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Abstract  

This work studies two main applications for smart materials; Energy harvesting and wave 

propagation. For the first application, we look at utilization of piezoelectric materials in generating 

electricity at small scale and from low frequency excitation. First, the energy harvesting at small 

scale for biomedical applications is studied. Two different novel configurations, one linear and 

one nonlinear, are proposed to achieve the goals for an energy harvester in implantable biomedical 

devices such as pacemakers. The goals include but not limited to satisfying the size limitations, 

MRI compatibility, sufficient power output, reliability, and robustness. The proposed devices are 

designed and optimized to convert the heartbeat vibrations to the electricity needed for 

conventional and modern leadless pacemakers. The energy harvesters are modeled and the 

electromechanical coupled equations are solved analytically. The results are verified using 

experimental test results.  

Moreover, the energy harvesting from controlled buckling of piezoelectric beams is studied. The 

goal is to achieve high power output from low frequency excitation such as human walking or 

passing cars. A mechanism is proposed to use controlled buckling for maximizing the power and 

preventing the beam from fracture due to buckling. The device could be used as a shoe energy 

harvester or as an energy harvester on roads. The generated electricity could be used to power 

portable devices such as cell phones and sensors on roads.  

Another application of smart materials is studied in this work to achieve nonreciprocal wave 

propagation. Metamaterial Terfenol-D and a linear induction motor mechanism are proposed to 

achieve nonreciprocity in a rod by changing the modulus of elasticity in space and time. The 

governing equations of the system are studied and a modified transfer matrix method is derived to 

calculate the transfer function of the rod.   
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1. Introduction 

Smart materials are a class of materials that convert mechanical motion into other form of energy 

and inversely. Some examples of smart materials are piezoelectric, magnetostrictive, self-healing, 

magnetic shape memory, and photomechanical materials. Smart materials are used in different 

applications. Some applications include sensing, actuation, energy harvesting, wave propagation, 

and structural health monitoring. A full description of smart materials and their applications can 

be found in [1]. 

This thesis consists of four main chapters studying application of smart materials in energy 

harvesting and wave propagation. Chapter 2 and chapter 3 study various piezoelectric energy 

harvesters for powering implantable medical devices and specifically pacemakers. Chapter 4 is 

energy harvesting from controlled buckling of piezoelectric beams and how this energy could be 

used to power portable devices from human walking or powering sensors on roads from passing 

cars. Chapter 5 investigates the utilization of magnetoelastic materials to achieve nonreciprocal 

wave propagation.  

1.1 Energy harvesting for pacemakers using fan-folded piezoelectric 

structure  

Cardiac pacemakers are implanted for treatment of abnormal heart rhythms. The device is 

implanted inside the body in the chest or abdominal region. During the past decades, the number 

of people receiving cardiac pacemaker has been increasing in the US [2]. About 3 million patients 

received pacemaker in the United States, between 1993 and 2009 [2]. In the traditional 

pacemakers, the patient needs to do a surgery every 7-12 years to have the old pacemaker removed 

due to the battery depletion and receive a new pacemaker [3, 4]. The surgery is costly and has its 
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own risks. The size of the pacemakers has been reduced significantly by introducing the leadless 

pacemakers. Leadless pacemakers are much smaller than the conventional pacemakers and they 

are attached to the inner wall of the heart. Initially, the working lifetime of the leadless pacemakers 

was envisioned for 25 years; however, their development was unsuccessful due to challenges in 

reducing the size of the batteries [5]. Unlike traditional pacemakers, leadless pacemakers do not 

need an open surgery for implantation. Leadless pacemakers are implanted inside the heart and are 

directly attached to the heart tissue. The required power for a leadless pacemaker is less than 

10 𝜇𝑊 [6]. The main obstacle for the development of leadless pacemakers has been the power 

issue. The size of a conventional pacemaker battery is too large for leadless pacemakers. The 

battery size issue hindered the development of leadless pacemakers for 20 years, however recently 

novel batteries have been developed that make leadless pacemakers realizable. Still, the battery 

life is finite and is about 7 to 12 years [7] depending on the usage and other factors [3, 4]. 

Pacemaker battery depletion mandates repeated surgical procedures for young patients who require 

cardiac pacing. Moreover, the extraction of leadless pacemakers is very difficult, and when the 

battery is depleted, most likely, a new pacemaker has to be implanted beside the non-functional 

old pacemaker. The procedure of placing a leadless pacemaker in the heart does not involve a 

complicated surgery. However, this procedure is still costly and the heart space gets filled up with 

the old not-working pacemakers. This issue harms the young patients who might need several 

pacemakers during their lifetime. The mentioned issues with the battery of the pacemakers show 

the demand for developing a lifetime energy source, to be used in the pacemakers instead of the 

current batteries. 

If a vibration energy harvesting is used to supplement the batteries in implantable pacemakers, 

additional analytical and diagnostic capabilities such as continuous monitoring can be integrated 
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into pacemakers. This is in addition to the fact that using Energy Harvesters (EH) to power leadless 

pacemakers can potentially make them permanent. 

To solve the battery issue, we use the heartbeat vibrations to generate the electricity needed for a 

leadless pacemaker. Many research groups have investigated energy harvesting from the human 

body by using different strategies [8-17]. Among them, there are a number of groups who have 

studied energy harvesting for pacemakers from lung motion [18], heartbeat motion and vibration 

[10, 13, 19-21], and blood pressure [22]. Piezoelectric micro energy harvesters have shown 

promising results in generating electricity for pacemakers from heartbeat vibrations [11, 13, 22]. 

Some groups have looked at other ways such as acoustic power transfer [23], magnetic energy 

harvesters [24], kinetic and thermal energy harvesters [25] for generating electricity for biomedical 

devices. Karami [13] investigated energy harvesting for pacemakers using heartbeat vibrations. 

He introduced linear and nonlinear piezoelectric devices to recharge the batteries of the 

pacemakers continuously.  The devices convert the vibrations from the heartbeats to the electrical 

energy needed for powering the pacemakers. Zurbuchen [10] utilized a mass imbalance to convert 

cardiac wall motion into electricity. Hwang [11] studied a single crystalline piezoelectric energy 

harvester to power an artificial pacemaker. Dagdeviren [12] investigates different materials and 

devices that convert heart and lung motion into electricity. Due to some restrictions, none of these 

energy harvesters have been implanted inside any commercial pacemakers. The restrictions 

include but not limited to the size of the EH, not producing sufficient power, stitching the EH to 

the heart tissue, unreliability, fabrication difficulties, Magnetic Resonance Imaging (MRI) 

incompatibility. This project is the first work to look into energy harvesting for leadless 

pacemakers. The main difference between EHs for conventional and leadless pacemakers is that 
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the EHs for the latter must be 3 dimensional. This necessitates the use of complex geometries for 

energy harvesting. 

There have been some studies in finding the mode shapes of discontinues devices. Wickenheiser, 

in his research [26], used transfer matrices to find the mode shapes of beam structures with point-

wise discontinuities. Karami [27] proposed a new zigzag microstructure and showed this new 

geometry lowers the natural frequency of the system comparing to a cantilevered beam. In our 

work, we use the transfer matrix method to reduce the size of calculation significantly. Several 

studies have been done on the fan-folded structure as well. Khattak, for example, [28] studied the 

interesting behavior of a fan-folded structure and observed that structures with even beams have 

repeated resonances and structure with odd beams have double roots coinciding with a cantilevered 

beam. In another research, Reissman [29] studied the coupling effect of vibration fan-folded energy 

harvesting structures. Gong [30] modeled  fan-folded structure using finite element analysis and 

experimentally calculated the output power of a fan-folded design. We analytically model the fan-

folded EH and study the generated energy for powering leadless pacemakers. 

Different techniques have been utilized by several research groups for decreasing the natural 

frequency of a small size structure. Fan-folded configuration [28, 30-32], elephant [33] and zig-

zag [34] structures allow getting low natural frequency in small size devices. However, none of 

the previous studies has looked into building an MRI compatible energy harvester for leadless 

pacemakers.  

To match the form factor of the leadless pacemakers, the EH for leadless pacemakers should be 3-

dimensional, instead of flat. Our targeted EH will be a cubic or cylinder shape one-cubic-

centimeter capsule to power the catheter-deployable pacemaker. This requires a reconfiguration of 

the vibration EH. The majority of the current EHs in the literature are flat i.e. nearly 2D. This step 
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requires a development of cubic EH which is 3D. In our work, we present a 3-dimensional model 

to generate electricity for leadless pacemakers. The size of the EH is  2𝑐𝑚 × 0.5 𝑐𝑚 × 1𝑐𝑚 (1 𝑐𝑐  

in volume). Two patches of piezoelectric material (PZT) is attached to each beam to form a 

bimorph. These bimorph piezoelectric beams convert the heartbeat vibrations to electrical power. 

The proposed EH is linear and MRI compatible. Using the fan-folded design and utilizing a tip 

mass, make it possible to generate more than 10 𝜇𝑊 of power. Since power is continuously 

generated by the EH, the pacemaker never runs out of energy and can potentially be permanent. It 

is shown that the device is sufficiently robust to heart rate variations.  

In the second chapter, an electromechanical model for the vibration and energy harvesting 

characteristics of the fan-fold EH for leadless pacemakers is presented. The power generated by 

the EH from the heartbeat acceleration is predicted. The natural frequencies and the mode shapes 

of the device are also calculated. Other theoretical results [28, 35] are used to validate the method. 

The method is verified by experimental investigations. We use a closed loop shaker system to 

replicate the heartbeat vibrations in vitro. The developed analytical model is verified through 

comparison of theoretical and experimental voltage and tip acceleration transfer functions. Two 

prototypes are fabricated and experimentally tested. The experimental results confirm the 

theoretical results that a fan-folded design allows adjusting the natural frequency of the energy 

harvester to match the frequency region where the heartbeat wave has the highest amplitude. At 

the end of the chapter, the small-size prototype is tested with replicated heartbeat vibrations at 

different heart rates, showing sufficient generated energy to power pacemakers from the heartbeat.  
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1.2 Energy harvesting for leadless pacemakers using thermally buckled 

piezoelectric beam 

Modern cardiac pacemakers require batteries and, therefore, necessitate repeated surgical 

replacements over the life of the young patient who needs heart rate support. Due to the size 

constraints, usage of batteries is more challenging in leadless pacemakers compared to 

conventional pacemakers. Unlike the conventional pacemakers, the leadless pacemakers do not 

need any wire to connect them to the heart and they are mounted to the inner wall of the heart. The 

state of the art leadless pacemakers are 93% smaller than the conventional pacemakers [4, 36]. The 

miniature size of leadless pacemaker necessitates minuscule batteries. A reliable battery 

technology has been one of the main reasons that leadless pacemakers were not available in the 

market up until recently, although the idea of the leadless pacemakers had been discussed more 

than 35 years ago [5]. Our preliminary results show that heart motion energy harvesters generate 

sufficient energy to power a leadless pacemaker. Also, energy harvesters generate power 

continuously and never run out of power. The current leadless pacemaker batteries are depleted in 

less than 12 years [3]. This demands placement of another leadless pacemaker in the heart. This 

technology can, therefore, be a game changer in leadless pacemaking. 

High natural frequency is a common problem in MEMS energy harvesters [37]. Different methods 

have been used to decrease the natural frequencies of the energy harvesters in order to increase the 

output power of the device. Tang [38] studied different methods to increase the working bandwidth 

of the energy harvesters. Adding mass to the system as the tip mass or middle mass is one of the 

methods for decreasing the natural frequency of the EH [39, 40]. Another method to decrease the 

natural frequency of the EH is adding axial force. Shaker [41] studies the effect of the axial force 

on the mode shapes and natural frequencies of beams. Bokaian [42] investigates the effect of axial 
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load on the natural frequencies and mode shapes of uniform beams and of a cantilevered beam 

with a concentrated tip mass. 

A number of groups studied energy harvesting of buckled piezoelectric beams. Buckling 

phenomenon has been used in different contexts for energy harvesting. An axial load is most often 

used to affect the dynamics of the piezoelectric beams and have them buckled [43-48]. Xu [49] 

utilizes residual stress in micro-fabricated thin films to buckle the beam and decrease the natural 

frequency. Several groups have looked into thermal buckling of the beams as well [50-53]. 

Many research groups have studied energy harvesting for pacemakers. Goto [19] investigates the 

feasibility of using quartz watches to convert the heart motion into electricity. Karami [13] 

introduces linear and nonlinear piezoelectric devices to recharge the batteries of the pacemakers 

continuously.  The device converts the vibrations from the heartbeats to the electrical energy 

needed for powering the battery. Zurbuchen [10] utilizes a mass imbalance to convert cardiac wall 

motion into electricity. Deterre [22] presents various methods of harvesting energy to power 

leadless pacemakers by using blood pressure changes within the heart throughout the cardiac cycle. 

Hwang [11] studies a single crystalline piezoelectric energy harvester (EH) to power an artificial 

pacemaker. Dagdeviren [12] investigates different materials and devices that convert heart and 

lung motion into electricity.  

In the third chapter, we propose a sub-cc nonlinear piezoelectric energy harvester for leadless 

pacemakers. The term sub-cc corresponds to the volume size of the EH, 0.5 𝑐𝑚3, which is less 

than one cubic centimeter. We use simulations to show that the proposed device generates enough 

energy for powering leadless pacemakers from the heartbeat vibrations. 
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1.3 Energy harvesting from controlled buckling of piezoelectric beams 

In recent years, energy harvesting devices have attracted significant interest in industrial and 

manufacturing sectors. The unique ability of converting ambient energy into electrical energy has 

made several academic and commercial groups to be involved in the analysis and development of 

energy harvesting technology. Commonly, the generated electricity is stored in capacitors or 

batteries. For more information on vibration energy harvesting in general the reader may refer to 

[54-56]. Specifically, bridge vibrations can be converted to electricity to power structural health 

monitoring sensor nodes, traffic sensors, or possibly road signs [17, 57-59]. In this method, the 

energy originates from the passing vehicles, translates to the bridge and causes vibrations in the 

bridge. This vibration is converted into electrical energy by the vibration energy harvester devices. 

When the energy translates from the vehicle to the bridge, the energy distributes over a very large 

structure. The energy absorbed by the vibrational energy harvester is therefore a very small fraction 

of the energy wasted by the vehicles. This is the first shortcoming of the traditional approach in 

bridge vibrational energy harvesting. The second disadvantage of conventional devices is that they 

will be useful only when installed on bridges. The vibrations of the regular portions of the roads 

are not sufficiently large to result in notable electrical energy. The third drawback of the bridge 

vibrational energy harvesters is their limited frequency bandwidth. This issue has received 

significant attentions in recent years [60-67]. To overcome these challenges we propose a 

piezoelectric buckling harvester that directly converts the energy of passing vehicles or crowds to 

electricity. The piezoelectric beam oscillates freely in response to sudden changes of the load on 

the harvester. The energy harvester is therefore not resonant based and is insensitive to the 

frequency of the excitations.  
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A number of groups studied energy harvesting of buckled piezoelectric beams. Buckling 

phenomenon has been used in different contexts for energy harvesting. An axial load is most often 

used to affect the dynamics of the piezoelectric beams [44-48].  In these configurations, the 

ambient oscillations excite the beam laterally and the axial load or the axial displacement is 

constant. The axial load is directly used as a source of excitation in [68-71]. In this configuration, 

the successive buckling of the piezoelectric beam can result in a frequency up conversion 

mechanism. In this method, however, the axial load is not constrained and its excess can easily 

damage the piezoelectric beam. In the presented energy harvester, not only do we use the load as 

an axial force excitation and thus generate significant amounts of power, but we also constrain the 

axial deformation to prevent fracture of the brittle piezoelectric beams.  

In chapter four, vertical and horizontal configurations of the piezoelectric buckling harvesters are 

investigated. A vertical piezoelectric beam is used to directly generate electricity using the load of 

the passing vehicles. Piezoelectric ceramics are brittle, and easily fracture, when subjected to 

concentrated stresses. The piezoelectric patches are usually bounded to stiff materials such as 

metals or carbon fiber composites [72]. The buckling of a beam can result in large deformations 

of the beam, which may cause damage to the piezoelectric patch. In the proposed device, we make 

sure that the buckling of the beam is safe and will not cause damage. By using a mechanical safety 

stop, the amount of the buckling of the beam is limited and controlled, so low cycle fatigue will 

not be an issue in our device. In our design, the device is non-resonant and at the same time the 

power generated from piezoelectric beam is significant. The generated power can be in the order 

of hundreds of milliwatts. The proposed design is scalable and can be designed to fit in a shoe 

heel. This will make it possible to generate electricity with each step of a person. The power can 

be used for charging smart phones, players, or motion sensors [73], to make the wearable devices 
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self-powered. This method, as a future power supplement, can be applied to the devices that are associated 

with prolonged periodic movements, e.g. inertial measurement units (IMUs) in human gait monitoring for 

fatigue [74, 75].  

This chapter proceeds by more detailed discussion of vertical and horizontal device configurations. 

Electromechanical models for vibration and energy harvesting characteristics of the device are 

presented. The models are numerically solved to predict the performance of the device. Finally, 

the effect of the length and thickness of the active layer on the generated power is discussed 

through a parametric study. 

1.4 Nonreciprocal wave propagation in magnetoelastic materials using 

spatiotemporal property variation  

Mechanical properties of magnetoelastic materials change significantly when subjected to a 

magnetic field [76-78]. We envision creating a traveling wave like magnetic field through a 

mechanism similar to linear induction motors that will yield any desired property variation in the 

magnetoelastic medium. Terfenol-D (Tb.3Dy.7Fe2) is a good candidate of the magnetoelastic 

materials for building a bar with varying modulus of elasticity. According to [76-78], the modulus 

of elasticity of Terfenol-D can be changed to a desired value by changing the magnetic field 

surrounding the material. Which in turn provides the required magnetic field to change the 

modulus of elasticity of a bar simultaneously in space and time. The key thrust of this approach is 

in the real-time configurability of the magnetoelastic medium. Magnetoelastic materials have been 

of interest as building blocks for periodic structures due to the degree of flexibility they can 

introduce in stopband control. Among others, Wang et al [79] studied wave propagation in 

magnetoelectroelastic phononic crystals by assuming quasi-static approximations of 

magnetoelectric field. In the current approach, however, since material property modulations in 
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both space and time are induced by an externally imposed traveling wave-like magnetic field, they 

are no longer restrained. This paradigm change opens up the possibility of near-instantaneous 

control of material properties leading up to intriguing wave dispersion characteristics such as one-

way propagations. Such capabilities can find potential applications in targeted signal conditioning, 

back-scattering elimination, and achieving unprecedented noise rejection standards in elastic 

periodic structures, also known as phononic crystals.  

Lately, there has been a spurt of activity addressing the design of acoustic one-way diodes based 

on linear systems. It has been shown, however, that the transmission-reflection symmetry is not 

broken in such systems [80]. Systems comprising material fields with space-time modulation, 

however, can break the elastic reciprocity principle in linear systems because of the induced 

parametric pumping [81, 82]. Although wave propagations in both reciprocal and nonreciprocal 

phononic crystals have been studied in literature by several groups [82-87], to the best of our 

knowledge, a realizable physical configuration for imposing the spatiotemporal property variations 

in the modulated phononic crystals has not yet been proposed. 

Periodic structures comprise a number of identical sub-structure components, also known as cells, 

connected in a periodic fashion to form an artificial discrete or continuous structure. These 

structures show unique wave propagations behavior [88]. At specific frequencies, referred to “pass 

band”, waves are able to freely propagate along these periodic structures while they will be blocked 

and rapidly attenuated at other frequency ranges, referred to “stop band”. Extensive studies on 

wave propagation in periodic structures were first conducted by Brillouin [88], and plethora of 

studies have since then been extended to different aspects of these materials. For instance, Mead 

[89] studied the free wave propagation in periodically supported infinite beams for isolating the 

vibration transmitted from sea waves to offshore platform. Roy [90] studied the attenuation 
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behavior of periodic structures specifically the attenuation of bending waves in a dissipation-free 

beam with flexible ribs attached to it. M. Ponge et al. [91] investigated controlling of elastic wave 

propagation in piezomagnetic phononic crystals. Their results showed that the stop band of the 1 -

D phononic crystals could be tuned and controlled by connected external impedances. O. Bou 

Matar et al. [92] studied the tuning of stop band in phononic crystals made of magnetoelastic 

materials by applying an external magnetic field. They showed that some elastic constants of 

Terfenol-D could vary more than fifty percent by changing the applied magnetic field.  

Wright [93] developed a closed-form solution to the acoustic wave transmission through a 1D 

time-varying phononic crystal. Faulkner [94] analyzed the vibration of periodic systems using the 

transfer matrix method (TMM). Lin [95] utilized the TMM to analyze the dynamics of beam-type 

periodic structures. Nouh [96] used TMM to study the vibration characteristics of metamaterial 

beams made of periodic cells with built in local resonators. Yu [97] also used the TMM to find the 

band structure of flexural waves in an Euler-Bernoulli beam with locally resonant structures. Some 

other groups have used different methods for studying beams [98, 99] and plates [100, 101] with 

periodic structures, and locally resonant metamaterials [102, 103].  

By nature, acoustic waves tend to propagate symmetrically in all spatial directions, a phenomenon 

called reciprocity. In other words, the wave transmission between two points is not a function of 

direction. We frequently experience this phenomenon in our daily life. If sound is transmitted from 

point A to point B in a given medium, we expect to see sound is transmitted from point B to point 

A as well under the same conditions. However, reciprocity might not be always desirable, and in 

fact, systems are designed or engineered to propagate wave in only one direction. For example, 

Liang [83] utilized a superlattice with a nonlinear medium to make a one-dimensional acoustic 

diode. Boechler [84] studied a mechanism for tunable rectification that uses bifurcations and chaos. 
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Fleury [85] showed acoustic isolation and nonreciprocal sound transmission using a resonant ring 

cavity biased by a circulating fluid. Coulais [104] utilized static mechanical metamaterials with 

large nonlinearities and geometrical asymmetries to achieve nonreciprocity in static systems. 

Zanjani et al introduced spatiotemporal modulation of properties as a way to achieve one-way 

phonon isolation [105]. Nassar [106] also investigated wave propagation in periodic laminates 

where the modulus of elasticity and mass density are modulated in space and time. Chaunsali [82] 

showed that nonreciprocal behavior of 1D space-time dependent systems can be linked to 

topological nature of stop band. Croenne et al [107] studied the application of spatiotemporal 

modulation of electrical boundaries in 1D phononic crystals to achieve nonreciprocal behavior and 

showed its effects are analogues to the classical acoustooptic Brillouin scattering. 

In chapter five, we aim to create a traveling-wave form variation of material properties through 

use of Terfenol-D and an external magnetic field that breaks the symmetry of wave dispersion 

spectrum and onsets one-way propagation behavior in the phononic crystal. The goal is to have, 

within a certain mathematically predictable frequency range, waves that can travel from point A to 

B but not in the opposing direction. We will show that the dispersion relations parity in such 

systems has been broken and that the transfer functions for forward and backward traveling waves 

in the modulated system have become inherently different. We utilize the TMM used by Baz [108] 

to study wave propagation along a modulated bar. A finite element method is also provided as an 

alternative method for studying wave propagation and attenuation inside a bar with spatial varying 

properties. Following that, the TMM is further extended and developed to account for 

spatiotemporal variations of the modulus of elasticity in the magnetoelastic material.  

Recently, Trainiti [86] employed a Floquet-Bloch form solution [109] and Fourier series expansion 

to conduct dispersion analysis of nonreciprocal wave propagation in elastic structures. However, 
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the directional transfer function of the structure was not addressed. Furthermore, the truncated 

Fourier series is an optimistic approximation for structures with square-wave modulation, 

especially when higher frequency stop bands are of interest. Here, we propose an approximate 

analytical procedure based on the newly extended TMM approach to both extract dispersion curves 

and find the directional transfer functions for a nonreciprocal structure. The method proves to be 

highly computationally efficient and is shown to stay reasonably accurate in terms of dispersion 

analysis for sufficiently slow temporal modulation, regardless of the dispersion band of interest.  

Chapter five is organized as follows: First, the device configuration and governing equation of the 

wave propagation in a magnetoelastic bar are discussed. Then, an approximate solution for the 

governing equation is provided, followed by the development of extended TMM for dispersion 

analysis and finding the transfer function in the proposed medium where material properties 

oscillate in both space and time. Two case studies are solved using the extended TMM and the 

results are validated with the Fourier expansion method and real-time simulations by a commercial 

finite element code, COMSOL multi-physics. A future experimental work is discussed and the 

transfer function for an under construction prototype is calculated. At the end, the accuracy of 

results are examined in comparison with the Fourier-expansion method at various temporal 

modulation velocities.  
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2. Energy harvesting for pacemakers using fan-folded piezoelectric structure  

2.1 Overview 

This chapter studies energy harvesting from heartbeat vibrations and the fabrication and testing of 

a magnet free piezoelectric energy harvester for powering biomedical devices and sensors inside 

the body. Unlike traditional pacemakers, leadless pacemakers are implanted inside the heart and 

the pacemaker is in direct contact with the myocardium. A leadless pacemaker is in the shape of a 

cylinder. Thus, in order to utilize the available 3-dimensional space for the energy harvester, we 

choose a fan-folded 3D energy harvester. The design for the Energy Harvester (EH) is a fan-folded 

structure consisting of bimorph piezoelectric beams folding on top of each other. The proposed 

device consists of several piezoelectric beams stacked on top of each other. The volume of the 

energy harvester is 1 𝑐𝑚3 and its dimensions are 2 cm by 0.5 cm by 1 cm. Although high natural 

frequency is generally a major concern with micro-scale energy harvesters, by utilizing the fan-

folded geometry and adding tip mass and link mass to the configuration, we reduced the natural 

frequency to the desired range. This fan-folded design makes it possible to generate more 

than 10 𝜇𝑊 of power per cubic centimeter. The proposed device is compatible with Magnetic 

Resonance Imaging (MRI). Although the proposed device is a linear energy harvester, it is 

relatively insensitive to the heart rate. The natural frequencies and the mode shapes of the device 

are calculated analytically. The accuracy of the analytical model is verified by experimental 

investigations. An actual size experimental prototype is fabricated to verify the developed 

analytical models. The model is verified by matching the analytical results of the tip acceleration 

Frequency Response Functions (FRF) and voltage FRF with the experimental results. The 

generated electricity is measured when the EH is excited by the heartbeat. A closed loop shaker 

system is utilized to precisely reproduce the heartbeat vibrations in vitro. Achieving low 
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fundamental natural frequency is a key factor to generate sufficient energy for pacemakers using 

heartbeat vibrations. It is shown that the natural frequency of the small-scale device is less than 

20 𝐻𝑧 due to its unique fan-folded design. The experimental results show that the small-scale 

energy harvester generates sufficient power for state of the art pacemakers. The 1 𝑐𝑚3 energy 

harvester with 18.4 𝑔𝑟 tip mass generates more than 16 𝜇𝑊 of power from a normal heartbeat 

waveform. The robustness of the device to the heart rate is also studied by measuring the relation 

between the power output and the heart rate. 

2.2 Energy harvesting device 

We study a fan-folded design as the structure of the EH. The device consists of several horizontal 

bimorph beams and vertical rigid links. The bimorph beams are connected to each other by the 

links (Figure 1 and Figure 2). The beams are composed of a brass layer as the substrate and two 

piezoelectric patches attached on either side of the substrate. We choose brass for the substrate due 

to its large density and relatively large Young’s modulus. The links are made from platinum to  

maximize their density. When the beams are deflected, electrical energy is generated by the 

piezoelectric layers. One end of the design is clamped and the other end is free. One major 

advantage of using this design is the decrease in the natural frequencies of the structure without a 

significant increase in the size of the EH. A tip mass is placed at the free end of the device which 

decreases the natural frequency even more. Tip mass also increases the force coefficient term, 

which increases the generated power of the device [31]. The source of the vibration of the system 

is heart motions. According to our previous studies [13], a natural frequency under 50 𝐻𝑧 is a 

desired natural frequency for the device. The fan-fold geometry is a very effective design to reduce 
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the natural frequency. We also increase the mass of the tip mass and the links to reduce the natural 

frequency of our device to less than 20 𝐻𝑧. 

 

 

 

  

 

Figure 1. Side view of fan-

folded energy harvester with 

five beams and a tip mass 

 
Figure 2. A 3D model of a five-

beam fan-folded structure with 

a tip mass. 

 

When the device vibrates, the beams deflect and due to the strain in the beams, the piezoelectric 

layers produce electricity. The beams are connected to each other using rigid links providing clamp 

boundary condition. Figure 3 shows a three beam energy harvester with a tip mass. One end of the 

bottom beam is fixed while one end of the top beam is free to move. In order to reduce the natural 

frequency of the EH, a tip mass is added to the top beam. Since there are no magnetic materials 

used in our energy harvester, our device is MRI compatible, which means the patient can do MRI 

while having our energy harvester inside their body.  



Energy harvesting for pacemakers using fan-folded piezoelectric structure 

 

18 

 

Figure 3. Proposed fan-folded energy harvester with a tip mass. 

2.3 Design constraints and objectives 

The objective of the proposed EH is to power pacemakers using heartbeat. Figure 4(a) shows a 

normal heartbeat wave in the time domain measured by Kanai [110]. It is observed that each beat 

acts as an excitation similar to an impulse. Therefore, the heartbeat waveform contains a wide 

range of frequencies. Which means that the high amplitude frequencies might not be the same as 

the frequency of the heart rate (around 1 𝐻𝑧 for a normal heart rate). Figure 4(b) shows the 

frequency domain of the measured heartbeat. Most of the high amplitude frequencies are less than 

50 𝐻𝑧. In order to generate sufficient power, the first natural frequency of the EH needs to be in 

the region where the heart wave has the highest amplitude frequencies. A volume size constraint 

of 1 cubic centimeter is considered for the EH. Keeping the natural frequency lower than 50 𝐻𝑧 

for a very small EH, is a major challenge for the final design. Moreover, there are several other 

criteria to be satisfied for the final design. A safety factor needs to be considered for the beams to 

assure that the EH does not break due to bending moments even after a high number of excitations.  

The links need to be high enough to avoid any collision between the beams. The materials used in 

the prototype need to be magnet free and the most important design factor to be satisfied is 
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generating enough power for implantable biomedical devices inside the body. Pacemakers need 

less than 10 𝜇𝑊 to operate [3, 4, 6]. In practice, a power management circuit needs to be used in 

the electrical circuitry to provide accurate and steady voltage output for biomedical devices. A 

backup battery or a super capacitor needs to be incorporated into the pacemaker as well to store 

the generated energy for when it is needed.  Several groups have studied Power Management 

Circuits (PMC), rectification circuit by using equivalent impedance approach [111-113] and 

supercapacitors for small energy harvester [114, 115]. Our EH harvester is designed to generate 

more than 10 𝜇𝑊 to compensate for the power loss in available PMCs in the market.  

 

 

a) 

 

b) 

Figure 4. a) Normal heartbeat vibrations in the time domain. b) Fourier transform of a normal 

heartbeat. 

 

To experimentally verify the theoretical results, multiple prototypes are built; a large prototypes 

and a small one. It is more convenient to fabricate and test a large prototype than test the actual 

size 1 𝑐𝑐 (cubic centimeter) prototype and that is the main reason the large-scale specimen was 

built and tested prior to the actual size prototype.  
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2.4 Governing electromechanical equations  

The proposed MEMS energy harvester consists of several uniform composite beams. Each beam 

is assumed to be an Euler-Bernoulli beam. The structure vibrates due to base excitation. Bending 

of the lower beams, changes the start position of the upper beams. The deflection of the beam, 𝑤𝑖 , 

is a function of the 𝑥-coordinate, and time 𝑡. The index 𝑖 is the beam number (from 1 to 𝑛). The 

total number of beams is noted by n. The coupled mechanical equation of a beam with a tip mass 

is [116]: 

 

𝜌𝐴 
𝜕2𝑤𝑟𝑒𝑙
𝜕 𝑡2

+ 𝑌𝐼 
𝜕4𝑤𝑟𝑒𝑙
𝜕𝑥4

 = −𝛼 [ 
𝑑𝛿(𝑥)

𝑑𝑥
− 
𝑑𝛿(𝑥 − 𝐿)

𝑑𝑥
] 𝑣(𝑡) − [𝜌𝐴+𝑚𝑙𝛿(𝑥 − 𝑥

∗, 𝑖 − 𝑘)

+ 𝑀𝑡𝛿(𝑥 − 𝑥𝑒𝑛𝑑 , 𝑖 − 𝑛)]
𝑑2𝑤𝑏
𝑑𝑡2

 

(1)  

Where 𝜌𝐴 is the total mass per unit length of the beam, 𝑏 is the width of the beam, the densities of 

the piezoelectric and the substrate are 𝜌𝑝 and 𝜌𝑠, and their thicknesses are  𝑡𝑝 and 𝑡𝑠, respectively. 

𝜌𝐴 = 𝑏(𝜌𝑠𝑡𝑠 +2𝜌𝑝𝑡𝑝 ) (2)  

𝑤𝑟𝑒𝑙 (𝑥, 𝑡) is the deflection along the z-axis (Figure 1), 𝑌𝐼 is the equivalent bending stiffness of 

the composite beam. 𝑚𝑙  is the link mass and 𝑥∗ is the coordinate of the connection between 

consecutive beams, which is 0 (if 𝑖 is an odd number) or length of the beam, 𝐿, (if 𝑖 is an even 

number). The index 𝑘 is from 2 to 𝑛.  𝑀𝑡 is the tip mass, 𝑤𝑏   is the base displacement, and 𝛿(𝑥) 

is the Dirac delta function. 𝛼 is the coupling term and for parallel connection [55]: 

𝛼 = −2∫ 𝑒31
𝑏

𝑡𝑝
𝑧 𝑑𝑧

𝑡𝑝+
𝑡𝑠
2

𝑡𝑠
2

= −2𝑏𝑒31
𝑡𝑝 + 𝑡𝑠

2
    

(3)  
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Where 𝑒31 is the piezoelectric coefficient. First, we find the undamped, uncoupled mode shapes 

of the system. In order to find these mode shapes, we set the left side of equation (1) equal to zero: 

𝜌𝐴 
𝜕2𝑤𝑖
𝜕 𝑡2

+ 𝑌𝐼 
𝜕4𝑤𝑖
𝜕𝑥4

= 0 (4)  

Where 𝑤𝑖 is the deformation of each beam. The solution for the free vibration can be shown as a 

linear combination of all natural motions of the beam [117] (Section 11): 

 𝑤𝑖(𝑥, 𝑡) = ∑𝜙𝑗𝑖(𝑥)𝑇𝑗(𝑡)

∞

𝑗=1

 
(5)  

Where, 𝜙𝑗𝑖 is the 𝑗th mode shape of the 𝑖th beam, and 𝑇𝑗  is the time dependent function. 

Substituting equation (5) in equation (4): 

𝑌𝐼

𝜌𝐴
 
𝜙𝑗𝑖(𝑥)

(4)

𝜙𝑗𝑖(𝑥)
+
�̈�𝑗

𝑇𝑗
= 0 → −

𝑌𝐼

𝜌𝐴
 
𝜙𝑗𝑖(𝑥)

(4)

𝜙𝑗𝑖(𝑥)
=
�̈�𝑗

𝑇𝑗
= −𝜔𝑛𝑗

2   (6)  

 The solution can be found in the form of: 

𝜙𝑗𝑖(𝑥) = 𝑎𝑗𝑖1 sin(
𝛽𝑗

√𝐶
)+ 𝑎𝑗𝑖2 cos(

𝛽𝑗

√𝐶
)+ 𝑎𝑗𝑖3 sinh(

𝛽𝑗

√𝐶
)+ 𝑎𝑗𝑖4 cosh(

𝛽𝑗

√𝐶
) (7)  

Where 𝑎𝑗𝑖1 , 𝑎𝑗𝑖2 , 𝑎𝑗𝑖3 , 𝑎𝑗𝑖4 and 𝛽𝑗  are calculated using the boundary, continuity and equilibrium 

conditions. and 𝐶 is [117, 118]: 

𝐶 = √
𝑌𝐼

𝜌𝐴
  

(8)  
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By using the above equations and considering boundary and continuity conditions, the mode 

shapes and natural frequencies of a fan-folded structure are derived in the next section.  

2.5 Free vibration modes 

In order to find the coefficients in equation (7), we use two boundary conditions at each end, zero 

deflection and slope at the clamped end, zero moment and force at the free end. For a fan-folded 

structure (Figure 1) we have: 

{
 
 

 
 

𝜙𝑗1(𝑥𝑐𝑙𝑎𝑚𝑝𝑒𝑑
∗ ) = 0

𝜙𝑗1
′(𝑥𝑐𝑙𝑎𝑚𝑝𝑒𝑑

∗ ) = 0

𝑌𝐼𝜙𝑗𝑛
"(𝑥𝑓𝑟𝑒𝑒

∗ ) = 0

𝑌𝐼𝜙𝑗𝑛
(3)(𝑥𝑓𝑟𝑒𝑒

∗ ) ± 𝑀𝑡𝜔𝑛𝑗 
2 𝜙𝑗𝑛(𝑥𝑓𝑟𝑒𝑒

∗ ) = 0

 
(9)  

𝑥∗ is zero or L (length of the beam), depending on the configuration of the fan-folded structure. 

The plus sign in the last equation is associated with 𝑥𝑓𝑟𝑒𝑒
∗ = 0 and the minus sign is associated 

with 𝑥𝑓𝑟𝑒𝑒
∗ = 𝐿  . The natural of the 𝑗th mode is 𝜔𝑛𝑗: 

 

𝜔𝑛𝑗 = 𝛽𝑗
2 

(10)  

There are four unknown coefficients for each beam. For example, there are sixteen unknown 

coefficients for a four-beam structure and equation (9) gives only the four boundary conditions 

equations.  To find these coefficients, more equations are needed. By writing the continuity and 

equilibrium condition at the joints where beams are connected we have four more equations for 

every connection [27]: 
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{
 
 

 
 

𝜙𝑗𝑖(𝑥𝑒𝑛𝑑) = 𝜙𝑗(𝑖+1)(𝑥𝑒𝑛𝑑)

𝜙𝑗𝑖
′(𝑥𝑒𝑛𝑑) = 𝜙𝑗(𝑖+1)

′(𝑥𝑒𝑛𝑑)

𝑌𝐼𝜙𝑗𝑖
"(𝑥𝑒𝑛𝑑) = −𝑌𝐼𝜙𝑗(𝑖+1)

"(𝑥𝑒𝑛𝑑)

𝑌𝐼𝜙𝑗𝑖
(3)(𝑥𝑒𝑛𝑑) = −𝑌𝐼𝜙𝑗(𝑖+1)

(3)(𝑥𝑒𝑛𝑑) ±𝑚𝑙𝜔𝑛𝑗 
2 𝜙𝑗(𝑖+1)(𝑥𝑒𝑛𝑑)

 
(11)  

𝑥𝑒𝑛𝑑 is zero or ‘L’ depending on the connection place. In the last equation if 𝑥𝑒𝑛𝑑 = 0 the sign of 

the terms associated with the link mass (𝑚𝑙) is positive and if 𝑥𝑒𝑛𝑑 = 𝐿 the sign is negative. Due 

to the small size of the structure, we do not consider the effect of the moment of the link mass in 

the third equation in equation (11). For large size structures, we need to add the rotational inertia 

term to the equation. The set of equations (equation (11)) can be written in the matrix form: 

 

[𝐿𝑗𝑖]4×4 [

𝑎𝑗𝑖1
𝑎𝑗𝑖2
𝑎𝑗𝑖3
𝑎𝑗𝑖4

] = [𝑅𝑗(𝑖+1)]4×4 [

𝑎𝑗(𝑖+1)1
𝑎𝑗(𝑖+1)2
𝑎𝑗(𝑖+1)3
𝑎𝑗(𝑖+1)4

] 
(12)  

 

Where 

𝐿𝑗𝑖 =

[
 
 
 
 

sin(𝑞𝑗𝑥
∗) 𝑐𝑜𝑠(𝑞𝑗𝑥

∗) 𝑠𝑖𝑛ℎ(𝑞𝑗𝑥
∗) 𝑐𝑜𝑠ℎ(𝑞𝑗𝑥

∗)

𝑐𝑜𝑠(𝑞𝑗𝑥
∗) −𝑠𝑖𝑛(𝑞𝑗𝑥

∗) 𝑐𝑜𝑠ℎ(𝑞𝑗𝑥
∗) 𝑠𝑖𝑛ℎ(𝑞𝑗𝑥

∗)

−𝑠𝑖𝑛(𝑞𝑗𝑥
∗) −𝑐𝑜𝑠(𝑞𝑗𝑥

∗) 𝑠𝑖𝑛ℎ(𝑞𝑗𝑥
∗) 𝑐𝑜𝑠ℎ(𝑞𝑗𝑥

∗)

−𝑞𝑗
3𝑐𝑜𝑠(𝑞𝑗𝑥

∗) 𝑞𝑗
3𝑠𝑖𝑛(𝑞𝑗𝑥

∗) 𝑞𝑗
3𝑐𝑜𝑠ℎ(𝑞𝑗𝑥

∗) 𝑞𝑗
3𝑠𝑖𝑛ℎ(𝑞𝑗𝑥

∗)]
 
 
 
 

 
(13)  

 

𝑅𝑗(𝑖+1) =

[
 
 
 
 
 

sin(𝑞𝑗𝑥
∗) 𝑐𝑜𝑠(𝑞𝑗𝑥

∗)

𝑐𝑜𝑠(𝑞𝑗𝑥
∗)

𝑠𝑖𝑛(𝑞𝑗𝑥
∗)

𝑞𝑗
3𝑐𝑜𝑠(𝑞𝑗𝑥

∗)±𝜔𝑛𝑗
2 𝑚𝑙

𝑌𝐼
sin(𝑞𝑗𝑥

∗)

−𝑠𝑖𝑛(𝑞𝑗𝑥
∗)

𝑐𝑜𝑠(𝑞𝑗𝑥
∗)

−𝑞𝑗
3𝑠𝑖𝑛(𝑞𝑗𝑥

∗) ± 𝜔𝑛𝑗
2 𝑚𝑙

𝑌𝐼
cos(𝑞𝑗𝑥

∗)

 

(14)  
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𝑠𝑖𝑛ℎ(𝑞𝑗𝑥
∗) 𝑐𝑜𝑠ℎ(𝑞𝑗𝑥

∗)

𝑐𝑜𝑠ℎ(𝑞𝑗𝑥
∗) 𝑠𝑖𝑛ℎ(𝑞𝑗𝑥

∗)

−𝑠𝑖𝑛ℎ(𝑞𝑗𝑥
∗)

−𝑞𝑗
3𝑐𝑜𝑠ℎ(𝑞𝑗𝑥

∗)±𝜔𝑛𝑗
2 𝑚𝑙

𝑌𝐼
sin ℎ(𝑞𝑗𝑥

∗)

−𝑐𝑜𝑠ℎ(𝑞𝑗𝑥
∗)

−𝑞𝑗
3𝑠𝑖𝑛ℎ(𝑞𝑗𝑥

∗)±𝜔𝑛𝑗
2 𝑚𝑙

𝑌𝐼
cosh(𝑞𝑗𝑥

∗)]
 
 
 
 
 

 

 

In which  

 

𝑞𝑗 = (
𝛽𝑗

√𝐶
) 

(15)  

By writing equation (12) for all the connections we have: 

 

[

𝑎𝑗𝑛1
𝑎𝑗𝑛2
𝑎𝑗𝑛3
𝑎𝑗𝑛4

] = [𝑅𝑗𝑛]
−1[𝐿𝑗(𝑛−1) ][𝑅𝑗(𝑛−1)]

−1[𝐿𝑗(𝑛−2)] … [𝑅𝑗2]
−1[𝐿𝑗1 ] [

𝑎𝑗11
𝑎𝑗12
𝑎𝑗13
𝑎𝑗14

]  
(16)  

Equation (9) and (16) imply that 

[
𝐵𝐶02×4

𝐵𝐶𝑒2×4[𝑅𝑗𝑛
−1𝐿𝑗(𝑛−1) 𝑅𝑗(𝑛−1)

−1𝐿𝑗(𝑛−2) …𝑅𝑗2
−1𝐿𝑗1 ]4×4

] [

𝑎𝑗11
𝑎𝑗12
𝑎𝑗13
𝑎𝑗14

] = 0 
(17)  

𝐵𝐶0 and 𝐵𝐶𝑒  are the boundary condition matrices based on equation (9) for the free end and the 

clamped end. The matrix 𝑁 accordingly is defined as: 

 

𝑁 = [
𝐵𝐶02×4

𝐵𝐶𝑒2×4[𝑅𝑗𝑛
−1𝐿𝑗(𝑛−1) 𝑅𝑗(𝑛−1)

−1𝐿𝑗(𝑛−2) …𝑅𝑗2
−1𝐿𝑗1 ]4×4

]
4×4

 
(18)  
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In order to have a nontrivial solution for equation (17), the condition det(𝑁) = 0 must be satisfied. 

The values of 𝜔𝑛𝑗, which make this determinant zero are the natural frequencies of the structure. 

In order to find the coefficients corresponding to the mode shapes, we solve equation (17) for a 

given value of 𝑎𝑗11. After finding the coefficients of the first beam the other beam’s modes are 

calculated as: 

 

[

𝑎𝑗𝑖1
𝑎𝑗𝑖2
𝑎𝑗𝑖3
𝑎𝑗𝑖4

] = 𝑅𝑗𝑖
−1𝐿𝑗(𝑖−1) 𝑅𝑗(𝑖−1)

−1𝐿𝑗(𝑖−2) …𝑅𝑗2
−1𝐿𝑗1 [

𝑎𝑗11
𝑎𝑗12
𝑎𝑗13
𝑎𝑗14

] 
(19)  

To validate the method, two cases of single cantilevered beams and a two-member structure in the 

literature were compared to the results using the method above (the reader may refer to [119] and 

[120] for full description). This method gives the same results as the transfer matrix method used 

in [26]. The main advantage of the method is reducing the matrix size which decreases the 

numerical calculation significantly. The decrease in overall time of the calculations for fan-fold 

structures with a large number of beams is considerable. Also, as it is mentioned in [27], another 

advantage of this formulation is avoiding extremely large values of the determinant which cause 

numerical errors. 

2.6 Solving the governing equations 

In our configuration, the beams are connected electrically in parallel. Different beams in the fan-

fold structure have different curvatures and thus the polarity of the currents generated by different 

beams are different. By incorporating switches we ensure that the currents generated by each beam 

adds to the overall current from the EH and does not cancel currents from other beams [27]. These 

switches decide if the current going to each member should be added to or subtracted from the 
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current in other members. Considering the switches and using equation (1) and equation (5), we 

have: 

𝑌𝐼 ∑𝑇(𝑡)𝑗

∞

𝑗=1

𝜙𝑗𝑖
(4)
+ 𝜌 𝐴∑�̈�(𝑡)𝑗

∞

𝑗=1

𝜙𝑗𝑖 = −𝛼𝑃𝑖 [
𝑑𝛿(𝑥)

𝑑𝑥
−
𝑑𝛿(𝑥 − 𝐿)

𝑑𝑥
] 𝑣(𝑡)

− [𝜌𝐴+𝑚𝑙𝛿(𝑥 − 𝑥
∗, 𝑖 − 𝑘) +𝑀𝑡𝛿(𝑥 − 𝑥𝑒𝑛𝑑 , 𝑖 − 𝑛)]�̈�𝑏 

 

(20)  

Where 𝑃𝑖  is the switch for the 𝑖th member and it is either 1 or -1. The sign of the switches for each 

mode is decided based on: 

𝑃𝑖 = 𝑆𝑖𝑔𝑛(𝜙𝑗𝑖
′ (𝑙)− 𝜙𝑗𝑖

′ (0)) 
(21)  

The arrangement of these switches might be different for each mode, but for convenient operation, 

one cannot change the switches during the vibration. So the states of the switches are assigned 

based on the dominant vibration mode.  

We multiply equation (20) by 𝜙𝑗𝑖 and we integrate from zero to 𝑙 (length of the beam). Using the 

orthogonality condition, we get: 

(∑𝑌𝐼

𝑛

𝑖=1

 Tj∫𝜙𝑗𝑖

𝑙

0

𝜙𝑗𝑖
(4)
𝑑𝑥) + (∑𝜌

𝑛

𝑖=1

𝐴�̈�(𝑡)𝑗∫𝜙𝑗𝑖

𝑙

0

𝜙𝑗𝑖𝑑𝑥) = −𝛼∑𝑃𝑖

n

i=1

[ 𝜙𝑗𝑖
′ (𝑙) − 𝜙𝑗𝑖

′ (0)]𝑣(𝑡)

− [𝑀𝑡𝜙𝑗𝑛(𝑥𝑒𝑛𝑑) + 𝜌𝐴∑∫𝜙𝑗𝑖

𝑙

0

𝑑𝑥 +∑𝑚𝑙𝜙𝑗𝑖(𝑥
∗)

𝑛

𝑖=2

𝑛

𝑖=1

] �̈�𝑏 

(22)  

The mode shapes used in here are the mass-normalized mode shapes that satisfy: 

𝑀𝑡𝜙𝑗𝑛
2(𝑥𝑒𝑛𝑑) + (∑𝜌𝐴∫𝜙𝑗𝑖

2

𝑙

0

𝑑𝑥) +∑𝑚𝑙𝜙𝑗𝑖
2(𝑥∗)

n

i=2

n

i=1

= 1 (23)  

Using equation (6) and considering mass normalized mode shapes, we have [34]: 
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�̈�𝑗 + 𝜔𝑛𝑗
2 Tj = −χjv(t) − γj�̈�𝑏 

(24)  

Where: 

χj = α∑𝑃𝑖 (𝜙𝑗𝑖
′ (𝑙)− 𝜙𝑗𝑖

′ (0))

n

i=1

 
(25)  

γj = 𝑀𝑡𝜙𝑗𝑛(𝑥𝑒𝑛𝑑) + 𝜌𝐴∑∫𝜙𝑗𝑖

𝑙

0

𝑑𝑥 +∑𝑚𝑙𝜙𝑗𝑖(𝑥
∗)

𝑛

𝑖=2

𝑛

𝑖=1

 (26)  

By taking the Fourier transform of equation (24), we have the frequency domain equation: 

 (𝜔𝑛𝑗
2 −𝜔2)ηj(ω) = −χjV(ω)− γj𝑎𝑏(𝜔) (27)  

In which, ηj(ω), V(ω), and ab(ω) are the Fourier transforms of Tj, v(t), and ẅb. In addition to 

the mechanical equation, another equation is needed to solve for the two unknowns, Tj and v(t). 

The equations which relate the strain and electric displacement to the stress and the electric field 

are the piezoelectric constitutive equations [121]: 

𝐷3 = 𝑑31𝑌𝑝𝑆1 + 𝜖33
𝑠 𝐸3 (28)  

𝑇1 = 𝑌𝑝(𝑆1 − 𝑑31𝐸3) (29)  

In the above equations, 𝑇1 is the normal stress along the x-axis, 𝑆1 is the normal strain in x-axis, 

𝑑31 is the piezoelectric coupling coefficient, 𝑌𝑝 the Young’s modulus of the piezoelectric layer, 𝐸3 

the electric field across the thickness of the piezo layer, 𝜖33
𝑠   the permittivity at constant stress, and 

𝐷3 the electric displacement along the thickness. Using the above equation and the Kirchhoff laws 

for parallel connection, we have: 
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𝑃𝑖𝐶𝑝 𝑣�̇� + 𝑖𝑖(𝑡) = −2𝑏𝑑31𝑌𝑝
𝑡𝑝 + 𝑡𝑠

2
∑

𝑑𝑇𝑗

𝑑𝑡

∞

𝑗=1

𝑃𝑖[ 𝜙𝑗𝑖
′ (𝑙)− 𝜙𝑗𝑖

′ (0)] 
(30)  

Where 𝑖𝑖(𝑡) is the current in each member, 𝑣�̇� is the first time derivative of the voltage of each 

beam, and 𝐶𝑝 is the internal capacitance for the piezo layer: 

 

𝐶𝑝 =  2𝜖33
𝑠 𝐿𝑏

𝑡𝑝
 

(31)  

If we take the Fourier transform of the equation (30), we have: 

𝑗𝜔𝐶𝑝𝑃𝑖  𝑣𝑝 + 𝐼𝑖(𝜔) = 𝑗𝜔∑χj𝑇𝑗

∞

𝑗=1

  
(32)  

To have the total current, we sum the current over all the members. We model the damping as the 

modal damping (2 휁𝜔𝑛𝑗𝜔). Therefore, the voltage to the base acceleration transfer function for 

parallel connection resulting from equation (24) and equation (32) is [35]: 

𝑣𝑝(𝜔) =

∑
𝑗𝜔χjγj

𝜔𝑛𝑗
2 +2 휁𝜔𝑛𝑗𝑗𝜔 − 𝜔2

∞
𝑗=1

1
𝑅
+ 𝑗𝜔𝐶𝑝 +∑

𝑗𝜔χj2

𝜔𝑛𝑗
2 + 2 휁𝜔𝑛𝑗𝑗𝜔 −𝜔2

∞
𝑗=1

𝑎𝑏(𝜔) (33)  

Where 𝑅 is the shunt resistance. Using equation (33) the expression for the multi-mode power 

frequency response function is: 

 

𝑝(𝜔)

𝑎𝑏2(𝜔)
=
1

2𝑅

(

 
 

∑
𝑗𝜔χjγj

𝜔𝑛𝑗
2 +2 휁𝜔𝑛𝑗𝑗𝜔 − 𝜔2

∞
𝑗=1

1
𝑅
+ 𝑗𝜔𝐶𝑝 +∑

𝑗𝜔χj2

𝜔𝑛𝑗
2 + 2 휁𝜔𝑛𝑗𝑗𝜔 −𝜔2

∞
𝑗=1

)

 
 

2

 (34)  
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Using the expression in equation (33) for voltage and replacing it in equation (24) the tip deflection 

of the structure is calculated as: 

 

𝑤𝑡𝑖𝑝(𝜔)

𝑎𝑏(𝜔)
=∑

−1

𝜔𝑛𝑗
2 +2 휁𝜔𝑛𝑗𝑗𝜔 − 𝜔2

 

∞

𝑗=1

×

(

 
 
χj

∑
𝑗𝜔χjγj

𝜔𝑛𝑗
2 + 2 휁𝜔𝑛𝑗𝑗𝜔 −𝜔2

∞
𝑗=1

1
𝑅
+ 𝑗𝜔𝐶𝑝 + ∑

𝑗𝜔χj2

𝜔𝑛𝑗
2 +2 휁𝜔𝑛𝑗𝑗𝜔 − 𝜔2

∞
𝑗=1

+ γj

)

 
 
𝑊𝑗𝑛(𝑥𝑒𝑛𝑑) 

 

(35)  

The relative tip acceleration to the base acceleration is: 

 

𝑎𝑟𝑒𝑙(𝜔)

𝑎𝑏(𝜔)
= −𝜔2

𝑤𝑡𝑖𝑝(𝜔)

𝑎𝑏(𝜔)
 

(36)  

2.7 Theoretical Results 

In this section, we study the theoretical generated energy from a five-beam structure using the 

heartbeat vibrations as the source of the vibration to the system. The structure consists of five 

bimorph beams, each 2 𝑐𝑚 long and 0.5 𝑐𝑚 wide. PSI - 5A4E PZT sheets from PIEZO 

SYSTEMS, INC.  are used as the piezoelectric element. The thickness of the brass layer and the 

piezoelectric layer are 0.01905 and 0.0127 𝑐𝑚. Each beam is connected to the next beam by a 

platinum rigid link. The height of the link is 0.25 𝑐𝑚. The weight of the platinum tip mass is 21 

grams. A minimum safety factor of 4 is considered for the device to avoid fracture at the joints. 
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The safety factors for the piezoelectric layer and the substrate are defined as the yield stress of the 

piezoelectric layer or the substrate over the maximum stress due to bending in that layer.  

Here, we find the mode shapes of the structure. We only consider the first four natural frequencies 

of the device. The higher modes are not considered in our calculations due to their high natural 

frequency and their little effect on the results.  Figure 5 and Figure 6 exhibit the first two mode 

shapes of the five-beam structure. The resonance frequency of the first mode is at 15.65 𝐻𝑧 and 

the second natural frequency is 64.34 𝐻𝑧.  

 

 

 

 

 

Figure 5. First mode shape of a five-beam 

structure. 

 Figure 6. Second mode shape of a five-beam 

structure. 

 

After finding the mode shapes, the electromechanical transfer functions are calculated. The 

frequency response function of the voltage is plotted for the parallel connection of the piezoelectric 

layers. The voltage is proportional to the base acceleration, therefore in order to have the 

normalized voltage we plot the voltage per base acceleration in Figure 7.  The natural frequencies 

correspond to the peaks in the plots. To maximize the output power we choose the load resistance 

(shunt resistance) as 𝑅 =  
1

𝐶𝑝 𝜔1
, where 𝜔1 is the first natural frequency of the device and 𝐶𝑝 is 
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calculated from equation (31). For our structure, the internal capacitance for the two piezoelectric 

layers is 15.79 𝑛𝐹. 

 

Figure 7. Normalized voltage per base acceleration in frequency domain 

 

Figure 8. Power output to the square of base acceleration in frequency domain 

 



Energy harvesting for pacemakers using fan-folded piezoelectric structure 

 

32 

The relation between the normalized power output and the shunt resistance is illustrated in  Figure 

8. The natural frequencies of the device are notably decreased by increasing the link and tip masses 

[119]. Figure 9 shows the tip relative displacement to the base acceleration. The peaks in the 

frequency response function are the natural frequencies of the EH. In the final design, the 

maximum displacement of each beam is calculated. To avoid collision of the beams, the maximum 

displacement of each beam must not exceed the gap between the two beams. 

 

Figure 9. Frequency response function of the relative tip displacement to the base acceleration. 

We consider the heartbeat vibrations as the base acceleration of the system. The leadless 

pacemakers are typically implanted on the interventricular septum. The myocardial motion of that 

exact location has been measured by Kanai [110].  Figure 4.a shows the heartbeat acceleration in 

the time domain. As it is shown in Figure 4.b (the heartbeat wave in the frequency domain) Most 

of the energy content is in the sub-50𝐻𝑧 frequency band. 

Using equation (33) and equation (34), we calculate the voltage and power generated by the EH 

device. The simulation duration corresponds to eight heartbeats and is about nine seconds. In 
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power analysis model, we only consider the first structural mode of the EH. The next vibration 

modes generate significantly less power than the generated power from the first mode. The 

instantaneous power across a 643 𝑘𝛺 purely resistive load is plotted in Figure 10. The considered 

value of the resistive load is the maximum power the resistance corresponding to the first natural 

frequency of the device. The average generated electrical power in Figure 10 is 13.15 𝜇𝑊. The 

approximate power required by a leadless pacemaker is less than 10 𝜇𝑊. This shows that the 

generated power by the EH is sufficient for a leadless pacemaker.  

 

Figure 10. Instantaneous Power 
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Figure 11. The power output of the energy harvester for different heart rates. 

Figure 11 shows the effect of the heart rate on the output power. Although the device is a linear 

EH, it is notably robust to the heart rate changes. For a wide range (as low as 1/6 up to almost 

three times of a normal heartbeat), the generated power is sufficient for powering a pacemaker 

(10 𝜇𝑊 or more). A normalized heart rate of 1 (100) corresponds to 70 beats per minute. The EH 

is thus functional over the 12-210 bpm range of heart rate. 

2.8 Experimental verification 

In this section, we verify the electromechanical models through experimental investigations. For 

experimental verification, we use a closed loop shaker to precisely regenerate the heart motions in 

vitro. 

2.8.1 Experimental setup 

A laser vibrometer is used to measure the tip velocity of the structure (Figure 12). The prototypes 

are tested by mounting them on a closed loop shaker and measuring the generated voltage and the 

tip acceleration once while they get excited by sinusoidal inputs with different frequencies (sine 
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sweep) to find the FRFs and once while the excitation force is the heartbeat waveform. The voltage 

is measured across a load resistor. The shaker is a Labworks LW140 electromagnetic shaker 

controlled by a B&K laser vibration closed loop controller. An accelerometer is used to measure 

the base acceleration and a Polytec laser vibrometer is used to measure the tip velocity and 

displacement of the top beam.  

 

 

Figure 12. The laser vibrometer is used to measure the tip velocity and displacement.  
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2.8.2 Prototype 1 

The first prototype is a large-scale prototype made of aluminum to study the principles of the fan-

folded energy harvesters. The length of the beams are 3.2X the actual size and the number of the 

beams varies from one up to four. Each beam is 72.0 𝑚𝑚 long (𝐿), 6.6 𝑚𝑚 wide, and 3.3 𝑚𝑚 

thick (𝑡𝑠). Only one patch of piezoelectric material is attached to each beam to make unimorph 

beams. The prototype is designed to make changing the number of beams convenient. The 

piezoelectric patches (PSI-5A4E) are attached on one side of each beam using two-part epoxy (3M 

DP460 Epoxy). The piezoelectric patches are 67.3 𝑚𝑚 long, 6.6 𝑚𝑚 wide, and 0.26 𝑚𝑚 thick 

(𝑡𝑝). Figure 13 shows the schematics and the wiring of each beam. Each beam is connected to the 

other beams using aluminum links and two bolts on each side. Each link with the connecting bolts 

weighs 1.6 𝑔 (0.8 𝑔 +  4 × 0.2 𝑔).  Using bolts for connecting the beams, makes it possible to 

add or remove the beams easily. Figure 14 shows a four-beam aluminum configuration. Since the 

links are made of aluminum, all the substrates of the beams are connected to each other.  

 

 

Figure 13. The schematics of a unimorph beam. 

The polarization of the piezoelectric patches is chosen based on the first mode shape [34] to 

maximize the output voltage. The piezoelectric patches are connected in parallel configuration 

electrically. For a four beam structure, there are totally five wires connected to the device. One 

common wire connected to all the substrates and four wires connected to the piezoelectric patch 
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of each beam. The common wire is connected to one end of the load resistor and the other four 

wires are connected to the other end of the resistor.  

 

Figure 14. A four-beam large-scale EH mounted on the closed loop shaker. 

 

 

 

 Figure 15. The aluminum model for a four-beam structure. 
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To verify the mechanical sub-model, we perform a sine sweep test and plot the relative tip 

acceleration to the base acceleration in the frequency domain. Figure 16 shows the comparisons 

between the experimental and theoretical results for different numbers of beams. For verification 

of the comprehensive electromechanical model, sine sweep tests are conducted. Figure 17 shows 

the generated voltage to the base acceleration transfer function for different number of beams. In 

this test, the base acceleration is 1 𝑔 which is controlled by a closed loop shaker. The shunt resistor 

(𝑅) in all the electrical tests is 40 𝑘Ω. There is a good match between the model predictions and 

experimental results, which shows that the theoretical model predicts the natural frequency and 

the mode shapes of the device correctly. In our model, we assume that the links are significantly 

shorter than the lengths of the beams, and the beams are ideally clamped to the links.  
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a) b) 

c) d) 

Figure 16. Analytical predictions versus experimental measurements of relative tip 

acceleration for fan-fold structure composed of a) one beam, b) two-beam structure, c) 

three-beam structure, and d) four-beam structure. 
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a) b) 

 

c) 
d) 

Figure 17. Analytical predictions versus experimental measurements of generated 

voltage over base acceleration for a) one beam, b) a two-beam structure, c) a three-beam 

structure, and d) a four-beam structure. 
 

Figure 18 (a) shows the effect of the number of beams on the natural frequencies of the structure. 

One configuration has two beams and the other configuration consists of three beams. Figure 18 

(b) depicts the voltage FRFs of these two configurations. The large-scale FRF results are used to 

design and optimize the small-scale prototype.  
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a) 

 

b) 

Figure 18. Theoretical (solid lines) and experimental (dashed lines) Frequency Response 

Function (FRF) of the a) relative tip acceleration and b) generated voltage to the base 

acceleration for a two-beam structure (black) and three-beam structure (blue). 

 

The peaks in the FRF plots show the natural frequencies. The first natural frequency of the two-

beam large-scale structure is 213 𝐻𝑧 and the first natural frequency of the three-beam large-scale 

structure is 133.3 𝐻𝑧. It is observed that the number of beams affects the first natural frequency 

significantly. Khattak in his paper [28] explains the behavior of the natural frequencies and why 

there are repeated resonances in a fan-folded structure. 

2.8.3 Prototype 2 

In this section, it is shown that the same governing equations of the large-scale prototype are 

applicable to the small-size prototype by matching the experimental results and the theoretical 

results for the small-scale prototype. Then, the small-size prototype is tested with replicated 

heartbeat vibration and the output power is measured.  
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Figure 19.  Small-scale brass energy harvester and 9.4 𝑔 tungsten tip mass. 

A small-scale magnet free prototype with three bimorph beams is fabricated to comply with 

available pacemaker size. The presented prototype is the outcome of numerous simulations to find 

the optimized parameters. Our proposed EH is a three beam fan-folded structure. Each beam 

consists of a 0.19 𝑚𝑚 thick brass substrate and two 0.19 𝑚𝑚 thick piezoelectric patches. PSI-

5A4E PZT sheets from PIEZO SYSTEMS, INC., are used as the piezoelectric element.  Each 

beam is 20 𝑚𝑚 long and 5 𝑚𝑚 wide. Links made of brass are used to connect the beams. Each 

link is 5 𝑚𝑚 high. Figure 19 shows the small-scale prototype. None of the materials used in this 

prototype are magnetics which makes it safe for a person to do MRI while having this EH inside 

their pacemaker. There is a size constraint for the EH that can be implanted inside the pacemakers. 

The volume of the EH without the tip mass is restricted to not exceed 1 𝑐𝑚3. On each beam, the 

polarization of the piezoelectric patches is in the same direction and they are connected in parallel 

configuration electrically (Figure 20). The solid arrows on the piezoelectric patches in Figure 20 

show the polarity of the patches. Conductive epoxy is used to connect the piezoelectric patches to 

the substrate and a non-conductive epoxy is used to connect each beam to the brass links and thus 

each beam is electrically isolated from the other beams. When the substrates of the beams are not 
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connected to each other, there is no charge cancellation between the beams. Two wires are 

connected to each beam, one from the substrate and one from the piezoelectric patches. In the 

experimental tests, the power generated from each beam is measured individually. This allows us 

to experiment with the polarity of the patches and find the wiring connections that gives the 

maximum power output. In the real device that goes into the pacemaker, the wires from the beams 

are connected permanently. Thus, the configuration that gives the maximum power is selected as 

the permanent configuration for connecting the wires.  In order to prove that the modeling is 

scalable and the same governing equations in reference [31] can be used for this prototype, a series 

of frequency sweep tests are conducted and the theoretical FRF results are compared to the 

experimental data. Then the device is tested for energy harvesting from the heartbeat vibrations. 

 

 

Figure 20. The schematics of a bimorph beam with the parallel electrical connection. 

One of the challenges for the 1cc (one cubic centimeter) design is to find the optimal number of 

beams to have a low natural frequency while not exceeding the size limit. As studied in [31], for 

the one-beam and two-beam configurations of the large-scale prototype, we observe a very good 

match between the predicted theoretical results and the experimental results. However, as the 

number of beams increases, we observe some discrepancy between the two results. There are a 

couple of reasons for that. The main reason is related to the links. In our model, the links are 
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assumed to be completely rigid and provide a perfect clamp boundary condition, however in 

practice, the links are not completely rigid and they do not provide the ideal clamp condition at the 

ends. As the number of the beams increase, the moment of inertia of the whole structure gets larger 

which causes some discrepancy too. As the results show, our model predicts the amplitude and the 

frequency of the first natural frequency within a satisfactory range. In our application, most of the 

energy content of the excitation vibration, heartbeat vibrations, is in the low frequencies (Figure 

4(b)). Thus, it can be concluded that most of the generated electricity comes from the first natural 

frequency of the EH. As it is shown in the next section, the discrepancy in the high frequencies 

does not cause a discrepancy in the generated power from the heartbeat between the model and the 

experiment.  

Figure 21 shows the FRF of the small brass prototype with a 9.4𝑔 tip mass shown in Figure 19. 

The tip acceleration of the energy harvester and the voltage of each beam to the base acceleration 

are plotted in the frequency domain. The voltage is measured across a 40 𝐾Ω resistor. The beam 

on the bottom is called the first beam, the beam in the middle is the second beam, and the beam 

on the top is the third beam. Studying the generated voltage of each beam individually, lets us 

recognize if there is any problem with any of the beams and also helps us with finding the 

optimized electrical connections for our final design. There is a good match between the two results 

which means the assumptions for simulating the power output from the heartbeat vibrations in [31] 

are valid for the small-scale prototype too. The first resonance is 15.79 𝐻𝑧, which shows that the 

design significantly reduces the natural frequency of the energy harvester. The natural frequency 

of the device without the tip mass is around 100 𝐻𝑧.  
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a) 

 

b) 

c) 

 

d) 

Figure 21. Theoretical (solid line) and experimental (dashed line) Frequency Response 

Function (FRF) of the a) relative tip acceleration to the base acceleration for a three beam 

small-scale prototype with nonconductive connections and 9.4𝑔 tip mass. FRFs of the 

generated voltage across a 40 𝐾Ω resistor from the b) first, c) second, and the d) third beam. 

 

2.8.4 Power generated from the heartbeat  

In this part, we measure the average power output of the small brass energy harvester with three 

different tip masses while they are excited by the heartbeat waveform as the input excitation. The 

energy harvester is mounted on the shaker where an accelerometer measures the base accelerations 

and feeds it into the controller to ensure that the shaker is following the same excitation as the 

heartbeat pattern in Figure 4(a). The power output is measured by calculating the average power 
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as 𝑃𝑎𝑣𝑒 =
𝑉𝑟𝑚𝑠
2

𝑅
. The RMS voltage is measured across the load resistor connected to the energy 

harvester. The optimal electrical connections of the beams are found to match the first mode shape 

of the device. The piezoelectric patches of the first beam and the top beam are connected by wires 

to the substrate of the second beam and the piezoelectric patches of the second beam are connected 

to the substrates of the first and the top beam. 

 

 

Figure 22. Small-scale prototype with nonconductive links and 18.4 𝑔 tip mass. Made of 

brass substrates and bimorph beams. 

 

In order to find the maximum power, a resistor sweep test is performed on the energy harvester 

with three different tip masses. Tungsten is used for the tip mass due to its high density. We use a) 

0.4 𝑔, b) 9.4 𝑔, and c) 18.4 𝑔 (Figure 22) tungsten tip masses. Figure 23 shows the power output 

generated from these three cases of the small-size prototype. For all the results in Figure 23, the 

bimorph beams are connected in parallel electrically and the configuration of the wires is based on 

maximizing the power output. There is a good match between the predicted theoretical results 
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using our model and the results from the experiments. The importance of the added tip mass in 

increasing the generated power is observed. Figure 23 shows as the tip mass increases, the 

optimum resistor gets larger. The optimum resistors are 25 𝐾Ω, 60 𝐾Ω, and 80 𝐾Ω for the EH 

with 0.4 𝑔, 9.4 𝑔, and 18.4 𝑔 tip mass respectively. The method in Ref. [122] is used to predicts 

the vicinity of the optimal resistor. Based on the definition in [122], the small prototype in Figure 

22 is categorized under medium electromechanical coupling energy harvesters. The experimental 

results show that the optimal resistor is in the vicinity of the optimal resistor calculated by: 

𝑟𝑠𝑐
𝑜𝑝𝑡

= (
𝜋2

√16 + 𝜋2
)
1

𝑘𝑒
2

휁

 
(37)  

where 𝑟𝑠𝑐
𝑜𝑝𝑡

 is the optimal dimensionless resistor at short circuit resonance, and 𝑘𝑒 is the 

dimensionless electromechanical coupling factor. For the prototype in Figure 22 with 18.4 𝑔 tip 

mass, 
𝑘𝑒
2

𝜁
 is 8.8 and the optimal resistor calculated from equation (2) is 84 𝐾Ω. The maximum 

accumulative power from all the three beams of the EH with the 18.4 𝑔 tip mass is 16.25 𝜇𝑊. 

Considering the size of the energy harvester, the generated power is satisfactory and can be used 

to power medical devices inside the body using heartbeat. Pacemakers are a good example of the 

medical devices that can benefit from this technology.  
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a) 

 

b) 

  

c) 

Figure 23. Resistor sweep for the generated average power from the small-scale energy 

harvester using heartbeat vibrations with a) 0.4 𝑔, b) 9.4 𝑔, and c) 18.4 𝑔 tungsten tip mass. 

 

The robustness of the device with 18.4 𝑔 tip mass to the heartbeats is studied by measuring the 

power output at different heart rates. The power is calculated across an 80 𝑘Ω resistor. Figure 24 

shows the theoretical results from the model and the experimental results of the test. The x-axis 

shows different heart rates from 7 beats to 350 Beats Per Minute (BMP).  For a wide range 

between 20 beats to 100 beats per minute, the EH generates more than 10 𝜇𝑊 which is sufficient 

for powering a pacemaker. The average generated power for the range of 20 − 100 BPM is 

15.2 μW and the maximum generated power is at 28 beats per minute with more than 20 𝜇𝑊. A 
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backup battery or a super capacitor can be used to store the extra energy when the EH generates 

more energy than what the pacemaker consumes. This energy can be used when the pacemaker 

needs more power than what the EH generates. The effect of the heart tissue over the generated 

power from a piezoelectric energy harvester was studied in [123]. Based on the results in [123], if 

the EH is placed inside a commercial leadless pacemaker and mounted to the heart inner wall, we 

do not expect any decrease in the power output due to the heart tissue.  

 

 

Figure 24. Generated power from the small-scale prototype with an 18.4𝑔 tip mass at 

different heart rates. 

 

2.9 Conclusion 

This chapter presents a 3D fan-folded design to power leadless pacemakers using myocardial 

motions. The fan-folded structure is experimentally tested of for powering implantable biomedical 

devices from the heartbeat. The miniature energy harvester (EH) is composed of several bimorph 

piezoelectric beams, which are stacked on top of each other using rigid links. The overall structure 

is clamped to the leadless pacemaker at one end and is free at its other end. In order to decrease 

the natural frequency, a tip mass is implemented at the free end. The natural frequencies and mode 

shapes of the device were calculated analytically. The transfer functions between the generated 
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electricity and the base excitation were modeled. To match the form factor of leadless pacemakers, 

the energy harvester was designed to be 1 𝑐𝑐  (2 × 0.5 × 1 𝑐𝑚3). The substrates of the bimorph 

beams are brass and the tip mass is platinum. The electromechanical equations were solved for 

this configuration and the energy generated from 8 consecutive heartbeats was calculated. It was 

shown that the EH generates at least 10 microwatts of power over a large range of heart rate 

variations. The accuracy of the developed analytical model was verified by experiments. Two 

models of different sizes were developed and fabricated for verification of the mechanical sub-

model and the electrometrical model. The MRI compatible small prototype was designed based on 

the size constraints of a pacemaker. The models were attached to a closed loop shaker and a laser 

vibrometer was used to measure the tip velocity. The tip acceleration and the generated voltage to 

the base acceleration transfer functions in the experiments were compared to the predictions of the 

analytical model. It was shown that at the normal heart rate, the device generates 16.25 𝜇𝑊 with 

18.4 𝑔 tungsten tip mass, which is sufficient for powering pacemakers. In all the cases, there was 

a close match between the results. Adding of the tip mass reduces the natural frequency 

significantly. The 1 𝑐𝑐 EH can be implemented inside a leadless pacemaker to continuously power 

it. Such pacemaker never runs out of power and can thus be permanent. The proposed fan-folded 

configuration can be used to reduce the high natural frequency of small size devices for energy 

harvesting applications. 
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3. Energy harvesting for leadless pacemakers using thermally buckled 

piezoelectric beam 

3.1 Overview 

A miniature nonlinear piezoelectric energy harvester is developed to power state of the art leadless 

cardiac pacemakers from cardiac motions. The energy harvester (EH) is integrated in the leadless 

pacemaker and is connected to the myocardium. The EH converts myocardial motions to 

electricity to power leadless pacemakers. The energy is stored in a battery or supercapacitor and 

is used for pacing. The device is composed of a bimorph piezoelectric beam confined in a gray 

iron frame. The system is assembled at high temperature and operated at the body temperature. 

The mismatch in the coefficients of thermal expansion of the beam and the frame caused the beam 

to buckle in body temperature. This intentional buckling makes the beam unstable and improves 

the power production and robustness of the device. Having high natural frequency is a major 

problem in Microelectromechanical systems (MEMS) energy harvesters. Considering the small 

size of the EH, 0.5 𝑐𝑚3, the natural frequency is expected to be high. In our design, the natural 

frequency is lowered significantly by using a buckled beam and a proof mass. Since the beam is 

buckled, the design is bistable and nonlinear, which could increase the output power. In this 

chapter, the device is analytically modeled, the natural frequencies and mode shapes of the EH 

are analytically derived. The terms corresponding to geometric nonlinearities are included in the 

electromechanical coupled governing equations. The simulations show that the device generates 

sufficient electricity to power leadless pacemakers.   
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3.2 Governing electromechanical equations  

Our proposed device is a bimorph beam which is clamped on both ends. The beam is inside a gray 

iron frame. In order to decrease the natural frequency of the EH, the main beam is thermally 

buckled due to the difference in the coefficients of the thermal expansion between the beam and 

the rigid frame. A proof mass is added in the middle of the beam to decrease the natural frequency 

even more. The energy harvester is  0.5 𝑐𝑚3 which perfectly matched the miniature form factor 

of leadless pacemakers. Brass is chosen as the substrate due to its high density and high modulus 

of elasticity.  

 

 

Figure 25. Schematics of the thermally buckled beam clamped at both ends in a rigid frame 

As illustrated in Figure 25, the piezoelectric bimorph beam is a clamped-clamped buckled beam. 

The coupled governing equation of a buckled piezoelectric beam is written as [16]: 
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(38)  

Where 𝑚 is the total mass per unit length of the beam, 𝑤𝑟𝑒𝑙 (𝑥, 𝑡) is deflection along the z-axis 

(Figure 25), 𝑐 is the damping term, 𝐸𝐼 is the equivalent bending stiffness of the beam, 𝑃𝑐 is the 

first critical buckling force, Δ is the axial displacement due to the thermal compression (Figure 

26), 𝐾𝑒𝑞  is the equivalent axial stiffness of the beam, 𝛼 is the piezoelectric coupling coefficient, 

and 𝑉 is the voltage across the piezoelectric elements which are connected in parallel. 𝛿(𝑥) is 

Dirac delta function. In the above equation, 𝑀𝑚𝑖𝑑  represents the middle mass and 𝑤𝑏  is the base 

displacement. Figure 26 shows the beam inside the frame for two positions. Position (1) is before 

the buckling and position (2) is after the beam is buckled. We assume that each end of the beam 

has an axial shortening of 
Δ

2
. Using modal analysis, the mass normalized continuous differential 

equations can be discretized as [124]: 

{

�̈� + 𝑐�̇� + (𝐾 + 𝑝) 𝑇 + 𝑁𝑇3 + 𝜒 𝑉(𝑡) = 𝛾 �̈�𝑏

𝐶𝑝�̇� +
𝑉

𝑅𝑙
= −𝜒�̇�

  
(39)  

Where 𝑇 is the temporal term of the deflection, 𝑐 is the damping ratio, 𝐾 stands for the linear 

stiffness, the reduction of the stiffness coefficient due to the axial force is 𝑝, N is the nonlinear 
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coefficient, the coupling coefficient is 𝜒, 𝑅𝑙  is the shunt resistor and 𝑐𝑝 is the internal capacitance 

of the piezoelectric layer. The coefficients of the governing equations are calculated as:  

{
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(40)  

Where 𝜙(𝑥) is the spatial term of the deflection of the beam (𝑤(𝑥, 𝑡)). The new natural frequency 

of the beam after being buckled is calculated as: 

 

𝜔 =  √(𝐾 + 𝑝) + 3𝑁𝑇𝑠𝑡
2  (41)  

Where 𝑇𝑠𝑡 is the coordinate of the temporal term for the equilibrium point [16]. Figure 27 shows 

the change in the natural frequency of a buckled bimorph beam with the change in the amount of 

the axial shortening of the beam (Δ). All the natural frequencies shown in Figure 27 are for the 

cases after the beam is buckled. The lower the delta, the lower the natural frequency. Theoretically, 

we can have zero natural frequency when the delta is zero and the beam is about to buckle (𝐾 +

𝑝 = 0) [43, 44, 125, 126]. Before the buckling starts, by increasing the axial force, the natural 

frequency decreases to the point where the beam starts to buckle (the case with Δ = 0). After that 

by increasing the shortening of the beam (Δ) the natural frequency rises again which is shown in 
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Figure 27. As Masana and et al. [44] showed in their paper, we cannot reach to the point where 

Δ = 0. They showed that before the buckling, the natural frequency is decreased to a certain point 

as the axial force increases. After that point, the beam buckles and the natural frequency starts to 

increase again. For the substrate of the beam, we use 0.01 𝑐𝑚 thick brass sheets. PZT sheets are 

used as the piezoelectric element. The thickness of the piezoelectric layers (𝑡𝑝) is 0.01 𝑐𝑚. The 

bimorph beam is 2 𝑐𝑚 long and 0.25 𝑐𝑚 wide. A 5 𝑔𝑟 platinum mass is used in the middle of the 

beam as the proof mass (Figure 25). We will call this specimen The specimen in this chapter. It 

will be explained later why we chose these sizes for The specimen. 

 

Figure 26. Axial shortening of the beam (Δ). Position (1) shows the unbuckled beam, Position (2) 

shows the buckled beam. 

3.3 Results 

The dimensions of the piezoelectric EH were optimized through numerical simulations. Different 

materials with different thicknesses were tested for the various amount of the axial shortening of 

the beam. Table 1 shows the dimension of the optimized EH (The specimen). 𝑡𝑠 is the thickness of 

the substrate, 𝑡𝑝 is the thickness of the piezoelectric patches, 𝐿 is the length of the beam, 𝑊 is the 

width of the beam, and Δ is the axial shortening in the beam. 𝐿𝑓 is the length of the frame, 𝑊𝑓  is 

the width of the frame, and 𝐻𝑓  is the height of the substrate (Figure 25). The frame needs to be 

large enough to provide sufficient axial force for the buckling of the beam. In order to prevent 
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charge cancellations, the piezoelectric layer is electrically divided into four segments. A middle 

mass is used to reduce the natural frequency and increase the generated power. Both ends of the 

beam are clamped inside the outer frame. For a given beam and a specific compression (Δ) in the 

beam, we find the first buckled natural frequency and mode shape. Then we solve the governing 

equations using the heartbeat vibrations as the base acceleration of the EH and calculate the power.  

 

Table 1. The optimized dimensions of The specimen. 

𝒕𝒔(𝐦𝐦) 𝒕𝒑(𝐦𝐦) 𝑳 (𝒎𝒎) 𝑾(𝐦𝐦) 𝚫 (𝝁𝒎) 𝑳𝒇 (𝒎𝒎) 𝑾𝒇(𝒎𝒎) 𝑯𝒇(𝒎𝒎) 

𝟎. 𝟏 𝟎. 𝟏 𝟐𝟎 𝟐. 𝟓 𝟎. 𝟏𝟓 25 5 5 

 

The power is calculated by 𝑃𝑎𝑣𝑒 =
𝑣𝑟𝑚𝑠
2

𝑅
. Where 𝑅 is the load resistor parallel to the EH. The 

piezoelectric patches are connected in parallel. Having them in parallel keeps the voltage constant 

and adds their charges. The parallel configuration gives us the maximum power in this test. The 

generated power can be used to power leadless pacemakers or other biomedical devices inside the 

body. We use the heartbeat acceleration (Figure 28) in the time domain measured by Kanai [110] 

to simulate the vibration to the leadless pacemaker caused by the heartbeats.   
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Figure 27. The effect of shortening of the beam on its natural frequency 

 

Figure 28. The heartbeat waveform in the time domain. 

 

To study the motion behavior of the energy harvester, we look at the phase portrait and the Poincare 

map of two cases with different axial shortening (Δ). In one case, the axial shortening of the beam 

equals 0.15 𝜇𝑚 (the same as The specimen) and in the second case Δ = 10 𝜇𝑚 (larger delta) which 

generates two orders of magnitude less energy than The specimen when excited with the heartbeat 

vibrations. For each case, the mode shapes are found analytically and the integrals in equation (40) 

are calculated. The calculated coefficients are inserted in the coupled governing equations of the 
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system (equating (39)) to find the deformation and the velocity of the beam. Figure 29 (a) and (b) 

illustrates the phase portrait of these two cases when excited by heartbeat vibrations. The x-axis of 

the plot (𝑤) shows the deformation in the middle of the beam and the y-axis shows the velocity of 

that point along the z-axis. The deformation range of The specimen (Δ = 0.15 𝜇𝑚) includes 

negative and positive positions, whereas the deformation range in the case with larger Δ (10 𝜇𝑚) is 

just around one equilibrium. In The specimen, the beam vibrates between the two buckled stable 

positions and goes from negative to positive deformation. Also, the velocity range of The specimen 

is about four times of velocity range in the second case. Figure 29 (a) and (b) also shows the 

Poincare map of these two cases when excited by thirty cycles of heartbeats. After each cycle, one 

sample is taken. Since the motion is periodic, all the thirty points are very close and all of them 

are seen as one point in the two plots. 

 

a) b) 

Figure 29. Phase portrait and the Poincare map for 30 cycles of excitation when a) Δ =
0.15 𝜇𝑚, and b) Δ = 10 𝜇𝑚. 

Figure 30 (a) and (b) shows the power output versus the temperature difference and shortening of 

the beam. The power output is calculated for the simulated heartbeat signal (Figure 28) as the base 

excitation. The temperature difference is used to buckle the beam thermally. Gray cast iron is used 
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as the material for the frame. The variation of the shortening of the beam as a function of the 

temperature difference is illustrated in Figure 30 (c). Figure 31 shows a proposed configuration 

that can accurately provide a specific amount of Δ for the beam. The active bimorph beam is 

clamped inside a frame. All the components of the EH including the frame and the bimorph beam 

will be warmed up to a higher temperature. The bimorph beam will be fixed on the structure using 

bolts while the components are at the high temperature. The two ends provide the clamped 

boundary condition on the bimorph beam. After the device cools down, there will be a mismatch 

between the shortening of the beam and the shortening of the frame. When the frame has a higher  

Coefficient of Thermal Expansion (CTE) than the CTE of the bimorph beam, the beam will be 

buckled. For a given Δ, the amount of the temperature difference is calculated as: 

𝑇𝑑𝑖𝑓𝑓 =
Δ

𝐿(𝛼𝑓 − 𝛼𝑒𝑞)
 

(42)  

Where 𝐿 is the length of the beam, 𝛼𝑓 is the CTE of the frame, and 𝛼𝑒𝑞 is the equivalent CTE of 

the bimorph beam. The frame of The specimen is made from gray iron with 𝛼𝑓 = 10.8 (
𝜇𝑚

𝑚𝐾
). The 

equivalent CTE of the bimorph beam is: 

𝛼𝑒𝑞 =
(2𝛼𝑝𝐸𝑝𝐴𝑝 + 𝛼𝑠𝐸𝑠𝐴𝑠)

(2𝐸𝑝𝐴𝑝 + 𝐸𝑠𝐴𝑠)
 

(43)  

Where 𝛼𝑝, 𝛼𝑠 are the CTE of the piezoelectric layer and the substrate, 𝐸𝑝, 𝐸𝑠 are the module of 

elasticity of the piezoelectric and the substrate, and 𝐴𝑝, 𝐴𝑠 are the cross section of the piezoelectric 

layer and the substrate. Substituting these value for the piezoelectric patches (𝛼𝑝 = 4 (
𝜇𝑚

𝑚𝐾
), 𝐸𝑝 =
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61 𝐺𝑃𝑎) and the brass substrate (𝛼𝑠 = 18.7 (
𝜇𝑚

𝑚𝐾
), 𝐸𝑠 = 100 𝐺𝑃𝑎), the equivalent CTE of The 

specimen is 10.6 (
𝜇𝑚

𝑚𝐾
). 

a) 

 

b) 

 

c) 

Figure 30. a) The effect of the temperature difference of the power output. b) The effect of the 

shortening of the beam on the power output. c) The variation of the shortening of the beam (Δ) 
with respect to the temperature difference. 

 

In Figure 30 (a) there are some discontinuities in the power output at specific points. The difference 

in the power output is in the order of 0.1 𝜇𝑤 and will not affect the final design. By plotting the 

deflection of the middle of the beam over the time for two of these points (one before a 

discontinuity (Δ𝑇 = 25.22 ℃), one after that discontinuity (Δ𝑇 = 26.63 ℃)), we find out that the 
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reason is the equilibrium points. Figure 32 illustrates the deflection of these two cases in the time 

domain for two cycles. The first case with the lower Δ𝑇 (the dashed line) ends up in the positive 

equilibrium after the first cycle. Whereas, the second case with the higher Δ𝑇 (the solid line) goes 

to the negative equilibrium after each cycle. Thus, after beginning of a new cycle, the second case 

deforms more than the first case which causes the difference in the power output.  

 

 

Figure 31. Proposed design for the EH device. 

For The specimen, Δ is assumed to be 0.15 𝜇𝑚 to maximize the power output. Using the equation 

(41), we find the first natural frequency as 31.92 𝐻𝑧. This frequency is much lower than the natural 

frequency of the unbuckled beam (210.68 𝐻𝑧). As discussed in the equation (41), the natural 

frequency of the beam is a function of the amount of the axial shortening in the beam. By lowering 

the natural frequency, we cannot conclude that the output energy increases necessarily.  The 

maximum power happens at the point where the natural frequency of the device matches the high 

amplitudes frequencies of the heart vibration. As Figure 28 shows, due to the impact induced by 

the heart valves the acceleration waveform of the heart does contain two significant impulses. 

Therefore, the heartbeat waveform consists of a very broad range of frequencies. Which means 
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that the high amplitude frequencies might not be the same as the frequency of the heart rate (around 

1 𝐻𝑧 for a normal heart rate). Figure 33 is the Fourier transform of heartbeat signal (Figure 28). 

As Figure 33 shows most of the high amplitude frequencies are less than 50 𝐻𝑧. Thus, by lowering 

the natural frequency to the desired range (frequencies with high peaks in Figure 33), the amount 

of the average power output of the EH increases.  

 

Figure 32. Midpoint deflection of the active beam in the time domain for two different cases. 

Solid blue line for Δ𝑇 = 26.63 ℃ and dashed red line for Δ𝑇 = 25.22 ℃. 

We consider two safety factors for our device. One is the axial safety factor (𝑆𝐹𝐹 =
𝜎𝐹,𝑚𝑎𝑥

𝜎𝑦
), 

which corresponds to the axial stress in the beam. Where 𝜎𝑚𝑎𝑥 is the maximum axial stress due to 

the axial compression force and 𝜎𝑦 is the yield stress. The other one is the safety factor (𝑆𝐹𝑀 =

𝜎𝑀,𝑚𝑎𝑥

𝜎𝑦
), due to bending deformation of the beam. In which, 𝜎𝑀,𝑚𝑎𝑥 is the maximum axial stress 

due to the bending. Each of these safety factors is calculated for the substrate and the piezoelectric 

layer to avoid any damages to the beam. We consider three as the minimum value for 𝑆𝐹𝐹  and 𝑆𝐹𝑀  

in our designs.for After solving the equations, the temporal term of the deflection and the voltage 

across the resistor are calculated. Figure 34 illustrates the instantaneous output power of the energy 
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harvester in the time domain. The average power of the system is calculated as 14.09 𝜇𝑊 which 

is sufficient to power a leadless pacemaker. A leadless pacemaker needs about 10 𝜇𝑊 to operate. 

The shunt resistor is 96 𝑘Ω which is calculated as: 

𝑅 = 
1

𝐶𝑝 𝜔
 

(44)  

where 𝐶𝑝 is the capacitor of the two piezoelectric layers and 𝜔 is the natural frequency of the EH. 

For our EH, the internal capacitance for the two piezoelectric layers is 7.83 𝑛𝐹. 

 

 

 

 

 

Figure 33. Furrier transform of the heartbeat. 
 

Figure 34. Instantaneous power of the EH 

from heartbeat vibrations 

 

To find the maximum power, we perform a resistor sweep test. Figure 35 illustrates the effect of 

the shunt resistor on the output power. The maximum power is 15.61 𝜇𝑊 and as predicted the 

maximum power happens in the vicinity of the resistor calculated from equation (44). Figure 36 

shows the effect of the heart rate on the output power. Since the device is nonlinear, it is robust to 

the heart rate changes. For a wide range (40-195 bpm), the generated power is sufficient for 

powering a pacemaker (10 𝜇𝑊).  
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Figure 35. Effect of the shunt resistor on the 

output power of the EH. 
 

Figure 36. The output power of the EH for 

different heart rates. 

 

3.4 Experimental results 

A large prototype is built to show the proof of concept of decreasing the natural frequency using 

the thermal buckling technique. The beam is made of Steel and the frame is made of Aluminum. 

The Steel beam is clamped at the two ends. The beam is 76𝑚𝑚 long, 20𝑚𝑚 wide, and 0.4𝑚𝑚 

thick. Figure 37 shows this prototype. In order to perform the test, the beam and the frame are 

disassembled and placed in an incubator. The incubator temperature is increased to 70 ℃ and at 

that temperature the beams are assembled to the frame using two clamps. Now, in order to buckle 

the beam, the temperature of the incubator is decreased and since the coefficient of thermal 

expansion of Aluminum is larger than CTE of Steel, the beam will buckle as we decrease the 

temperature. To study the frequency response function of the structure, a shaker is placed in the 

incubator and we measure the base acceleration using an accelerometer. The middle point velocity 

and acceleration of the beam is measured through the glass door of the incubator using a laser 

vibrometer (Figure 40).  
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Figure 37. Large prototype made from Steel 

beam and Aluminum frame.  

 

 
Figure 38. The setup for measuring the FRF 

of the thermally buckled beam in an 

incubator. 

 

Figure 39 (a) shows the FRF of the middle point acceleration to the base acceleration at three 

different cases (unbuckled, 5 ℃ ,and 10 ℃). These temperatures shown in the figures are the 

temperatures of the incubator. In other words, the Δ𝑇 = 0 ℃, 65 ℃ and 60 ℃ resepectivly. 

Different base accelerations are applied to the structure to study the nonlinear behavior. All the 

tests are performed in forward sweep and backward sweep to help us better understand the 

nonlinear behavior of the structure. Figure 39 (b) shows the first natural frequency of the three 

cases. There is about 127 𝐻𝑧 difference between the first natural frequency of the unbuckled beam 

and the buckled beam at 5 ℃. The difference between the first natural frequency of the unbuckled 

beam and the beam at 10 ℃ is about 76 𝐻𝑧. Figure 39 (c) shows the nonlinear behavior of the 

system. The system has a hardening nonlinearity and FRF changes with the base excitation 
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amplitude and forward and backward sweep. Figure 39 (d) shows the experimental results versus 

the predicted theoretical results for the two buckled cases.  

a) 

 

b) 

 

c) 

 

d) 

Figure 39.  a) Middle point acceleration to the base acceleration of the unbuckled and buckled 

cases, b) comparison between the first natural frequencies of the three cases, c) nonlinear 

behavior of the device with respects to different excitation amplitude and forward and 

backward sweep, d) comparison between the theoretical FRFs and the experimental FRFs.  

 

3.5 Conclusion 

The chapter presents a sub-cc thermally buckled piezoelectric device to generate energy from 

heartbeat vibrations. The size of the device is 0.5 𝑐𝑚3. The device consists of a bimorph 
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piezoelectric beam clamped inside a rigid frame. Due to the small size, the natural frequency of 

the device is high. By buckling the beam, the natural frequency is lowered to the desired range. 

When the device is assembled at a higher temperature and cooled down to the body temperature, 

the bimorph beam buckles due to the difference in the thermal coefficients of the frame and 

bimorph beam. The device generates electricity when excited by the heartbeat vibrations. T he 

generated energy can be used to power a leadless pacemaker. In this chapter, the device is 

analytically modeled, the coupled governing equations of the system are solved and the output 

power is calculated for different cases. The effect of the shortening of the beam over the output 

power is studied. It is shown that by using the nonlinear thermally buckled piezoelectric energy 

harvester, one can achieve a miniature power source pertinent to the small size of leadless 

pacemakers. At the end, a large prototype is built to verify the theoretical results and it is shown 

that the natural frequency of the beam is decreased using the thermal buckling method.  
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4. Energy harvesting from controlled buckling of piezoelectric beams 

4.1 Overview 

In this chapter, a piezoelectric vibration energy harvester is presented that can generate electricity 

from the weight of passing cars or crowds. The energy harvester consists of a piezoelectric beam, 

which buckles when the device is stepped on. The energy harvester can have a horizontal or 

vertical configuration. In the vertical (direct) configuration, the piezoelectric beam is vertical and 

directly sustains the weight of the vehicles or people. In horizontal (indirect) configuration, the 

vertical weight is transferred to a horizontal axial force through a scissors like mechanism. 

Buckling of the beam results in significant stresses and, thus, large power production. However, if 

the beam’s buckling is not controlled, the beam will fracture. To prevent this, the axial deformation 

is constrained, to limit the deformations of the beam. In this chapter, the energy harvester is 

analytically modeled. The considered piezoelectric beam is a general non-uniform beam. The 

natural frequencies, mode shapes, and the critical buckling force corresponding to each mode 

shape are calculated. The electro-mechanical coupling and the geometric nonlinearities are 

included in the model. The design criteria for the device are discussed. It is demonstrated that a 

device, realized with commonly used piezoelectric patches, can generate hundreds of milliwatts of 

power from passing car traffic. The proposed device could also be implemented in the sidewalks 

or integrated in shoe soles for energy generation.  One of the key features of the device is its 

frequency up conversion characteristics. The piezoelectric beam undergoes free vibrations each 

time the weight is applied to or removed from the energy harvester. The frequency of the free 

vibrations is orders of magnitude larger than the frequency of the load. The device is, thus, both 

efficient and insensitive to the frequency of the force excitations. 
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4.2 Device configuration 

In this section, we discuss vertical (direct) and horizontal (indirect) device configurations of the 

energy harvester. In the vertical configuration the weight of the passing load is directly transmitted 

to the piezoelectric beam. The vertical beam consists of a steel layer as a substrate and two 

piezoelectric layers. The proposed device (Figure 40) is installed on roads such that the vehicles 

directly pass over it. The transduction element that converts mechanical vibrations to electrical 

energy is the vertical piezoelectric bimorph. Three key objectives are sought in this design. The 

first objective is to have a robust energy harvesting device, i.e. to generate energy from every 

passing tire. The second objective is to maximize the amount of energy and to induce maximum 

amount of stress in the piezoelectric layer without breaking it. The third goal is to have a durable 

device. We should, therefore, limit the maximum stress in the piezoelectric layer to the allowable 

stress level for high cycle fatigue. By implementing a mechanical stop, we control the amount of 

buckling and prevent fracture of the piezoelectric beam due to excessive stresses. 

Figure 40.a shows the uniform and the segmented beam in the direct configuration. In our design, 

the larger the axial deformation of the beam, the easier the control of the stress in the piezoelectric 

patches. This axial deformation significantly increases with the length of the beam. An axial 

deformation in millimeters range requires the length of the beam to be on the order of tens of 

centimeters. To increase the length of the beam without significantly increase the cost, we need to 

cover only part of the beam with piezoceramics. The parts that are covered with piezoceramics are 

the parts of the beam that are under maximum bending stress. For a pin-pin beam, this part is the 

middle section of the beam.  As it is shown on Figure 41 a non-uniform segmented beam consists 

of three different parts. The bottom (first) and top (third) sections of the beam are just a simple 

spring steel layer. The middle (second) section is a bimorph piezoelectric beam, with two active 
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layers on the surfaces and one spring steel layer in between.  The piezoelectric layer generates 

power when it buckles and when it returns to the undeformed shape. When the force is removed, 

the beam returns to its non-deformed position. 

 

 (a) 

 

(b) 

 

Figure 40. The vertical modeling of the energy harvesting device for a uniform beam (a) and a 

segmented beam (b) 

 

The horizontal (indirect) configuration is another type of energy harvester device studied in this 

chapter. As illustrated in Figure 41, the proposed device consists of a scissors linkage mechanism. 

The rigid scissors mechanism has two functions. Its first function is to convert the vertical load to 

a horizontal axial force across the piezoelectric segmented beam. The second role of the 

mechanism is to scale the axial deformation of the beam to a more prominent vertical displacement 

to make the buckling control easier. 



Energy harvesting from controlled buckling of piezoelectric beams 

 

71 

 

Figure 41. The horizontal (indirect) configuration  

 

The static governing equations are (Figure 42): 

𝑃 = 𝐹 cot(𝜃)                                     

𝛿 = Δ cot (𝜃) 
(45)  

Where 𝐹 is the vertical force, 𝑃 is the axial force acting on the piezoelectric beam, 𝜃 is the angle 

defined in Figure 42, 𝛿 is the vertical gap distance, and Δ  is the axial shortening of the segmented 

beam. As it is seen in equation (45) if the angle is less than 45 degrees, P will be larger than F and 

the mechanism magnifies the vertical force. This configuration results in a large force on the active 

beam with just a very small force over the harvester (F). This feature makes this harvester useful 

for portable devices and for applications in which the forces are small. The horizontal form factor 

of the device makes it easy to implement in sidewalks or shoe soles. Another advantage of having 

the angle less than 45 degrees is the magnification of the gap distance (δ). Since in this 

configuration δ is larger than Δ, the axial stop can be incorporated in the vertical direction to make 

the fabrication tolerances more relaxed. If the angle is more than 45 degrees, P will be smaller than 

F, which makes this configuration suitable for installing on the roads and under large forces. By 

increasing the angle, we make sure that the applied force on the segmented beam will not exceed 
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the allowable amount and will not result in breaking the beam. In this chapter, we call the required 

gap size the recess.  

 

Figure 42. The horizontal energy harvesting device: undeformed (left) and after buckling (right)  

4.3 Modelling and governing equations 

The partial differential governing equations for the vibrations of the piezoelectric beam are derived 

through equilibrium method [60, 61, 127] . The mechanical governing equation for the covered 

portion of the beam is: 

𝑚 
𝜕2𝑤

𝜕 𝑡2
+ 𝑐 

𝜕𝑤

𝜕𝑡
+ 𝐸𝐼 

𝜕4𝑤

𝜕𝑥4
+ [𝑃 −

𝐾𝑒𝑞

2
 ∫  (

𝜕𝑤

𝜕𝑥
)

2

𝑑𝑥 ] 
𝜕2𝑤

𝜕𝑥2
+

𝐿

0

𝛼 [ 
𝑑𝛿(𝑥)

𝑑𝑥
− 
𝑑𝛿(𝑥 − 𝐿)

𝑑𝑥
]𝑉(𝑡) = 0     (46)  

Where 𝑚 is the total mass per unit length of the beam, 𝑤 (𝑥, 𝑡) is the lateral deflection of the beam, 

𝐸𝐼 is the equivalent bending stiffness of the composite beam, 𝑃 is the axial force, 𝐾𝑒𝑞 is the 

equivalent stiffness of the active beam, 𝛼 is the piezoelectric coupling coefficient, and 𝑉 is the 

voltage across the piezoelectric elements that are connected in parallel. The width of the beam is 

noted by 𝑏, the thickness of the substrate is 𝑡𝑠, and the thickness of the piezoelectric layer is 𝑡𝑝. 

𝛿(𝑥) is the Dirac delta function. The coupling term, 𝛼, for the parallel connection can be written 

as [116]: 
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 −2∫ 𝑒13
𝑏

𝑡𝑝
𝑧 𝑑𝑧

𝑡𝑝+
𝑡𝑠
2

𝑡𝑠
2

= −2𝑏𝑒13
𝑡𝑝 + 𝑡𝑠

2
      (47)  

Where 𝑒13 is the piezoelectric coefficient. If the axial force is larger than the critical buckling 

force, the beam buckles. In here, we assume that the force is larger than the first critical load and 

is less than the critical load of the higher modes. We, thus, only consider the first buckling mode 

shape for discretization of the governing equations. We assume that the buckling mode shapes are 

identical to the vibration mode shapes of the beam. To derive the natural frequencies and mode 

shapes of the segmented beam, we first write the undamped unforced governing equations for each 

segment: 

𝜌𝐴 
𝜕2𝑤

𝜕 𝑡2
+𝐸𝐼 

𝜕4𝑤

𝜕𝑥4
= 0 (48)  

We will use modal analysis to discretize the equations of motion (Section 11 of [117]): 

w(𝑥, 𝑡) = ∑𝜙𝑗(𝑥)𝑇𝑗(𝑡)

∞

𝑗=1

 (49)  

Where, 𝜙𝑗 is 𝑗
th mode shape and 𝑇𝑗  is the corresponding temporal function. Substituting equation 

(49) in equation (48) , the general solution for a segmented beam can be found in the form of: 

𝜙𝑗𝑖(𝑥) = 𝑎𝑗𝑖1 sin(
𝛽𝑗

√𝐶𝑖
𝑥)+ 𝑎𝑗𝑖2 cos(

𝛽𝑗

√𝐶𝑖
𝑥) + 𝑎𝑗𝑖3 sinh (

𝛽𝑗

√𝐶𝑖
𝑥)+ 𝑎𝑗𝑖4 cosh(

𝛽𝑗

√𝐶𝑖
𝑥) (50)  

Where 𝑖 is the 𝑖th beam section and 𝑗 shows the 𝑗th mode shape. 𝑎𝑗𝑖1 , 𝑎𝑗𝑖2 , 𝑎𝑗𝑖3 , 𝑎𝑗𝑖4 and 𝛽𝑗  are 

calculated from the boundary conditions. and 𝐶𝑖 is [117, 118]: 
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𝐶𝑖 = √
𝐸𝑖𝐼𝑖
𝜌𝑖𝐴𝑖

  (51)  

If the beam is entirely covered with piezoelectric material, it represents a uniform simply supported 

beam, and the mode shapes are [117]: 

 𝜙𝑗(𝑥) = 𝐴 𝑠𝑖𝑛(𝑗
𝜋𝑥

𝐿
) (52)  

The mode shapes of a segmented beam are different from those of a uniform beam. Each mode 

shape is a three-part function where each function quantifies the mode shape over a segment of the 

segmented beam. The beam has three segments; and, the deflection shapes are different for each 

part. The mode shape functions over each segment of the beam is represented by equation (50). 

So, there are, in total, 12 unknown coefficients (𝑎𝑗11 , 𝑎𝑗12, … , 𝑎𝑗34 ). There are four boundary 

conditions at the two ends (The deflection (𝜙 ) and bending moment (𝐸𝐼𝜙′′) are zero). Because 

of continuity and equilibrium conditions, we have four conditions at each of the interfaces. In other 

words, at these points, the two sides should have the same deflection, slope, shear force, and 

bending moment. Four boundary conditions at the two ends and eight equilibrium and continuity 

equations at the two interfaces give the 12 equations to solve for the 12 unknowns: 



Energy harvesting from controlled buckling of piezoelectric beams 

 

75 

{
 
 
 
 
 
 
 

 
 
 
 
 
 
 

𝜙𝑗1(0) = 0

𝜙𝑗3(𝑙1 + 𝑙2 + 𝑙3) = 0

𝜙𝑗1
′′ (0) = 0

𝜙𝑗3
′′ (𝑙1 + 𝑙2 + 𝑙3) = 0

𝜙𝑗1(𝑙1) = 𝜙𝑗2(𝑙1)

𝜙𝑗1
′ (𝑙1) = 𝜙𝑗2

′ (𝑙1)

𝐸1𝐼1𝜙𝑗1
′′ (𝑙1) = 𝐸2𝐼2𝜙𝑗2

′′ (𝑙1)

𝐸1𝐼1𝜙𝑗1
(3)
(𝑙1) = 𝐸2𝐼2𝜙𝑗2

(3)
(𝑙1)

𝜙𝑗2(𝑙1 + 𝑙2) = 𝜙𝑗3(𝑙1 + 𝑙2)

𝜙𝑗2
′ (𝑙1 + 𝑙2) = 𝜙𝑗3

′ (𝑙1 + 𝑙2)

𝐸2𝐼2𝜙𝑗2
′′ (𝑙1 + 𝑙2) = 𝐸3𝐼3𝜙𝑗3

′′ (𝑙1 + 𝑙2)

𝐸2𝐼2𝜙𝑗2
(3)
(𝑙1 + 𝑙2) = 𝐸3𝐼3𝜙𝑗3

(3)
(𝑙1 + 𝑙2) 

 (53)  

                                                     

𝜙𝑗1 is the deflection of the first part, 𝜙𝑗2 is the deflection of the middle section of the beam, and 

𝜙𝑗3 is the deflection of the third part of the beam. 𝜙𝑗𝑖
′  represents the slope in each part, 𝐸𝑖𝐼𝑖𝜙𝑗𝑖

′′ is 

the bending moment of the beam, and 𝐸𝑖𝐼𝑖𝜙𝑗𝑖
(3)

 is the shear force of the beam. To find the unknown 

coefficients we write the 12 equations in (53) and write them in the matrix form: 𝐵𝐴 = 0 . 𝐵 is a 

12 × 12 matrix and 𝐴 is defined as: 

A = [𝑎𝑗11  𝑎𝑗12  𝑎𝑗13  𝑎𝑗14  𝑎𝑗21  𝑎𝑗22  𝑎𝑗23 𝑎𝑗24  𝑎𝑗31 𝑎𝑗32  𝑎𝑗33  𝑎𝑗34]
𝑇  (54)  

Non-trivial solutions only exist if the determinant of matrix 𝐵 is zero. In order to find the 𝛽 that 

makes the determinant zero, we plot the logarithm of the determinant of matrix 𝐵 in terms of 

different 𝛽𝑠. The first drop in the plot is associated with the frequency of the first mode shape, the 

second drop in the plot is the frequency of the second mode shapes, and the next drops are 

associated with the next natural frequencies. To find the exact frequency, we use Newton-Raphson 

method using the estimated frequencies from the aforementioned plot as the initial guess. We 
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consider just the first two frequencies in order to find the first two mode shapes and their critical 

buckling force. 

If the determinant of 𝐵 matrix is zero, there is not a unique answer for the set of the equations. So 

in order to solve them, one equation should be eliminated. Next, a value for one of the components 

of the vector 𝐴 is assumed, and other 11 remaining coefficients are derived based on that 

component. We need to check to see if the choice of the arbitrary component has been proper. In 

some cases that assumed component in the coefficient vector is zero. This means that, our first 

assumption is not correct, and we need to take another element as the assumed component. In order 

to check to see if the assumption is correct, we remove the column and the row associated with 

that assumed coefficient from matrix 𝐵. We check the rank of the remaining square matrix. If the 

rank is 𝑛 − 1 (11 in this case), our assumption was correct and we can proceed. But if the rank is 

less than 𝑛 − 1, we remove another row instead of the one, which was removed. A more 

numerically efficient method for derivation of the natural frequencies and the mode shape is 

presented in the appendix. 

 

Figure 43. Deflection of uniform beam (dashed line) vs. segmented beam with two piezoelectric 

layers in the middle 
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In our calculation we use the mass normalized mode shapes [128]: 

∫ 𝜙𝑖𝑗(𝑥)𝑚𝑖𝜙𝑖𝑗(𝑥)𝑑𝑥 = 1   
𝐿

0

 (55)  

Figure 43 compares the deformation shape of a segmented deflected beam under axial force and 

that of a uniform beam. For validation of our method, we consider a special case: we assume that 

the thickness of the piezoelectric layer in the middle section is zero. As expected the deflection 

shape is identical to that of a uniform beam. The critical buckling force is checked for both cases 

and it is the same in both cases. 

After finding the deflection of the beam we replace 𝑤(𝑥, 𝑡) with  

w(𝑥, 𝑡) =∑ 𝜙𝑗(𝑥)𝑇𝑗(𝑡)
∞

𝑗=1
 in equation (46) and we pre-multiply the equation by the mode shape. 

If we integrate the expression from zero to the length of the beam, we get: 

𝑚 ∫ 𝜙𝑘
𝐿

0
∑ 𝜙𝑗(𝑥)�̈�𝑗(𝑡)𝑑𝑥

∞

𝑗=1
+ 𝑐 ∫ 𝜙𝑘

𝐿

0
∑ 𝜙𝑗(𝑥)�̇�𝑗(𝑡)

∞

𝑗=1
𝑑𝑥 + 𝐸𝐼 ∫ 𝜙𝑘

𝐿

0
∑ 𝜙(4)

𝑗
(𝑥)𝑇𝑗(𝑡) 𝑑𝑥

∞

𝑗=1
+

 [𝑃 −
𝐾𝑒𝑞

2
 ∫  ∑ 𝜙′2

𝑗
(𝑥)𝑇𝑗(𝑡)

∞

𝑗=1
𝑑𝑥 ] ∫ 𝜙𝑘

𝐿

0
∑ 𝜙′′

𝑗
(𝑥)𝑇𝑗(𝑡)

∞

𝑗=1

𝐿

0
𝑑𝑥 + 𝛼 ∫ 𝜙𝑘

𝐿

0
[ 
𝑑𝛿(𝑥)

𝑑𝑥
−

 
𝑑𝛿(𝑥−𝐿)

𝑑𝑥
] 𝑉(𝑡) 𝑑𝑥 = 0  

 

(56)  

Due to orthogonally of the mode shapes the modal equations are decoupled: 

𝑀𝑘�̈� + 𝑐�̇� + (𝐾𝑘 −𝑝𝑘) 𝑇 +𝑁𝑘𝑇
3 + 𝛽𝑘 𝑉(𝑡) = 0  (57)  

Where 𝑀𝑘  is the modal mass of the 𝑘𝑡ℎ mode, 𝑐 is the damping ration, 𝐾 stands for the linear 

stiffness, the reduction of the stiffness coefficient due to the axial force is 𝑝, 𝑁 is the nonlinear 

coefficient, and the coupling coefficient is 𝛽. These integrals were calculated analytically for a 

uniform beam: 
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{
 
 
 
 
 

 
 
 
 
 𝑀 = 𝑚∫ 𝜙2(𝑥)𝑑𝑥 =

𝑚𝐴2𝐿

2

𝐿

0

 𝐾 = 𝐸𝐼 ∫ 𝜙(4)(𝑥)𝜙(𝑥)𝑑𝑥 = 𝐴2𝐸𝐼 
𝜋4

2𝐿3

𝐿

0

  𝑝 = −𝑃∫ 𝜙′′(𝑥)𝜙(𝑥)𝑑𝑥 = 𝐴2𝑃 
𝜋2

2𝐿

𝐿

0

𝑁 = −
𝐾𝑒𝑞

2
∫ 𝜙′2(𝑥)𝑑𝑥∫ 𝜙′′(𝑥)𝜙(𝑥) 𝑑𝑥 

𝐿

0

𝐿

0

= 𝐴4𝐸 𝐴 
𝜋4

8𝐿3

𝛽 = 𝛼[𝜙′(𝐿) −𝜙′(0)] =  −2𝛼𝐴
𝜋

𝐿

 (58)  

For a segmented beam, the integrals in equation (58) were calculated numerically. The critical 

buckling force of the beam is the amount of axial force, 𝑃, that makes 𝑝 equals to 𝐾. 

 

Figure 44. Electrical circuits for the harvester 

Figure 44 shows the equivalent electrical circuit for the energy harvester. The governing equation 

using Kirchhoff’s law is [129]: 

𝐶𝑝 �̇� +
𝑉

𝑅𝑙
=  𝛽�̇�    (59)  

Where 𝑅𝑙  is load resistance, and the capacitance of the piezoelectric is 𝐶𝑝 = 𝑛 𝜖0
𝐿𝑏

𝑡𝑝
 , in which 𝑛 

is number of piezoelectric layers (2 in our device). The governing equations before the stop is 

engaged are: 
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{

𝑀�̈� + 𝑐�̇� + (𝐾 − 𝑝) 𝑇 + 𝑁𝑇3 + 𝛽 𝑉(𝑡) = 0

𝐶𝑝�̇� +
𝑉

𝑅𝑙
=  𝛽�̇�

                   (60)  

If the axial force is less than the critical load, the zero deflection equilibrium would be stable. 

However, if the axial force surpasses the first critical load, the zero deflection equilibrium becomes 

unstable. In that situation due to the existence of the nonlinearities, another stable equilibrium 

exists. The modal coordinate representing the nonlinear equilibrium point is: 

𝑇2 =
(𝑝 −𝐾)

𝑁
  (61)  

The governing differential equations in equation (46) are valid before the stop is engaged. When 

the support is engaged, the external load is applied to the support and equation (60) is not valid. In 

that situation the axial displacement of the beam is fixed at the designed recess (Figure 40). In this 

situation, the problem changes from a fixed axial force problem to a fixed axial displacement 

problem. The governing equations for the vibration of an axially displaced beam is presented in 

[130] as: 

𝑚 
𝜕2𝑤

𝜕 𝑡2
+ 𝑐 

𝜕𝑤

𝜕𝑡
+ 𝐸𝐼 

𝜕4𝑤

𝜕𝑥4
+ [𝐾𝑒𝑞Δ−

𝐾𝑒𝑞

2
 ∫  (

𝜕𝑤

𝜕𝑥
)
2

𝑑𝑥 ] 
𝜕2𝑤

𝜕𝑥2

𝐿

0

= 0 (62)  

 

The model manifested in equation (62) implies that the effect of an axial fixed displacement of Δ 

is equal to the effect of an axial force of 𝐾𝑒𝑞Δ. Unfortunately this model does not seem to be 

correct. The first incorrect result of equation (62) is on the static axial deformation of the beam. In 

static situation the axial deformation of the beam must be equal to Δ. The axial deformation of the 

beam is given by 𝑑 = ∫
1

2

𝐿

0
 ( 

𝜕𝑤

𝜕𝑥
)
2
𝑑𝑥.  For a uniform beam the axial deformation resulted from 
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this equation and equation (62) is 𝑑 = Δ − 
𝐴𝐿

𝐼𝜋2
. This contradicts the boundary conditions. We 

suggest that the correct equivalent axial force should be 𝐾𝑒𝑞Δ + 𝑝𝑐 =  𝐾𝑒𝑞Δ + 
𝐸𝐼𝜋2

𝐿2
 where 𝑝𝑐 is 

the critical load. This value is consistent with 𝑑 = Δ. The difference between the two values 

becomes obvious in the following thought experiment. Assume that the deformed axial length of 

the beam is a slight amount (휀) shorter than 𝐿. Since the shortening of the neutral axis is negligible 

the beam has to buckle to accommodate to the boundary conditions. The equivalent axial force 

should therefore be larger than the critical buckling load. This condition is satisfied by our 

corrected equivalent load but is contradicted with the expression in [130]. So, we suggest that the 

correct formula is: 

 

𝑚 
𝜕2𝑤

𝜕 𝑡2
+ 𝑐 

𝜕𝑤

𝜕𝑡
+ 𝐸𝐼 

𝜕4𝑤

𝜕𝑥4
+ [𝐾𝑒𝑞Δ+ 𝑝𝑐 −

𝐾𝑒𝑞

2
∫  (

𝜕𝑤

𝜕𝑥
)
2

𝑑𝑥 ] 
𝜕2𝑤

𝜕𝑥2

𝐿

0

= 0 (63)  

 

Thus, after the stop is engaged, instead of equation (60) the governing equations are [131]: 

{

𝑀�̈� + 𝑐�̇� + (𝐾 − 𝑝𝑒) 𝑇 + 𝑁𝑇
3 +𝛽 𝑉(𝑡) = 0

𝐶𝑝�̇� +
𝑉

𝑅𝑙
=  𝛽�̇�

 (64)  

The parameters definitions are similar to those in equation (60). The only difference is the 

reduction of the stiffness coefficient due to the axial force: 

 

𝑝𝑒 = −(𝑃𝑠𝑡𝑝 + 𝑃𝑐 )∫ 𝜙′′(𝑥)𝜙(𝑥)𝑑𝑥
𝐿

0

 (65)  
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In this equation 𝑃𝑐  is the first critical load for buckling and 𝑃𝑠𝑡𝑝 the equivalent axial force in 

equation (63) which is equal to 𝑃𝑠𝑡𝑝 = 𝐾𝑒𝑞𝛥. Where 𝛥 is the shortening in the beam when the stop 

is hit and 𝐾𝑒𝑞  is the equivalent stiffness of the segmented beam: 
1

𝐾𝑒𝑞
= 

𝐿1

𝐸1𝐴1
+

𝐿2

𝐸2𝐴2
+

𝐿3

𝐸3𝐴3
 . 

The critical force for buckling is defined as the amount of force that makes the linear part of 

equation (60) zero (𝑝 = 𝐾). So, the critical force is: 

 

𝑃𝑐 = −
𝐸𝐼 ∫ 𝜙(4)(𝑥)𝜙(𝑥)𝑑𝑥

𝐿

0

∫ 𝜙′′(𝑥)𝜙(𝑥)𝑑𝑥
𝐿

0

 (66)  

For a uniform beam the value of 𝑝𝑒 and 𝑝𝑐 are equal to:   

 

𝑝𝑒 = 𝐴
2 (
𝐸𝐴

𝐿
 Δ + 𝑝𝑐 )

𝜋2

2𝐿
 , 𝑃𝑐 = 𝐸𝐼

𝜋2𝑛2

𝐿2
 (67)  

   

Where 𝑛 is the number of the buckling mode. For the vertical configuration, the maximum 

shortening of the beam is equal to the gap between the device and the support (Δ). For the indirect 

configuration, equation (45) relates the shortening of the beam and the required gap size. 

4.4 Design 

The purpose of the stop is to prevent the fracture of the beam under buckling deformations. This 

is achieved by limiting the amount of axial deformation of the beam.  In this section, we calculate 

the safe gap size for uniform and segmented beams. First, we calculate the amount of axial 

deformation of the beam, which corresponds to maximum allowable stress in the materials. Based 

on the equation for the shortening of the beam, the amount of maximum shortening of the beam 

(Δ𝑚𝑎𝑥 ) is proportional to the second power of the maximum allowable strain in the beam: 
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Δ𝑚𝑎𝑥 ∝ 𝜖𝑚𝑎𝑥
2  (68)  

The allowable strain is related to the allowable stress as: 

 

𝜖max 𝑠 = 
𝜎𝑦𝑠

𝐸𝑠
 , 𝜖max 𝑝 =  

𝜎𝑦𝑝

𝐸𝑝
 (69)  

 

Where 𝜖max 𝑠  and 𝜖max 𝑝 are the maximum allowable strain in the substrate and piezoelectric 

patches.  𝜎𝑦𝑝  and 𝜎𝑦𝑠 are the yield stress for the substrate and piezoelectric layers. 𝐸𝑝  and 𝐸𝑠  are 

the module of elasticity for the piezoelectric material and the substrate. In segmented beams the 

relation between 𝜖𝑚𝑎𝑥 and Δ𝑚𝑎𝑥 is more complicated than that of the uniform beams. The first 

complication is that the fracture can occur at the piezoelectric patch or at the substrate. In the 

coveted sections, the fracture occurs at the piezoelectric patch. The fracture of the non-covered 

sections naturally occurs due to the fracture of the substrate. We first calculate the strains occurring 

over the piezoelectric material and the substrate for an arbitrary beam deformation. We will then 

identify the most susceptible part of the beam and will calculate the axial deformation, which 

causes the fracture of the beam at its most susceptible point. The considered arbitrary deformation  

is the deformation corresponding to a modal coordinate of one.  The procedure is to first find the 

axial deformation corresponding to the modal deflection of one. We also find the maximum strain 

over all the length of the beam at a modal deformation of one. We will then locate the most 

susceptible fracture point, and compare the value of the calculated strain to the maximum 

allowable strain at that point. Since the axial deformation is proportional to the second power of 

the strain, a scaling factor can be calculated to give the beam axial shortening corresponding to the 

maximum allowable strain. This beam allowable shortening identifies the recess in this design. 
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The axial deformation corresponding to the modal coordinate of one is Δ0, the maximum strain of 

the piezoelectric patch is 𝜖0𝑝, and the maximum strain of the substrate is 𝜖0𝑠:  

 

 Δ0 = ∫
1

2

𝐿

0

 ( 
𝜕𝑤

𝜕𝑥
)
2

𝑑𝑥 

𝜖0𝑝 = (𝑡𝑝 +
𝑡𝑠

2
) .𝑀𝑎𝑥 [𝜙2

′′(𝑥)] ,𝜖0𝑠 = (
𝑡𝑠

2
) . 𝑀𝑎𝑥 [𝜙1

′′(𝑥)] 

(70)  

For a uniform beam the maximum strain occurs at the middle of the beam. This is not necessarily 

the case in segmented beams since the most susceptible point can be on the covered patch or the 

uncovered regions.  In the next step, based on equation (68) and (70) we can find the maximum 

allowable shortening in the beam (Δ𝑚𝑎𝑥). In order to find Δ𝑚𝑎𝑥 we calculate this value both for 

substrate (Δs,max ) and the piezoelectric layer (Δp,max ): 

 

Δs,max = (
𝜖𝑠,𝑚𝑎𝑥

2

𝜖0𝑠2
)Δ0,      Δp,max = (

𝜖𝑝.𝑚𝑎𝑥
2

𝜖0𝑝2
)Δ0  (71)  

 

The Δ𝑚𝑎𝑥 is set to the smaller number among Δs,max  and Δp,max . The other thing we should notice 

in designing the device is that the system is designed to have low damping coefficient to enhance 

the power generation. As a result, the beam might deform more than what is expected from static 

analysis of the buckling of the beam.  So, a safety factor is considered for the gap size in the final 

stage. 

The solution is divided into different parts: The first part is when the force is over the device and 

the beam moves down until it hits the support. In this part, equation (46) is the governing equation 

for the vibration of the piezoelectric beam. After the beam buckles the support is engaged, equation 
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(63) is the governing equation of the system. When the force is removed, the piezoelectric beam 

tends to spring back and equation (46) gives the solution of the system. Since there is no force over 

the harvester in this situation, 𝑝 equals to zero in the equation. Since both equations (46) and (63) 

are nonlinear, we use numerical integrations to solve the model and predict the power generated 

by the energy harvesting device. 

To design the energy harvesting device, we need to make sure that the stresses in neither 

piezoelectric layer nor the substrate exceed the corresponding yield stress. If the force exceeds the 

limit, the stress will break the harvester. The horizontal configuration could be implemented in 

shoe soles or sidewalks, using loads of passing crowds over the harvester. So, the amount of force 

we expect on the upper beam is about human weight. Since this force would become larger in the 

case of jumping or running over the device, we consider a safety factor in our design. The vertical 

configuration could be implemented in the roadways generating electricity using the force of the 

passing cars. We consider a safety factor to make sure the device does not break under the weight 

of heavier vehicles. The next step is to check if the weight is more than the first critical buckling 

load of the piezoelectric beam. In order to calculate the first critical buckling force, the first 

vibration mode shape is considered as 𝜙(𝑥) in the equation (67). Similarly, for calculating the nth 

buckling critical force, 𝜙(𝑥) in equation (67) is replaced by the nth mode shape. Since there usually 

is some level of charge cancellation associated with the higher modes [132], we only utilize the 

first buckling mode shape in our design. Thus, the force over the piezoelectric beam has to be more 

than the first critical buckling load and less than the second critical buckling load. First and second 

critical buckling forces are shown for different thicknesses and lengths of piezoelectric layers in 

Figure 45. For a uniform simply supported beam, the critical buckling force is calculated using 

equation(67). As the equation shows, the second critical buckling force in a uniform beam is four 
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times the first critical buckling force. The interesting result about the segmented beam is that, the 

ratio of the second to the first critical buckling force changes with the length and thickness of the 

middle part. Figure 45 shows the first and second critical buckling force for a segmented beam in 

vertical configuration. As the length of the middle part decreases, both critical forces increase, and 

so does the ratio of the second critical force to the first. For our design the desired force over the 

segmented beam should stay between these two surfaces shown in the plot.  

 

Figure 45. First critical buckling force (lower surface) vs. second critical buckling force as a 

function of thickness of the piezoelectric layer and the length of the middle part. 

4.5 Results 

In this section, we study three different case studies. The case study involves a uniform beam in 

the vertical configuration. The second case is the vertical configuration with a segmented beam. 

In both cases the force over the device is considered to be the weight of a car. The last case study 

is a segmented beam in the horizontal configuration. The indirect device is designed to generate 

electricity from human weight. The output power and the gap size are calculated for all three cases 

and ultimately the effect of design parameters on the output power and gap size is studied.   
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4.5.1 Uniform beam 

We investigate a case study for the direct configuration, using the uniform beam (Figure 46). A 10 

inch (254 𝑚𝑚) long and 1.5 inch (38.1 𝑚𝑚) wide piezoelectric bimorph with 0.03 inch (762 𝜇𝑚) 

thick steel substrate and 0.04 inch (1016 𝜇𝑚)  PZT-5A piezoelectric patches meets all the 

requirements mentioned in the design section to be used as the bending element in the vibrational 

energy harvester. PSI - 5A4E PIEZO sheets from PIEZO SYSTEMS, INC. are used as the 

piezoelectric layer. 

 

 

Figure 46. Schematic of a uniform beam in the buckled position 

 

Figure 47.a shows the dimensionless deflection of the beam, which is the temporal term in modal 

expansion (𝑇) divided by the temporal term that results in maximum allowable stress (𝑇𝑚𝑎𝑥). When 

the dimensionless deflection is equal to one, the beam is at the border of fracture.  One fourth of 

the weight of a car, which is the force on each tire, is considered as the axial force over the device 

(2450 𝑁). If the axial force increases, the amplitude of the free oscillations increases and the 

height of the peaks in Figure 47.a will be larger. This increases the amount of output power. 

Therefore the best power output is achieved if there is a quickly repeating large force over the 

http://piezo.com/prodsheet1sq5A.html
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harvester. It is also interesting that after the engagement of the safety stop, the beam continues to 

oscillate. In other words, the motion of the beam is completely dynamic and oscillatory at almost 

every moment. The piezoelectric beam performs free oscillations after each sudden change of the 

axial force. Since the free oscillations are at the natural frequency of the harvester the power 

generation frequency is at the optimal value. The free vibration nature of the energy harvesting 

element implies that the energy generated from each sudden force variation is fixed. Thus, the 

more frequent the variations of the axial load, the more power is generated. 

 

𝑎) 

 

𝑏) 

 Figure 47. a) Dimensionless displacement and b) Instantaneous power of a uniform beam in the 

direct configuration 

 

The instantaneous power across a 10 𝑘𝛺 resistive load is plotted in Figure 47.b. The value of the 

resistive load is selected to match the impedance of the piezoelectric layer when the beam oscillates 

under no axial force at its fundamental natural frequency (equation (72)). The average power for 

generated electricity in Figure 47.b is 42.3 𝑚𝑊. The gap distance is 0.02 𝑚𝑚. 

4.5.2 Segmented beam  

Next, we study both configurations using the segmented beam instead of the uniform beam. For  

the direct configuration, PSI - 5A4E PIEZO sheets from PIEZO SYSTEMS, INC. are considered 
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as the piezoelectric element. We use a piezoelectric bimorph beam for the middle part with a 

101.6 𝑚𝑚 long and 38.1 𝑚𝑚 wide with 1778 𝜇𝑚 thick steel substrate and 508 𝜇𝑚 thick PSI - 

5A4E (the piezoelectric material) piezoelectric patches. The lengths of the first and third parts of 

the beam are 76.2 𝑚𝑚. Figure 48.a illustrates the dimensionless deflection of the beam and Figure 

48.b shows the instantaneous power across an 8 𝑘𝛺 resistive load (the value of the shunt resistance 

is chosen to match the impedance of the piezoelectric element at the first natural frequency).  

Quarter weight of a typical car (2450 𝑁) is the applied axial force on the device. 

 

𝑎) 

 

𝑏) 

Figure 48. a) Dimensionless displacement and b) Instantaneous power of a segmented beam in 

the direct configuration 

 

As illustrated in the Figure 48.a, the majority of the electricity is generated after the force is 

removed. To study the relation between the load resistance and the generated power, the average 

power (
𝑉𝑟𝑚𝑠

2

𝑅
) for different resistances were calculated. It is shown in Figure 49 that when 

resistance equals 8 𝑘 Ω  , we have the maximum generated power. This resistance is close to the 

resistance calculated as: 
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𝑅 = 
1

𝐶 𝜔
     (72)  

Where 𝐶 is the capacity of the piezoelectric layer and 𝜔 is the natural frequency of the beam. The 

value calculated from equation (72) is 10597 Ω. The duration of force being applied to the 

harvester is assumed 0.05 seconds. After the force is removed the beam springs back. The average 

power for generated electricity in Figure 48.b is 27.3 𝑚𝑊. The gap distance is 0.035 𝑚𝑚. 

 

Figure 49. Average output power vs. different resistances for a segmented beam in the direct 

configuration 

 

For the indirect configuration (Figure 41), we use a piezoelectric bimorph beam for the middle 

part with a 76.2 𝑚𝑚 long and 72.4 𝑚𝑚 wide with 2032 𝜇𝑚 thick steel substrate and 2032 𝜇𝑚 

thick piezoelectric patches (PSI - 5A4E from PIEZO SYSTEMS, INC.). By using this beam in our 

device we make sure that the applied force is more than the first critical load of the piezoelectric 

beam and also less than the second critical load. The lengths of the first and third parts of the 

piezoelectric beam are 127 𝑚𝑚. The length of the oblique beams (𝐿𝑜 in Figure 42) is 3 inches and 

the angle between the upper beam and oblique beams (θ in Figure 42) is 10 degrees. With this 

angle, we make sure that there is sufficient force for buckling of the beam (for this case the first 

critical buckling force is 1458 𝑁). If we decrease the angle, the force needed for buckling the 
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device would decrease, but having a very small 𝜃 angel makes the building of the device 

impractical. The calculated safety factor for the axial load is 15 and 8 for the substrate and 

piezoelectric layers (the yield stress is assumed 40 𝑀𝑃𝑎  and 250 𝑀𝑃𝑎 for these layers). Since the 

motion of the beam is oscillatory even after the stop is hit, another safety factor is considered in 

the last step of the design. The main advantage of indirect configuration over the vertical 

configuration is the increase in the safety recess. The required gap size is maximum allowable 

shortening of the beam (Δ𝑚𝑎𝑥) multiplied by the cotangent of 𝜃. If 𝜃 is less than 45°, the required 

gap size is larger than Δ𝑚𝑎𝑥. A larger gap would make the building and implementing of the device 

more convenient.  

Figure 50.a shows the dimensionless displacement of the segmented beam in the horizontal device. 

The duration of the load is assumed 0.2 seconds. Since the force over the horizontal device is 

assumed to be human weight, the force duration is larger than that of the vertical case. The beam 

springs back to the zero equilibrium position similar to the vertical configuration. The average 

power generated is 8.5 mW. Considering the fact that we used human weight for generating 

electricity in the harvester, the generated power is notable. Figure 51 shows the average power 

using different resistances. The maximum power is generated using a 42 kΩ resistive load (Figure 

50.b). If we use equation (72), the resistive load is 26 kΩ, which is slightly different from the 

optimized resistance. Although these two resistive loads are different, the generated power does 

not change significantly if we use one of the resistances over the other one. The difference can be 

justified by the fact that the frequencies of the oscillations of the buckled and unbuckled beams 

are different. This difference in oscillation frequency translates to the difference in optimal shunt 

resistance. The same geometry can be used in a stress ball shaped energy harvester used for 

charging portable electronic devices. 
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𝑎) 

 

𝑏) 

Figure 50. a) Dimensionless displacement and b) Instantaneous power of a segmented beam in 

the indirect configuration. 

 

The most important advantage of using a segmented beam over uniform beam is the increase in 

the required gap distance. The required gap is even larger in the horizontal configuration due to 

the usage of the linkage mechanism. The gap distance for the case study of the horizontal device 

is 0.8 mm, which is larger than vertical configuration and about 40 times larger than uniform beam. 

 

Figure 51. Average output power vs. different resistances for a segmented beam in the indirect 

configuration 
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𝒂) 
𝒃) 

Figure 52. a) Effect of 𝜃 angle and length of lateral beam (𝐿0 ) on the gap distance in horizontal 

configuration. b) Effect of thickness and length of the piezoelectric part on the gap distance. 
 

4.6 Design parameters  

In this section, we study the effect of the design parameters on the power output and the gap size. 

In the horizontal configuration, the required gap decreases with 𝜃. It is then desirable to consider 

small 𝜃 angles. One should observe the fabrication limitations in choosing the value of 𝜃. The 

length of the lateral beam does not affect the recess significantly (Figure 52.a). Therefore, it could 

be concluded that the most important parameter design of a horizontal harvester is the 𝜃 angle. 

The effect of the length of the piezoelectric layer and its thickness in the horizontal device is also 

illustrated in Figure 52.b As it is shown in the figure, δ (recess gap) increases as the length of the 

piezoelectric layer (the middle part of the beam) increases. By increasing the thickness of the 

piezoelectric layer, at first the gap distance increases, but after a point it decreases. This is because, 

after a point, the piezoelectric layer is not the susceptible part of the piezoelectric beam. For thin 

piezoelectric layers, substrate breaks before the piezoelectric layer. Therefore, it is crucial to 

ensure the safety of both piezoelectric layer and the substrate. The deflection shape for a beam 

with a thick piezoelectric patch and a thin steel substrate is illustrated in the Figure 53. Because 
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the beam is much thicker in the middle, it is more prone to the damage at the interfaces of the 

middle segment and the other segments of the beam. 

 

Figure 53. Deflection of a segmented beam with thick piezoelectric layer (ts = 0.03 in, tp =

0.02 in) vs. uniform beam (dashed line) 

 

The relation between the thickness of the active layer (piezoelectric layer) and the length of the 

middle part of the beam and the output power for the indirect device is illustrated in Figure 54. By 

increasing the length of the middle segment, the generated power of the device increases. As the 

overall length of the beam increases, the total stiffness of the beam decreases, which results in 

more vibration of the beam. The power output is directly related to the vibrations. Increasing the 

thickness of the piezoelectric layer to a certain extent can enhance the output power of the beam. 

Beyond that, the piezoelectric patch acts rigid and only the uncovered portions of the beam vibrate. 

As a result, the generated power decreases. 
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Figure 54. Effect of thickness and length of the piezoelectric (in meter) part on the average 

generated power (in Watt) 

4.7 Conclusion 

In this chapter, generation of electricity from uniform and segmented piezoelectric beams was 

studied. The mode shapes of the segmented beam were calculated and the electro-mechanical 

equations were solved for vertical and horizontal configurations. The load over the harvester, 

results in buckling of the piezoelectric beam. This transition results in oscillations of the 

piezoelectric beam and causes power generation. After the force is removed (the person takes 

another step or the car passes over) the beam springs back to the unbuckled shape and more power 

is generated. To prevent the beam from fracture or damage, a mechanical stop is placed to limit 

the beam deformations. The direct design can be implemented in roads, using the weight of the 

passing cars to generate electricity. By using the segmented beam instead of a uniform beam the 

required gap distance increases, which makes this design more practical in terms of manufacturing. 

The force capacity of the indirect design is smaller than that of the direct design. This makes the 

direct design more suitable for energy generation from cars while the indirect design is more 

pertinent to power generation from human power. The indirect configuration makes it easy to 

implement in treadmills, shopping centers floors, or dance floors and also makes it possible to use 
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the human body weight as the source of applying force to the device and generating electricity. 

The required gap distance is also larger for the segmented configuration. It was shown that the gap 

distance of the horizontal design is about 40 times than that of the vertical configuration. The 

required gap distances for different 𝜃 angles and different lateral beams were discussed and it was 

shown that 𝜃 angle is a critical parameter in designing the horizontal device. Governing equations 

of the system were derived for two vibration regimes (before engagement of the stop and after the 

engagement). The transient vibrations of the beam have been analytically modelled. The geometric 

nonlinearities of the beam have been taken into account. The deflection and output power of the 

device were calculated and studied for two case studies. The uniform direct design with a 254 𝑚𝑚 

long and 38.1 𝑚𝑚 wide piezoelectric beam generates 42.3 𝑚𝑊 and the required gap distance (𝛥) 

is 0.02 𝑚𝑚. The load over the direct design is 2450 𝑁. By using a segmented beam the required 

gap size increase to 0.035 𝑚𝑚. If we use a segmented beam in the indirect design, 𝛥 increases to 

0.8 𝑚𝑚 and it generates 8.5 𝑚𝑊 power. It was shown that there is an optimized resistance for 

each design that generates the maximum average power output. Finally, the effect of the length 

and thickness of the piezoelectric layers on the output power and also the gap distance were 

investigated.   
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5. Nonreciprocal wave propagation in magnetoelastic materials using 

spatiotemporal property variation  

5.1 Overview 

In this chapter, a physical platform is proposed to change the properties of phononic crystals in 

space and time in order to achieve nonreciprocal wave transmission. The utilization of 

magnetoelastic materials in elastic phononic systems is studied. Material properties of 

magnetoelastic materials change significantly with an external magnetic field. This property is 

used to design systems with a desired wave propagation pattern. The properties of the 

magnetoelastic medium are changed in a traveling wave pattern, which changes in both space and 

time. A phononic crystal with such a modulation exhibits one-way wave propagation behavior. An 

extended transfer matrix method is developed to model a system with time varying properties. The 

stop band and the pass band of a reciprocal and a nonreciprocal bar are found using this method. 

The transfer matrix method is used to find the transfer function of a magnetoelastic bar. The 

obtained results match those obtained via the theoretical Floquet-Bloch approach and numerical 

simulations. It is shown that the stop band in the transfer function of a system with temporal 

varying property for the forward wave propagation is different from the same in the backward 

wave propagation. The proposed configuration enables the physical realization of a class of smart 

structures that incorporates nonreciprocal wave propagation. 

5.2 Device configuration and governing equations  

Figure 55 shows a configuration similar to three phase Linear Induction Motors (LIM) to generate 

traveling magnetic wave along a bar made of magnetoelastic materials. The linear induction 

mechanism provides the required magnetic field for variation in the modulus of elasticity of the 
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bar. LIM consists of Primary (equivalent to stator) and Secondary (equivalent to rotor). For our 

application, motion of the secondary (the moving plate) is not required and only the primary part 

of the motor is used to generate a traveling-wave magnetic field. The primary consists of a three-

phase coil assembly. These coil windings are shown by the colors blue, green, and red in Figure 

55. The three-phase coil windings are inserted into a steel lamination stack. When three-phase AC 

power is applied to the LIM primary, a traveling-wave magnetic flux is induced along the motor. 

The wave length of the traveling-wave is the same as the pole pitch. Pole pitch of the motor is the 

distance between the centers of two adjacent poles. The speed of the traveling-wave is adjusted by 

the frequency of the drive and the amplitude of the wave, which is controlled by the drive [133]. 

The proposed configuration generates a traveling-wave transverse magnetic field along the length 

of the bar which results in the desired variation of modulus of elasticity of the bar along its length. 

A closed loop controller is utilized to control the generated magnetic field to ensure that the 

magnitude of the field is not affected by the magneto-electric couplings in the system. The 

Lagrangian of the magnetoelastic bar is, hence, defined as 𝐿 = 𝑇 − 𝑈, where 𝑇 is the total kinetic 

energy and 𝑈 is the total strain energy in the bar: 

{
 
 

 
 𝑇 =

𝐴

2
 ∫ 𝜌(𝑥, 𝑡)(

𝜕𝑢(𝑥, 𝑡)

𝜕𝑡
)

2

𝑑𝑥
𝐿𝑇𝑜𝑡

0

𝑈 = 
𝐴

2
∫ 𝜎(𝑥, 𝑡)

𝜕𝑢(𝑥, 𝑡)

𝜕𝑥
𝑑𝑥

𝐿𝑇𝑜𝑡

0

 
(73)  

where 𝐿𝑇𝑜𝑡 is the length of the bar, 𝐴 is the cross section of the bar, 𝜌 is the density, 𝑢 is the axial 

deformation, 𝜎 is the normal stress, 𝑥 is the spatial coordinate, and 𝑡 is time. Under the assumption 

of linear elasticity, small displacements, and Kelvin-Voigt damping, the stress at the cross section 

𝑥 and time 𝑡 in the bar is given by [134]  
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𝜎(𝑥, 𝑡) = 𝐸(𝑥, 𝑡)
𝜕𝑢(𝑥, 𝑡)

𝜕𝑥
+ 𝐶𝐷

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥𝜕𝑡
− 𝐸(𝑥, 𝑡) 𝜆(𝑥, 𝑡) (74)  

Where 𝐸 is the modulus of elasticity, 𝐶𝐷 is Kelvin-Voigt damping coefficient, 𝜆 is the 

magnetostriction due to the applied magnetic field. Therefore, Lagrangian of the system is an 

integral of function 𝑓 (𝑥, 𝑡, 𝑢,
𝜕𝑢

𝜕𝑥
,
𝜕𝑢

𝜕𝑡
) over the length of the bar. 

𝐿 = ∫ 𝑓(𝑥, 𝑡, 𝑢,
𝜕𝑢

𝜕𝑥
,
𝜕𝑢

𝜕𝑡
)𝑑𝑥

𝐿𝑇𝑜𝑡

0

 
(75)  

The governing equation of longitudinal vibration for an unforced bar is, thus, calculated using 

Hamilton’s principle for a continuous system [117]: 

𝜕𝑓

𝜕𝑢
−
𝜕

𝜕𝑡
(
𝜕𝑓

𝜕𝑡𝑢
) −

𝜕

𝜕𝑥
(
𝜕𝑓

𝜕𝑥𝑢
) = 0 

(76)  

Using equations (73) and (74) to substitute for 𝑓 in equation (76) yields the governing equation of 

motion for the magnetoelastic bar. 

𝜕

𝜕𝑥
 (𝐸(𝑥, 𝑡)

𝜕𝑢(𝑥, 𝑡)

𝜕𝑥
+ 𝐶𝐷

𝜕2𝑢(𝑥, 𝑡)

𝜕𝑥𝜕𝑡
− 𝐸(𝑥, 𝑡) 𝜆(𝑥, 𝑡)) =  

𝜕

𝜕𝑡
(𝜌(𝑥, 𝑡)

𝜕𝑢(𝑥, 𝑡)

𝜕𝑡
) 

(77)  

Magnetostriction of the bar (𝜆) is proportional to the applied magnetic field [134]. Figure 56(a) 

shows the variation of 𝜆 in Terfenol-D with applied magnetic field and therefore, magnetostriction 

is a nonlinear function of the magnetic field. In order to simplify the governing equation, the 

applied magnetic field is assumed to stay within the range corresponding to region II in Figure 

56(a), where a linear correlation between the magnetostriction of the bar and the applied magnetic 

field can be expected [135, 136]. Figure 56(b) shows the effect of applied magnetic field on the 
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elastic modulus of Terfenol-D. This effect is called Δ𝐸 effect. For a wide range (less than 

100𝐺𝑝𝑎), the relation is a linear and in this chapter, the nonreciprocal magnetoelastic phononic 

crystal is designed and studied under this assumption.  

 

 

 

Figure 55. Physical platform for generating traveling waves for a magnetoelastic bar. 

 

 

Figure 56. a) Magnetostriction of Terfenol-D with respect to the applied magnetic field [134]. b) 

Effect of applied magnetic field on the modulus of elasticity of Terfenol-D, Δ𝐸 effect [137]. 
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5.3 Approximate solution to the governing equation 

In this section, an approximate solution is provided to study the wave propagation in a bar with 

periodic modulus of elasticity in space and time. Trainiti [86] used a free wave Floquet-Bloch 

solution with appropriately modulated amplitude for wave propagation given by, 

 𝑢(𝑥, 𝑡) = 𝑒𝑖(𝜔𝑡−𝑘𝑥) ∑ �̂�𝑛𝑒
𝑖𝑛(𝜔𝑚𝑡−𝑘𝑚𝑥)+∞

𝑛=−∞  
(78)  

where, 𝜔𝑚, 𝑘𝑚, �̂�𝑛 are the temporal modulation frequency, spatial modulation frequency and nth 

Fourier expansion coefficient for the modulated amplitude respectively. Also, 𝜔 and 𝑘 are the 

temporal and spatial frequencies of assumed free wave. This solution can be rewritten as 𝑢 =

∑ 𝑈𝑛(𝑥)𝑒
𝑖𝜔𝑛𝑡∞

𝑛=1 , where 𝑈𝑛(𝑥) is the spatial and 𝑒𝑖𝜔𝑛𝑡  is the temporal part of the solution. 𝜔𝑛 =

𝜔 + 𝑛𝜔𝑚 is the corresponding nth frequency of the temporal part that consists of both frequency 

of the external excitation and multiples of the temporal modulation frequency. If the material 

properties only change in space, the temporal part consists of only one frequency, which is the 

frequency of the input excitation (𝑒𝑖𝜔𝑡).  Since this way, we exclude the effect of temporal 

modulation from the assumed solution, it can provide an approximate solution when the modulus 

of elasticity of the bar also changes in time. This approximation, however, allows us to extend 

TMM and provides the possibility to approximately calculate directional transfer functions for 

wave propagation in a nonreciprocal bar. The transfer functions can be effectively used for 

designing nonreciprocal elastic structures. Therefore, if only the first dominant temporal term 

(𝑒𝑖𝜔𝑡) is considered, then we can write equation (77) as: 

(𝐸 + 𝑖𝜔𝐶𝐷)
𝑑2𝑈

𝑑𝑥2
+
𝜕𝐸

𝜕𝑥

𝑑𝑈

𝑑𝑥
+ (𝜔2𝜌 − 𝑖𝜔

𝜕𝜌

𝜕𝑡
)𝑈 − (

𝜕𝐸

𝜕𝑥
𝜆 + 𝐸 

𝜕𝜆

𝜕𝑥
)𝑒−𝑖𝜔𝑡 = 0 (79)  
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5.4 Extended transfer matrix method 

The TMM can effectively be used to find the ratio between the deformation of one end of the bar 

to the other end [108], or the transfer function (TF). In this chapter, the conventional TMM is 

extended to solve for cases in which the modulus of elasticity varies in both space and time. Two 

cases are studied in this section. In the first case, the modulus of elasticity of the bar is only a 

function of space. In the second case, the modulus of elasticity varies both in space and time. In 

order to extend the TMM, a new variable is introduced as the traveling time, 𝜏(𝑥). The traveling 

time is the time taken by the wave to get to point 𝑥 in the bar. We can write 
𝑥

𝜏(𝑥)
= 𝑐𝑎𝑣𝑔, where 

𝑐𝑎𝑣𝑔 is the average of the wave speed in the bar from 𝑥 = 0 to 𝑥 and 𝑡 = 0 to 𝑡 = 𝜏. For an 

infinitesimal section, the variation of the traveling time with respect to the spatial coordinate is 

written as 

 
𝑑𝜏

𝑑𝑥
=

1

𝑐
 

(80)  

Where, 𝑐 = √𝐸(𝑥, 𝜏)/𝜌. Appending this differential equation to the equation of motion in (79), 

allows us to use the transfer matrix method for structures with spatiotemporal modulation. 

Therefore, by adding a new state to the conventional state-space form of equation (79), we have: 

 

𝑑

𝑑𝑥
[

𝑈
𝑑𝑈

𝑑𝑥
𝜏

] =  [

0 1 0

−𝜔2 𝜌 (𝐸 + 𝑖𝜔𝐶𝐷)⁄ −
𝜕𝐸

𝜕𝑥

1

(𝐸 + 𝑖𝜔𝐶𝐷)
0

0 0 0

] [

𝑈
𝑑𝑈

𝑑𝑥
𝜏

] 

 

(81)  
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+ 

[
 
 
 
 

0
1

(𝐸 + 𝑖𝜔𝐶𝐷)
(
𝜕𝐸

𝜕𝑥
𝜆 + 𝐸 

𝜕𝜆

𝜕𝑥
)𝑒−𝑖𝜔𝜏

1

𝑐 ]
 
 
 
 

 

 

By solving the above equation, a matrix is obtained that relates the value of the states, i.e. 

[𝑈, 𝑑𝑈/𝑑𝑥, 𝜏]𝑇 at any point on the bar to the corresponding values at a reference point. As finding 

the exact solution for (81) is rather complicated, we numerically calculated the elements of matrix 

A [138], hence, 

 

𝐴(𝐿, 0) = [𝑎1(𝐿) 𝑎2(𝐿)] =  [

𝑎11 𝑎12
𝑎21 𝑎22
𝑎31 𝑎32

] 
(82)  

 

Where 𝑎1(𝐿) and 𝑎2(𝐿) are the solution of the system (equation (81)) at the end of the bar with 

the initial conditions of 𝑎1(0) = [1,0,0]𝑇 and 𝑎2(0) = [0,1,0]𝑇 respectively. In a 1-D elastic 

structure, the stress-strain relationship can be simplified to /𝑑𝑥 = 𝐹/𝐸𝐴 . Thus, after finding 

matrix 𝐴, we can write equation (83) for displacement and force in the bar: 

 

[
𝑈
𝐹
]
𝐿
=  

[
 
 
 
 𝑎11 𝑎12

1

𝐴𝐸(0)

𝑎21𝐴𝐸(𝐿) 𝑎22
𝐸(𝐿)

𝐸(0) ]
 
 
 
 

[
𝑈
𝐹
]
0
 

(83)  
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The matrix that relates the displacement and force of one end of a bar to the other end is called the 

transfer matrix and denoted by 𝑇: 

𝑇 = [
𝑇11 𝑇12
𝑇21 𝑇22

] 
(84)  

Where, 𝑇11 = 𝑎11, 𝑇12 = 𝑎12
1

𝐴𝐸(0)
, 𝑇21 = 𝑎21𝐴𝐸(𝐿), and 𝑇22 = 𝑎22

𝐸(𝐿)

𝐸(0)
 . The matrix 𝑇 provides 

useful information about wave propagation in the bar. By looking at the eigenvalues of transfer 

matrix, 𝜆1 and 𝜆2, it is found that they satisfy 𝜆1𝜆2 = 1. Therefore, a pass band is defined as the 

range of frequency, at which the magnitude of both eigenvalues is one. Otherwise, the waves gets 

attenuated along the bar which defines a stop band condition [108]. The physical meaning of the 

eigenvalues of the matrix 𝑇 is better revealed by rewriting it in a polar form of 𝜆 = 𝑒𝜇 = 𝑒𝛼+𝑖𝛽 . 

Where 𝜇 is named as the wave propagation constant. The real part, 𝛼 reflects the logarithmic decay 

of the states corresponding to a stop band, while a purely imaginary 𝜇 indicates a pass band. 

Here, we considered a bar  with base excitation at one end and free on the other end, which means 

𝐹𝐿 = 0. Thus, the transfer function of the displacement of one end of the bar to the displacement 

of the other end is written as: 

𝑈𝐿

𝑈0
= 𝑇𝐹 =  𝑇11 − 𝑇12 ∗ 𝑇21 ∗ 𝑇22

−1  
(85)  

The transfer function can provide the natural frequencies, as well as the stop and pass bands. 

5.4.1 Spatial modulation 

First, we assume a bar in which the modulus of elasticity only varies in space. Modulus of elasticity 

is defined as a periodic function 𝐸 = 𝐸0 [sin(𝑘𝑚𝑥) + 𝐶𝑐], where 𝐸0 is the amplitude of the 
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harmonic variation, 𝑘𝑚 is the wavenumber, 𝐶𝑐 is the coefficient representing constant part of the 

modulus. To provide the required magnetic field for varying modulus of elasticity in the 

magnetoelastic medium, a magnetic field in the form of 𝐻 = 𝐻𝑐 + 𝐻𝑣  sin (𝜓(𝑥)) is considered to 

be applied to the magnetoelastic bar. 𝐻𝑐 and 𝐻𝑣 are the amplitude of the constant and variable 

parts of the magnetic field, and 𝜓(𝑥) denotes the phase difference between the coils. The required 

magnetic field can be found from Figure 56(b) to vary modulus of elasticity based on the required 

characteristics of the design. 

 

Figure 57. The elastic bar made from magnetoelastic materials with varying modulus of 

elasticity.  

 

For spatial modulation case, equation (81) is solved just for a length of the bar that covers a single 

full cycle of the harmonic property. We call this length an “element”. Figure 57 shows that the bar 

with the length of 𝐿𝑇𝑜𝑡 consists of several elements with the length of 𝑙. The 𝑇 matrix for the whole 

bar is calculated by 𝑇 = 𝑇𝑒
𝑛 [108], where 𝑇𝑒 is the transfer matrix for the element, and 𝑛 is the 

number of elements in the bar. Matrix 𝑇𝑒 is found by solving equation (81) for only one element 

using solutions of the homogeneous system for independent initial conditions [139].  
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To study wave transmission and attenuation inside a bar with continuously varying properties in 

space, a finite element approach can alternatively be find the matrix 𝑇𝑒 of an element and therefore, 

transfer function 𝑇𝐹 of the bar. In this method, instead of solving equation (81) for an element to 

find the 𝑇𝑒 matrix, we discretize each element into finite sections where the properties can be 

assumed constant along each section. The transfer matrix for a bar with constant properties is 

already known [89, 140]: 

 

[𝑇𝑗] = [
cos(𝑘𝑗𝑥𝑗)

1

𝑧𝑗𝜔
sin(𝑘𝑗𝑥𝑗)

−𝑧𝑗𝜔 sin(𝑘𝑖𝑥𝑖) cos(𝑘𝑗𝑥𝑗)

] 
(86)  

Where, 𝑘𝑗 = √
𝜌𝑗

𝐸𝑗
𝜔 is the wave number, 𝑧𝑗 = 𝐴𝑗√𝐸𝑗𝜌𝑗 is the mechanical impedance and 𝐴𝑗 is the 

cross section of the 𝑗𝑡ℎ section of the element. The total transfer matrix of the element is found by 

multiplying the transfer function of each section as, 

𝑇𝑒 = 𝑇𝑛𝑇𝑛−1… . 𝑇2𝑇1 
(87)  

where 𝑇𝑗  (𝑗 = 1,2,… , 𝑛) is the transfer function of the 𝑗𝑡ℎ section shown in Figure 58 and 𝑛 is the 

total number of discretized sections per element.  
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Figure 58. Dividing an element to finite small sections. 

5.4.2 Spatiotemporal modulation 

In the second case, the modulus of elasticity of the magnetoelastic material is considered to be a 

function of space and time. A modulus of elasticity is assumed in the form of 𝐸 =

𝐸0 [sin(𝑘𝑚𝑥 + 𝜔𝑚𝑡) + 𝐶𝑐], where 𝜔𝑚 is the temporal modulation frequency. A magnetic field in 

the form of 𝐻 = 𝐻𝑐 + 𝐻𝑣  sin (𝜔𝑚𝑡 + 𝜓(𝑥)) is induced to the magnetoelastic bar to create such 

variation in elasticity. Since the modulus of elasticity is a function of space and time, finding a 

periodic element is not as convenient as the spatial case. In other words, we need to find an element 

in which the modulus of elasticity has at least one full harmonic period in both space and time. 

Such an element might also be longer than the length of the bar. Consequently, looking at the 

transfer function of the bar (equation (85)) provides a more convenient way for finding the pass 

and stop bands. 

5.5 Case studies 

Two different cases are studied here. The first one is a bar with the length of 𝐿𝑇𝑜𝑡 made from 

magnetoelastic materials with a constant density of 𝜌 = 9200 𝑘𝑔/𝑚3. The modulus of elasticity 

is spatially modulated with 𝐸 = 𝐸0 [sin(𝑘𝑚𝑥) + 𝐶𝑐],  𝑘𝑚 = 20 
2 𝜋

𝐿
 and 𝐶𝑐 = 2.5. The value of 𝑘𝑚 
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implies that the modulus of elasticity has 20 full harmonic cycles along the bar, therefore, 

rendering a bar with 20 elements. Equation (81) is solved to find the 𝑇 matrix for one element (𝑙 =

𝐿

20
). Figure 59 shows the variation of 𝜆 and 𝜇 with the dimensionless frequency Ω =  

𝜔 𝜆𝑚

𝑐0
, where 

𝜔 is the excitation frequency, 𝜆𝑚 = 
2 𝜋

𝑘𝑚
 , and 𝑐0 = √

𝐶𝑐𝐸0

𝜌
  [86].  In the band structure shown in 

Figure 59, frequency range that corresponds to 𝜆 = 1 is the pass band and the stop band exists 

where 𝜆 ≠ 1. Segments with a non-zero real part for 𝜇 indicate wave attenuation in the bar. Figure 

60(a) shows the absolute value of 𝑇𝐹 calculated from equation (85). Each peak indicates a natural 

frequency for the bar. The low amplitude transfer function for Ω between 0.43 and 0.53 shows 

that the bar absorbs the waves within that frequency range and the waves do not propagate to the  

other end of the bar. For the case in which the modulus only varies spatially, there is no difference 

between the 𝑇𝐹 of forward and backward wave propagations and the bar shows a reciprocal 

behavior. Figure 60(b) shows the dispersion diagram for this case obtained both theoretically by 

Floquet-Bloch theorem and numerically by COMSOL-Multiphysics. In the time-domain 

numerical simulation, the spatially modulated bar is excited by a Gaussian wave packet that 

comprises the same frequency range included in the TF analysis and the dispersion contours are 

obtained via a 2-Dimensional Fourier transforms [141].  The x-axis is the dimensionless 

wavenumber, 𝛽̅ = к𝜆𝑚  where к is the wavenumber. No solution is found for Ω between 0.43 and 

0.53, which reflects a stop band. 
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Figure 59. a) The absolute value of 𝜆 b) real part (solid blue line) and imaginary part (dashed 

red line) of the propagation constant versus dimensionless frequency. 

 

 

 Figure 60. a) Analytical results (solid blue line) using transfer matrix method and numerical 

results from COMSOL (dashed red line) for the transfer function of a bar with varying 

modulus of elasticity in space. b) Dispersion diagram for the bar with 𝐸 = 𝐸0 [sin(𝑘𝑚𝑥) +
𝐶𝑐]. 

 

Similarly, the second case is a bar with the length of 𝐿𝑇𝑜𝑡 made from magnetoelastic materials. In 

this case, the modulus of elasticity is considered to be a function of both space and time with 𝐸 =

𝐸0 [sin(𝑘𝑚𝑥 + 𝜔𝑚𝑡) + 𝐶𝑐], 𝑘𝑚 = 20 
2 𝜋

𝐿
 , 𝜔𝑚 = 𝜈𝑚𝑘𝑚, and 𝐶𝑐 = 2.5. The transfer functions are 

found for when 𝜈𝑚 = 0 and 0.2 𝑐0. Figure 61(a) shows three different transfer functions. The blue 
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solid line is the previously discussed spatially modulated structure (𝜈𝑚 = 0). The peaks show the 

natural frequencies of the bar and the region with the lower amplitude indicates the stop band 

frequency range. The dashed green line and the dotted red line are the forward and backward 

transfer function for when 𝜈𝑚 = 0.2 𝑐0. The difference between the stop Bands of the forward and 

the backward transfer functions show the nonreciprocal behavior. In other words, some waves 

propagate from one side (side A in Figure 57) of the bar to the other side (side B in Figure 57). 

However, the same waves are attenuated when the source of propagation is moved to the other 

side (side B) and the bar acts as a one-way stop band for those frequencies. Figure 61(b) shows 

the dispersion diagrams using an exact solution for a bar with time-varying properties and is 

confirmed by the transient COMSOL simulations [86]. The forward and backward stop bands 

match those in Figure 61(a).  

 

Figure 61. a) The transfer function of a bar with varying modulus of elasticity in space and 

time. b) Dispersion diagram for the bar with 𝐸 = 𝐸0 [sin(𝑘𝑚𝑥 + 𝜔𝑚𝑡) + 𝐶𝑐]. 
 

5.6 Future experimental work 

An experimental prototype of the modulated magnetoelastic device is currently under construction 

to physically realize and validate the nonreciprocal wave propagation in practice. The 
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configuration of the experimental prototype resembles the system displayed in Figure 55. A three-

phase linear motor is designed with 19.05 𝑐𝑚 pole pitches and total of eight poles. The pole size 

defines the wave length of the traveling wave (𝑘𝑚). The total length of the motor is 194.31 𝑐𝑚 

which is longer than 152.4 𝑐𝑚 (8 poles times 19.05) to account for the effect of the non-uniform 

magnetic field around the edges of the motor. An AC drive is used for this prototype. The drive is 

a 480 𝑉 three phase AC voltage class and has a maximum output current of 22 amps. The drive is 

used to provide a sinusoidal current to the motor. The frequency of the drive defines the frequency 

of the traveling wave (𝜔𝑚). The maximum frequency of the drive is 590 𝐻𝑧. A rod of Terfenol-

D with the total length of 194.31 𝑐𝑚 and the diameter of 1 𝑐𝑚 is used as the magnetoelastic 

material. The density of Terfenol-D is 9200 𝑘𝑔/𝑚3  and the average modulus of elasticity is 

75 𝐺𝑃𝑎. To give a quick insight into the working frequencies and the expected operating range of 

the experimental device, the forward and backward transfer functions are recalculated for the 

stated parameters, as opposed to the dimensionless analysis presented earlier. Figure 62 shows the 

simulated results for the transfer function of the experimental prototype for the case where 𝜔𝑚 is 

equal to 500𝐻𝑧.  
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Figure 62. Simulation results for forward and backward TF of a Terfenol-D rod with spatiotemporal 
varying modulus of elasticity.  

 

5.7 Error calculation 

When the material properties of the bar are only a function of space (𝜔𝑚 =  0), the temporal term 

of 𝑢 has only one single frequency. In this case, the results from TMM match the theoretical Flouet-

Bloch approach. However, when the property of the bar is a function of both space and time, the 

temporal part of the solution (𝑒𝑖𝜔𝑛𝑡) consists of different frequencies. In order to use the TMM 

method, only the dominant frequency (𝜔) is assumed to exist in the solution. The comparison of 

the approximate results and the theoretical Floquet-Block approach are shown in Figure 61. In this 

section, we study the error between current approach and the theoretical Floquet-Block approach 

[86] as a function of 𝜈𝑚. By increasing 𝜈𝑚, the temporal modulation frequency (𝜔𝑚) is increased, 

which in turn increases the effect of 𝜔𝑚 in the frequency components of the temporal part, 𝑒𝑖𝜔𝑛𝑡 . 

Hence, we define two errors corresponding to the upper and lower bounds of the stop bands as: 
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𝑒𝐿 =  
|Ω𝑇ℎ𝑒𝑜

𝐿 − Ω𝑇𝑀𝑀
𝐿 |

Ω𝑇ℎ𝑒𝑜
𝐿

 × 100 

𝑒𝑈 =   
|Ω𝑇ℎ𝑒𝑜
𝑈 −Ω𝑇𝑀𝑀

𝑈 |

Ω𝑇ℎ𝑒𝑜
𝐿 × 100  

(88)  

Where 𝑒𝐿 is the error for the lower bound and 𝑒𝑈  is the error for the upper bound of the stop band. 

Ω𝑒𝑥𝑡
𝐿  and Ω𝑇𝑀𝑀

𝐿  denote the lower bound dimensionless frequencies of the stop band from the 

theoretical solution and the TMM, respectively. Ω𝑇ℎ𝑒𝑜
𝑈  and Ω𝑇𝑀𝑀

𝑈  are the upper bound 

dimensionless frequencies of the stop band from the theoretical solution and the TMM. Figure 63 

shows these two errors for backward wave propagation for the second case study. As 𝜔𝑚 increases, 

the error between TTM and theoretical results [86] increases. Thus, a threshold of 𝜈𝑚 = 0.4 𝑐0 is 

considered reasonable for using extended TMM when spatiotemporal modulation is present.  

 

Figure 63. Effect of increase in the frequency of variation of the material property in time on 

lower bound and upper bound error. 
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5.8 Conclusion  

In this chapter, the nonreciprocal behavior of a magnetoelastic bar was studied by using TMM. A 

physical platform inspired by linear induction motors was proposed to change the modulus of 

elasticity of a magnetoelastic bar in space and time. The governing equation of wave propagation 

in a 1-D magnetoelastic bar in the presence of a magnetic field were studied and an approximate 

solution was discussed. Two different case studies were considered. In the first case, the modulus 

of elasticity was assumed to be varying in space only, while in the second case, the modulus of 

elasticity was assumed to be varying in both space and time. An extended TMM was introduced 

and employed to find the directional transfer functions of the bar. For the first case, an alternative 

solution utilizing finite element method was proposed to find the transfer function. The second 

case exhibited the expected nonreciprocal wave propagation. The results of both cases were 

validated against numerical simulations and the theoretical Floquet-Bloch method. The transfer 

function for a prototype under construction was calculated. At the end, the error from single 

harmonic approximation with respect to the speed of variation of modulus of elasticity in time was 

discussed and justified.  
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6. Conclusion  

In this work, two different applications of smart materials, energy harvesting and wave 

propagation, were studied. In the second chapter, we studied a fan-folded energy harvester 

consisting of piezoelectric beams. The purpose of the energy harvester is to convert the heart 

vibrations into electricity needed for pacemakers. The device was modeled and the 

electromechanical governing equations of the system were solved analytically. The natural 

frequencies, mode shapes, and the frequency response functions of the fan-folded structure were 

calculated. Two prototypes, one in large scale and one in small scale, were built and the theoretical 

results were verified with the experimental data. It was shown that a 1 cubic centimeter energy 

harvester could generate more than 10 𝜇𝑊 to power a pacemaker. For future research, other 

materials should be investigated for the substrate of the beams to decrease the natural frequency 

more and increase the power output. Decreasing the total height of the fan-folded device is another 

area that should be studied if this device is going to be used in the leadless pacemaker. The size 

and weight of the tip mass in the current prototype is large and it needs to be decreased to be used 

in the leadless pacemakers. Fatigue tests need to be performed to study the durability of this device 

over long cycles usage. Power management circuit to convert the AC voltage to a steady DC 

voltage should be added to the current device to be used in pacemakers. Animal testing of a 

pacemaker with this energy harvester is another research topic that could be studied in future for 

verifying the results in an actual prototype.  

In the third chapter, we utilized a nonlinear configuration to reduce the size of energy harvester 

even more to be used in leadless pacemakers. A thermally buckled piezoelectric beam was used to 

convert the heartbeat vibrations into electricity. The device was modeled and the governing 

equations were solved to find the mode shapes and the power output. It was shown that the device 
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generates sufficient electricity to power leadless pacemakers. A large scale prototype is built to 

verify the change in the natural frequencies using the thermal buckling. Both of the designs in 

chapter 2 and chapter 3 are MRI compatible. This means that the person can do MRI exams while 

having this device in their body. For future research, other materials for the substrate of the beam 

and frame should be looked into. Fatigue tests need to be performed to measure the durability of 

the device. A power management circuit is needed to use this energy harvester for powering 

implantable biomedical devices. Actual scale prototype should be built and tested to verify the 

predicted theoretical results. Other methods of buckling, such as mechanical buckling could be 

tested to compare the results with the thermal buckling approach. Other types of boundaries for 

the beam such as pin-pin should be studies. Each type of the beams has some advantages and 

disadvantages comparing to our proposed clamped-clamped beam, The pin-pin beam for example, 

needs a lower buckling force and just one patch of piezoelectric material needs to be attached on 

each surface which makes it easier in terms of manufacturing. However, having a pin-pin boundary 

condition at the small scale will be a challenge to manufacture.  

In the next chapter, chapter 4, a piezoelectric energy harvester was studied for energy harvesting 

from human walking or passing cars. The device works on the buckling principle and a stop 

mechanism was designed to prevent fracture of the device under the loads of passing cars. The 

electromechanical governing equations of the system were solved and a transformation matrix 

method was used to reduce the calculations of finding the mode shapes and natural frequencies of 

segmented beams. For future research, an experimental prototype should be built to verify the 

theoretical results. Different manufacturing techniques such as 3D printing should be studied and 

compared. Fatigue tests need to be performed on the prototype to measure the durability of the 
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device. For experimental tests, an MTS machine could be used to replicated the force applied at to 

the energy harvester when it is used as a shoe energy harvester.  

In the fifth chapter, a mechanism for achieving nonreciprocal wave propagation in Terfenol-D was 

studied. A linear induction motor mechanism was proposed to change the material property of a 

Terfenol-D rod in both space and time. This allows us to achieve nonreciprocal behavior in a rod. 

This rod acts as one-way filter and only filters some specific frequencies in one direction. A 

transfer matrix method is developed to find the transfer functions of systems with time varying 

properties. For Future research, the experimental tests on the proposed prototype should be 

performed and the results need to be compared with the theoretical results.  
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7. Appendix 

A more advanced way to find the natural frequencies and the mode shape in chapter 4 is to reduce 

the 12 × 12 matrix using transformation matrices. The aim of this method is to reduce the size of 

the coefficient matrix to reduce the computational time and numerical errors [27]. The principle 

of this method, which we call transformation matrices method, is to use the equilibrium and 

continuity conditions to transform the two boundary condition equations of one end of the beam 

to two equations for the other end of the beam. By having these two new equations, there are totally 

four equations for one end of the beam and we can find the natural frequencies of the system and 

four unknown coefficients of that end. By using this method, we should calculate the determinant 

of a 4 × 4 matrix instead of a 12 × 12 matrix for the segmented beam case. This method would 

show a significant difference in calculation time when we have large matrices [27]. Although in 

our case the first matrix (12 × 12) is not very large, due to the high number of numerical 

calculations for the optimization of the device, we use the transformation matrices method.  This 

method is very useful and time saving when it comes to the optimization part. In order to find the 

optimized thickness or length of the beam, we need new numerical calculations for every 

configuration. Considering the number of different configurations, using this method reduces the 

overall time of the calculations significantly.  

We have two boundary conditions at each end of the beam, this results four boundary conditions. 

Considering these boundary conditions at the two ends of the beam we have: 

[𝐵𝐶0]2×4 [

𝑎𝑗11
𝑎𝑗12
𝑎𝑗13
𝑎𝑗14

] = 0       ,      [𝐵𝐶𝑒]2×4 [

𝑎𝑗31
𝑎𝑗32
𝑎𝑗33
𝑎𝑗34

] = 0     (89)  
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Where 𝐵𝐶0 and 𝐵𝐶𝑒 are written based on the equation (53): 

 

𝐵𝐶0 = [
0 1 0 1
0 −1 0 1

] 

𝐵𝐶𝑒

= [
sin(𝑞𝑗3𝑥

∗) 𝑐𝑜𝑠(𝑞𝑗3𝑥
∗) 𝑠𝑖𝑛ℎ(𝑞𝑗3𝑥

∗) 𝑐𝑜𝑠ℎ(𝑞𝑗3𝑥
∗)

−𝐸3𝐼3𝑞𝑗3
2𝑠𝑖𝑛(𝑞𝑗3𝑥

∗) −𝐸3𝐼3𝑞𝑗3
2𝑐𝑜𝑠(𝑞𝑗3𝑥

∗) 𝐸3𝐼3𝑞𝑗3
2𝑠𝑖𝑛ℎ(𝑞𝑗3𝑥

∗) 𝐸3𝐼3𝑞𝑗3
2𝑐𝑜𝑠ℎ(𝑞𝑗3𝑥

∗)
] 
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𝑥∗ is 𝑙1 + 𝑙2 + 𝑙3. Also, there are four equilibrium and continuity equations relating the first part 

to the second and there are four more equations relating the second part of the beam to the third 

part: 

[𝐿𝑖]4×4 [

𝑎𝑗𝑖1
𝑎𝑗𝑖2
𝑎𝑗𝑖3
𝑎𝑗𝑖4

] = [𝑅𝑖+1]4×4 [

𝑎𝑗(𝑖+1)1
𝑎𝑗(𝑖+1)2
𝑎𝑗(𝑖+1)3
𝑎𝑗(𝑖+1)4

] 
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Where 

𝐿𝑖 =

[
 
 
 
 
 
 sin(𝑞

𝑗𝑖
𝑥∗) 𝑐𝑜𝑠(𝑞

𝑗𝑖
𝑥∗) 𝑠𝑖𝑛ℎ(𝑞

𝑗𝑖
𝑥∗) 𝑐𝑜𝑠ℎ(𝑞

𝑗𝑖
𝑥∗)

𝑞
𝑗𝑖
𝑐𝑜𝑠(𝑞

𝑗𝑖
𝑥∗) −𝑞

𝑗𝑖
𝑠𝑖𝑛 (𝑞

𝑗𝑖
𝑥∗) 𝑞

𝑗𝑖
𝑐𝑜𝑠ℎ(𝑞

𝑗𝑖
𝑥∗) 𝑞

𝑗𝑖
𝑠𝑖𝑛ℎ (𝑞

𝑗𝑖
𝑥∗)

−𝐸𝑖𝐼𝑖𝑞𝑗𝑖
2𝑠𝑖𝑛 (𝑞

𝑗𝑖
𝑥∗) −𝐸𝑖𝐼𝑖𝑞𝑗𝑖

2𝑐𝑜𝑠 (𝑞
𝑗𝑖
𝑥∗) 𝐸𝑖𝐼𝑖𝑞𝑗𝑖

2𝑠𝑖𝑛ℎ(𝑞
𝑗𝑖
𝑥∗) 𝐸𝑖𝐼𝑖𝑞𝑗𝑖

2𝑐𝑜𝑠ℎ(𝑞
𝑗𝑖
𝑥∗)

−𝐸𝑖𝐼𝑖𝑞𝑗𝑖
3𝑐𝑜𝑠(𝑞

𝑗𝑖
𝑥∗) 𝐸𝑖𝐼𝑖𝑞𝑗𝑖

3𝑠𝑖𝑛 (𝑞
𝑗𝑖
𝑥∗) 𝐸𝑖𝐼𝑖𝑞𝑗𝑖

3𝑐𝑜𝑠ℎ(𝑞
𝑗𝑖
𝑥∗) 𝐸𝑖𝐼𝑖𝑞𝑗𝑖

3𝑠𝑖𝑛ℎ(𝑞
𝑗𝑖
𝑥∗)]
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𝑅𝑖+1

=

[
 
 
 
 

sin(𝑞𝑗(𝑖+1)𝑥
∗) 𝑐𝑜𝑠(𝑞𝑗(𝑖+1)𝑥

∗) 𝑠𝑖𝑛ℎ(𝑞𝑗(𝑖+1)𝑥
∗) 𝑐𝑜𝑠ℎ(𝑞𝑗(𝑖+1)𝑥

∗)

𝑞𝑗(𝑖+1)𝑐𝑜𝑠(𝑞𝑗(𝑖+1)𝑥
∗) −𝑞𝑗(𝑖+1)𝑠𝑖𝑛(𝑞𝑗(𝑖+1)𝑥

∗) 𝑞𝑗(𝑖+1)𝑐𝑜𝑠ℎ(𝑞𝑗(𝑖+1)𝑥
∗) 𝑞𝑗(𝑖+1)𝑠𝑖𝑛ℎ(𝑞𝑗(𝑖+1)𝑥

∗)

−𝐸(𝑖+1)𝐼(𝑖+1)𝑞𝑗(𝑖+1)
2𝑠𝑖𝑛(𝑞𝑗(𝑖+1)𝑥

∗) −𝐸(𝑖+1)𝐼(𝑖+1)𝑞𝑗(𝑖+1)
2𝑐𝑜𝑠(𝑞𝑗(𝑖+1)𝑥

∗) 𝐸(𝑖+1)𝐼(𝑖+1)𝑞𝑗(𝑖+1)
2𝑠𝑖𝑛ℎ(𝑞𝑗(𝑖+1)𝑥

∗) 𝐸(𝑖+1)𝐼(𝑖+1)𝑞𝑗(𝑖+1)
2𝑐𝑜𝑠ℎ(𝑞𝑗(𝑖+1)𝑥

∗)

−𝐸(𝑖+1)𝐼(𝑖+1)𝑞𝑗(𝑖+1)
3𝑐𝑜𝑠(𝑞𝑗(𝑖+1)𝑥

∗) 𝐸(𝑖+1)𝐼(𝑖+1)𝑞𝑗(𝑖+1)
3𝑠𝑖𝑛(𝑞𝑗(𝑖+1)𝑥

∗) 𝐸(𝑖+1)𝐼(𝑖+1)𝑞𝑗(𝑖+1)
3𝑐𝑜𝑠ℎ(𝑞𝑗(𝑖+1)𝑥

∗) 𝐸(𝑖+1)𝐼(𝑖+1)𝑞𝑗(𝑖+1)
3𝑠𝑖𝑛ℎ(𝑞𝑗(𝑖+1)𝑥

∗)]
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In which 

 

𝑞𝑗𝑖 = (
𝛽𝑗

√𝐶𝑖
) (94)  

𝑥∗ is 𝑙1 or 𝑙1 + 𝑙2, depending on the interface we are writing the equations at. Finally we have: 

[𝐵𝐶0]2×4 [

𝑎𝑗11
𝑎𝑗12
𝑎𝑗13
𝑎𝑗14

] = 0 (95)  

And 

[𝑅3]
−1[𝐿2 ][𝑅2]

−1[𝐿1] [

𝑎𝑗11
𝑎𝑗12
𝑎𝑗13
𝑎𝑗14

] = [

𝑎𝑗31
𝑎𝑗32
𝑎𝑗33
𝑎𝑗34

] (96)  

If we combine equation (95) and equation (96) we get: 

[
[𝐵𝐶0]2×4

 [𝐵𝐶𝑒]2×4[[𝑅3]
−1[𝐿2 ][𝑅2]

−1[𝐿1]]4×4
] [

𝑎𝑗11
𝑎𝑗12
𝑎𝑗13
𝑎𝑗14

] = 0 (97)  

The matrix B accordingly defined as: 

 

𝐵 = [
[𝐵𝐶0]2×4

 [𝐵𝐶𝑒]2×4[[𝑅3]
−1[𝐿2 ][𝑅2]

−1[𝐿1]]4×4
]
4×4

 (98)  

We find the value of 𝛽 that makes the determinant of matrix 𝐵 equal zero. By applying this method, 

the size of the initial coefficient matrix (12 × 12) is reduced to a 4 × 4 matrix.  
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