves 

are introduced from the left end, they encounter the linear media first causing 

the fundamental wave to decay and be rendered degenerate. When waves are 

initiated from the right end, in contrast, the second harmonic retains significant 

energy owing to the nonlinearity and, thereby, is able to traverse the entire 

structure. Similar to Liang's device, Li et al. presented a device capable of 

inducing one-way sound propagation, implemented by means of a sonic crystal 

and a diffraction grating [191]. Maznev et al. have conducted a review of 

literature concerning "phonon diode" - a device capable of one-way sound 

propagation- the acoustic analog to an electronic diode [192]. 
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Biasing of the medium to induce non-reciprocity has been used in a multitude 

of works as well. Biasing in the mechanical domain usually comprises a medium 

flowing with velocity v which renders the band diagram asymmetric since 

forward and backward traveling waves correspond to different wave numbers 

[193]. A moving fluid in a circular "meta-atom" with three ports has been used 

to achieve directional sound propagation [194]. For electromagnetic waves, 

magnetic fields have been used to bias the medium and induce non-reciprocity 

[195, 196]. Spatio-temporal variation in the properties of the medium/lattice, as 

a mechanism for inducing non-reciprocity, has also been explored in several 

recent works; both in the mechanical and optical domain. Trainiti et al. used 

spatio-temporal modulation of material properties to induce non-reciprocal 

longitudinal and transverse elastic waves in solids [197]. Modulation of electric 

boundary conditions in a piezoelectric stack has been used to induce 

non-reciprocal transmission [198]. Nassar et al. provide an alternative analysis 

of the spatio-temporal modulated rod [199] and demonstrate that the 

macroscopic constitutive behavior for such media are of the Willis type [200]. 

The same group analyzed the effect of spatio-temporally modulated spring 

stiffness on the wave propagation properties of locally resonant structures 

comprising a mass-in-mass lattice[201] and spring-mass resonator coupled with 

an Euler-Bernoulli beam [202]. Yi et al. theoretically demonstrated frequency 

conversion effects in longitudinal waves propagating in space-time modulated 

rod[203]. Chamanara and others theoretically demonstrated one-directional 

light propagation in a medium whose electric permittivity is modulated in a 

traveling-wave fashion [204]. 

Most of the studies reviewed above analyzed one-way wave propagation in 

solids or lattice structures. To the best of the author's knowledge the possibility 

of achieving one-way wave propagation in fluids has , hitherto , been ignored. 

This chapter bridges this gap and the possibility of one-way sound propagation 

is demonstrated in a fluid whose material properties are modulated in space 

and time. It is shown that unidirectional sound propagation occurs when the 

properties of the fluid are modulated in a traveling wave-like fashion, i.e., 

periodicity in both space and time. Further , a discussion on the feasibility of 
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implementing one-way sound propagation using Magnetorheological fluid 

(MRF) is included and a comprehensive study of the effects of dynamic 

viscosity on the one-way bandgaps is undertaken. This chapter is organized as 

follows. Section 6.2 presents the theoretical results concerning sound 

propagation in an unsteady and heterogeneous fluid. Section 6.3 details the 

FEM simulations for validating the analysis. In section 6.4 the applicability of 

the proposed mechanism and study the effect of viscosity is undertaken. In the 

final section (6.5), future research directions are discussed and conclusions are 

stated. 

6.2 Sound propagation in unsteady and inhomogeneous fluid 

In this section, theoretical results concerning sound propagation in a fluid with 

spatial and temporal variations in sound speed and density are presented. 

Sound propagation in fluids has been studied for centuries since the time of 

Newton [205]. The classical wave equation in a homogeneous and isotropic fluid 

is given as [193] 

(6.1) 

p being the acoustic pressure and c0 is the speed of sound. Note that , unlike in 

solids , pressure (perturbation in pressure, to be accurate) is the designated 

variable since it is fairly complicated to keep track of displacements in a 

medium that flows. The wave equation above is derived from the continuity 

equation, the momentum equation and the fluid equation of state under 

assumptions that the disturbance is small and the fluid is inviscid , irrotational 

and isentropic [193]. Several wave equations under conditions violating the 

above set of constraints also exist in the literature [206, 207, 208]. For the 

express purpose of obtaining a viable wave equation for the case considered 

here, attention is focused on a stationary, inviscid and irrotational fluid with 

inhomogeneous and unsteady properties, i. e., the density, p, and the local speed 
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of sound, c, are functions of space and time. Such a wave equation can be 

written as [206] 

~V.(pV<I>) + ~ (_E__) '0 
p at pc2 

\ (6.2)
81> 

p=-p-at 

Where p, <I>, p and c are the acoustic pressure, the potential, the density and 

sound speed respectively. Using the relationship between p and <I>, and 

differentiating with time gives 

8
_2_ Pv.(pV<I>) + ~v(ft-v<I> - pv(E)) ( ~(L) '= o 

p2 at p ~t p \ at2 pc2 
\ (6.3) 

Equation 6.3 has several nonlinear terms; in particular, the terms involving <I>. 
Fortunately, if only small temporal and spatial variations in density, i.e. , 8/; Rj 0 

and ~ Rj 0, are assumed, after ignoring the nonlinear terms, a wave equation, 

only in terms of the acoustic pressure , can be obtained as 

2 

v72 (p) ~ 8 ( p ) ' O (6.4) 
8t2 2 

p \ pc \ 

Equation 6.4 is applicable for a stationary, inviscid and irrotational fluid with 

small temporal and spatial variations in properties. The standard procedure for 

obtaining the dispersion relationship is to apply an assumed solution in 

conjunction with the wave equation. Propagation of waves (sound or otherwise) 

in inhomogeneous media has been discussed in a vast multitude of works. 

Brillouin discussed several instances of wave propagation in inhomogeneous 

media from electromagnetic waves scattering via crystal defects to elastic wave 

propagation in periodic lattices with a small perturbations [110]. Cassedy 

considered electromagnetic waves guided by a boundary with spatio-temporally 
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varying impedance [209]. Slater considered the scattering of incident electron 

waves by thermal effects in a metal [210]. The scattering of light waves by 

traveling ultrasonic waves in the medium has also been considered in literature 

[211]. Ultrasonic waves cause alternate compression and rarefaction of the 

medium which engenders a perturbation in the refractive index of the medium 

that scatters light waves. The general form of the solution assumed in Slater's 

work is applicable here. Consider a fluid medium and a traveling pressure wave 

of the form 

Po(x, t) = 'f5oei(,.,,_r-wt ) (6.5) 

with acoustic pressure amplitude p0 , temporal frequency w, position vector r 
and wave-number vector ;;;,_ For simplicity, only plane waves traveling in the 

fluid only along the x axes are considered which transforms Equation 6.4 to 

32 p 32 
(6.6)3x2 ( ;;l + 3t2 ("f) CO 

Note that Equation 6.6 reduces to Equation 6.1 under assumptions of uniform 

and constant density p and c. If the fluid medium is assumed to have 

modulation in material properties with spatial and temporal frequencies 

denoted by K,m and Wm respectively, the n th order scattered wave is given by 

[210] Pn (x , t) = 'f5nei(( 1,,+nKm)x- (w+nwm)t )_ Summing over all such scattered waves , 

an assumed solution for the pressure field is obtained as 

n=oo 

p(x, t) ~ J: {"ei((, +n•~lx (w+~~Jtl (6.7) 

To obtain a viable solution, r(x, t) = i and b(x ,t) = P~2 are defined in terms of 

the material properties and their Fourier expansions as 
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(6.8) 

Now, we are in a position to use the wave equation Equation 6.6. Substitution 

of Equation 6. 7 and Equation 6.8 and some manipulation yields 

2LL bz'[in [z w~ + 2zwm (w + nwm) + (w + nwm) 2
] - Tz'[in [z2 

r;,~ + 2zr;,m(r;, + nr;,m) + (r;, + nr;,m) 2 
] = 0 (6.9) 

z n 

Simplifying further , a compact equation, can be obtained as 

(6.10) 

The band diagrams , i.e., relationship between K, and w are governed by 

Equation 6.10 . If Equation 6. 7 is solved for a finite number of harmonics and K, 

is preset then solving for w(K,) transforms into a quadratic eigenvalue problem. 

This completes our analysis of sound propagation in an inhomogeneous and 

unsteady media. In the following section, results from FEM simulations are 

presented and compared with the theoretical results presented herein. 

6.3 Validation using FEM 

In this section, Multiphysics code COMSOL R is used to obtain the band 

diagrams in a fluid with spatio-temporally varying properties. A schematic 

depicting the arrangement used for the simulation is shown in Fig. 6.1 where 

two slender, rectangular pipes housing the smart fluid are shown. The density p 

and sound speed, c, of the smart fluid are varied in a traveling-wave fashion as 

described in Equation 6.1 1. 
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Pressure excitation, P(f!) 

Sound wave (right) Rigid wall Smart fluid Sound wave (left) 

\JV'v ,. 

Pressure excitation, P(f!) 

FIGURE 6.1: Arrangement used for FEM simulation: Two slender pipes housing a 
smart fluid (inhomogenous and time-varying density and sound speed) with sound 

waves propagating in opposite directions. 

C = C() + CmCOS(K,mX - Wmt) 
(6.11) 

p =Po+ PmCOS(K,mX - Wmt) 

co and Po are mean local sound speed and mean density. Cm and Pm denote the 

modulation amplitudes. ""m and Wm represent the modulation wavenumber and 

the modulation angular frequency respectively. The slenderness is important for 

the approximation v'2 to hold [193] since, if the thickness is significant , Rj ;;2 

cannot assumed to be small. The length of the pipes was purposefully set at 

a large value of L = 30 m because a sufficiently large number of unit cells must 

be traversed for the bandgaps to be noticeable [99]. Given modulation 

wavelength Am = 2 
7T" Rj 2 m , this corresponds to 15 unit cells of the modulated 

;;2 

K m 

fluid. In addition, new parameters non-dimensional frequency and wave-number 

are defined as 

(6.12) 

The smart fluid in the identical pipes is excited with a broadband pressure 

input. Figure 6.2 shows the pressure excitation in the frequency domain. 
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0.5 1 1.5 2n 
FIGURE 6.2: Fourier transform of pressure excitation(P(D)) used to induce sound 

waves as shown in Fig. 6.1. D is non-dimensional frequency (Equation 6.12.) 

The simulation time is set such that reflections from rigid walls at both end do 

not occur. Therefore, the simulation time was set to t0 = l.!.. = 0.019 s. The 
Co 

pressure field p(x, t) is recorded and a numerical 2-dimensional Fourier 

transform is computed as follows. 

(6.13) 

Where X is the domain over which the waves propagate (the slender pipes in 

Fig. 6.1 ) and t0 is the simulation time. A 2 dimensional hamming window [212] 

(not shown in Equation 6.13) is used to account for the finite sampling time. 

Essentially P(w, "") represents the numerical band diagram. Physically, it is 

proportional to the amplitude of a traveling wave with frequency w and "" in 

response to the pressure excitation in Fig. 6.2 . The parameters used for the 

simulation are tabulated in Table 6.1. The theoretical band diagrams are 

obtained by solving the eigenvalue problem in Equation 6.10 and are plotted in 

Fig. 6.3 , 6.4 and 6.5 in red. 

FEM results are presented for three different modulation cases - case I (No 

modulation , Cm = 0 and Pm = 0) , case II (Spatial-only modulation, 

Wm = 0, ""m > 0) and case III (spatio-temporal modulation , Wm > 0, ""m > 0). 

Case I , essentially, is classical sound propagation in a homogeneous fluid and 
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P arameter Meaning Value 

Po Mean density 2568 kg/ m -> 

Pm Modulation amplitude(p) 513.6 kg/ m 3 

Co Mean sound speed 1476.2 m / s 
Cm Modulation amplitude (c) 295 m / s 
L Length of pipe housing smart fluid 30 m 

TABLE 6 .1: Geometry and material parameters used in simulation 

one would expect to see a linear relationship between K, and w, the 

proportionality constant being the speed of sound c0 . Figure 6.3 plots the band 

diagram for Case I, i.e., no modulation. The band diagram is completely 

symmetrical about thew axis and the relationship between K, and w is linear. 

Case II corresponds to sound propagation in a fluid with density and sound 

speed varying with x (spatial variation only) and a regular Bragg bandgap, 

caused by scattering engendered by the variation of material properties, is 

obtained. Figure 6.4 plots the band diagram obtained for spatial-only 

modulation (km = 3). The surface plot denotes the numerical band diagram 

and the theoretical band diagram is plotted in red. Case III induces a 

traveling-wave like variation of the material properties which precipitates 

non-reciprocity in the band diagram causing the bandgaps for forward and 

backward sound waves to be different. Figure 6.5 shows the non-reciprocal 

bandgaps. Thus, forward propagating waves (K, is positive) and backward 

propagating waves (K, is negative) exhibit different bandgaps. Again, the lines 

in red denote the theoretical band diagram obtained by solving the QEP 

(Equation 6.10). 

Thus, temporal variation of the material properties in a traveling wave fashion 

is the critical agent that engenders an asymmetry in the band diagram and this 

extends to longitudinal and transverse waves in solids as well [197, 199]. 

However, the governing equations as well as the dispersion relations derived for 

solids therein are different. Thus, in the present section, FEM simulations, to 

validate the results derived in section 6.2 , were conducted and the obtained 

numerical band diagrams were found to match well with the theoretical 

predictions. In the following section, we discuss a potential real-world 

implementation of the concept using a smart fluid. 
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FIGURE 6 .3: Case I: Band diagrams for smart fluid with constant sound speed (c c0 ) 

and constant density (p = p0 ). Simulation parameters in Table 6.1. 
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FIGURE 6 .4 : Case II: Band diagrams for spatial ONLY modulation of sound speed 
and density (K,m = 3 rad/sand Wm = 0). Also, Cm = 0.2co, Pm = 0.2pa. Simulation 

parameters in Table 6.1. 
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FIGURE 6 .5: Case III: Band diagrams for spatial AND temporal modulation of sound 
speed and density (K,m = 3 rad/s and Wm = 0.15K;mCo)- Also, Cm = 0.2co , Pm = 0.2pa. 

Simulation parameters in Table 6.1. 
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6.4 Real-world Implementation 

A possible candidate for the active manipulation of material properties as 

described above is Magnetorheological Fluid (MRF) typically referred to as a 

Smart fluid. Smart fluids are typically composed of a suspension of small 

particles dispersed in a dielectric fluid ( oils, polyethers) and the application of 

suitable stimulus ( electrical or magnetic) increases its resistance to flow [213]. 

In the case of MRF, the magnetorheological effect is commonly attributed to 

the fact that under the influence of a magnetic field, the magnetic particles 

align and form anisotropic aggregates. In the absence of magnetic field, the 

viscosity of the fluid is low and it flows easily. When the magnetic field is 

applied, the magnetization of the particles renders the fluid into an almost 

solid-like viscoelastic substance with the yield stress (minimum shearing stress 

required to make the fluid flow) increasing by orders of magnitude [214]. MRF's 

can display an almost instantaneous increase in apparent viscosity in response 

to a magnetic field , have wide ranging technological applications - in 

automotive brakes and clutches [215 , 216], in dampers [217], for blood 

embolization as a form of Cancer treatment [218], for high precision finishing 

and polishing [219]- amongst others and have been extensively reviewed in 

literature [214, 220]. 

Sound propagation in MRF's has received significant research attention because 

of the interesting phenomena observed by various research groups. Nahmad et 

al. in [221], observed two longitudinal sound modes propagating in a MRF, 

under a magnetic field , composed of Iron particles dispersed in glycerine. Of 

course, in the absence of magnetic field, a single mode was observed. They 

hypothesized that the faster mode corresponds to sound propagating in the 

fluid channels and the slower mode is caused by wave motion in the anisotropic 

metal structures created in response to the magnetic field. An important 

observation in the above-mentioned work was the variation of speed of sound 

with the applied magnetic field corresponding to the first mode. Nahmad et al. 

observed a sound velocity change of almost 25% from 1.37 km/ s to 1.82 km/s 

as the applied magnetic field is increased from zero to 500 G [221]. However, 
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some other research groups found significantly smaller changes in sound velocity 

[222 , 223 , 224] with magnetic field. Donado et al. developed expressions for the 

variation of sound velocity in MRF with applied magnetic field which were then 

experimentally validated [225 , 226]. Mulholland et al. conducted a theoretical 

study of a novel piezoelectric transducer using MRF as an active matching layer 

with tunable impedance[227] building on the results in [221]. Based on these 

considerations and in light of the results presented in sections 6.2 and 6.3 , a 

novel application for Magnetorheological fluids in an acoustic diode may be 

possible. 

The proposed geometry for this purpose is illustrated in Fig. 6.6 and shows a 

long tube or container housing MRF and a linear induction motor for obtaining 

the requisite spatio-temporal variation of the applied magnetic field. A linear 

induction motor (LIM) is, essentially, the translational counterpart to the 

conventional alternating current motor with the "stator" and "rotor" arranged 

in a straight line [228]. The motion is created by the varying magnetic field. 

LIM's have applications as actuators, shock absorbers, shakers [229] and, most 

famously, in magnetically levitated trains [228]. The direction of sound 

propagation in the container (Fig. 6.6) is perpendicular to the direction of 

magnetic field. Further, for simplification purposes, it is assumed that the 

changes in magnetic field and properties of MRF are instantaneous. This is a 

reasonable simplification if the modulation frequency is low since MRF's 

typically have very fast response times to changes in magnetic fields ( of the 

order of 5 milliseconds ) [230]. This corresponds to a modulation frequency of 

f m ~ 200 H z . All simulations presented in this work except those in Fig. 

6.8(a) , 6.8(b) and 6.8(c) used modulation frequencies less than 200 H z . 

Effect of viscosity 

An important design consideration is the attenuation of sound waves due to 

viscosity in fluids. To investigate the effect of viscosity on the one-way 

bandgaps, we define a parameter, hitherto referred as "acoustic coefficient" , Cv, 
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Acoustic 
Linear induction source 

Internal 
Acoustic sensor 

FIGURE 6.6: Schematic of MRF with Linear induction motor mechanism for one-way 
sound 

in terms of input pressure excitation and the traveling waves set up in the fluid 

medium as follows 

(6.14) 

Where P0 ( w) is the wide-band pressure excitation in frequency domain (Fig. 

6.2). The quantity P(K,, w) is defined in Equation 6.13 as the 2 dimensional 

Fourier transform of the pressure field and integration over K, , essentially, sums 

the amplitudes of all propagating waves at a given frequency. The coefficient Cv 

is, therefore, a function of the angular frequency w and µ, the dynamic viscosity 

of the fluid. Note that Cv can be greater than 1 (as in Fig. 6.7(a) ) because the 

numerator involves an integral over the spatial and temporal domains, but the 

denominator does not). 

In Fig. 6.7(a) , 6.7(b) and 6.7(c) , the variation of Cv against w is plotted for 

µ = 50 Pa-s , µ = 5 x 104 Pa-s andµ= 5 x 105 Pa-s respectively. The lower 

values of viscosity correspond to lower attenuation and the bandgaps are 

distinctly formed. Increasing the viscosity leads to attenuation and a 

corresponding decrease in the transmitted acoustic power. At higher values of 

viscosity, particularly at µ = 5 x 105 Pa-s, complete obliteration of the 

bandgaps takes place due to very strong attenuation. 
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FIGURE 6.7: Low frequency bandgaps: Acoustic coefficient (Cv defined in Equa-
tion 6.14) plotted against frequency for different viscosities (a)µ 50 Pa-s (b) 

µ = 5 x 104 Pa-s (c) µ = 5 x 105 Pa-s. Simulation parameters in Table 6.1 

Further, it was found that the effect of fluid viscosity is dependent on the 

frequency at which the bandgaps are formed. In particular, the attenuation 

effected by viscosity is significantly more conspicuous when the bandgaps are 

formed at higher frequencies. To investigate this, an additional set of 

simulations with a different set of parameters which are tabulated in Table 6.2, 
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Parameter Meaning Value 

Po Mean density 2568 kg/ m "' 

P rn Modulation amplitude(p) 513 .6 kg/m3 

Co Mean sound speed 1476.2 !I':. 
s 

Crn Modulation amplitude (c) 295 !I':. 
s 

Krn Modulation wavenumber g _!_ 
rn 

Wrn Modulation frequency 2000 rnd/s 

TABLE 6 . 2: Geometry and material parameters used in high frequency simulation 

was conducted. A quick comparison with Table 6.1 will show that ""m and Wm 

(the spatial and temporal modulation frequencies) are much higher and, as a 

result, the bandgaps are formed at an elevated frequency for this simulation set . 

In Fig. 6.8(a) , 6.8(b) and 6.8(c) , Cv is plotted against w for the high frequency 

bandgaps and a similar trend with the corruption of one-way bandgaps 

increasing with viscosity can be observed except that the corruption increases 

more rapidly as compared to the set of simulations in Fig. 6.7(a) , 6.7(b) and 

6.7(c) . 

To comprehensively quantify and understand the interplay between fluid 

viscosity and the bandgap frequencies, attenuation coefficients (31 and (32 are 

defined in terms of the ratio of Cv inside a pass-band (Cv and Cv 2 ) to that 
pass 1 pass 

inside a bandgap (Cvbg). These quantities are clearly demarcated in Fig. 6.8(a) . 

The amplitude ratios (31 and (32 (for the left and right sides of the bandgap) 

then become 

(6 .15) 

Where Cv 1 , Cvb and Cv are defined in Fig. 6.8(a) . Since pass-bands occur 
pass g pass2 

on both sides of the bandgap, the geometric mean of the two ratios (31 and (32 is 

used to obtain (30 = ~ as the ultimate quantifier of the attenuation inside 

the bandgap. (30 was recorded for several values of viscosity for the high 

frequency and low frequency bandgaps. To analyze the differential behavior of 

high frequency and low frequency bandgaps, the logarithm of (30 against fluid 
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viscosity is plotted in Fig. 6.9. The y-axis corresponds to the attenuation as 

quantified by (30 and is plotted in decibels ( therefore proportional to log( /30 )). 

The x axis represents viscosity. The attenuation inside a bandgap, as measured 

by the ratio of amplitudes (30 , is a measure of its effectiveness and a higher (30 

is, therefore, desirable. The effectiveness of the bandgap, as quantified by 

log( /30) starts decreasing beyond a viscosity value of ~ 3000 Pa-s. The 

interesting trend that can be observed is that when the bandgaps are formed at 

a higher frequency, the sensitivity to viscosity is higher. In other words, at the 

same value of viscosity, bandgaps formed at higher frequencies are more 

susceptible to corruption caused by viscous attenuation. At very large values of 

viscosity, effectively, no bandgaps exist and the ratio (30 is 1. This trend posits 

that if the bandgaps are formed at higher frequencies (> 2 kHz), viscosity 

might become even a more critical factor. For the simulations presented, owing 

to the computational challenges of simulating high frequency waves (since a 

traveling wave with lower wavelength requires finer meshing) this analysis has 

been limited to bandgaps at frequencies slightly higher than 1 kHz . 

The investigation of the effect of viscosity is particularly more important in the 

context of the current work because the viscosity of MRF can increase by 

orders of magnitude with an applied magnetic field. In [231], the authors report 

rheological properties of different Magnetorheological fluids. The peak viscosity 

(µ) is of the order of 103 Pa-s and they also conclude that the additives used in 

the MRF significantly affect the viscosity. A similar figure for peak viscosity 

(µ ~ 103 Pa-s) is reported in [232] where MRF's with different Iron volume 

fractions are investigated. It is also found that the MRF with the lowest 

volume fraction of Iron exhibits the least viscosity [232, 233]. Fonseca et al. m 

[234] detail the variation of viscosity with magnetic field and report viscosity of 

µ = 50 Pa-s correpsonding to a magnetic field of~ 5 mT. A slightly higher 

viscosity (µ = 80 Pa-s) is reported by Roszkowski et al. in [235] for a magnetic 

field of 12 mT. Thus, the viscosity exhibited by Magnetorheological fluids can 

vary vastly and is dependent on the Iron volume fraction , the applied magnetic 

field, the additives and the carrier fluid used. Based on the results presented 

above and , particularly, in light of Fig. 6.9 , it may certainly be possible to 
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FIGURE 6 .8: High frequency bandgaps: Acoustic coefficient (Cv defined in Equa-
tion 6.14) plotted against frequency for different viscosit ies (a) µ 50 Pa-s (b) 

µ = 5 x 104 Pa-s (c) µ = 5 x 105 P a-s. All simulation parameters in Table 6.2 

obtain one-way sound propagation using MRF if the viscosity is limited to 

µ < 3000Pa-s, particularly if the bandgap frequencies are limited to less than 

2 kHz as described in this work. This completes our analysis of the effect of 

viscosity on the one-way bandgaps; in the following section, we pitch some ideas 

for future research and conclude this overlong dissertation . 
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6.5 Conclusions 

T he possibility of achieving one-way sound propagation in a fluid using 

spatio-temporal modulation of t he sound speed and fluid density was examined 

in t his work. A wave equation for a fluid wit h inhomogeneous and unsteady 

material properties ( (i.e. varying in space and t ime)) was derived. An ansatz 

solut ion was imposed and t he dispersion relationship (relation of K, to w) was 

derived. T he t heoretical dispersion relations were validated by a comprehensive 

FEM analysis. Numerical band diagrams were computed by a two-dimensional 

Fourier transform of t he pressure field (p(x , t)) and were compared wit h t he 

t heoretical predictions showcasing t he efficacy and accuracy of analysis. 

Since t he local sound speed of Magnetorheological Fluids (MRF ) can be 

modulated by a magnetic field [221], t he feasibility of real-world implementation 

of t he acoustic diode proposed here, using MRF ( or Ferrofluids) was also 

examined. A detailed study of t he effect of viscosity on t he one-way bandgaps 

was undertaken. It was found t hat increasing viscosity causes t he bandgaps to 

become progressively corrupted. T his corrupt ion, however , is frequency 

dependent . At t he same value of viscosity, bandgaps formed at higher 

frequencies are more suscept ible to corrupt ion due to viscous attenuation. 

W hile t his work focused exclusively on t he derivation and validation of 

dispersion relations for sound in a fluid wit h spatio-temporally varying 
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parameters and the feasibility of inducing one-way bandgaps in the same, 

several interesting phenomena manifested by space-time modulated media such 

as frequency conversion effects [198, 203] or the effect of super-sonic modulation 

[199] await investigation. 
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AppendixA 

A.1 Computing 4 dimensional CUTS points 

The procedure for calculating the points and weights associated with CUTS is 

described as follows. This analysis is limited to 4 dimensional uncertainty. CUT 

points for different dimensions and orders can be similarly computed. For the 

8th order CUT, the moment constraints that need to be satisfied are obtained 

as 

£[x;] = 1 £[x; ] = 3 £[x;x;] = 1 

£[xf] = 15 E[x;x; ] = 3 £[x~] = 105 
(A.1) 

E[xfx;] = 15 E[x;xJ ] = 9 

E[x;x;x~] = 1 

These 11 moment constraint equations can be written in terms of the scaling 

variables ri i = 1, 2, ... 6 and the weights Wi i = 0, 1, ... 6 as 

175 
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2rfw1 + 32r~w2 + l 6r~w3 + 32dw4+ 48rgw5 + 128rlw6 + 32h2rlw5 = 1 

2rfw1 + 32ri w2 + l 6rj W3 + 32dw4+ 48rt w5 + 128rlw6 + 32h4rlw5 = 3 

32ri w2 + 4rj W3 + 32r! w4 + 24rt w5 + 96rl w5 + 64h2r l w6 = 1 

2r1w1 + 32rgw2 + l 6r~w3 + 32r~w4 + 48rgw5 + 128r~w6 + 32h6r~w6 = 15 

32rgw2 + 4r~w3 + 32r~w4 + 24rgw5 + 96r~w5 + 32h2r~w5 + 32h4r~w5 = 3 

32rgw2 + 32r~w4 + 8rgw5 + 64r~w6+ 96h2r~w6 = 1 

2r~w1 + 32r~w2 + l 6r~w3 + 32dw4+ 48rgw5 + 128r~w6 + 32h8r~w5 = 105 

32r~w2 + 4r~w3 + 32r~w4 + 24rgw5+ 96r~w6 + 32h2r~w6 + 32h6r~w6 = 15 

32r~w2 + 4r~w3 + 32d w4 + 24rgw5 + 96r~w5 + 64h4r~w5 = 9 

32r~w2 + 32d w4+ 8rgw5 + 64r~w6+ 64h2r~w6 + 32h4r~w6 = 3 

32r~w2 + 32dw4+ 32r~w6 + 128h2r~w6 = 1 

(A.2) 

i posit ion weights 
l :Si:SS x ;=r1a ; W; = W 1 

- 49:S i :S 24 X ; = r2C; W; = W2 
- 225 :S i :S 48 X ; = r3C; W; = W3 

49 :S i :S 64 x 
-

; = r 4 c; 
4 

W; = W4 
- - 365 :S i :S 96 X ; - r5C; W; = W5 

97 :S i :S 160 - 4
X ; = r5S; W; = W5 

i= 161 x; = 0 W; = WQ 

TABL E A .1: Positions and weights of CUT S for 4 dimensions 

Solving the set of equations in Equation A.2 gives us the weights and the 

scaling variables r i . Note that the number of variables is 13 (6 weights , 6 

scaling variables Ti and h) while the number of equations is 11. To work around 

t his, two of t he variables are preset (usually, r 1 and h) and t he remaining 

Type Sample point Number of points 
a (1,0, . .. ,0) 2n 

cf (1, 1, ... 1, 0, 0, . .. , 0) 2m ( f) ( 
sf(h) 

TABLE A .2: Set of points for 4 dimensional CUTS 
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variables are solved for. Once the equations are solved, the corresponding 

CUTS points are calculated as tabulated in Table A.1 which lists the spatial 

coordinates and the associated weights for 161 CUTS points. The central 

weight w0 does not appear in Equation A.2 and is computed as 

(A.3) 

since the sum of weights is constrained to be 1. The quantities c;, cf, c;, ai and 

sf are permutations of points in the conjugate axes and are given in Table A.2 . 

Although, the computation of CUT points is rather involved, this calculation is 

done only once and the resultant points are used in computing the moments. 

The reader is referred to [68, 67] for detailed information on the computation of 

CUT points. 
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