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Preface 

This dissertation covers a broad range of statistical methodology developments, along with real-world 

applications of these methodologies in biostatistical settings. The methods developed here make novel 

contributions to different areas of statistical research including bayesian statistics, frequentist statistics, 

nonparametric statistics, and sequential statistics. Four research projects that represent a large part ofmy 

research at Biostatistics department at the State University of New York at Buffalo are included in this 

dissertation. The four topics are: (1) Data-driven confidence interval (CI) estimation with an adjustment 

for skewed data, (2) An extension to empirical likelihood for evaluating probability weighted moments, 

(3) Empirical likelihood ratio tests with power one, (4) A sequential density-based empirical likelihood 

ratio test for treatment effects. 

Likelihood principle is unarguably the most important concept in statistical inference. When the 

underlying data distributions are completely specified, the well-known Neyman-Pearson Lemma shows 

that the likelihood ratio based tests are uniformaly most powerful. Relevent parametric statistical inference 

procedures have been well developed in statistical literature. However, in practice there are many 

difficulties that prevent researchers from applying parameteric statistical methods. We illustrate this point 

via the following three reasons : 1) Oftentimes the underlying data distributions are unknown, e.g. in the 

sequential setting, it is difficult to specify a parameteric distribution function before the collection of data; 

2) Ifone specifies a parametric distribution function, it may be difficult to test the validity ofthe parametric 

assumption, e.g. in the sequential setting the sample size is a random variable, hence one cannot directly 

apply goodnees of fit tests to such datasets; 3) Incorrectly specified parametric distribution functions may 

lead to biased estimation and inferential procedures. Thus, in order to overcome such problems, the 

statistical methodologies developed in this dissertation revolve around the concept of the nonparametric 

likelihood. Our approach avoids having to specify a fully parametric distribution while minimizing the 

assumptions placed on the underlying data. It is hoped that an appreciation on the usefulness of the 
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nonparametric statistical methodologies in practice and a perspective for their future development may be 

gained by readers. 

Chapter 1 lays out a variety of fundamental statistical principles and tools as treated in this 

dissertation with a focus on Bayesian statistics, likelihood ratio based statistical testing hypothesis, 

empirical likelihood, density-based empirical likelihood, and sequential statistical analyses. 

Chapter 2 deals with nonparametric CI estimation in the Bayesian setting. Bayesian CI estimation 

is a statistical procedure that has been well addressed in both the theoretical and applied literature. 

Parametric assumptions regarding baseline data distributions are critical for the implementation of this 

method. We provide a nonparametric technique for incorporating prior information into the equal-tailed 

and highest posterior density CI estimators in a Bayesian manner. We propose to use a data-driven 

likelihood function, replacing the parametric likelihood function with its nonparametric counterpart in 

order to create a distribution-free posterior. Higher order asymptotic propositions are derived to show the 

efficiency and consistency of the proposed method. We demonstrate that the proposed approach provides 

accurate confidence regions given a skewness correction. An extensive Monte Carlo (MC) study confirms 

the proposed method significantly outperforms the classical frequentist based CI estimation. A real data 

example related to a study of myocardial infarction illustrates the excellent applicability of the proposed 

technique. 

Chapter 3 treats the nonparametric statistical inferences ofprobability weighted moments (PWMs ). 

PWMs generalize the concept of conventional moments of a probability function. These methods are 

commonly applied for modeling extremes of natural phenomena. We propose and examine empirical 

likelihood (EL) inference methods for PWMs. This approach extends the classical EL technique for 

evaluating usual moments, including the population mean. We provide an asymptotic proposition, 

extending a well-known nonparametric version of Wilks ' theorem used to evaluate the Type I error rates 

of EL ratio tests. This result is applied in order to develop a powerful nonparametric EL ratio test and the 

corresponding distribution-free CI estimation for PWMs. We show that the proposed method can be easily 
XIII 



applied towards inference of the Gini index, a widely used measure for assessing distributional inequality. 

An extensive MC study shows that the proposed technique provides accurate Type I error rate control, as 

well as very accurate CI estimation. Our approach outperforms the CI estimation based on the classical 

schemes to analyze the PWMs. These results are clearly observed in the cases when underlying data are 

skewed and/or consist of a relatively small number of data points. A real data example of myocardial 

infarction disease is used to illustrate the applicability of the proposed method. 

In Chapter 4 we develop EL ratio tests with power one in the sequential test setting. In the 1970s, 

Professor Robbins and his coauthors extended the Vile and Wald inequality in order to derive the 

fundamental theoretical results regarding likelihood ratio based sequential tests with power one. The law 

of the iterated logarithm confirms an optimal property of power one tests. In parallel with Robbins 's 

decision-making procedures, we propose and examine sequential empirical likelihood ratio (ELR) tests 

with power one. In this setting, we develop nonparametric one- and two-sided ELR tests. It turns out that 

the proposed sequential ELR tests significantly outperform the classical nonparametric t-statistic-based 

counterparts in many scenarios based on different underlying data distributions. 

Chapter 5 concerns the detection of treatment effects in the sequential setting. In health-related 

experiments, treatment effects can be identified using paired data that consist of pre- and post-treatment 

measurements. In this framework, sequential testing strategies are widely accepted statistical tools in 

practice. Since performances of parametric sequential testing procedures critically depend on the validity 

of the parametric assumptions regarding underlying data distributions, we focus on distribution-free 

mechanisms for sequentially evaluating treatment effects. In retrospective studies, the density-based 

empirical likelihood (DBEL) methods provide powerful nonparametric approximations to optimal 

Neyman-Pearson type statistics. We extend the DBEL methodology to develop a novel sequential DBEL 

testing procedure for detecting treatment effects based on paired data. The asymptotic consistency of the 

proposed test is shown. An extensive MC study confirms that the proposed test outperforms the 

XIV 



conventional sequential Wilcoxon signed-rank test across a variety of alternatives. The excellent 

applicability of the proposed method is exemplified in the context ofthe Ventilator-Associated Pneumonia 

Study that evaluates the effect of Chlorhexidine Gluconate treatment in reducing oral colonization by 

pathogens in ventilated patients. 
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CHAPTER 1 INTRODUCTION 

Statistical strategies for making decisions via formal rules play an important role in biostatistical discovery. 

When the forms of data distributions are specified, the likelihood ratio principle is a central doctrine for 

developing statistical decision-making procedures in clinical experiments. Neyman and Pearson (1992) 

provided strong arguments that show the likelihood ratio principle can lead to the most powerful statistical 

decision-making rules according to the Neyman-Pearson lemma. 

It is well known that when key assumptions are not met, parametric likelihood procedures may be 

suboptimal or biased. One very important issue in biostatistical research is to preserve the efficiency for 

statistical inference through the use of robust likelihood-type techniques . Towards this end, the modern 

biostatistical literature has shifted focus towards robust and efficient nonparametric likelihood methods , 

which revolve around the classical likelihood ratio principle. In the following sections, we give a brief 

review of the nonparametric techiniques used in our proposed methods, along with descriptions of the 

corresponding nonparametric Bayesian and sequential statistical inference schemes. 

1.1 Empirical likelihood 

Empirical likelihood (EL) methodology employs the likelihood concept in a distribution-free manner, 

approximating the corresponding optimal parametric likelihood-based procedure. In order to provide 

background on the EL concept, we consider the commonly used EL ratio test for the null hypothesis that 

H O : E (X,) = 0 , based on independent and identically distributed (i.i.d) observations X, ,... , X ,, . In this 

case, the EL function has the form EL (0) = IT~=' P; , where the probability weights A ' s are derived by 

maximizing the EL function under empirical constraints L~=' P; = I and L~=' X ;P; = 0 corresponding to 

the null hypothesis. In this manner 0 represents the population mean. Under alternative hypothesis H, , 



1 

11the EL function is given by by EL =n- , since IT=i P; is maximized by P; =n-' when the only constraint 

L'.~ P; = I is in effect. Then the log EL ratio is defined as logELR(0) = "2.:~Jog(nP;) . In this framework, 

values of P; 's can oftentimes be obtained numerically by solving Lagrangian equations regarding the 

maximization ofEL given the constraints. The classical EL ratio test based on the statistic -2 log ELR (0) 

has asymptotically a x2 -distribution according to the nonparametric Wilks' theorem (Owen 1990). 

1.2 Nonparametric Bayesian inference 

Consider the following straightforward example: Assume that the dataset X consists of n independent and 

identically distributed observations X=(X" ... ,X,, ) from density function f( x l0) with an unknown 

parameter 0 of interest. For simplicity, we suppose 0 is scalar. In the parametric Bayesian framework, 

we define the prior distribution tr ( 0) , which represents the prior information for 0 mapped unto a 

probability space. The prior information is updated conditional on the observed data using the likelihood 

function fJ;~,f (X ; I 0) via Bayes' theorem to obtain the posterior density function of 0 , 

Since EL techniques and parametric likelihood methods are closely related concepts, one may 

apply corresponding EL functions to replace their parametric likelihood counterparts in known and well 

developed parametric procedures, e.g. constructing novel nonparametric Bayesian inference (Vexler, 

Zou and Hutson, 2016b) and the CI estimation (Chen, Vexler and Markatou, 2015). 

We will use the EL function to replace the corresponding parametric data likelihood 

IT~=l f ( X; I 0) , creating a distribution-free posterior density function in the form 
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This approach provides the impetus for an impressive expansion in the number ofEL developments based 

on combinations of likelihoods of different types, e.g. , if we have incomplete data the nonparametric 

likelihood ratio technique can be combined with a parametric likelihood (Yu, Vexler and Tian, 2010). 

1.3 Density-based empirical likelihood methodology 

The classical EL methodology, which is a parametric distribution function-based approach, has been 

shown to have attractive properties for testing hypotheses regarding parameters, e.g. testing about 

moments of distributions (e.g. , Vexler, Yu and Hutson, 2011). In practice, statisticians commonly face a 

variety ofdistribution-free comparisons and/or evaluations over all distribution functions of complete and 

incomplete data subject to different types ofmeasurement errors. In these settings, the DBEL methodology 

is shown to be very efficient (Vexler and Gurevich, 2010; Vexler et al. , 2012; Vexler, Gurevich and 

Hutson, 2013 ; Vexler, Tsai and Hutson, 2014d). According to the Neyman-Pearson lemma, the most 

powerful test statistics have structures that are related to density-based likelihood ratios. The DBEL 

method can be easily and satisfactorily applied to construct highly efficient test procedures, approximating 

nonparametricaly most powerful Neyman-Pearson test-rules, given aims of clinical studies. The DBEL 

method proposes to consider the likelihood in the form 

where J(-) is a density function of X 1, ••• , X,, , and X (,) :-:;; .... :-:;; X (n) are the order statistics based on 

X 1, ... , X ,, . The DBEL approach is a technique to approximate values of /;, i=l , . .. ,n, via maximization 

of DEEL1 given a constraint related to an empirical version of the density property fJ(u )du = 1. The 
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DBEL testing procedure revolves around an exact test statistic which is independent of underlying data 

distributions. 

Similar to the parametric likelihood concept, the EL methodology provides relatively simple 

strategies for constructing powerful statistical tests that can be applied in various complex biostatistical 

studies. The extreme generalizability of EL methods and its wide range of usefulness partly result from 

the simple derivation of the EL statistics as components of composite parametric and nonparametric 

likelihood based systems. This is the reason EL based methods are employed in much of modem 

biostatistical practice. 

The target of my dissertation is to extend Frequentist and Bayesian parametric likelihood based 

procedures to obtain data-driven distribution-free procedure. We successfully apply the proposed methods 

to evaluate biomarkers related the Myocardial Infarction (MI). Besides employing EL techniques in the 

retrospective settings, we will also develop the EL methodology in the framework of statistical sequential 

analysis. 

1.4 Sequential statistical inference 

It is usual in practice for an experiment accumulates data steadily over a period of time. It is natural to 

monitor results as they occur, with a view toward taking action such as certain modifications or early 

termination of the study. For example, a clinical trial may enroll subjects over a period of time. Sequential 

analysis may be performed as a method to allow hypothesis tests to be conducted at a number of timepoints 

as data accumulate through the course of a trial. In a fully sequential design, statistical hypothesis tests 

are conducted after the collection of every observation. The sequential analysis methodology possesses 

many advantages, including economic savings in sample size, time and cost. It also has advantages in 

terms of ethical considerations and monitoring, e.g. a clinical trial might be stopped early if a new 

treatment is more efficacious ( or substantially less efficacious) than originally assumed. Given the 
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potential cost savings and the interesting theoretical properties of sequential tests, many corresponding 

variations have become well established and thoroughly investigated. 

In contrast with classical retrospective hypothesis testing, where the sample size is fixed at the 

beginning of the experiment, the sample size in sequential analysis is a random variable. This fact imposes 

the following difficulties related to verifying parametric assumptions regarding the underlying data in 

sequential analysis. First, it is difficult to specify the parametric distribution form of the underlying data 

before data points are observed. Second, even if we have strong reasons to assume the parametric form of 

the data distribution, it will be extremely hard, for example, to test the parametric assumptions after the 

execution of a sequential procedure. Since sequential tests are based on a random number of observations, 

data obtained after sequential analyses cannot be evaluated for goodness-of-fit using the classical tests 

developed for retrospective testing (Vexler et al. , 2016a). Towards this end, we present a novel 

nonparametric sequential testing procedure based on paired data, employing the data-driven likelihood 

ratio principle. The proposed method uses a nonparametric DBEL testing strategy, which approximates 

corresponding optimal parametric Neyman-Pearson type statistics. 

We apply the proposed data-driven sequential method to the Ventilator-associated Pneumonia 

(VAP) Study (Scannapieco et al. , 2009) that was to evaluate the effect of Chlorhexidine Gluconate (CHX) 

treatment, a cationic chlorophenyl bis-biguanide antiseptic, in reducing oral colonization by pathogens in 

mechanically-ventilated, intensive care unit (ICU) patients. The trial sequentially enrolled and examined 

83 patients who were admitted to a trauma ICU of the Erie County Medical Center (ECMC). In this study, 

we detect treatment effect ofCHX in ventilated patients by using the proposed method, while the classical 

sequential Wilcoxon signed-rank test fails to show corresponding statistical significance. 
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CHAPTER 2 Data-Driven Confidence Interval Estimation Incorporating 

Prior Information with an Adjustment for Skewed Data 

2.1 Introduction 

The Bayesian display of the upper and lower bounds of a credible set, which contains a large fraction of 

the posterior mass (typically 95%) related to a functional parameter, is an analogue of a frequentist 

confidence interval and commonly termed in the literature as a credible set or simply "confidence interval" 

(e.g. , Carlin and Louis 2009:p. 35). Because of its efficiency and natural interpretation, the Bayesian 

approach for confidence interval estimation is widely used in statistical practice. There is a rich statistical 

literature regarding the theoretical and applied aspects of the Bayesian CI estimation ( e.g. , Broemeling 

2007; Carlin and Louis 2009; Gelman et al. 2013). To outline this technique, we assume that the dataset 

X consists of n independent and identically distributed observations X = (Xi, ··- ,X J from density 

function f (x 10) with an unknown parameter 0 of interest. For simplicity, we suppose 0 is scalar. In 

the Bayesian framework we define the prior distribution 1r(0) , which represents the prior information for 

0 mapped unto a probability space. The prior information is updated conditional on the observed data 

using the likelihood function rr;=l f (xi I 0) via Bayes ' theorem to obtain the posterior density function 

of 0 , 

(2.1) 

We assume that h(0 1 X) is unimodal. The (1-a)100% Bayesian CI estimate for 0 can be presented as 

an interval [qr, qu] such that the posterior probability Pr ( qr < 0 < qu ) =1- a at a fixed significant level 

a . To calculate the interval [qL, qu] , one can employ the following two strategies: (I) The CI bounds qL 

and qu are computed as roots of the equations 
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This implies the Bayesian ET CI estimation; and (II) we can derive values of the CI bounds qL and qu as 

roots of the equations 

h(qL IX)= h(qu IX) and fquh(0 IX)d0 = l-a. 
ql 

This implies the Bayesian HPD CI estimation. 

Method (I) is computationally simple and oftentimes used in practice. The practical 

implementation ofMethod (II) usually requires using complicated computation schemes based on Markov 

Chain Monte Carlo techniques (e.g. , Chen and Shao 1999). It is known that Method (II) provides shorter 

length Cl's than that of Method (I) (e.g. , Carlin and Louis 2009). 

In order to apply the above methods in practice, the form of density function f( x 10) used in 

Equation (1) needs to be specified. Daniels and Hogan (2008) showed significant issues relative to 

verifying the parametric assumptions for various cases as to when the Bayesian CI estimation can be 

applied efficiently. Zhou and Reiter (2010) demonstrated that when parametric assumptions are not met 

exactly, the posterior estimators are generally biased. The statistical literature has displayed many 

examples when parametric forms ofdata distributions are not available and there are vital concerns relative 

to using the Bayesian parametric CI approach. 

In this chapter we develop a robust nonparametric method for CI estimation in the Bayesian 

manner. Towards this end, we employ empirical likelihood (EL) functions to replace the corresponding 

unknown parametric likelihood functions in the posterior probability construction. The statistical literature 

has shown that the EL methodology is a very powerful data-driven method (e.g. , Qin and lawless 1994; 

Lazar and Mykland 1998; Owen 2001 ; Lazar 2003 ; Vexler et al. 2009). Lazar (2003) theoretically proved 

that EL functions can be applied for constructing nonparametric posterior distributions. In this context, 

EL' s can provide valid posterior inference that satisfies the laws ofprobability in the sense that it is related 
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to statements derived from the Bayes ' rule (see for details Lazar 2003). Vexler et al. (2014b) used EL 

functions to develop robust and efficient posterior point estimators. 

Tierney and Kadane (1986) applied Laplace 's method for the asymptotic evaluation of integral 

forms to approximate various parametric posterior quantities. We extend this method to derive higher 

order asymptotic approximations related to the proposed CI estimation. The derived asymptotic results 

show that the developed nonparametric CI estimation is more accurate than the classical CI estimation, 

especially in cases when data are from skewed distributions. An extensive Monte Carlo study confirms 

this result. We also compare the asymptotic results related to the distribution-free Bayesian CI estimation 

with the skewness-corrected confidence interval estimation proposed by Hall (1983). The asymptotic 

results we present have similar structure to those obtained by Hall (1983) when the prior information is 

relatively vague. 

This chapter is organized as follows: In Section 2.2, we introduce a data-driven CI estimation 

procedure in the Bayesian manner and we derive the corresponding asymptotic properties of the proposed 

technique using an extension of Laplace 's method. In Section 2.3 , a Monte Carlo study is conducted to 

investigate the performance of the proposed CI estimation. We show that the proposed approach has very 

favorable properties related to the CI estimation, even when the prior function does not present correct 

information regarding the parameter of interest. In Section 2.3 we also show numerical evaluations with 

respect to the derived asymptotic propositions. The applicability of the proposed method is illustrated 

through a real world example of myocardial infarction disease in Section 2.4. In Section 2.5 we provided 

concluding remarks. The appendix A of this chapter consists of proofs corresponding to the theoretical 

results and R code to implement the proposed CI estimation. 

2.2 Method 

In this section we develop the EL based CI method starting with illustrations using a typical application. 

Without loss of generality, we begin by considering a scenario where the parameter of interest 0 
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corresponds to the mean. This analysis provides the basic ingredients for more general statements of the 

problem. 

Owen (1988) considered the EL technique with respect to the mean 0 of a random sample 

Xi,X2 , ••• , X n. In this case the log EL function has the form 

where the probability weights P; E (0,1) , for i = 1, ... , n. Note that without further restrictions on the mean 

EX, , the log EL function is 

The posterior density function, hE (01 X) , based on the EL function can be written as 

(2.2) 

where lr(0) = log(exp(l(B) )nn) is the log EL ratio and the statistics X0l, X <nl are the minimal and 

maximum order statistics based on random sample X,, X 2 , ••• , X n . Along the Bayesian framework we use 

the density function hE(B IX) to construct the CI estimation through the following two strategies : the 

Bayesian ET and the HPD CI approaches. 

2.2.1 Data-Driven Equal-Tailed CI Estimation 

The EL based ET CI estimation requires one to find the interval [qL ,qu] that satisfies the following 

equations: 

(2.3) 

We remark that an R function uniroot (R Development Core Team 2012) can be easily applied to 
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find numerical solutions for q L and qu under constraints (2.3). 

In order to evaluate the properties of the proposed CI estimation we present the following 

asymptotic results. 

Proposition 2.1 Assume EI X 1 1

4 < oo , and 1r(0) 1s twice continuously differentiable in a 

neighborhood of X = n-
1L;=,X ; , then the estimates qL and qu in (3), as the sample size n ➔ oo, 

satisfy the equations: 

(2.4) 

(2 .5) 

where X='°'
11 

X l n , CY
2 =n-''°'n (X-X) 2

, M 3 =n-''°'n (X-X)3
,

L..1=1 l n L..r=l l n L..1=1 l 

Cn = 2n-o.s (1 + zLai2 I 2)(() ( z,_a12 ) /3<:Y!, and <p(·) denotes the standard normal density function. 

This proposition simplifies the calculations of qL and qu . The second terms in Equations (2 .4) 

and (2.5) involve the third moment estimate, M }. Chen (1995) applied a M ! -type correction to improve 

the t-test statistic for the mean because the short right tail in the sampling distribution oft-test leads to a 

loss of power for tests of the population mean. This correction was shown to be a very efficient one fort

test applications based on skewed data. Proposition 2.1 shows that the proposed CI estimators 

automatically adjust the CI estimation with respect to skewness of the data using Chen's M ! -type 

correction. 

A wide range of Bayesian statistical models are based on the assumption that the prior information 

can be modeled via normal (Gaussian) distributions. In this case we have the following results . 
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Lemma 2.1 Assume that .1r(0) is a normal density function with mean µ and variance a- 2 
• Then 

Equations (2.4) and (2.5) imply 

(2.6) 

(2.7) 

where <D(·) is a cumulative distribution of the standard normal random variable and 

Proposition 2.2. Under assumptions of Proposition 2.1 and Lemma 2.1 , we have 

(2.8) 

(2.9) 

Regarding this result, one can remark that the first two asymptotic components of the estimator q L 

and qu are equivalent to those derived by using the Normal/Normal model in the context of the classical 

Bayesian CI mean estimation (e.g. , Carlin and Louis 2009). In order to compare the asymptotic CI bounds 

(2.8-2.9) with the classical mean confidence interval estimator lX ±z1~a i 2 ✓<7~ /n j , the Equations (2.8) 

and (2.9) can be "informally" rewritten as 

1lX ±Z1~a i 2 ✓<7~ /n + M ~(4+ 2zLa12 )/(6nCJ"~) +op (n~ ) j 

when the prior hyperparameter a-2 increases to infinity providing the case with very vague pnor 

information. This formula is also similar to that derived by Hall (1983) to construct the skewness-corrected 

confidence interval estimation in the form 

lX ±Z ~a i ✓<7~ /n + M ~(1 + 2zLa12 )/(6na-~) + O P ( n~ ) j.1 2 1 
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The M ,! -skewness correction terms involved in both the proposed CI estimator and Hall ' s confidence 

interval estimator improve the accuracy of the procedures with an adjustment for skewed data. 

To prove the consistency of the proposed approach in the probabilistic manner, we present the 

following proposition. 

Proposition 2.3. Under assumptions of Proposition 2.1 , the CI bounds qL and qu from Equation (2.3) 

satisfy 

2.2.2 Data-Driven HPD CI Estimation 

In the context of the data-driven HPD CI estimation, we compute the bounds for the CI interval [lfp,If& ] 

as the roots of the equations 

(2.10) 

We remark that an R function optim (R Development Core Team 2012) can be easily used to find 

numerical solutions for lj/p and % under the constraints at (2.10). 

Proposition 2.4. Under the assumptions of Proposition 1, the estimates ljp and % in (2.10) satisfy the 

equations 

expl-n( ljlp-X)2 /2(Y~ + nM! (ljlp-X)3 /3( (Y~r+op (n)(ljlp-xr jn( lfp) 

=exp[-n( lf&-X)2 /2(Y~ +nM! (lf&-X)3 /3(CY~ )3 + Op (n )(lf&-x)4]n(% ), 

The result of Proposition 4 can be simplified given that n(0) is a normal density function with 

mean µ and variance a-2 
. Lemma 2.2 and Proposition 2.5 represent the results. 
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Lemma 2.2. Under assumptions of Lemma 1, ljp and% can be approximated as the roots of the 

equations 

-n(%-X')2 /2(Y~+nM! (#-X} /3(CY~r -(#-µ)2 /2(Y~+Op(n)(#-X'f 

=-n(!KJ-X)
2 

/2(Y~+nM! (!KJ-X)
3 /3(CY~)3 

-(%- µ) 2 /2(Y~+Op(n )(%-X)
4 

, 

Proposition 2. 5. Under the assumptions of Proposition 2.1 and Lemma 2 .1, the asymptotic expansions for 

the bounds of the HPD CI, [#,If&] , are 

#=X-z,-a12 (2.11) 

CY 2CY2 [M3z2 CY 2 _ ] 
n + n l-a / 2 __n (x -µ) +O (n-1) . (2.12)2 2 2

CY
2 + nCY 3nCY nCY P n n 

For the consistency of the proposed HPD approach, we present the next Proposition. 

Proposition 2.6. Under the assumptions of Proposition 2.3, the CI bounds # and !j{cJ in Equation (2 .10) 

satisfy 

Pr(# < 0 < % ) =1- a + 0 P ( n-o.s) . 

2.3 The General Case of the Data-Driven CI Estimation 

In order to extend the results developed in the previous sections, we define the log EL function as 

where the probability weights P; E (0,1) , for i = 1, ... , n. We assume for simplicity that oG(u, 0) I 80 > 0 

or 8G(u,0) / 80 < 0 , for all u . Define BM as a solution of the equation n-' I ;=, G(Xi ,0) =0. In the case 

of G(Xi , 0) = X i - 0 , the parameter 0 is the mean of data that is considered in Sections 2 .1 and 2 .2 . We 
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construct the nonparametric posterior density function as 

where lrc(B) = log(exp(lc(B) )n") is the log EL ratio. The posterior density function hEc (B IX) can be 

applied to denote the data-driven CI estimation via two strategies, the Bayesian ET and HPD CI 

estimations. Toward this end one can use Equations (2.3) and (2 .10) by applying the function hEc(B IX) 

instead of hE (0 I X) . 

In a similar manner to the CI evaluations presented in Sections 2.1 and 2.2 regarding the data

driven ET CI estimation with bounds [QL , Qu] , we have the following asymptotic propositions. 

Proposition 2. 7. Assume E I G(X 1, 0) 1
4 < oo , and ;rr(0) is twice continuously differentiable m a 

neighborhood of BM , then the lower and upper CI bounds QL and Qu satisfy the equations 

The next proposition provides the asymptotic evaluations of the HPD CI estimation with the 

bounds [ QL, Qu] . 

Proposition 8. Under the assumptions of Proposition 2.7, the lower and upper HPD CI bounds, 

QL and Qu,asymptotically satisfy the equations 
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exp[-n(~L-Xr/2(J~n +nM! (~L -Xr /3( (J~n r+QP(n)(~L-Xr}r(~L) 

=exp [ - n (~ u - X r / 2(j~n + nM! (~ u - X r / 3 ( (j~n r+0 p ( n) (~ u - X) 4

] tr(~u) , 

We note that one can easily derive asymptotic expression for the CI bounds in general case by 

directly using the proof strategies of Propositions 2.2 and 2.5 when the prior distribution is in Gaussian 

form. The following proposition confirms that the proposed nonparametric procedures are consistent. 

Proposition 2.9. Under assumptions of Proposition 2.7, we have 

Remark 1. We defined the log EL function, lc(B) in a manner that has been extensively dealt with in the 

EL literature (e.g. , Owen, 1988, 2001 ; Vexler at al. 2014b). In this case, the constraint L~=l G(X;,0) =0 

reflects empirically the functional meaning of the parameter 0 in the form E(G(X1, 0)) = 0 , where G is 

known. One can consider scenarios when the function G is unknown, for example, in the context of 

quantile estimation (e.g. , Chen and Hall 1993). In a subsequent research, we plan to address this problem. 

Further studies are needed to evaluate the Bayesian type EL CI approach in this framework. 

2.4 Monte Carlo study 

In this section, we carry out an extensive MC study in order to evaluate the behavior of the proposed CI 

estimation with fixed significance level set at 5%. Limpert et al. (2001) showed that many measurements 

of markers related to health and social science have skewed distributions. Toward this end, we focus on 

simulating data for this numerical study following the distribution function Pr(X
1 

< t) = f~+exp (a} i
2

) f(x)dx , 

where f(x) is a LogNorm(O, (j/ ) density distribution with (J1 = 1, 1.5, 2 and 0 = EX1 = 0. It is known 
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that for normally distributed data EL methods demonstrate good properties, whereas EL type procedures 

based on lognormal-type distributed data can lead to unstable results (e.g., Vexler at el. 2009). In these 

Monte Carlo evaluations we also generated data from aN(0,1) distribution. We consider the following 

prior distributions in our simulation study: JZ"(0) = (2na-~)---0 5 exp(-(0-d) 2 /(2a-~)) with d = 0,1 and a-1[ 

= 0.25 , 0.5, 1. These priors reflect different scenarios depicting our "relative confidence" with respect to 

the prior information pertaining to the unknown parameter 0 = EX . At each baseline distribution and 

prior density function, we generated 5000 samples of size n = 7, 15, 25 , 50, 100. The 95% classical 

nonparametric CI is lX~I.96 ~ , where a-~ is the sample variance. The proposed method uses the 

EL functions instead of the parametric joint density functions in Bayesian CI estimation. In several 

scenarios, Bayesian credible sets can demonstrate poor frequentist properties (e.g., Szabo et al. 2015). 

Proposition 2.3 ensures that the coverage probability of the new data-driven CI estimation is controlled 

asymptotically in the frequentist context. We evaluate the frequentist coverage based on finite samples. 

The criteria for comparison are the MC coverage probability (CP) and the MC average length of the CI 

(LG). Table 2.1 demonstrates the MC results. 

For the cases of lognormally distributed data with priors (2na-~)---0 5 exp(-(0-d) 2 /(2a-~)) that 

provide correct information regarding 0 when d = 0 , the CPs of the proposed CI estimations (both the 

ET and HPD CI estimators) are almost uniformly closer to the expected 95% level than those of the 

classical CI estimation. The LGs of the proposed method are shorter in most cases. When the skewness of 

the lognormal distribution increases, the above conclusions are magnified. When using the misspecified 

prior, N(l,1) (d = 1) , the proposed method maintains similar CPs with a little increase in LGs as 

comparing to the classical method. For the cases of baseline data from normal distributions with the 

correctly specified priors, the performance of the proposed methods are comparable to the classical 

method. In these cases the classical CI method is a product of the parametric maximum likelihood 

technique and then can be expected to be very efficient. 
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In the supplementary materials, we compare the proposed nonparametric approach with the 

following methods : (1) the inverse Edgeworth expansion based method proposed by Hall (1983); (2) the 

parametric Bayesian CI estimation; (3) a frequentist method for improved CI estimation of the log-normal 

mean; and (4) the classical EL confidence interval estimation (Owen 2001). In the considered MC 

scenarios, the data-driven CI estimation outperforms Hall ' s approach. Perhaps, this event is a result of the 

fact that in order to obtain the confidence intervals using Hall ' s method it is required to estimate several 

unknown parameters within the corresponding asymptotic approximations. The estimators of the 

parameters can be very biased when skewed data are used. The proposed CI approach demonstrates better 

CPs and LPs than those provided by the classical EL method. In the context of the comparisons with (2.2) 

and (2.3), the new distribution-free CI estimation shows results that are very close to outputs of the 

parametrical methods. 
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Table 2.1 The Monte Carlo coverage probabilities (CP) and average lengths (LG) for the CI estimation 
of the mean. The Z indicates the results of the classical CI estimation. 

X ; ~ exp((;) - exp(0.5), (; ~ N(0,1), i = 1, ..., n. X; ~ exp((;) - exp(0.5), (; ~ N(0,1), i = 1, ..., n. 

Prior: 1r ~ N(0,l ) Prior: 1r ~ N(0,0.5) 

z ET HPD z ET HPD 

N CP LG CP LG CP LG CP LG CP LG CP LG 

7 75.7% 2.33 76.5% 1.52 75.8% 1.50 78.1% 2.54 80.1% 1.19 79.8% 1.19 

15 83.5% 1.88 86.6% 1.45 86.3% 1.43 82.9% 1.81 90.0% 1.14 89.7% 1.14 

25 86.8% 1.51 89.8% 1.31 89.5% 1.28 86.6% 1.46 92.5% 1.06 91.9% 1.05 

50 89.9% 1.10 92.1% 1.07 92.3% 1.05 89.9% 1.10 93.8% 0.91 93.7% 0.90 

100 91.6% 0.78 92.9% 0.81 93.1% 0.80 91% 0.80 94.1% 0.74 94.7% 0.73 

Prior: 1r ~ N(0,0 .25) Prior: 1r ~ N(l,l ) 

z ET HPD z ET HPD 

N CP LG CP LG CP LG CP LG CP LG CP2 LG 

7 78.6% 2.32 83.6% 0.79 84.3% 0.79 77.1% 2.38 75% 1.65 76.8% 1.65 

15 82.9% 1.76 93.1% 0.79 93.0% 0.79 82.9% 1.80 84.4% 1.59 85.9% 1.57 

25 85.6% 1.45 95.8% 0.76 95.4% 0.76 87.7% 1.50 86.6% 1.46 88.3% 1.43 

50 89.9% 1.10 96.97% 0.70 96.8% 0.69 89.9% 1.10 90.0% 1.17 90.5% 1.14 

100 91.8% 0.81 96.96% 0.60 96.7% 0.60 91.8% 0.81 90.1% 0.89 91.5% 0.87 

X ; ~ exp( S; ) - exp(2), ( ~ N(0,2), i = 1, ... , n. X ; ~ exp( ( ) - exp(l.5 2 
/ 2) , ( ~ N(0,1.5), i = 1, ..., n. 

Prior: 1r ~ N(0,l ) Prior: 1r ~ N(0,l ) 

z ET HPD z ET HPD 

N CP LG CP LG CP LG CP LG CP LG CP LG 

7 50.8% 20.5 63.9% 3.04 64.1% 3.04 64.2% 7.34 70.7% 2.46 69.9% 2.45 
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15 56.3% 18.6 78.8% 3.46 78.7% 3.46 71.8% 5.60 81.0% 2.51 80.3% 2.50 

25 66.3% 17.51 88.3% 3.60 88.3% 3.60 75.8% 4.57 86.8% 2.45 85.3% 2.43 

50 69.6% 12.79 92.6% 3.60 92.5% 3.59 81.7% 3.54 90.9% 2.28 89.7% 2.26 

100 74.8% 10.38 95.7% 3.51 95.7% 3.50 84.1% 3.05 93.8% 2.03 92 .5% 2.00 

xi,...,xn - N (O,l) I xi,...,xn - N (O,l) I 

Prior: ff ~ N (0,0.5) Prior: ff ~ N (0,1) 

z ET HPD z ET HPD 

N CP LG CP LG CP LG CP LG CP LG CP LG 

7 89.8% 1.42 88.5% 1.03 89.1% 1.02 91.3% 1.44 88.4% 1.20 88.6% 1.19 

15 92.5% 0.99 94.6% 0.87 94.7% 0.86 91.2% 0.99 90.9% 0.95 91.1% 0.94 

25 94.2% 0.78 95.7% 0.73 95.8% 0.73 93.4% 0.78 93.9% 0.77 94.0% 0.77 

50 94.1% 0.55 95.4% 0.54 95.4% 0.54 94.1% 0.55 94.6% 0.56 94.5% 0.56 

100 95.3% 0.39 95.8% 0.39 95.9% 0.39 94.9% 0.39 95.4$ 0.39 95.4% 0.39 
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To evaluate the accuracy of Propositions 2.2 and 2.5 , 5000 samples of sizes n = 50, 200, 300, 400 and 

500 were generated from both the normal distribution N (0 ,1) and the exponential distribution Exp(l). 

We used the prior density function n(0) =(21r) --0.s exp(-(0) 2 I 2). For each MC generation, we calculated 

values of the quantiles ~ 1 =n lqL - qAL I where qAL 

and 

X-1.960-nI(o-: +n)-05 +(1.28M~ I no-: - Xo-: In) such that q AL and /YgL represent the asymptotic ET 

and HPD CI bounds defined in Equations (2.8) and (2.11 ), respectively. We plot the Monte Carlo average 

values of i'11 and i'1 2 against the sample sizes in Figure 2.1. The MC results showed the asymptotic 

propositions provide accurate approximations. 
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Figure 2.1 The numerical evaluations of the results ofPropositions 2 and 5. The plot of the average values 

of 11, and 11 2 ( curves " - " and "- -" respectively) against sample sizes, the x-axis. Panel (a) and Panel (b) 

represents the results based on X - N(0,1) and X - Exp(l) , respectively. 
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2.5 Data example 

In this section, a real-life data example is presented in order to illustrate the applicability of the proposed 

method. The example is based on a sample from a study that evaluates biomarkers related to the 

myocardial infarction (MI). The study was focused on the residents of Erie and Niagara counties, 35-79 

years of age. The New York State department of Motor Vehicles drivers' license rolls was used as the 

sampling frame for adults between the age of 35 and 65 years, while the elderly sample (age 65-79) was 

randomly chosen from the Health Care Financing Administration database. We consider the biomarker 

"glucose" that is often used as a discriminant factor between individuals with and without MI disease ( e.g., 

Schisterman et al. , 2001). A total of386 measurements of glucose biomarker were evaluated by the study. 

Half of them were collected on cases who survived on MI and the other half on controls who had no 

previous MI. In order to implement the proposed method, results of the population-based study described 

in Schisterman et al. (2001) were employed to provide the prior information of the parameter, the 

population mean of the glucose level. Based on the research of Schisterman et al. (2001 ), it is reasonable 

to assume that N(105.04, 33.382
) and N(161.85, 68.042

) are the prior distributions for the mean of 

glucose in the control and the case groups, respectively. Table 3 presents the results of the proposed 95% 

CI estimation of the mean of the glucose biomarker. 

Based on the Shapiro-Wilk test of normality we reject the normality assumption for the glucose 

data for both the case and control groups (p-values < 0.05) due to the right-skewed distributions. The non

overlapping Cl's provided by the proposed method for the case and control groups suggest there is a 

significant difference in means of glucose levels between the two groups. By contrast, the 95% classical 

CI' s for the case and control groups overlap and do not provide this conclusion. 
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Table 2.2 The 95% CI estimators of the mean of the glucose biomarker. 

Equal-tailed CI HPD CI Classical CI 

Case group [106.17, 116.85] [105.87, 116.46] [105.26, 115.55] 

Control group [99.78, 105.98] [99.61 , 105.76] [99 .28, 105 .28] 
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2.6 Concluding remarks 

The nonparametric technique for incorporating prior information into the CI estimation in the Bayesian 

manner was developed. The asymptotic propositions showed that the proposed method can improve the 

CI estimation with an adjustment for skewed data. The Monte Carlo study confirmed that the proposed CI 

estimation is more accurate relative to the coverage probability aspect than that of the classical CI 

estimation and has shorter length of CI estimation. To demonstrate the applicability of the proposed 

method we applied our method to the study of a glucose biomarker for myocardial infarction. 
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CHAPTER 3 Empirical Likelihood Approach for Evaluating Probability 

Weighted Moments 

3.1 Introduction 

Greenwood et al. (1979) introduced probability weighted moments (PWMs) as a generalization of the 

conventional moments of a probability distribution. PWMs are widely used for modeling extremes of 

natural phenomena. For example, applications of statistical methods based on PWMs are of considerable 

importance in hydrology, since the concept of the PWMs is very efficient for estimating statistical 

characteristics of the tails of distribution functions pertaining to features such as 50, 100 and 1,000 year 

floods. Commonly, PWM based techniques provide favorable estimation properties when using samples 

with relatively small sizes and are computationally straightforward to calculate (Hosking et al. 1985b; 

Katz et al. 2002). Researchers have proposed using PWM based methods to quantify the uncertainty 

related to annual maxima ofdaily stream flows ofrivers (Flood Studies Report 1975; Hosking et al. 1985a; 

Wallis and Wood 1985). 

Hosking et al. (1985b) studied PWMs in the form of /Jr=Elx(F(X))' J, the expectation of 

X(F(X))' ,where X is random variable with distribution function F and r is an integer. The authors 

applied the method of PWMs to estimate characteristics of the generalized extreme value distribution, 

which is related to the limiting distribution of the maximum of a series of independent and identically 

distributed (i.i.d) observations. Several important properties of data distributions can be estimated and 

summarized in functional forms depending on /Jr' s. For example, certain linear combinations of /Jr' s can 

be interpreted as measures of the scale and shape of a probability distribution, e.g. , multiples of 2/J, - /30 

can be used as assessments of scale parameters of a distribution function (Hosking et al. 1985b) and 
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6/32 -6/31 + /30 denotes a skewness characteristic of a distribution function (Stedinger 1983). More 

generalized linear combinations of the PWMs can be constructed by employing orthogonal polynomials 

in a manner of specific PWMs called L-moments (Hosking 1990). Following the approach of Hosking et 

al. (1985b), in this chapter we focus on the PWMs in the form of /J,. . 

We develop an empirical likelihood (EL) based method for inferences about /J,. . The statistical 

literature has shown that the EL methodology is a very powerful inference tool in the nonparametric 

statistics domain (Qin and Lawless 1994; Lazar and Mykland 1998; Owen 2001 ; Vexler et al. 2009, 

2014a). In order to provide background on the EL concept, we consider the commonly used EL ratio test 

for the null hypothesis that H 0 : E(Xi) = 0 , based on i.i .d observations Xi,···, X 
11 

In this case, the EL• 

function has the form EL= fT= P; , where the probability weights P; ' s are derived by maximizing the 
1 

EL function under empirical constraints L;~ P; = I and L;=X;P; = /30 corresponding to the null 
1 1 

hypothesis. In this manner /J0 represents the population mean. Under alternative hypothesis H 1 , the EL 

11function is given by by EL = n- , since fJ:~P; is maximized by P; = n-1 when the only constraint 
1 

L'.~,P; = I is in effect. Then the log EL ratio is defined as logELR(/Jo) =rr=l nP; . In this framework, 

values of P; 's can oftentimes be obtained numerically by solving Lagrangian equations regarding the 

maximization ofEL given the constraints. The classical EL ratio test based on the statistic - 2 logELR(/30 ) 

has asymptotically a ;c 2 -distribution according to the nonparametric Wilks' theorem (Owen 1990). In this 

chapter we propose the EL inference of /J ,. as an extension to the classical EL technique. We derive the 

asymptotic distribution ofthe proposed EL ratio test under the null distribution, developing the appropriate 

nonparametric version of the Wilks theorem. An extensive Monte Carlo (MC) study confirms the 

efficiency of the proposed methodology. 
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We apply the proposed method to develop an EL based test for the Gini index. The Gini index is 

a widely used measure for assessing distributional inequality. Let X and Y be two independent random 

variables from the same distribution F(x) = Pr(X::; x). The Gini mean difference was first defined in 

Gini ( 1912) as a distributional scale measure D = E I X - Y I and the Gini index can be regarded as the 

normalized Gini's mean difference G = D /(2µ) , whereµ= f xdF(x) is the population mean. The Gini 

index can also be expressed as the area between the 45-degree line and the Lorenz curve. The Lorenz 

curve, proposed by Lorenz (1905), is commonly used measure of distributional inequality and the 45-

degree line represents perfect equality. 

This chapter is organized as follows . In Section 3.2, we first review the existing techniques for 

estimating the PWMs and propose a novel estimator of /Jr. This scheme to construct the new estimator 

motivates us to generalize the existing methods by developing the EL inferences of PWMs. The 

asymptotic distribution of the proposed EL test statistic is derived. This approximation is useful to 

construct the EL type CI estimations and to determine corresponding critical values of the proposed EL 

ratio test. The application of our method to the Gini index is shown in Section 3.2. In Section 3.3, an 

extensive MC study is conducted to investigate the performance of the proposed methodology and the 

theoretical results. Section 3.3 shows the numerical comparison between the proposed method and the 

known procedures. In Section 3.4, a real data example ofmyocardial infarction disease is used to illustrate 

the applicability of the proposed method. This data set is based on the biomarker related to heart disease. 

In Section 5, some conclusions are drawn. The appendix B ofthis chapter consists ofproofs corresponding 

to the theoretical results and R code to implement the proposed method. 

3.2 Method 
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In this section, we outline the known estimation schemes regarding PWMs and construct a new estimator 

of /Jr.Then we extend the classical EL methodology to be suitable for /Jr and the Gini index evaluations. 

The asymptotic distributions of the proposed EL ratio statistics are presented in this section. 

3.2.1 Estimators of the PWMs 

Given a random sample X 1, ••• , X 
11 

of size n from an unknown distribution function F , estimation of /3,. 

is most conveniently based on the order statistics X 0l ~ Xc2i ~ A ~ Xc
11
J . Landwehr et al. (1979) proposed 

the estimator of /3,. as 

~ - I 11 . ,. j-l 
b ,. = n Lk1,11 x (j) with k j,n =IT--. 

1=1 '=' n -l 

To construct this estimator the authors focused on the relationships between moments of order statistics 

and /3,. . Gelder and Pandy (2005) numerically compared the value of kJ,n with (J I n)' to show that 

k 
11 
~ (j I nY for all j ' s. Hosking et al. (1985b) estimated /3,. using the form 1, 

11 

b = I" ,. X,. n -L.iqJ,n (j)' 
j =I 

where q _ is a plotting position which is a distribution free estimate of F(Xrn ) and usually it is chosen 1 11 

to be q1_ =(j-a) /n, 0 <a <1. Here F(x) = P(X, ~ x). Hosking et al. (1985b) employed an extensive
11 

simulation study to confirm that b,. with the choice of a= 0.35 was the overall best estimator of Pr 

among a wide set of estimators. This estimator is asymptotically equivalent to b,., derived by Landwehr 

et al. (1979). More recently in Section 11.4 of the book presented by David and Nagaraja (2003), the 

empirical estimator of /J,. is shown to be 
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The idea ofconstructing b,. and b,. is directly followed by replacing the unknown distribution function F 

in the definition of /J,. with its empirical counterpart F,,(u)= Li;=J(X<;J ~u)! n , where/(·) denotes the 

indicator function. 

We consider the following approximation scheme 

n X ui n Xu i 

[J,. = fx[F(x)]' dF(x) ~ L fx[F(x)]' dF(x) ~ LX<;J f[F(x)]" dF(x) 
i=I X U- I ) i=I X U- I ) 

This simple technique implies the new formula to estimate /J,. using 

It turns out that asymptotically b,. behaves similarly to the well-known estimator b ,. (for details, see 

Remark Al presented in the supplementary materials) . 

To compare the estimators b,., b,. and b,. based on fixed-size samples, we employed 1,000,000 

MC generations of the i.i.d. sample {X1, ... , X ,, } at each sample size n and each value of r =1,2,3,4 . In 

this limited numerical study we calculated the MC variances based on normally (X ~ N(0,1)) , 

exponentially (X ~ Exp(l)) and lognormally (X ~ LogN(O,l)) distributed observations. Table 3.1 

demonstrates that the proposed estimator b,. provides the smallest variances for relatively small sample 

sizes in the considered scenarios. The variances of the estimators are asymptotically equivalent 
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Table3.1 TheMCvariancesmultipliedbythesamplesize: V'i =nVar(li,}, V2 =nVar(bJ, ~ =nVar(G;'o). 

The parameters ' values are Pr = 0.283, 0.282 , 0.257, 0.233 for X ~ N(0,1); Pr= 0.750, 0.611 , 0.521 , 

0.457 for X ~ Exp(l); /3,. = 1.253, 1.045, 0.910, 0.814 for X ~ LogN(0,1) and r =1,K ,4 , respectively. 

X ~ N(0,1) X ~ Exp(l) X ~ LogN (0,1) 

n r v1 v2 V3 v1 v2 V3 v1 v2 V3 

15 1 0.3230 0.2886 0.2943 0.6084 0.5584 0.5862 3.6216 3.3556 3.5585 

2 0.1801 0.1510 0.1574 0.4460 0.3815 0.4160 3.1059 2.6865 3.0043 

3 0.1238 0.0974 0.1040 0.3605 0.2884 0.3261 2.8005 2.2660 2.6676 

4 0.0940 0.0694 0.0760 0.3038 0.2277 0.2669 2.5615 1.9412 2.4030 

25 1 0.3098 0.2894 0.2927 0.5978 0.5678 0.5844 3.5907 3.4306 3.5528 

2 0.1692 0.1520 0.1558 0.4326 0.3937 0.4146 3.0747 2.8186 3.0131 

3 0.1136 0.0982 0.1021 0.3411 0.2981 0.3207 2.7384 2.4111 2.6584 

4 0.0848 0.0706 0.0744 0.2860 0.2402 0.2639 2.5067 2.1211 2.4106 

50 1 0.3003 0.2902 0.2918 0.5911 0.5761 0.5844 3.5839 3.5033 3.5649 

2 0.1610 0.1526 0.1544 0.4222 0.4028 0.4132 3.0264 2.8977 2.9956 

3 0.1066 0.0991 0.1010 0.3303 0.3087 0.3201 2.6759 2.5106 2.6356 

4 0.0784 0.0714 0.0733 0.2717 0.2489 0.2607 2.4301 2.2347 2.3818 

100 1 0.2953 0.2903 0.2911 0.5870 0.5795 0.5837 3.5703 3.5300 3.5607 

2 0.1573 0.1531 0.1541 0.4169 0.4072 0.4124 3.0239 2.9589 3.0084 

3 0.1033 0.0995 0.1005 0.3233 0.3125 0.3182 2.6670 2.5833 2.6468 

4 0.0754 0.0720 0.0729 0.2642 0.2528 0.2588 2.4092 2.3102 2.3849 

250 1 0.2930 0.2910 0.2913 0.5831 0.5801 0.5817 3.5478 3.5317 3.5440 

2 0.1552 0.1536 0.1539 0.4135 0.4097 0.4117 3.0061 2.9801 2.9999 
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3 0.1011 0.0996 0.1000 0.3188 0.3145 0.3168 2.6477 2.6141 2.6396 

4 0.0734 0.0721 0.0724 0.2608 0.2563 0.2586 2.3840 2.3442 2.3742 

1200 1 0.2914 0.2910 0.2911 0.5836 0.5829 0.5833 3.5675 3.5642 3.5667 

2 0.1536 0.1533 0.1533 0.4107 0.4099 0.4103 3.0000 2.9945 2.9987 

3 0.1000 0.0997 0.0997 0.3182 0.3173 0.3178 2.6357 2.6287 2.6340 

4 0.0723 0.0720 0.0721 0.2587 0.2578 0.2583 2.3774 2.3691 2.3754 

One can extend the estimation scheme based on F,,(u) by using the general form of the empirical 

distribution function F,,(u) =Ii;~ wJ(X(i) ~ u) , where the weights w;'s, 0 < Wi,··· , w11 < 1 , satisfy the
1 

assumption Ii;~ w; =1. This approach implies more general forms of the estimators of Pr. For example, 
1 

we can rewrite the estimators b,. and b,. as 

Associating the weights w; 's and the probability weights P; 's in the EL framework allows us to 

develop EL inference about PWMs. For clarity and simplicity of explanation we will focus on b,. type 

constructions. The proposed EL type procedure can be modified using b,. and b ,. type algorithms. Note 

that, in the context of a b,. -based EL technique, we propose an exact algorithm to compute values of 

P ;, i = 1, ... , n , whereas, e.g., b ,. -based-EL's methods require very complicated schemes to estimate the 

corresponding probability weights. In a subsequent research, we plan to address this issue in the aspect of 

general EL L-estimate-type constructions, including linear combinations of PWMs. Towards this end 

sequential linearization of EL constraints and data-driven methods will be proposed to approximate 
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probability weights related to b ,. -based-EL type procedures. Further theoretical and Monte Carlo studies 

are needed to complete this research. 

3.2.2 EL Infere nee for /3,. 

Following the materials mentioned in the previous section, one can define the EL function for /3,. as 

where the probability weights O< p, ,K , p 11 < 1, S; = L~='p 1 and we let that I :'=+ P; = 0 and 
11 1 

In order to find the expressions of P; ' s, i =1, ... , n , in L(/3,. ) , we denote the corresponding Lagrangian 

function 

where Ai and ~ are the Lagrange multipliers. Calculating A as roots of au I 8A = 0 , k = 1,... , n, one 

can show that 

Thus, taking into account the constraint S11 = 1 and summing up I :=pk8U I 8A = 0 , we have
1 

(3.1) 

To simplify Equation (3 .1 ), we use the following well-known result that will be oftentimes applied 

throughout this chapter. 

Lemma 3.1. Given two sequences a; and b
1 

ofreal numbers, i , j = 1, ... , n , we have 
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(3.2)tht,b} t,(b,taJl 
Applying Lemma 3 .1 to Equation (3 .1 ), we obtain 

(3.3) 
n n 

=Lx<i/sJ (s; - p;)-Ix(ii{s;_, t' 
i=2 i=2 

i=2 i=2 i=2 

11 

=(r+l)f3r - Ixu/SJp;, 
i=l 

where the constraint I '.~1x (i) ts;t 1 -(SH t 1 
}!(r +1) = Pr is used. 

That is, Equation (3.1) can be rewritten as n-Ai-lir+I)Pr =0. This shows that Ai =n-Ai(r+I)P,. 

and then the equation au I 8p k = 0 yields the expressions for p1,K , p
11 

in the form 

(3.4) 

We have S,, =1, and A2 is a numerical solution of the equation 

Note that values of A2 can be found by applying a standard numerical zero root finding algorithm, e.g. , 

the Newton-Raphson scheme, which has been well equipped in the standard statistical software, can be 

readily employed for this purpose. We use the R (R Development Core Team 2012) functions uniroot and 

optimize to calculate the values of A2 . We illustrate the computing scheme in detail in the next section. In 

the case with r =0 we have the regular expressions for Pi ,K ,p
11 

that are components of the classical EL 

methodology for the population mean estimation (Owen 2001). 
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Now we define the log EL ratio for the parameter /Jr as logELR(fJJ=log(L(/Jr0 n-11 
). In a 

similar manner to the classical EL ratio definition, we denote log ELR(/Jr) =- oo if there are no such P; 's 

that satisfy the constraints z:;=lP; =1 and z::~,x (i) {(s; t 1 
- (si-1 t' }!(r + 1) =/Jr. Such cases can arise 

when the value of /Jr is strongly not appropriate for underlying data distributions. In the 

case of r =0 , the -2 logELR(/30 ) has an asymptotic ;d distribution under the null hypothesis (Owen 

1988). The next proposition extends the nonparametric version of Wilks ' theorem in the context of the 

proposed EL inference of /J,. =EX1(F(X1)Y. 

Proposition 3.1 : Assume that i.i.d data points Xi,··· , X 
11 

are from an unknown distribution function F , 

where its inverse function p -' is continuous almost everywhere. If Ej xJ 3 
< oo then 

d 

- 2 logELR(fJJ ➔ x,2 as n ➔ oo . 

Remark: According to Proposition 3 .1, one can derive the EL ratio test for the hypothesis that says 

EX(F(X)Y = /Jr for a specific value of /Jr. We reject the hypothesis when -2logELR(/Jr) ;::>: X,2 (1-a), 

where X,2 (1 - a) is the 100(1- a)% percentile of the chi-square distribution with the degree of freedom 

one, and a is the significance level. By virtue of the relation between the testing and CI estimation, we 

can obtain the CI estimator of EX(F(X )Y in the form of 

assuming that the nominal coverage probability is specified as 1-a . 

3.2.3 A scheme to implement the proposed EL ratio Technique 

To calculate values of L(/Jr) =fI= P; , we consider the following algorithm. Begin with defining
1 

Pn = 1!ln + ~ (x(n) -(r + 1)/J,.)J and sn-1 = 1- Pn' as a function of Az. Recursively given a value of ~ 
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Sequentially one can obtain values of pi,K , Pn depending on ~ . The appropriate A-2 can be calculated 

by a zero root finding algorithm, e.g. , the Newton-Raphson technique, employed to solve the equation 

I ;=l x (i) {(s; r1-(si-1 r1
}!(r + 1) - /J,. = 0 with respect to ~ . Since I :=l Pk = l , we rewrite the equation 

above in the form of C(~)=O , where the function C(~ )= I :=,pk(Jk-(l+r)/JJ and J k is denoted in 

(3.4) . Note that, in the case of r = 0 , this equation is widely used in the standard EL methodology to find 

values of P; ' s. Plugging the appropriate value for ~ to the expressions of P; ' s, we obtain a value of 

-2logELR(fJ,. ). 

3.2.4 An application of the proposed method to make infere nee regarding the Gini Index. 

The Gini index, G, is given as 

G =E I X -YI =-lf(2F(x)-l)xdF(x) = 2/Ji -/Jo , 
2EX /Jo O /J0 

where /J, and /J0 are the PWMs defined in Section 3.1 andX, Y are two independent random variables 

with non-negative values following the same distribution F(x). 

Following the method proposed in Section 3.2.2, one can define the EL function with respect to /J, and 

/Jo as 

In a similar manner to the computing scheme in Section 3.2.2, one can derive the expressions of A ' s, 

k =l, ..., n , in L(/J1, /J0 ) by solving the corresponding Lagrangian function as 
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Sn =l, and Ai , A-2 are numerical solutions of the equations 

i = l i= l 

Note that values of Ai and A.-2 can be found by applying one of numerical zero root finding algorithms. 

Since /J0 = 2{]1 /(1 + G) , we can rewrite the EL function in the form Lc (G,{]1) = L(/Ji, 2/J1 /(1 + G)) 

. Following the Qin and Lawless (1994) inference method pertaining to G, we propose the maximum EL 

ratio max Le (G, /31)! n-n . The next proposition defines the asymptotic distribution of the maximum EL 
/Ji 

ratio statistic. 

Proposition 3.2: Under the assumptions of Proposition 3.1 , we have 

when EI X 2 -X1 I/ EX1 is known to be equal to 2G. 

The proof of Proposition 3.2 is directly based on a technical combination of the proof scheme of 

Proposition 1 and the results of Qin and Lawless ( 1994 ), and then the proof is omitted. 

Remark: According to Proposition 3.2, one can derive the EL ratio test for the hypothesis 

E I X -Y I/(2EX) = G. We reject the null hypothesis when -2logELR(G, /Jt )::::: x1
2(l-a ), where /J1M 

is the value of /31 that maximizes Lc (G,{]1) and x1
2 (1-a) is the 100(1-a)¾ percentile of the chi-

square distribution with the degree of freedom one, and a is the significance level. By the virtue of the 

relation between the testing and CI estimation, we can obtain the CI estimator of G in the form of 
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assuming that the nominal coverage probability is specified as 1- a . We provide results of a limited MC 

study to compare the proposed method with the EL method of testing the Gini index provided by Qin et 

al. (2010). The method of Qin et al. (2010) suggests using the empirical distribution function 

Fn(x) = L '.'=J(X; < x) / n , while normalizing the Gini index in the EL manner. The MC study 

demonstrated the Type I error control related to the proposed method is significantly more accurate than 

that of the method by Qin et al. (2010). 

3.3 Monte Carlo Evaluations 

In this section, we demonstrate results of a MC study related to comparisons ofproperties of the following 

tests : (1) the proposed EL ratio test; (2) the classical EL ratio test; and (3) a test based on asymptotic 

properties of the estimator br . In order to apply the classical EL technique, we pretend that data in the 

form of Z cil = X u/F(Xul )f , i = I, .. , n, can be observed in order to consider the classical EL ratio test 

for /31 and /32 based on Z 0),···,Zcnl . In this context, we hypothetically assume the underlying data 

distribution is known. In practice, this EL method cannot be performed in the nonparametric setting. 

According to David and Nagaraja (2003), the estimator br has an asymptotic normal distribution. This 

implies constructing a br -based testing procedure. By virtue of the test construction's scheme for br, we 

can expect the b,. -based test will provide good operating characteristics when normally distributed 

observations are used. In this MC experiments, the underlying data distributions were chosen to be in 

Normal, Exponential, Chi-square and Lognormal forms, since the statistical literature (Vexler et al. 2009) 

showed EL type tests provide good properties when data are generated from a normally distributed 

population and the Type I error control is not robust to the scenarios when skewness of data distributions 

is in effect. For each baseline distribution, we repeated 50,000 samples of observations with sizes n =20, 

25 , 50, 150 and 300. We set up the expected significant level of the considered tests to be a= 0.05. Tables 

37 



2-4 present the results of the actual Type I error rates, the power comparisons and the CI estimations, 

respectively. 

Table 3.2 shows the MC Type I error rates of the tests for H 0 : E[XF ,. (X)] = /J,., given different 

sample sizes n. The proposed test and the classical EL ratio test outperform the b,. -based test in the context 

of the Type I error control for most of the considered scenarios. The MC Type I error rates of the proposed 

test are closer to the expected 0.05 than those of the classical EL ratio tests based on the normally 

distributed data with relatively small sample sizes 20, 25 and 50. The proposed test performs well in 

control of the Type I error rates for the exponential distribution based on relatively small samples with 

sizes 25 and 50, and has a fairly good control regarding the Type I error rates for a mildly skewed chi

square distribution, when the sample size is increased to 50. For the heavily skewed lognormal 

distribution, the proposed test has better Type I error rate control than the b,. -based test, and the actual 

Type I error rates of the proposed test are better than the classical EL test for relatively small samples 

sizes n =20, 25 and r=2, the two behave similarly as sample sizes increase to 50, 150 and 300. 

Table 3.3 shows the results of the MC power comparisons of the considered tests when the null 

hypothesis is associated with the three scenarios: (1) /J, = 0.75 and /32 = 0.61 , (2) /J, = 0.2821 and 

/32 = 0.2820 , and (3) /J, = 1.2534 and /32 = 1.0448. Corresponding to these scenarios, the alternative 

data distributions were: (a) X ~ Exp (rate) with rate=0.9 (/31 = 0.83 , /32 =0.68); rate=0.8 (/31 =0.94 , 

/32 = 0.76 ); rate=0.7 ( /J, = 1.07 , /32 = 0.97 ); and that rate=l is related to scenario (1); (b) 

X ~ Normal(0,CY 2 
) with CY 

2 = 4 ( /31 = 0.5642 , /32 = 0.5641 ); CY 2 = 9 ( /31 = 0.8469 , /32 = 0.8467 ); 

and that CY 
2 =1 corresponds to scenario (2); (c) X ~ Lognormal(0,CY2 

) with CY 2 =2.25 (/31 =2.6354 , 

/32 = 2.3589); CY 
2 = 4 (/31 = 6.8079 , /32 = 6.3972); and that CY 

2 = 1 corresponds to scenario (3). In the 

normal cases, b,. -based test is expected to have good performance due to its construction mentioned in 
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Sec. 3. When r =1, the proposed test is more powerful than the b,. -based test, and the EL test is a bit 

more powerful than the proposed test. Note that the EL test based on ZciJ 'sis used here for the purpose of 

illustrating how the proposed test performs by comparing with a test that uses some unobserved 

information as noted in the beginning of this section. For the mildly skewed exponential cases, the 

proposed test is the most powerful one among the considered tests for /31 • When r = 2 , the b,. -based test 

has the largest actual power for sample sizes n =20, 25. As the sample size increases up to 50, the proposed 

test has the largest actual power. For the heavily skewed lognormal cases, the proposed test is the best of 

all the three test procedures for most considered cases. And the proposed test is significantly more 

powerful than the other two tests especially for relatively small sample sizes n =20, 25 (r= 1). 

In Table 3.4, the 95% Cl's for /31 and /32 are investigated via CI mechanisms based on inverting 

hypothesis tests. In the normal case, the proposed test provides the actual coverage probabilities (CP) that 

is closer to the target 0.95 than those of the b,. -based CI estimation. Specially, the proposed CI estimation 

performs reasonably well and is more competitive than the b,. -based CI estimation in cases ofrelatively 

small sample sizes n=20, 25. Similar results hold for data generated from skewed distributions of 

exponential, xf and lognormal. Note that the classical EL CI estimation is hypothetically used to compare 

with the proposed CI estimation. The two have similar results for most considered cases. In practice the 

EL CI estimation however cannot be used in nonparametric setting. 

Table 3.2 The MC Type I Error rates of the considered tests based on samples followed the null 
distributions: Normal(0, 1) , Exp(l) , xf, Lognormal(0, 1) distributions. The sample sizes n= 20, 25 , 50, 
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150 and 300 and r= 1,2 at E[XFr (x)]. The notations: pro.test, EL.test, br .test correspond to the proposed 

EL ratio test, the classical EL ratio test, and the test based on the asymptotic properties of br, respectively 

(The expected Type I error is 0.05). 

X ~ Normal(0,1) Sample sizes 

r Test 20 25 50 150 300 

r=l pro.test 0.077 0.067 0.058 0.054 0.050 

EL.test 0.083 0.072 0.064 0.054 0.047 

br .test 0.098 0.087 0.072 0.056 0.056 

r=2 pro.test 0.055 0.051 0.053 0.057 0.051 

EL.test 0.089 0.080 0.056 0.057 0.051 

br .test 0.107 0.100 0.070 0.062 0.056 

X ~ Exp(l) 20 25 50 150 300 

r=l pro.test 0.115 0.084 0.076 0.055 0.051 

EL.test 0.110 0.083 0.073 0.054 0.052 

br .test 0.136 0.108 0.086 0.063 0.055 

r=2 pro.test 0.034 0.050 0.078 0.059 0.058 

EL.test 0.113 0.095 0.074 0.061 0.056 

br .test 0.146 0.132 0.093 0.071 0.061 

X ~ z f 20 25 50 150 300 

r=l pro.test 0.097 0.092 0.069 0.059 0.051 

EL.test 0.080 0.082 0.065 0.056 0.058 

br .test 0.103 0.103 0.075 0.060 0.058 

r=2 pro.test 0.057 0.051 0.076 0.059 0.051 

EL.test 0.098 0.084 0.063 0.056 0.049 

br .test 0.131 0.114 0.077 0.066 0.062 

X ~ Lognormal(0,l) 20 25 50 150 300 

r=l pro.test 0.153 0.135 0.106 0.082 0.058 

EL.test 0.141 0.119 0.092 0.072 0.065 

br .test 0.189 0.165 0.123 0.094 0.077 
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r=2 pro.test 0.059 0.065 0.108 0.075 0.059 

EL.test 0.157 0.146 0.100 0.074 0.059 

br .test 0.209 0.197 0.143 0.098 0.082 
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Table 3.3 The MC power comparisons of the tests for Elx(F(x))' J= Pr, r = 1,2 based on Xi,···, xn ~ 

Exponential , Normal and Lognormal . 

X 2 ~ Normal (0, a- ) n 

r=l 20 25 50 150 

a-2=4 pro.test 0.21 0.29 0.53 0.90 

EL.test 0.24 0.29 0.52 0.91 

br .test 0.21 0.25 0.46 0.87 

a-2=9 pro.test 0.36 0.44 0.72 0.98 

EL.test 0.43 0.51 0.78 0.99 

br .test 0.35 0.41 0.68 0.95 

r=2 20 25 50 150 

a-2=4 pro.test 0.33 0.41 0.69 0.99 

EL.test 0.33 0.40 0.63 0.98 

br .test 0.42 0.49 0.74 0.99 

a-2=9 pro.test 0.61 0.69 0.95 1.00 

EL.test 0.60 0.67 0.95 1.00 

br .test 0.65 0.70 0.94 1.00 

X ~ Exp(rate) n 

r=l 20 25 50 150 

rate =0.9 pro.test 0.11 0.11 0.14 0.26 

EL.test 0.10 0.10 0.13 0.25 

b,. .test 0.10 0.10 0.11 0.20 

rate =0.8 pro.test 0.19 0.21 0.36 0.78 

EL.test 0.18 0.15 0.36 0.78 

b,. .test 0.15 0.16 0.28 0.73 

r=2 25 50 150 

rate =0.9 pro.test 0.08 0.09 0.12 0.27 

EL.test 0.11 0.10 0.12 0.26 
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br .test 0.12 0.13 0.11 0.20 

rate =0. 8 pro.test 0.18 0.21 0.35 0.77 

EL.test 0.19 0.21 0.36 0.77 

br .test 0.20 0.21 0.29 0.71 

X 2 ~ Lognormal(O ,a- ) n 

r=l 20 25 50 150 

a-2=2 .25 pro.test 0.39 0.46 0.69 0.98 

EL.test 0.32 0.38 0.59 0.95 

br .test 0.12 0.15 0.31 0.86 

a-2=4 pro.test 0.73 0.81 0.99 1.00 

EL.test 0.65 0.74 0.93 1.00 

br .test 0.21 0.28 0.53 0.88 

r=2 20 25 50 150 

a-2=2 .25 pro.test 0.33 0.42 0.74 0.99 

EL.test 0.33 0.36 0.56 0.93 

b,. .test 0.19 0.20 0.36 0.87 

a-2=4 pro.test 0.59 0.65 0.86 0.96 

EL.test 0.64 0.72 0.92 0.99 

br .test 0.30 0.35 0.59 0.87 
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Table 3.4 The MC CI estimations of /J,. , r = 1,2 , when X 1, ... , X
11 

~ Normal(0, 1) , Exp(l) , xf and 

Lognormal(0, 1) with n= 25 , 50, 150 and 300. Notations: The Pro.ci, EL.ci, b,. .ci represent for the 
proposed EL ratio CI estimation, the classical EL ratio CI method, and the empirical estimation CI 
respectively (The expected coverage probability (CP) is 95% and LG denotes the MC average length of 
CI estimation) 

Sample sizes 25 50 150 300 

X ~ Normal(O,l) CP LG CP LG CP LG CP LG 

Pro.ci 0.94 0.41 0.94 0.29 0.95 0.17 0.95 0.12 

r=l EL.ci 0.93 0.45 0.93 0.32 0.96 0.18 0.94 0.13 

b,. .ci 0.91 0.41 0.93 0.29 0.95 0.17 0.93 0.12 

Pro.ci 0.89 0.33 0.92 0.26 0.94 0.15 0.95 0.10 

,=2 EL.ci 0.89 0.40 0.91 0.29 0.94 0.17 0.95 0.11 

b,. .ci 0.87 0.29 0.91 0.21 0.96 0.13 0.94 0.09 

X ~ Exp(l) CP LG CP LG CP LG CP LG 

Pro.ci 0.91 0.54 0.93 0.41 0.95 0.24 0.95 0.16 

r=l EL.ci 0.93 0.75 0.94 0.55 0.94 0.32 0.95 0.22 

br .ci 0.88 0.54 0.90 0.40 0.94 0.24 0.96 0.17 

Pro.ci 0.86 0.74 0.91 0.71 0.97 0.69 0.96 0.67 

,=2 EL.ci 0.88 0.73 0.92 0.53 0.98 0.31 0.96 0.21 

b,. .ci 0.84 0.44 0.91 0.32 0.98 0.21 0.95 0.14 

X ~xf CP LG CP LG CP LG CP LG 

Pro.ci 0.90 2.11 0.92 1.90 0.94 0.86 0.95 0.41 

r=l EL.ci 0.91 1.93 0.92 1.37 0.93 0.80 0.96 0.56 

b,. .ci 0.90 1.29 0.92 0.93 0.93 0.56 0.93 0.40 

Pro.ci 0.86 1.37 0.93 1.36 0.93 0.89 0.93 0.75 

,=2 EL.ci 0.89 1.81 0.93 1.36 0.94 0.77 0.95 0.55 

b,. .ci 0.87 0.97 0.91 0.77 0.91 0.46 0.94 0.34 

X ~ Lognormal(O,l) CP LG CP LG CP LG CP LG 

Pro.ci 0.87 2.32 0.90 2.16 0.92 1.56 0.95 1.54 

r=l EL.ci 0.86 1.50 0.92 1.16 0.93 0.67 0.93 0.50 
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br .ci 0.82 1.51 0.88 0.91 0.89 0.54 0.92 0.42 

Pro.ci 0.82 1.37 0.85 1.10 0.93 0.69 0.94 0.51 

r=2 EL.ci 0.88 1.56 0.88 1.11 0.94 0.69 0.95 0.48 

br .ci 0.83 1.06 0.83 0.78 0.90 0.52 0.92 0.37 
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3.4 Data Example 

In this section, a real data example is presented to illustrate the applicability of the proposed method. The 

example is based on data from a study that evaluated biomarkers related to the myocardial infarction (MI). 

The study was focused on the residents of Erie and Niagara counties, 35-79 years of age (Schisterman et 

al. 2001). The New York State department of Motor Vehicles drivers' license rolls was used as the 

sampling frame for adults between the age of 35 and 65 years, while the elderly sample (age 65-79) was 

randomly chosen from the Health Care Financing Administration database. We consider the biomarker 

"Vitamin E" supplement that is often used to quantify antioxidant status of an individual and scientific 

literature showed that it could prevent heart disease (Rimm et al. 1993). A total of 2390 measurements of 

Vitamin E were evaluated by the study. 547 of them were collected on cases who survived on MI and the 

other 1843 on controls who had no previous MI. 

To illustrate and examine the proposed EL method using the Vitamin E data we employ the 

following technique: The strategy for the case group was that a sample with size n was randomly selected 

from the Vitamin E data to estimate the Cis at the 95% level ofthe PWMs /31, say [ a, b] using the proposed 

CI method and the b r -based CI method that utilizes an asymptotic normal approximation. Note that the 

EL ratio test cannot be used in this nonparametric setting since the distribution of the Vitamin E data is 

unknown. The rest of the data (547-n observations) are used to compute the /31 using the existing 

estimator b 1 in Section 3 .2 .1. The value of ( 54 7-n) was chosen to be relatively large so that the calculated 

b, estimator are close to the theoretical value of /31. We repeated this strategy 3,000 times observing the 

frequencies of the event of b I E [a , b]. We repeat the same process for the control group. Table 3.5 

presents these results for the different sample sizes of n=25 and 50. The outcomes in Table 3.5 show that 
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the proposed method provides the coverage probabilities that are closer to the expected 0.95 level than 

those of the br -based method. 
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Table 3.5 The coverage probabilities related to the Vitamin E evaluation. (The expected coverage 
probability is 0.95) 

Case group (N=547) Control Group (N=1843) 

Sample size n Proposed CI b -CIr 
Proposed CI b -CIr 

25 93.8% 90.3% 92 .5% 89.4% 

50 94.8% 91.0% 93 .9% 91.4% 
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Thus the proposed method can be recommended to construct CI estimator of /31. The results for 

95% CI estimations of /31 and /32 with respect to the Vitamin E biomarker for both the case and control 

groups are shown in Table 3.6. The results show that the proposed CI estimation is very similar to the b r 

-based estimation proposed by David and Nagaraja (2003). Both methods show evidence that the levels of 

/31 and /32 of the Vitamin E Biomarker are significantly different among the case and control groups. We 

notice that the proposed method may have some skewness-correction for the CI estimation with respect 

to the skewed underlying data distribution based on the advantage ofthe empirical likelihood methodology 

(Vexler et al. 2009). 
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Table 3.6 The 95% CI estimation of {]
1 

and [3
2 

related to the Vitamin E biomarker with respect to the 
case and control groups. 

Case group (N=547) Control Group (N=1843) 

Proposed CI (7.692, 8.345) (5.839, 6.240) (8.374, 8.717) (6.227, 6.506) 

(7.671 , 8.344) (5.696, 6.240) (8.360, 8.770) (6.217, 6.556)b r -CI 
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3.5 Concluding Remarks 

In this chapter, we proposed a general scheme to construct EL inference of the PWMs. The asymptotic 

evaluation of the proposed method can be considered as an extension of the nonparametric version of 

Wilks theorem. The statistical test and CI estimation of the PWMs are derived based on the asymptotic 

proposition. An extensive MC study confirmed the efficiency of the proposed method across a wide 

variety ofunderlying data distributions especially in the cases ofrelatively small sample sizes and/or data 

generated from skewed distributions. We showed that the proposed method can be easily applied to make 

inference of the Gini index. The real-life example showed excellent applicability of the proposed method. 
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CHAPTER 4 Empirical Likelihood Ratio Tests with Power One 

4.1 Introduction 

Robbins (1970) as well as Robbins and Siegmund (1970) proposed the parametric likelihood ratio type 

tests with power one. Towards this end, the classical inequality obtained by Ville (1939) and Wald (1947) 

was extended to cover cases when the alternative joint density functions have forms of integrated 

likelihood functions in the context related to Bayes factor type procedures (Vexler et al. , 2016a) . The 

extended Vile and Wald inequality was employed to develop probability inequalities based on sums of 

independent and identically distributed (i.i.d.) random variables, providing a scheme to construct very 

accurate sequential procedures. These sequential decision-making mechanisms employ threshold bounds, 

which increase as slowly as possible with respect to the involved test statistics. This optimal property is 

confirmed by the law of the iterated logarithm. Thus, any attempt to improve Robbins ' s sequential 

schemes could lead to tests with high error probabilities (Robbins, 1970). 

In nonparametric settings, the modem statistical literature has introduced various results related to 

the I-statistic-based sequential tests with power one (Govindarajulu, 2004; Mukhopadhyay and De Silva, 

2008; Sen, 1981). In this context, we assume that X 1 , X 2 . . . are i.i.d. random variables. Consider the 

parameter 0 = E(X1 ) • In order to test sequentially the one(two )-sided hypothesis : 0 = vs. 

H

H 0 00 

1 : 0 > 00 (H1 : 0 * 00 ) , where 00 is known, one can define the stopping rules N0 (N1) by 

(4.1) 

defines an initial sample size and c
111

k > 0 is a pre-specified constant, k=O , 1, respectively. The 

corresponding decision-making policies consist of the following algorithms 1) We stop sampling and 

reject H 0 in favor of H 1 when Nk < oo; 2) We continue sampling indefinitely and do not reject H 0 if 
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Nk = oo , k=O , 1, respectively. In order to control the Type I error rates of the procedures mentioned above 

at a fixed significance level a, we set values of mk and c"' at ( 4 .1) to satisfy the equation
k 

a=(k+1)[1-ct>{(cmk log(mJ)
112 

}X1+c:~ +log(mk)} related to the one-sided (k=0) or two-sided (k=l) 

hypothesis test, where ct>(y) = (21rf 112 f exp(-x2 I 2)dx . These rules are asymptotic with respect to 
00 

m ➔ oo (Mukhopadhyay and De Silva, 2008; Sen, 1981). 

We derive the sequential empirical likelihood ratio (ELR) tests with power one. It is well-known 

that in retrospective settings, the empirical likelihood (EL) methodology can significantly improve t

statistic type procedures (Owen, 1990; Vexler et al. , 2009). It turns out that the ELR test statistics can 

approximate corresponding optimal parametric likelihood ratios (Lazar and Mykland, 1998; Owen, 1990; 

Qin and Lawless, 1994; Vexler et al. , 2014b). Note that in the retrospective context of the one-sided 

hypothesis testing, the conventional EL methodology should be modified with respect to the statement of 

the testing problem. In this aspect, the standard ELR tests may suffer from power loss; for details, see 

DiCiccio and Romano (1989). Towards this end, DiCiccio and Romano (1989) established the signed root 

adjusted retrospective ELR test statistic, which significantly reduces the one-sided coverage error. 

Alternatively El Barmi (1996) introduced the retrospective ELR method to test for or against a set of 

inequality constraints. We implement and refine the methodologies developed by DiCiccio and Romano 

(1989) and El Barmi (1996) to propose the one-sided ELR sequential tests. 

We examine the proposed ELR tests and derive asymptotic expressions of their error probabilities. 

We prove that the proposed procedures have the Type I error probabilities that are asymptotically 

equivalent to those of the corresponding nonparametric t-statistic-based testing schemes (1.1 ), whereas 

the Type II error probabilities of the proposed tests are equal to zero. Note that commonly Robbins 's t

test type algorithms focus on the parameter 0 = E(X1 ). In this research, we extend the hypothesis of 

interest to include more general cases when the parameter of interest 0 is a solution of the equation 
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E{G(X,, 0)} = 0 , where G is a specified function. The function G can be associated with the statement of 

problem regarding a generalized estimating equation (e.g., Qin and Lawless, 1994) 

This chapter is organized as follows. Section 4.2 briefly reviews the ELR techniques for the one

and two-sided hypothesis tests . In Section 4.3, we propose and examine sequential ELR tests with power 

one. Section 4.4 presents the Monte Carlo (MC) study to demonstrate that the proposed sequential ELR 

tests significantly outperform the nonparametric I-statistic-based counterparts in many scenarios related 

to various underlying data distributions. Section 4.5 provides some concluding remarks. Proofs of the 

theoretical results presented in this chapter are outlined in Appendix C. 

4.2 One- and two-sided retrospective empirical likelihood ratio tests 

In this section, we outline the EL methodology developed for the one- and two-sided hypothesis tests . 

Assume that the parameter 0 satisfies E{G(Xi, 0)} =0. Then, the ELR is 

(4.2) 

In this framework, applying the Lagrange multipliers method, we can derive L(0)= rr=lP; with 

P; = {n + JG(X;,e)t , i=l , .. .,n,where ,1, satisfies L;=, G(X;,e){n + JG(X;,e)t = 0 , see Owen (2001) 

and Vexler et al. (2014a), for details. In the simple case G(X, 0) = X - 0 , we have the parameter 

0 = E(X, ). Let Prk be the probability measure corresponding to the hypothesis H k, k=0 , 1, respectively. 

For the two-sided hypothesis H 0 : 0 = vs. H, : 0 -::f. 00 , the ELR test statistic is00 

(4.3) 

2The nonparametric Wilks' theorem shows that Pr0 (Jn,2 ;::,: u) ➔ Pr(x1 ;::,: u) as n➔ oo . 

Now, consider the one-sided hypothesis : 0 = vs. H, : 0 > 00 . In this scenano theH 0 00 

development of ELR test statistics is more complicated than the two-sided setting mentioned above. We 
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outline the retrospective EL methods following the schemes: 1) The adjusted ELR test statistic developed 

by DiCiccio and Romano (1989) has the form 

f I ~ L 112 J-112 ~ }{ -1 ~ )
J n,O =t5gn\0n -00 }/ n,Z - A n \l+n bn / 2 , (4.4) 

where en satisfies n-1I ;=l G(xi' eJ= 0 ' sequences A,, and b,, are chosen such that 

Pr0 (Jn,o ;::,: u) =1- <!>(u) + o(n-312 
) as n➔ oo (DiCiccio and Romano, 1989; Lazar and Mykland, 1998). 

In this context, we note that the conventional EL literature related to the signed root approach considers 

0 = h(E(X, )) , where his a smooth function; 2) The ELR approach shown in El Barmi (1996) employs the 

test statistic 

(4.5) 

2where L(00 ) is defined in ( 4.2). In this case, Pr0 (Jn,1 :::: u) ➔ 0.5I(u ~ 0)+ 0.5 Pr(x1 :::: u) as n ➔ oo, where 

I(-) is the indicator function. 

4.3. Sequential ELR Procedures 

In parallel with the sequential t-statistic-based nonparametric procedures shown in Section 4 .1 , we propose 

the following ELR based stopping rules 

(4.6) 

where J n,k' k=O, 1, 2, are defined in ( 4.2)-( 4.4), d n,O =(clllolog(n)f 2' d n,l =cm, log(n) ' d ,,,2 =cm2 log(n) ' 

C n,k > 0 k=O, 1, 2, are deterministic sequences that satisfy the equation 

significance level, and <!>(y) = (27rt 12 r"' exp( - x 2 I 2)dx . The stopping rule r 2 is related to the two-sided 

scenario, and r k (k=O, 1) correspond to the one-sided scenario. The new decision-making policies consist 

55 



of the algorithms: 1) We stop sampling and reject H 0 in favor of H 1 when r k < oo; 2) We continue 

sampling indefinitely and do not reject H0 if r k = oo, k=O, 1, 2. 

In order to analyze the proposed sequential ELR tests defined in ( 4.6), we assume the following 

conditions: 

(Al) BG(u,0)/80 <0 (or BG(u,0)/80 > 0), forall u ; 

(A2) There exists functions Mk(u) , k=O, 1, 2, such that O<M 0 (u):s:laG(u ,0)!80l:S:M1(u) , 

1a2G(u,0)! 80 2 1 :s; M 2 (u) in a neighborhood of the true value 0 that satisfies E{G(Xi, e)}= 0 ; 

(A3) E[exp{tG(X1, e)}] < oo, E[exp{tMk(X1)}] < oo , k=O, 1, 2, in some neighborhood of the point t=O. 

Remarks: 1) It is clear that assumptions (Al)-(A2) are satisfied in the case when G(u,B)=u-0. 

Regarding assumption (Al), we refer the reader to, e.g. , Vexler et al. (2O14b) and Vexler et al. (2O16b), 

for more details; 2) The assumption (A3) has a form that is similar to that required in theoretical 

evaluations regarding the nonparametric I-statistic based test with power one (Darling and Robbins, 1967); 

3) The assumption (A2) can be substituted by the assumptions of Lemma 1 presented in Qin and Lawless 

(1994). 

Thus, we have the following result. 

)J

Proposition 4.1. Assume conditions (Al)-(A3) are satisfied. Then we have 

12 
2i~I Pr0 (r1 < oo)-b1 [1-<D{(cm log(m1 }][1+l / cm +log(m)]I = 0 , j=O, 1, 2, 

1 1 
J 

where = =], =2, d n.J is defined in equation (4.6), cm satisfies thatb0 b1 b2 1 

b l1 - <1>{(cm log(mJyi 2 }J{1 + c:: + log(mJ}= a , a denotes the pre-specified significance level, and1 1 

<I>(y) = (2n-t 11 2 
[ exp( -x 2 I 2)dx. 

0 
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Proposition 1 shows that the Type I error probabilities ofthe proposed ELR tests are asymptotically 

equal to those of their I-statistic-based counterparts defined in (1. 1 ). Note that the conventional I-statistic 

based procedures focus on G(u, 0) =u - 0 , whereas we consider more general situations. 

The next proposition shows that the powers of the proposed ELR tests are equal to one. 

Proposition 4.2. Assume conditions (Al)-(A2) are satisfied and EIG(X1 , ef ::=:; oo. Then 

k=O, 1, 2. 

4.4. Monte Carlo Study 

In this section we compare the performances of the nonparametric I-statistic-based tests defined in ( 4 .1) 

and the new tests ( 4.6), evaluating the corresponding Type I error rates and expected sample sizes. Without 

loss of generality, we focus on the case of G(u, 0) =u - 0 , where the parameter of interest is 0 = E(X1). 

This case is related to a common scenario that appears in many practical applications. Let the notations t

test, ELR, ELRl , and ELR2 denote the I-statistic-based test defined in (1.1), the proposed two-sided 

method defined in (3.1) based on the statistic (4.3), and the one-sided methods defined in (4.6) based on 

the statistics (4.4)-(4.5), respectively. It is known that, when observations are normally distributed, EL 

methods demonstrate good properties, whereas EL type procedures based on skewed data can lead to 

unstable results (e.g. , Vexler et al. , 2009). In this MC study, we selected Normal (N), Exponential (Exp) , 

Chi-square (Chisq) , and Lognormal (LN) distribution functions to generate data points. At each baseline 

distribution, the MC experiments were replicated 10,000 times to generate underlying data points. We 

used m=50, 75 and 100 in the definitions of the considered test procedures (4.1) and (4.6). 

Table 4.1 shows the MC Type I error rates related to the two( one )-sided hypothesis. The expected 

significance level of the tests was chosen to be a = 0.05. The MC Type I error rates of the t-statistic

based tests are very close to 0.05 when the observations are normally distributed. In the cases with skewed 

data distributions, the MC Type I error rates of the proposed ELR tests are almost uniformly closer to the 
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expected level of 5% than those of the I-statistic-based tests. Consider the scenario with observations 

X i =1- (;, where S; ~ Chisq (1) , i=l , 2, .. .. The MC Type I error rates of the proposed ELR tests are 

significantly closer to 0.05 than those of the I-statistic-based tests. For example, in the case with m=50 

(two-sided), the Type I error rate of the I-statistic-based test is 0.105 , whereas in this case the Type I error 

rate of the proposed ELR test is 0.067. We note that the MC results presented in this section are consistent 

with those of numerical comparisons between retrospective I-statistics and EL ratios shown in many 

relevant MC experiments published in the literature (e.g. , Vexler et al. , 2009; Zhou and Gao, 2000). 

Table 4.2 shows the MC estimators of the expected sample sizes related to the performances of 

the considered sequential tests. In several scenarios, the MC expectations of sample sizes required by the 

new tests are a little larger than those related to the I-statistic-based tests. For example, when X i =1.5 - ( i, 

where S; ~ Exp (1) , i=l , 2, . . . , with m=75 in the two-sided setting, the proposed ELR test has the MC 

expectation of the sample size that is equal to 80.5 , which is larger than 77.2, the MC expectation of the 

sample size of the classical test. In this case, one can note that the relevant MC results shown in Table 1 

demonstrate that the MC Type I error rate of the I-statistic-based test is 0.069 comparing with 0.052 of the 

new ELR test. Then, the smaller MC average sample sizes related to the classical tests do not show that 

the I-statistic based tests are somewhat better than the new tests. 

We also note that, in this MC study, it turns out that the strategy used in the ELR2 's construction 

provides a better Type I error rate controlling and smaller MC average sample sizes than that used in the 

ELR 1 ' s development. 
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Table 4.1 The MC Type I error rates of the classical tests and the new tests for two( one )-sided hypothesis: 

H 0 : 0 = 0 vs H 1 : 0 t:- 0 (H1 : 0 > 0) with 0 = E(X1) . The expected Type I error rate is a =0.05 . 

Two-sided Tests N(0,2) 1-Exp(J) 1-Chisq(l) 1.13-LN(0,0.5) 

t-test 0.053 0.077 0.105 0.067 
m=50 

ELR 0.043 0.058 0.067 0.055 

t-test 0.050 0.069 0.084 0.061 
m=75 

ELR 0.045 0.052 0.058 0.050 

t-test 0.049 0.066 0.079 0.058 
m=J00 

ELR 0.046 0.048 0.049 0.050 

t-test 0.047 0.101 0.138 0.094 
One-sided 

ELRl 0.042 0.062 0.074 0.061 
m=50 

ELR2 0.048 0.061 0.071 0.054 

t-test 0.046 0.089 0.107 0.081 

m=75 ELRl 0.041 0.052 0.062 0.054 

ELR2 0.044 0.048 0.060 0.047 

t-test 0.046 0.082 0.105 0.075 

m=J00 ELRl 0.041 0.051 0.055 0.046 

ELR2 0.042 0.051 0.057 0.046 
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Table 4.2 The MC average sample sizes of the classical tests and the new tests for two( one )-sided 

hypothesis H 0 : 0 = 0 vs H 1 : 0 = 0 ( H 1 : 0 > 0) with 0 = E(X,) , where the alternative parameter values 

are 0=0.5 for X ; = (; , where (; ~N(0.5,2) ; 0=0.5 for X; =1.5- (;, where (; ~ Exp(I) ; 0=0.8 for 

X ; =1.8- (;, where (; ~ Chisq(I) ; 0=0.37for X ; =1.5-(;, where (; ~ LN(0,0.5) , i=l , 2, .. .. 

Expected Sample Sizes 

Two-sided Tests N(0.5 ,2) 1.5-Exp(l) 1.8-Chisq(l) 1.5-LN(0,0.5) 

t-test 128.1 55.4 53 .2 50.1 
m=50 

ELR 131.3 62.2 59.4 50.6 

t-test 132.4 77.2 76.1 75 .1 
m=75 

ELR 135.4 80.5 79.5 75 .2 

t-test 143 .3 100.6 100.3 100.0 
m=JOO 

ELR 145 .3 102.3 101.8 100.0 

t-test 109.3 53 .7 52 .3 51.0 
One-sided 

ELRl 114.7 59.8 57.7 53 .6 
m=50 

ELR2 109.8 57.8 56.3 52.8 

t-test 117.2 76.3 75 .8 75.2 

m= 75 ELRl 120.8 79.3 78 .6 76.2 

ELR2 119.7 78 .0 77.5 75 .7 

t-test 130.3 100.5 100.2 100.1 

m=JOO ELRl 132.7 101.6 101.3 100.3 

ELR2 131.2 101.1 100.8 100.2 
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4.5 Conclusion 

We have developed the power one sequential procedures employing the EL methodology. We have 

evaluated the one- and two-sided ELR tests with power one, extending and improving the relevant 

nonparametric I-statistic-based procedures. To the best of our knowledge, perhaps, this project presents a 

research that belongs to a first cohort of studies related to applications of the EL techniques in order to 

construct sequential statistical procedures. We aim that the present chapter will convince the readers of 

the usefulness of EL techniques in various statistical sequential aspects. 
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CHAPTER 5 A Sequential Density-Based Empirical Likelihood Ratio Test 
for Treatment Effects 

5.1. Introduction 

In health-related studies investigators oftentimes sequentially collect paired data that consist of pre- and 

post-treatment measurements (e.g. , Oppegaard et al. , 2010). The proposed method in this chapter is 

motivated by the following example. The oral cavity, especially dental plaque biofilms, may be colonized 

by potential respiratory pathogens (PRPs) in mechanically-ventilated (MV), intensive care unit (ICU) 

patients. Thus, by improving oral hygiene for the MV-ICU patients, we may prevent ventilator-associated 

pneumonia (VAP). One of the primary goals of the VAP study (Scannapieco et al. , 2009) was to evaluate 

the effect of Chlorhexidine Gluconate (CHX) treatment, a cationic chlorophenyl bis-biguanide antiseptic, 

in reducing oral colonization by pathogens in MV-ICU patients. The trial sequentially enrolled ventilated 

patients who were admitted to a trauma ICU of the Erie County Medical Center (ECMC). During this 

study, pre- and post-CHX treatment measurements of amount of aggregated bacteria (S. aureus, P. 

aeruginosa, Acinetobacter sps, and enteric organisms (Klebsiella pneumoniae, Serratia marcescens, 

Enterobacter sps, Proteus mirabilis, E. coli) were recorded from each patient. We aim to develop a novel 

sequential methodology that requires substantially fewer numbers of patients to make a conclusion 

regarding CHX treatment effect based on the data from the V AP study. 

It is desirable for investigators to detect treatment effects as early as possible to stop a trial as early 

as possible for either futility or efficacy, thus saving resources and potentially getting an effective 

treatment to the general populations as soon as possible (Armitage et al. , 2008). Thus, sequential testing 

strategies can save resources and time. In these contexts, sequential statistical methods are important and 

frequently employed tools in practice. The statistical literature has dealt extensively with both the 

theoretical and applied aspects of various sequential statistical designs ( e.g. , Canner, 1977; Dmitrienko 

and Koch, 2017; Jennison and Turnbull, 1999; O'Brien and Fleming, 1979; Pocock, 1977). 
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It is common to employ parametric assumptions regarding the underlying data distribution when 

developing a sequential test. The performance of parametric sequential testing procedures strongly 

depends on the assessment of the parametric assumptions of the underlying data distributions. 

Retrospective studies are generally based on already collected datasets or combining existing pieces of 

data (e.g., Vexler and Hutson, 2018). In contrast with the analysis of data obtained retrospectively, we 

have the following problems related to sequential analysis. First, it is difficult to specify the parametric 

distribution form of the underlying data before data points are observed. Second, even if we have strong 

reasons to assume the parametric form of the data distribution, it will be extremely difficult, for example, 

to test the corresponding parametric assumptions after the execution of sequential procedures. Since 

sequential tests are assumed to be based on a random number of observations, data obtained after 

sequential analyses cannot be evaluated for goodness-of-fit using the conventional retrospective tests 

(Vexler et al. , 2016a). Toward this end, in this chapter we focus on an efficient nonparametric sequential 

approach. 

The modem theory of sequential analysis originates from the researches of Barnard (1946) and 

Wald (1945). In particular, the method of the sequential probability ratio test (SPRT) has been the 

predominant influence of the subsequent developments in the area. Note that since analytical forms of 

underlying data distributions are not completely specified, one cannot employ the most powerful SPRT 

testing strategy via the Neyman-Pearson concept (Lehmann and Romano, 2005). As an alternative, Miller 

(1970) proposed a nonparametric sequential signed-rank test (SSRT), employing a Wilcoxon type test 

statistic. Wilcoxon type tests are commonly used to detect treatment effects based on paired data in fixed 

sample size designs (e.g., Fellingham and Stoker, 1964; Lam and Longnecker, 1983; Wilcoxon, 1945). In 

accordance with the repeated significance test (e.g., Armitage et al. , 1969), the Miller 's approach fixes the 

total number of data points to be N and consists of a series of independent observations. The SSRT is 

performed after each data point, and stops either when the maximum sample size is Nor the test statistic 
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rejects the null hypothesis. In the settings of the SSRT, we introduce a simple sequential test with high 

and stable power for detecting treatment effects based on paired data. Oppegaard et al. (2010) recently 

applied a two-sample sequential Wilcoxon test in order to evaluate the difference in preoperative cervical 

dilation before hysteroscopy between postmenopausal women who receive vaginal misoprostol and 

postmenopausal women who receive vaginal placebo. 

In this chapter, we present a novel nonparametric sequential testing procedure based on paired data, 

employing the data-driven likelihood ratio principle. The proposed method uses a nonparametric testing 

strategy that approximates corresponding optimal parametric Neyman-Pearson type statistics. Toward this 

end, the density-based empirical likelihood (EL) approach (e.g. , Vexler et al. , 2014d, 2016a) is modified 

and extended to be applied in the sequential setting. 

The statistical literature has shown that the EL methodology is a very powerful inference tool in 

various nonparametric settings (Lazar and Mykland, 1998; Owen, 2001; Qin and Lawless, 1994; Vexler 

et al. , 2014a, 2016a; Zhao, 2005). In order to outline the conventional EL concept, we assume that 

X, ,... , X 
11 

are independent and identically distributed (i. i.d.) data points. Consider the commonly used EL 

ratio test for the null hypothesis H 0 : E(X,) = B0 vs. H,: E(X,) * B0 , where B0 is known. In this case, 

the EL function has the form EL= IT=, P; , where P;' s are the probability weights. Under H 0 , values 

of P;' s can be derived by maximizing the EL function under the empirical constraints L ;= P; = 1 and 
1 

I ;=, X ;P; = B0 . Under the alternative hypothesis H, , the EL function is given by EL= n-n, since 

1IT,, p is maximized by p . = n- , i=l , . .. ,n, when the only constraint '°' 11 

p. = 1 is in effect. In this
1=l I l .L.J1=l I 

framework, we reject H0 for large values of -2L;= log(nA) that presents
1 

-2 log { ( EL under H 0 ) ( EL under H 1 )} . This methodology is well developed when data is collected 

I 
retrospectively, i.e. n is fixed. 
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Motivated by the well-known Neyman-Pearson lemma, Vexler and Gurevich (2010) used the EL 

concept to develop the distribution-free density-based EL (DBEL) methodology for approximating 

parametric likelihood ratio type statistics. The DBEL method proposes to consider the likelihood in the 

form 

where J(-) is a density function of X 1, ••• , X,, , and X (t) s .. .. s X (n) are the order statistics based on 

X 1, ••• , X ,, . The DBEL approach is a technique to approximate values of J; , i= 1, .. .,n, via maximization 

of DEELI given a constraint related to an empirical version of the density property fJ(u )du = 1. The 

DBEL testing approach revolves around exact test statistics which are independent of underlying data 

distributions under H0 . Recent developments of the DBEL techniques can be found in various statistical 

publications (e.g. , Gurevich and Vexler, 2011 ; Miecznikowski et al. , 2013; Ning and Ngunkeng, 2013; 

Vexler et al. , 2014d). 

To the best of our knowledge, the conventional EL concept and the DBEL methodology have not 

been extensively studied in the statistical sequential literature. The proposed method is distribution-free, 

robust to underlying model settings and highly efficient. Consider the following simple Monte Carlo (MC) 

experiment where we assume that the pre-treatment measurements X ;, i=l , . . .,n, are i.i.d. observations 

from a uniform distribution U(l, 2) and the corresponding post-treatment measurements Y, , i=l , . . . ,n, are 

i.i.d. observations from a lognormal distribution LogN(O, 1). The MC experiment was repeated 10,000 

times and the maximum sample sizes were chosen to be N=50 , 75. We evaluated the performance of the 

proposed and the SSRT tests in terms of the statistical power and the average sample number (ASN). The 

ASN, by definition, means the expected value of the sample size for making decisions. In this MC study, 

the SSRT test based on (X ;, Y;) , i=l , .. . ,n, shows the MC powers of0.22 (n=50) and 0.28 (n=75) with the 
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corresponding ASNs of 45 and 64, respectively, at the significance level of 0.05 , whereas the proposed 

test provides the MC powers of 0.70 (n=50) and 0.98 (n=75) with the corresponding ASNs of 40 and 44, 

respectively. Thus, in this MC study, the proposed test has significantly higher power and smaller ASN 

than those ofthe SSRT test. In this chapter, we provide an extensive MC study to confirm that the proposed 

test outperforms the SSRT test across a variety of alternatives. We establish the asymptotic consistency 

of the proposed test. Note that it is clear that in general nonparametric settings there are no most powerful 

statistical mechanisms. Then it is very important to consider various reasonable and efficient distribution

free schemes in the framework of sequential analysis. 

This chapter is organized as follows . Section 5.2 outlines the classical SSRT test and introduces 

the proposed method. The development of the new test statistic is presented and its asymptotic properties 

are derived. In Section 5.3, an extensive MC study is conducted to evaluate the proposed method. In 

Section 5. 4, the applicability of the proposed method is illustrated via a clinical trial study related to V AP. 

In this study, we detect treatment effect ofCHX in ventilated patients by using the proposed method, while 

the SSRT test fails to show the corresponding statistical significance. In Section 5.5 , we provide 

concluding remarks . The appendix D consists of the proof of the theoretical results presented in this 

chapter and the R-codes to implement the proposed method. 

5.2 Methods 

5.2.1 Hypothesis Setting 

In this section, we formalize the statement of the problem, describe the conventional methodology and 

introduce our novel approach. To state the problem, let (Xi, y;) , i= 1, 2, . . . , denote sequentially surveyed 

i.i.d. pairs of observations within a subject i, where X ; represents the pre-treatment measurement and f; 

represents the post-treatment measurement. Assume the maximum number of subjects allowed in the 

experiment is N. Define Zi = X i - Y; , 1~ i ~ N . The nonparametric statistical literature ( e.g. , Wilcoxon, 
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1945) tends to associate the problem of detecting treatment effects with the problem of testing the 

following null hypothesis: 

H 0 :F = FH , FH (u)= 1-FH (-u) , for all - oo < u < oo versus 
0 0 0 

(5 .1) 

where F (u) = Pr ( Z1 < u) is an unknown distribution function of Z1 . 

In the following section, we consider the conventional SSRT for ( 5 .1 ). 

5.2.2 Sequential Signed-rank Test for Treatment Effect based on Paired Data 

In this section, we outline the commonly used SSRT test in practice (e.g. , Miller 1970). Let R 
11
;, i=l , . . .,n, 

be the rank of IZ;I in IZ,I , ... , IZ,, I. The SSRT test statistic is SR,, = L ;=J(Z;"2 O)R,,;, where I(·) is the 

indicator function. In order to sequentially test for the null hypothesis (5 .1), Miller (1970) applied the 

following stopping rule 

(5 .2) 

2 
where TS,, = ISR

11 
- n (n +I) I 41 (n (n +I)( 2n + 1) / 24f 1 , a is the pre-specified significance level and 

za N is the critical value associated with N and a . The decision making policy consists of the following 

algorithm: 1) if, for the first time, for some n (~ N) , TS
11 

exceeds za,N, we have , =n and the experiment 

is terminated at that stage along with the decision to reject H 0 ; 2) if, no such n exists, the null hypothesis 

is not rejected along with the termination of the experiment at the target maximum sample size N. 

The critical value za N can be determined using the following scheme. Define WN = max {TS
11 

} • 

' bn<:,N 

Let PrH be the probability measure corresponding to the hypothesis H k, k=O , 1, respectively. Thus, by
k 

definition (5.2), za,N is the upper a -percentile of the distribution of WN satisfying Pr0 {wN "2 za,N} =a. 

Note that, under H 0, the distribution function of WN is data-distribution-free, since Pr0 {wN ~ za,N} = 

67 



Pr0 { TS1 :-:::; za,N , ... , TSN :-:::; za,N} and the join distribution function of {TSn : 1~ n ~ N} does not depend on 

the underlying data distribution function of Z1, ••• , Z N . The structure of the statistic WN is complicated. In 

practice, one can use the MC methodology in order to evaluate PrH { WN ~ za,N} and compute critical 
0 

values of za,N for various choices ofN and a (Miller 1970). 

5.2.3 Sequential Density-based Empirical Likelihood Ratio Test based on Paired Data 

In this section, we develop the DBEL based method for sequentially detecting treatment effects. We begin 

with considerations related to a retrospective statement of the testing problem, i.e. the sample size is fixed 

to be n. In the case of completely specified forms of the density functions, the likelihood ratio test statistic 

based on z, ,....,Zn is 

LR= rr;=l IHI(Z;) = rr:=l IHI(z(J) ) = rr~=l JH1,J 

rr~=l !Ho(zi) rr:=l f H z(J) ) rr:=l JHo,J '(0 

where /Hk(u) denotesthedensityfunctionof Z1 under H k, k=0 ,1, Z(l ) :-:::; . . . :-:::;z(n) aretheorderstatistics 

based on observations z, ,.. . , Z
11 

• Since in practice the data distributions are unknown, the DBEL 

approach focuses on approximating the values of / Hk (z(J) )via maximizing the likelihood rr~=lJHk (z(J) ) 

provided that f Hk (z(J) ),J= 1, . . . , n, satisfy an empirical constraint that corresponds to f/ Hk (u )du = 1 under 

H k, k=0,1 (e.g. , Vexler and Gurevich, 2010; Vexler et aL , 2014c). To formalize this constraint, we specify, 

Zui = Z0l ifj _:-:::; 1, and Zui = Zeni ifj ~ n, and employ the result 

for all integer m :-:::; "!!.... (5 .3) 
2 
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(See Proposition 2.1 of Vexler and Gurevich, 2010). Since f2 

<"i JH (u )du~ f+"' JH (u )du= 1, Equation 
Z(!) I - ro I 

(5 .3) implies the inequality ( 1 / 2m) I "=]r (j+m) JH,(u) du ~ 1 . In this case, one can expect that 
J z(j- m) 

(112m) I "=lr(j+m) JH,(u )du;::; 1 when m I n ➔ 0 , as m,n ➔ oo (see Vexler et al. , 2013 for details). Let 
J z(j- m) 

FH and FH denote the estimators of FH and FH , respectively. Using the approximate analog to the 
0 I O I 

mean-value integration theorem, one can derive the following empirical approximations 

Defining FH as the empirical distribution function, then we obtain the empirical version of ( 5 .3) 
I 

In order to define FH , we apply the distribution-free estimation for a symmetric distribution proposed by
0 

Schuster (1975). Thus, we obtain the empirical constraint 

(5.4) 

find values of JH, ,J that maximize the log-likelihood L:=log(JH,,J) subject to constraint (5.4), we derive 
1 

818J;H . , i=l , . . . , n, from the Lagrange function 
/ 1,1 
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where A is the Lagrange multiplier. Then it is clear that the equation 8A"/ 8fH
1,J 

. = 0 provides 

2m (1 - (m + l )(2nf) _ 
fH =fH .--------,;=l,.. . ,n. 

i,1 o, 1 nti . 
pn 

This implies that the empirical maximum likelihood approximation to the likelihood rr:=JH ,1 , under 
1 1 

alternative hypothesis H1 , can be presented as 

Therefore, the approximate LR has the empirical form 

(5 .5) 

Note that the test statistic (5 .5) has a structure similar to those of statistics based on sample entropy that 

are known to have asymptotic optimal properties (e.g. , Dudewicz and Van Der Meulen, 1981 ; Tusnady, 

1977). 

The performance of the statistic V,
1111 

strongly depends on the unknown value of the integer 

parameter m. In order to eliminate the dependence on the parameter m, we use the methods shown in 

Vexler and Gurevich (2010) and Vexler et al. (2012). Then we employ the maximum likelihood principle 

to propose the test statistic 

V,, = min IJn_ 2m(l-(m+l)(2nr')/(n111111 ) , (5 .6) 
a(n)<::m<::b(n) J-1 

where a(n)=no.s+s, b(n)=min(n1
-

0 ,n! 2) , and SE(0, 0.25) . Following the DBEL literature (e.g. , 

Vexler et al. , 2013), we choose 5 = 0.1 in practice and define ti 1111 = II n , if ti 1111 = 0. 
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Finally, to sequentially test for the hypothesis ( 5 .1 ), we define the following stopping rule 

i-1 =rnin{n :n2l, log(V,,)2ca,N} , (5.7) 

where V,, is defined in (5.6), a is the significance level and c a,N is the critical value associated with N 

and a satisfying PrH ( i-1 ~ N) =a. Note that the we set log(V,, ) = 0 , for n=l , 2, 3, since n 2 4 is required 
0 

to compute the statistic log(V,, ). The proposed decision making policy regarding stopping rule (5.7) 

consists of the following algorithm: 1) if, for the first time, for some n (~ N) , log (V,, ) exceeds c a ,N, we 

have i-1 = n and the experiment is terminated at that stage along with the decision to reject H O ; 2) if, no 

such n exists, the null hypothesis is not rejected along with the termination of the experiment at the target 

maximum sample size N. We consider derivation of c a,N values in Section 5.2.4. 

Since the stopping rule r, is based on the statistic V,, which approximates the optimal parametric 

LR, the proposed test procedure can be anticipated to be very efficient. This is empirically confirmed in 

Sections 5.3 and 5.4. 

The following proposition demonstrates the consistency of the proposed test. 

Proposition 5.1. Under H0 , we have 

whereas, under H, , we have 

where V,, is defined by (2.6) and r E (0.75, 1). 
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The Type I error probability related to the proposed test procedure (5.7) 1s PrH s N} = 
0 
{r1 

c 
a .N 

= o(Nr) then Proposition 1 provides that 

PrH {maxlog(V ) > c N} ➔ Oas N ➔ oo . Then it is clear that, in order to satisfy PrH {r1s N} =a for 
o l~n~N n a, o 

a fixed value a and large values of N, ca ,N should be in an order of o (Nr) . Thus, the proposed test 

procedure is consistent, since PrH, {~~~ log(V,, ) > ca,N } ➔ 1 as N ➔ oo, when ca,N has an order smaller 

than that of Nr. (In this case, PrH {~~ log(V,, ) > N r } is asymptotically a lower bound for 
0 

PrH {maxlog(V) > ca N}, when ca N < Nr as N? 1.)11 o l~n~N ' ' 

5.2.4 Null distribution of r 1 

In this section, we show that the proposed test statistic is distribution-free under H O • We then present the 

critical values for the new test procedure. The stopping rule r 1 contains the DBEL test statistics ~, ~, ... , 

which by definitions (5.4) and (5.6) depend only on certain indicator functions. It turns out that the null 

distribution of the stopping rule r 1 is independent of the distribution of the observations Z"Z2 , .... In 

order to explain this claim, we note that under H 0 

where <l> - 1(x) denotes the inverse function of the standard normal cumulative distribution function <I>(x). 

This fact implies the Type I error rate is 

PrH0 {~~~log(V,,) > ca,N } =Prz, , ,ZN~Nonnal(o,1) {~~~log( V,, )> ca,N } · 
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0 

Then it is clear that that the proposed procedure (5.7) is exact. Let DBTSN =~~~ {log(Vn)}. Thus, by 

definition (5.6), ca N is the upper a -percentile of the distribution of DBTSN satisfying 

PrH { DBTSN :?: ca ,N} =a. In a similar manner to the computing scheme shown in the SSRT procedure, 

we tabulate the critical values of ca N for various choices of N and a using the MC approach based on 

25 ,000 generations of z, ,... ,ZN. The results are shown in Table 1. 
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Table 5.1 The critical values c a ,N of the new test procedure at the significance levels a ' s. 

Ni a 0.010 0.015 0.020 0.025 0.040 0.050 0.060 0.100 0.150 0.200 0.300 

5 3.514 3.514 3.514 3.514 3.514 3.514 3.514 2.854 2.557 1.873 1.276 

10 5.667 4.949 4.949 4.841 4.288 4.081 3.963 3.412 2.854 2.557 1.873 

15 6.043 5.667 5.178 4.949 4.447 4.288 4.081 3.514 3.007 2.854 2.259 

20 6.194 5.716 5.476 5.048 4.723 4.288 4.288 3.514 3.228 2.854 2.469 

25 6.345 5.716 5.667 5.312 4.890 4.554 4.288 3.724 3.412 2.938 2.557 

30 6.473 5.897 5.667 5.420 4.890 4.660 4.318 3.884 3.438 3.045 2.659 

35 6.478 5.983 5.716 5.457 4.949 4.766 4.447 3.963 3.514 3.161 2.786 

40 6.478 6.026 5.716 5.525 4.949 4.830 4.534 4.030 3.514 3.253 2.854 

45 6.478 6.123 5.716 5.638 4.949 4.841 4.589 4.081 3.514 3.338 2.854 

50 6.478 6.168 5.751 5.667 5.027 4.890 4.723 4.121 3.614 3.412 2.882 

55 6.575 6.194 5.783 5.667 5.061 4.926 4.735 4.211 3.685 3.441 2.940 

60 6.724 6.345 5.959 5.716 5.176 4.949 4.841 4.288 3.768 3.514 3.027 

65 6.594 6.278 5.906 5.716 5.158 4.949 4.843 4.288 3.839 3.514 3.091 

70 6.739 6.345 6.046 5.716 5.280 4.980 4.890 4.288 3.930 3.537 3.161 

75 6.734 6.345 6.048 5.716 5.321 5.017 4.929 4.309 3.976 3.606 3.231 

74 



Remark 1. The MC method is a well-known approach for obtaining accurate approximations of the 

critical values for exact tests (North et al. , 2002). Vexler et al. (2014a) proposed an approach to compute 

critical values of exact test procedures using tabulated critical values and MC simulations in a Bayesian 

manner. In this framework, tabulated critical values are considered as prior information and simulated MC 

observations are used as data. 

5.3 Monte Carlo study 

To evaluate the performance of the new testing strategy as compared to the classical SSRT procedure, we 

carried out an extensive MC study. We examined the ASN and the corresponding statistical powers of the 

considered procedures. Critical values of the tests were set at the 5% level of significance and the MC 

experiments were repeated 10,000 times in each scenario based on N=25 , 50 and 75 , respectively. 

According to the statistical literature (e.g. , Albers et al. , 2001 ; Vexler et al. , 2013), we used the alternatives 

in the MC study following the scenarios: (1) constant shifts in location, e.g. , X ; ~ N(O, 1) and 

Y; ~ N(0.5, 1) , i=l , . . . ,N; (2) constant and nonconstant shifts, e.g. , X ; ~ N(O, 1) and f; ~ N(0.5 , 2 2 ) , 

i=l , . . .,N ; (3) skewed alternatives, e.g. , X ; ~ LogN (l, 1) and f; ~ LogN(l, 0.5 2 
) , i=l , .. .,N; and (4) 

nonconstant shifts, e.g. , X ; ~ Beta(0.7, 1) and f; ~ Exp(2) , i=l , . . .,N. Note that the statistical literature 

expects that the classical SSRT, which is based on the Wilcoxon signed-rank statistic, will be very efficient 

in scenario (1). Regarding Scenario (3), one can remark that that many measurements of markers related 

to health and social science have been shown to follow lognormal distributions (Limpert et al. , 2001). The 

corresponding MC results are presented in Table 2. (In Appendix D, we provide Table D.1 with additional 

outputs of the MC study.) 

In Scenarios (1-2), the SSRT demonstrates a slightly higher power than the new test. This result is 

consistent with the MC evaluations of the DBEL and the Wilcoxon signed rank tests in retrospective 

settings when observations are normally distributed (Vexler et al. , 2013). The ASNs of the proposed test 
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are comparable with those of the SSRT. In Scenario (3), when the pre- and/or post- measurements are 

lognormally distributed, the proposed testing procedure significantly outperforms the SSRT in terms of 

the statistical power and the ASN in the considered alternatives for N=50 , 75 . Consider the case when 

Z ; = X; -Y, , i=I , . . . ,N , X ;~ LogN(0, 1) and Y, ~ U(I, 2) , i=I , . . . ,N , with N=50 , 75 . In this scenario, the 

SSRT shows the powers of 0.22 and 0.28 with the corresponding ASNs of 45 and 64, respectively, at the 

significance level of 0.05 , whereas the proposed test provides the powers of 0.70 and 0.98 with 

corresponding ASNs of 40 and 44, respectively. In Scenario ( 4), the proposed testing procedure has better 

performance in terms of the statistical power and the ASN than the SSRT in most of the considered cases. 

Thus, the proposed test procedure shows high and stable power as compared to the SSRT 

procedure over a broad spectrum ofalternatives, and the DBEL proposed method provides relatively small 

ASNs in many cases of the considered alternatives. 
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Table 5.2 The MC powers and ASNs of the proposed sequential DBEL (Seq_DBEL) test and the SSRT 
at the significance level a= 0.05. 

Seq_DBEL SSRT 
Scenario Fx Fy N Power ASN Power ASN 

N(0,1) N(0.5 ,1) 25 0.256 22 0.297 22 
(Sl) 50 0.446 40 0.534 39 

75 0.660 52 0.712 50 

N(0,1) N(0.5, 22 
) 25 0.124 24 0.144 24 

(S2) 50 0.197 45 0.240 45 
75 0.298 65 0.334 64 

LogN(l ,1) LogN(l , 0.52 
) 25 0.073 24 0.066 24 

50 0.167 47 0.088 48 
75 0.386 66 0.113 71 

LogN(0,1) U(l ,2) 25 0.168 23 0.162 23 
50 0.698 40 0.222 45 
75 0.981 44 0.286 64 

(S3) 
LogN(0, 32 

) Chisq(6) 25 0.314 23 0.186 23 
50 0.962 32 0.245 44 
75 1 33 0.315 62 

LogN(l ,1) Gamma(5 ,1) 25 0.233 22 0.283 22 
50 0.561 39 0.459 40 
75 0.867 48 0.607 53 

Exp(l) Gamma(2,3) 25 0.14 24 0.138 24 
50 0.284 44 0.25 45 
75 0.482 61 0.365 63 

Gamma(5 ,1) Gamma(l ,5) 25 0.089 24 0.101 24 
50 0.183 46 0.126 47 
75 0.408 65 0.158 69 

Exp(l) U(-1 ,2) 25 0.249 23 0.268 23 
50 0.565 39 0.497 40 
75 0.853 47 0.688 51 

(S4) 
Gamma(4,2) Gamma(5 ,2) 25 0.235 22 0.283 22 

50 0.412 41 0.501 39 
75 0.621 54 0.680 51 

Chisq(l) Beta(0.7,1) 25 0.265 23 0.225 23 
50 0.788 37 0.430 41 
75 0.993 40 0.626 54 

Gamma(2,1) U(l ,2) 25 0.178 23 0.161 24 
50 0.511 42 0.305 44 
75 0.890 50 0.443 61 
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5.4 Applications to the Ventilator-associated Pneumonia (V AP) and the effect of Silicone 

implants on plasma silicon Studies 

The V AP data were produced in the course of an institutional study at the State University of New York 

at Buffalo, in which oral treatments were compared to investigate their effects on infection of patients ' 

respiratory system in an ICU. The pathogenesis of pneumonia, including V AP, involves aspiration of 

bacteria from the oropharynx into the lung, and subsequent failure of host defenses to clear the bacteria 

resulting in development of lung infection. The major potential respiratory bacterial pathogens (PRPs) 

include Staphylococcus aureus, Pseudomonas aeruginosa, Acinetobacter sps. and enteric species. Prior 

biomedical studies have found the association between strains from bronchocopic cultures isolated at the 

time pneumonia was suspected and dental plaque/mucosa that is often colonized by PRPs (e.g. , Fourrier 

et al. , 1998; Scannapieco et al. , 1992). Thus, improving oral hygiene in MV-ICU patients and reducing 

dental plaque load on teeth has the potential to reduce the risk ofVAP. The trial sequentially enrolled and 

examined 83 patients who were admitted to a trauma ICU of the Erie County Medical Center (ECMC). 

During this study, pre- and post-CHX treatment measurements ofamount ofaggregated bacteria (S. aureus, 

P. aeruginosa, Acinetobacter sps. , and enteric organisms were recorded from each patient. Results of 

quantitative cultures were expressed as colony forming units (cfu) per ml. Figure 1 shows the histogram 

of post- and pre-measurement differences of the 83 paired data points. Retrospectively, we apply the 

Wilcoxon signed-rank test based on the total 83 paired data points, obtaining the corresponding p-value 

of 0.04 (<0.05). Thus, the Wilcoxon singed-rank test rejects the hypothesis that there is no difference 

between pre- and post-measurements of aggregated bacteria. We expect that the proposed sequential 

DBEL testing scheme and the conventional SSRT procedure can detect the treatment effect in a more 

efficient manner, in a sense that the sequential methods will provide significant testing results based on 

less than the total sample size of 83. 
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In accordance with Section 5.2, we use the MC method to compute 95% critical values 2.676 and 

5.166 for the SSRT and the proposed method, respectively, using N=83. The proposed sequential DBEL 

method rejected the null hypothesis that there is no difference between pre- and post-measurements based 

on 50 observations. However, the SSRT failed to reject the null hypothesis using the total 83 observations. 

Another application of the proposed method is related to the study of the effect of silicone implants 

on plasma silicon. Silicone breast implants have become more popular among women. In cases that 

silicone implants in women's breasts break, silicone will be released into the body. Thus people started to 

realize the risk of increasing silicone plasma levels and its relevant side effects brought by silicone 

implants. Towards this end, a study collected silicon plasma level data on 30 women who received silicone 

implants (Riffenburgh, 2005). Pre- and post-operative silicone plasma levels of each woman were 

measured. Retrospectively, we applied the Wilcoxon signed-rank test based on the total 30 paired data 

points, obtaining the corresponding p-value of 0.69 (>0.05). Thus, the Wilcoxon singed-rank test does not 

reject the hypothesis that there is no difference between pre- and post-operative silicone plasma levels. In 

sequential testing scheme, the critical values 4.66 and 2.55 are computed for the SSRT and the proposed 

method, respectively, using N=30 . Both the proposed sequential DBEL method and the SSRT do not reject 

the null hypothesis that there is no difference between pre- and post-operative silicone plasma levels. 

In order to evaluate the robustness of the proposed approach, we conducted the following 

bootstrap-type analyses. The strategy is that a sample with size N (<83) was randomly selected from the 

83 paired data points to calculate the stopping numbers based on the sample using the proposed method 

and the SSRT. We repeated this strategy 5,000 times calculating the ASNs and the frequencies that the 

proposed method and the SSRT reject the null hypothesis. Table 3 presents these results for the different 

maximum sample sizes ofN=15 , 25 , 35 , 50, 65 , and 75. In this Bootstrap-type study, we notice that 1) the 

proposed method has substantially higher rejections rates ofa false null hypothesis than those ofthe SSRT; 
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2) the proposed method consistently generates smaller ASNs than those of the SSRT, resulting in 

significant savings in sample sizes. 
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Figure 5.1 The histogram ofthe total 83 paired differences ofpre- and post-CHX treatment measurements. 
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Table 5.3 The Bootstrap based rejection rates (RRs) and ASNs of the new test (Seq_ DBEL) and the SSRT 
at the significance level of 0.05. 

Seq_DBEL SSRT 

N RRs ASNs RRs ASNs 

15 21.7% 13 5.82% 15 

25 27.1% 21 5.48% 24 

35 34.4% 22 6.40% 34 

50 42 .2% 39 6.63% 48 

65 54.9% 47 5.88% 63 

75 63 .2% 52 5.75% 72 
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5.5 Conclusion 

The new nonparametric sequential technique for detecting treatment effects based on paired data was 

developed. The proposed method employs the density-based EL methodology that approximates the 

optimal likelihood ratio statistic in a distribution-free fashion. In the real world study, the new test clearly 

outperforms the conventional SSRT. To the best of our knowledge, perhaps, this chapter presents a 

research that belongs to a first cohort of studies related to applications of the EL techniques in sequential 

manners. The method developed in this chapter can be extended to construct various nonparametric group 

sequential approaches. 

It is clear that in the distribution-free setting considered in this chapter, there are no most powerful 

statistical procedures. Then it is very important to consider and evaluate reasonably developed decision 

making policies in the context of detecting treatment effects in practice. 

83 



Appendix A 

Proof of Proposition 2.1 

The proof of Proposition 1 is based on the fact that function l r (0) is highly peaked about its 

maximum X = Z:'.'=, x/ n . We will use the fact that lr(0) can be well approximated by the function 

- 2 2 -
-n(0-X) I 2a-

11 
, when values of 0 are close to X. Toward this end, we first show that 

f

where c > 0 is a constant, a positive sequence <.p
11 

= o(n 6
) ➔ oo, for some & > 0 , <.p,,n ---0.s ➔ 0 and 

X+<p.n -11 2 I (0) ( 1/2 )
x - ,p. _ , 1

2 
e r .1r(0)d0 = 0 n - , as n ➔ oo . This approximation allows us to analyze the numerator and 

11 

n 

denominator in (2 .3). Denote the log EL function l(B) =~:)ogP; , where pi ' s maximize the 
i=l 

Lagrangian 

with Ai , A2 that are the Lagrange multipliers . One can show that P; =(n+A(X; -0)f , where A 1s a 

root of the equation z::;=( Xi -0) I (n + ,1(X; -0)) = O. 
1 

By virtue of Lemma 10.2.1 in Vexler et al. (2014a), when 0 < X , lr(0) is increasing; when 0 > X , 

lr(0) is decreasing. This implies that the log empirical likelihood ratio function lr(0) defined in (2 .2) 

. X D X- --0.s d b X-+ --0.s h 116-/J dhas the maximum at 0 = . enote a = - (f) n an = 
11
n w ere (f)

11 
=n an

11 
(f) 

/J E (0,1 / 6) . Then it turns out that 
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By the virtue of the above considerations we can bound the remainder term 

fa /r(0) tr(0)d0 ~ /r(a) f X(n) tr(0)d0 ~ /r(a). 
xCI J xCIJ 

In order to evaluate lr(a) , we define the function 

L(A)= L;~JX; -0) / (n+A(X; -0)) . (1.1) 

We rewrite (1. 1) at 0 =a such that 

O5 O5L(A) = L ~=JXi -X + <pnn- · ) I (n + A(Xi -X + q\n- · )) 

I n (Xi - X + (j)nn-0.5) [ ( 1+ An-I (Xi - X + <pnn-0.5) )- ;.,n-1 (Xi - X + <pnn-0.5)] 

= n ~ 1+ An-1(X -X + (fJ n-O-5)z-1 z n 

n (X -X+(f)nn-o.s )2 ] 
(1.2)~:[t (X, -X + <l\n-'·' )-An-' ~ 1+ An\x, - X + <p"n o.s ) . 

1
Defining Ac= n213 r~ , where ' n=nr, O< r < f3 < I I 6 , and plugging it into (1.2) we have 

213-1 l n (X -X- +(f)nn ---05. ) 2 

en °""' ' ---0 5 '✓nL(AJ=(f)n --vn-T-;;-~l+n-113rn 1(Xi -X+(f)nn . ) 
n 

X-X 
Since \13 =OP (1) (e.g., Owen 1988), we have 

n T,, 

c 116 l n ( --vnL(Ac) = (f)n_"!!:___ L x i -X +(f)nn-0.5 )2 
'n n i=l I+Op (1) 

Thus ✓n, L(JJ ➔ - oo, as n ➔ oo . In a similar manner, ✓n, L(-JJ ➔ oo, as n ➔ oo . And then the 

213-r;1solution, Au, of equation ✓n, L(J0 ) =0 belongs to the interval [-Jc, Ac], i.e. \=OP(n ) . 

Let us now derive the approximate value of /40 as n ➔ oo . Since L(J0 ) = 0 , 

5 
n (X; -X+~nn---0 ) =0. (1 .3) 

L i=l 1+ Aon-l(Xi -X + (f)nn---05 ) 

Applying a Taylor series expansion to (1.3) considering \n-1(X;-X+ (f)nn---0 5) around zero we obtain 
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(1.4) 

(1.5) 

Then solving (1.5) gives the approximate solution by 

rp11 n'12 0(n'13) 
--to = 11 + 2 • (1.6) 

-'""(X -X + - 112 ) 2 r 11n L,,, , rp11 n 
i= l 

0Applying a Taylor series expansion to lr(a) considering --ton-' (X; -X+ rp11 n- ·5) around zero yields 

05
lr(a) =-tlogl1+ ~ (X;-X+ rp11 n- ) j 

11 1 - 1 n 1 2 - 1 11 1 3 (X - X + n - 0.5 ) 3 
=-I- ; ✓ 'o2 (X;-X+rp,,n-05 )2 __ ✓ 'o3 l ~n3 '✓ 'o (X -X+rpl1 n-05 )+-I-_ L__ 

i=I n 2 i=l n 3 i=l n (1 + m; ) 

=O(n213 I rwhere O< w/ <--ton-'(Xi -X+rp,, n---0 5). By virtue of(l.6) and the fact that Au 
11 

) we have 

n 
05 )2nn-'L(X;-X +rp,,n-

i=l 

0( 4/3 ) 2 1/ 2 0( 8/3 )~ 1 11 

n (f),, n + n -""(X-X + n-o.s )2 -O(n-3r) +2 
2 -IL 11 - - 05 2 4 2 2 L,,, z (f)11 

T 11 n n . (X - X + m n . ) r 11 n n i=I
z=l z 'f' n 

2 113 2where rp
11 

=n - /J ➔ oo and O< r < /J < 1 / 6 . Thus we conclude that 

fa exp(lr(0));r(0)d0~exp(lr(a))=O(exp(-wn 1 1 3 -2 /3 )) ➔ 0 , as n ➔ oo, 
x (ll 

86 



where w is a positive constant. 

Now define b =X + <pnn- 112 and in a similar manner to the proof scheme above we have 

where w1 is a positive constant and n ➔ oo . 

X X -m 
Thus we show that f <ni e',.< 0ln(0)d0 ~f- +rp,,n_ - e',.< 0ln(0)d0. 

x(ll X - <p,, n 
112 

Now we consider the main term J: e',.< 0ln(0)d0 of the marginal distribution defined in (2.2). This 

integral consists of the log empirical likelihood ratio function lr ( 0) and we expand lr ( 0) at 0 = X 

using Taylor theorem, 

2
lr(0) = lr(X) + (0-X)J(X) +½c0-X) ( dJ(u¼ulu=XJ 

(1.7) 

+2-(0-X)3(d2J(u¼u21 - l+_l(0-x)4(d3J(u¼u31 - J ,w-E[0,1]. 
6 u=X ) 24 u=0+1il(X -0 ) 

By virtue of Proposition 10.2.1 in Vexler et al. (2014a), we have 

n 2nM3 

i =I n ------= ---'----'------= 
du 2 

-
= r , ( (J~u=X 

as well as d 3J(0) / d03=OP(n), for 0E[a,b]. The argument X maximizes the function 

n 

1(0) = ~:)og P;, t(X)= nlog(l/ n) and then lr(X) =0 as well as J(X) =0. 
i =I 

Using the results above, (1. 7) and a Taylor expansion for nM! (0- X) 3 I 3(a-~ )3 and OP (n )(0- X)4 

around zero, we have 
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Now by virtue of the definition (2.3), the formula a = rl he(0 I X)d0 can be rewritten as 
2 x(IJ 

where 

R, ~{J'.'e'''"',,-(0)d0fexpl- : ; (0-X)' J,r(0)d0-
2 

rexp[- : ; (0-X)' J,,-(0)d0f'.e""',,-(0)d0}{f'.e""',,-(0)d0f exp[- : ; (0-X)' J,,-(0)d0r
2 2 

It is clear that one can use (1.8) and the facts: 

(1) ;r(0) =;r(X) + (0-X);r'(X) +½(0-X) 2 ;r"(X +q(0-X)) ' q E [0,1] ; 

I16 I12 (2) b- a= n - /3 I n ; (3) f(0- X) exp l- : ~ (0- X)2 f0 = 0 to represent the remainder term R11 in 
2 

the form 

Combing the above asymptotic approximations, we have 
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(1.9) 

Similarly one can show that 

The proof ofProposition 1 is complete. 

Proof of Lemma 2.1 

The proof of Lemma 2 .1 is just a straightforward rearrangement of the Equations in Proposition 2 .1. It 

shows a similar structure as compared to the classic Bayesian Normal/Normal model. For details see 

Carlin and Louis (2009). 

Proof of Proposition 2.2 

We assume that Jr(0) is a normal density function with mean µ and variance a-2 
. We first derive a 

Lemma which is useful for this proof 

Lemma 2, luL-za12 l=O(n-os+.- ) where uL isdefinedinProposition2.2. 

Proof: first note the order of a component in remainder term Rn , M ,: Cn = 0 P ( n-o.s+s ) . 

Equation (1.9) with the above fact imply 

(1.10) 

where ct>(-) is a cumulative distribution of the standard normal random variable. 

Now we rearrange equation (1.6) as 

(1.11) 

where z,_a12 is defined as <t>(z1_a12 ) =a/2. 
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l f "L z2 luL -Za12I 
We also have the inequality <l>(uL)-<l>(zaI2) = ~ exp(--)dz ~ ~ 

'\j 2Jr 2
1-a /2 2 '\J 2Jr 

Combining equation (1. 7) and above result, we have as n ➔ oo, 

Iu- za/2 I= OP (n -0.S+s ) . 

This shows the proof of Lemma 2. 

Base on Lemma 1, Equation (1.9) becomes 

(1.12) 

Now we expand function <l>(ur) using the Taylor theorem with respect to uL around uL = z1_aI2 , we 

have 

<l>(u ) =<l>(u ) +<l>(u )' (u - z ) +0 (n-i+s ) . (1.13)L L 11L = 21- a /2 L "L = 21-a /2 L a/2 P 

Combing Equations (1.13) and (1.12), we obtain 

a -- = <l>(u) + <l>(u)' (u - z ) + M 3C + 0 (n i+s ). (1.14)2 u =za12 u =za12 a / 2 n n p 

Then we have the expression for q L as 

In a similar manner one can show that the expression for qu as 

a-2µ + na-2X a-2a-2 M 3 
n n nqU = 2 2 + z l-a /2 2 2 +--2 

(2 + z l-
2 

a / 2 
)+ O (n-1) · 

(J"n +na- (J"n + na- 3na-n P 

The proof ofProposition 2 is complete. 

Proof of Propositions 2.3-2.9 

The proof ofProposition 2.3 is omitted since it directly follows from the application of Slutsky' s 

theorem and an Edgeworth expansion technique. 
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One can use the proof schemes of Propositions 2.1 and 2.2 to show Propositions 2.4-2.9 in a similar 

manner. 

R-Code 

################################################################# 

########## R code to calculate the proposed confidence interval (CI) estimation 

########### for the Monte Carlo simulations 

################################################################# 

#The sample size ,significant level alpha and library in R 

library("emplik") 

n<- 50 ; alpha<- 0.05 

# Assume that the baseline data distribution is log-normal with mean zero and variance 1 

# and prior distribution is normal distribution with mean zero and variance 1.# 

# Generate a sample of n centered random variables from the baseline data distribution# 

x<- rlnorm(n,0,1)-exp(0.5) 

#Create function integ which equals to numerator e 1r(eJ Jr(0) in Equation (2) 

integ<-function( u) { 

R<-exp(( el. test(x,u)$'-2LLR')*(-0.5))*dnorm(u,0, 1) 

retum(R) } 

# Calculate denominator in Equation (2) and Split the integral to improve accuracy 

c<-min(x); a<- mean(x)-n/\(-0.5+ 1/6); b<- mean(x)+n/\(-0.5+ 1/6); d<-max(x) 

dem2<-integrate(Vectorize(integ),c,2 * a,stop.on.error= F ALSE)$value+ 

integrate(Vectorize(integ),2 * a,a,stop.on.error=F ALSE)$value+ 

integrate(V ectorize( integ) ,a,mean( x) ,stop .on. error= F ALSE)$value+ 

integrate(Vectorize(integ),mean(x),b,stop.on.error=FALSE)$value+ 

integrate(V ectorize( integ) ,b ,2 *b ,stop .on. error= F ALSE)$value+ 
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integrate(V ectorize( integ) ,2 *b, d,stop .on. error= F ALSE)$value 

# Create functions given in Equation (3) 

fl <-function( q) { 

F <-( (integrate(V ectorize( integ),lower=c, upper=a/2 ,stop. on. error= F ALSE)$value+ 

integrate(V ectorize( integ) ,lower=a/2, upper=a,stop. on.error= F ALSE)$value+ 

integrate(V ectorize( integ) ,lower=a, upper=q,stop .on. error= F ALSE)$value )/ dem2-alpha/2) 

retum(F) } 

f2<-function( q) { 

F<- ( (integrate(Vectorize(integ),lower=q, upper=b,stop.on.error=F ALSE)$value+ 

integrate(V ectorize( integ) ,lower=b, upper=2 *b ,stop. on.error= F ALSE)$value+ 

integrate(V ectorize( integ) ,lower=2 *b, upper=d,stop. on.error= F ALSE)$value )/ dem2-alpha/2) 

retum(F) } 

# Calculate (1-alpha)100% Data-driven equal-tailed CI 

cl 1 <-uniroot(fl ,c(c,d))$root 

c12<-uniroot(f2,c(c,d))$root 

print(c(cl 1,cl2)) 

#Create functions given in Equation (10) 

integ 1 <- Vectorize( integ) 

f2<-function( u) { 

integrate( integ 1,lower=u[ 1], upper=u[2] ,stop. on. error= F ALSE)$value/ dem2 } 

Modell <- function(u){ Fl<- ( integl(u[l])- integl(u[2])) 

F2<- (f2(u)-1 +alpha) 

FF<- (Fl /\2+F2/\2) 

retum(FF) } 

# Calculate (1-alpha)100% Data-driven HPD CI 
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solu3<- optim(c(cl 1,c12),f=Model1)$par 

print( solu3) 

# Calculate (1-alpha)100% classical CI 

c21 <- mean(x)-zv*sqrt(var(x)/n) 

c22<- mean(x)+zv*sqrt(var(x)/n) 

print( c( c21 , c22)) 

ADDITIONAL MONTE CARLO RESULTS 

In this section, using the framework described in Section 2.2, we demonstrate numerical comparisons 

between the proposed nonparametric approach and the following methods: 

(1) The inverse Edgeworth expansion based method proposed by Hall (1983). 

(2) The parametric Bayesian CI estimation. 

(3) A frequentist method for improved CI estimation of the log-normal mean. This CI estimation based 

on log-normally distributed data is described in Zhou and Gao (1997). In this aspect Zhou and Gao 

(1997) suggested to use the Cox's method to improve the CI estimation. In our study we apply the Cox's 

approach ( see for details Zhou and Gao 1997). 

(4) The classical EL CI estimation (Owen 2001). 

We present the results of this limited Monte Carlo study in Tables 1 and 2. 
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Table A.1 The Monte Carlo coverage probabilities (CP) and average lengths (LG) for the CI estimation 

of the mean. The notations ET and HPD represent the proposed equal-tailed and highest posterior CI 

estimation; ELR represents the classical empirical likelihood ratio CI estimation; H represents the Hall 

(1983)'s method. C represents the well-known Cox's method CI estimation which is based on the 

maximum likelihood technique. 

X 1, ••• , Xn ~ Lognorm(O, 2) , Prior: tr~ N(exp(2), 1) 

n ET HPD ELR H C 

CP LG CP LG CP LG CP LG CP LG 

7 63 .97% 3.02 64.18% 3.02 50.96% 19.38 56.77% 22.70 88 .38% 700 

15 81.77% 3.50 81.77% 3.50 63 .84% 17.17 62 .53% 17.57 91.92% 181 

25 87.26% 3.59 87.20% 3.59 69.41 % 16.60 64.98% 16.24 92.41% 55 .60 

50 92 .82% 3.59 92.42% 3.59 72 .60% 14.32 67.95% 13.57 93 .75% 21.22 

100 95 .77% 3.51 95 .77% 3.51 79.06% 11.69 73 .05% 10.89 92 .87% 12.16 

Xi,···,Xn ~ Lognorm(O, 1.5), Prior: tr~ N(exp((l.52
) / 2), 1) 

n ET HPD ELR H C 

CP LG CP LG CP LG CP LG CP LG 

7 70.13% 2.43 69.53% 2.42 63 .57% 5.59 68.43% 6.50 88 .70% 95 .99 

15 82.37% 2.52 81.13% 2.51 74.04% 5.37 73 .32% 5.49 91.81% 13 .52 

25 87.39% 2.45 86.08% 2.43 80.39% 4.52 77.45% 4.43 92.42% 7.42 

50 91.37% 2.27 90.45% 2.24 85 .00% 3.77 81.49% 3.60 94.97% 4.35 

100 92.46% 2.02 90.95% 1.99 86.42% 3.03 80.89% 2.85 94.47% 2.83 

X 1, ••• ,Xn ~ Lognorm(O, 1), Prior: tr ~ N(exp(0.5), 1) 

n ET HPD ELR H C 

CP LG CP LG CP LG CP LG CP LG 
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7 77.97% 1.53 77.13% 1.52 74.50% 2.12 79.70% 2.44 90.04% 5.98 

15 86.79% 1.44 86.52% 1.42 83 .89% 1.76 84.53% 1.80 93.29% 2.46 

25 90.15% 1.30 89.73% 1.27 87.49% 1.50 86.00% 1.48 94.31% 1.76 

50 90.34% 1.07 90.70% 1.05 89.13% 1.15 86.70% 1.11 92.78% 1.17 

100 93 .20% 0.83 93.54% 0.81 93.20% 0.83 91.16% 0.80 94.56% 0.81 

Xp••·,Xn ~ Lognorm(O, 1) , Prior: tr~ N(exp(0.5), 0.5) 

n ET HPD ELR H C 

CP LG CP LG CP LG CP LG CP LG 

7 79.34% 1.19 79.24% 1.19 73 .84% 2.12 78.23% 2.44 89.51% 5.29 

15 89.66% 1.14 88.80% 1.13 83 .74% 1.73 83 .77% 1.78 92.52% 2.45 

25 92 .58% 1.06 92.00% 1.05 87.38% 1.50 86.22% 1.48 94.22% 1.76 

50 94.13% 0.91 94.20% 0.90 91.48% 1.13 89.18% 1.09 94.27% 1.18 

100 94.52% 0.74 94.00% 0.73 92 .73% 0.82 90.72% 0.79 94.18% 0.82 

Xi,···,Xn ~ Lognorm(O, 1), Prior: tr~ N(exp(0.5) + 1, 1) 

n ET HPD ELR H C 

CP LG CP LG CP LG CP LG CP LG 

7 74.50% 1.66 75.20% 1.65 73 .37% 2.08 78.40% 2.39 88.83% 4.99 

15 83 .83% 1.61 85.03% 1.59 83 .90% 1.81 83.47% 1.86 91.90% 2.49 

25 88 .13% 1.45 88.63% 1.43 87.37% 1.50 85 .77% 1.48 93.67% 1.74 

50 89.97% 1.17 91.47% 1.14 90.37% 1.12 88 .63% 1.08 94.37% 1.18 

100 92 .12% 0.90 93.90% 0.88 93 .07% 0.84 90.68% 0.80 95.03% 0.81 
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Table A.2 The Monte Carlo coverage probabilities (CP) and average lengths (LG) for the CI estimation 

of the mean. The notations ET and HPD represent the proposed equal-tailed and highest posterior CI 

estimation; PBM represents the parametric Bayesian CI estimation given the known data distribution. 

X,, ... ,Xn ~ Norm(O, 1) , Prior: tr~ N(O, 1) 

n ET HPD PBM 
CP LG CP LG CP LG 

7 86.81% 1.18 87.44% 1.18 95 .36 1.34 
15 92 .73% 0.96 92 .97% 0.95 95 .37% 0.98 
25 93 .71% 0.77 93 .87% 0.77 95 .23% 0.77 
50 95 .28% 0.56 95.21% 0.56 94.85% 0.55 
100 94.85% 0.39 94.74% 0.39 94.51% 0.39 

X,, ... ,Xn ~ Norm(O, 1) , Prior: tr~ N(O, 0.5) 

n ET HPD PBM 
CP LG CP LG CP LG 

7 88.43% 1.03 89.06% 1.02 97.02% 1.15 
15 94.03% 0.87 94.07% 0.87 97.14% 0.90 
25 95 .70% 0.72 95 .63% 0.72 96.83% 0.73 
50 94.71% 0.54 94.87% 0.54 94.71% 0.53 
100 95 .97% 0.39 95 .97% 0.39 96.78% 0.38 
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In the considered MC scenarios, the data-driven CI estimation outperforms the approach based on Hall's 

approximations. Perhaps, this event is a result of the fact that in order to obtain the Hall's CI it is required 

to estimate several unknown parameters within the asymptotic approximations. The estimators of the 

parameters can be very biased when skewed data are used. The proposed CI approach demonstrates better 

CPs and LPs than those provided by the classical EL method. In the context of the comparisons with (2 .2) 

and (2 .3), the new distribution-free CI estimation shows results that are very close to outputs of the 

parametrical methods. 
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Appendix B 

Remark Bl. 

The Taylor theorem shows that 

for 0 E ( 0, 1) . Then, defining u = i I n, s = 1 / n , we obtain 

n {( · )r+l ( · 1)r+l} 1 1 n ( · ),. n ( · )r-lb ,. = z:x(i) !_ - ~ --=-Z:X(i) !_ +~z:x(i) !__ei,n 
i=l n n r + l n i=l n 2n i=l n 

Since O< i I n < l , it is clear there exists a nonrandom constant c,. ~ maxl<;i<;n I( i I n - B;,n r-11. Thus the 

remainder term 

1This implies, e.g. , if E IX1l
1
u < oo, for & > 0 , we have b ,. = b ,. +O (n- ), as n➔ oo .Note that asymptotic 

properties of b,. can be found in the literature dealt with L-estimates (e.g., David and Nagaraja, 2003 ; 

Serfling, 1980). 

Remark B2: br -based EL Inference for /J,. . 

Define the EL function for /J,. as 

where the probability weights O < Pi ,K , p n < I, s; = L ~=l p 1 . 
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In order to express A , i = 1, ... , n , we denote the corresponding Lagrangian function 

where Ai and ~ are the Lagrange multipliers. Calculating A as the roots of 8Q I 8A =0 , k = 1, ... , n , we 

have 

Thus, considering L:=,p J3Q I 8p k = 0 with S11 =1, we have 

To simplify this equation, we use Lemma 1 presented in Section 2.2, obtaining that 

k=I i=k J=I 

where the constraint L
11 

P;X ul (S; Y=Pr is used. That is, L:=, p k8Q I op k = 0 can be represented in the 
i=l 

form n-Ai-A2(r+l)Pr =0. Then Ai =n-~(r+I)Pr and the equation oQl oA =0 yield 

provides non-explicit functions to find values of A , k = 1,... , n, depending on A-2 via the scheme: p ,, can 

be derived using p 11 = [n + A:z (x(,,) + rp ,,X (n l - (r + 1)/3,. )J' then p ,,_, can be derived using 

computed applying the equation IP; [x(il (S;)" - /Jr]= 0 . Note that, m general, the corresponding 
i=l 

expression of A gives two root values of A , that we reconsider satisfying O < p 1 ,K , p n < l and 

99 



these root values depend on A
2 

This strong complexity may lead the direct use of the br -based EL• 

Inference for /Jr to be inapplicable. 
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Table B.1 The Monte Carlo (MC) mean square errors (MSE) multiplied by the sample size: 

M, =nMSE(~) , M2 =nMSE(b,), M3 =nMSE( !J;.'o). The parameters ' values are /J, =0.283, 0.282 , 0.257, 

0.233 for X ~ N(0,l); /J,=0.750, 0.611 , 0.521 , 0.457 for X ~ Exp(l); /J,=1.253, 1.045, 0.910, 0.814 for 
X ~ LogN(O,l) and r = 1,K ,4 , respectively. The results are based on 1,000,000 MC generations of 

samples {X, ,..., X at each sample size n and each value of r = 1,2 ,3,4.11 } 

X ~ N(0,1) X ~ Exp (1) X ~ LogN (0,1) 

n r Ml M 2 M 3 Ml M 2 M 3 Ml M 2 M 3 

15 1 0.3284 0.2939 0.2943 0.6126 0.5626 0.5862 3.6319 3.3679 3.5585 

2 0.1802 0.1563 0.1574 0.4574 0.3889 0.4160 3.1321 2.7119 3.0043 

3 0.1250 0.1024 0.1040 0.3801 0.2973 0.3261 2.8441 2.3023 2.6676 

4 0.0975 0.0741 0.0760 0.3312 0.2379 0.2669 2.6229 1.9870 2.4030 

25 1 0.3130 0.2926 0.2927 0.6003 0.5703 0.5844 3.5970 3.4379 3.5528 

2 0.1692 0.1553 0.1558 0.4396 0.3981 0.4146 3.0905 2.8339 3.0131 

3 0.1144 0.1013 0.1021 0.3528 0.3036 0.3207 2.7649 2.4330 2.6584 

4 0.0871 0.0734 0.0744 0.3028 0.2463 0.2639 2.5441 2.1489 2.4106 

50 1 0.3019 0.2918 0.2918 0.5924 0.5773 0.5844 3.5873 3.5068 3.5649 

2 0.1610 0.1541 0.1544 0.4257 0.4050 0.4132 3.0342 2.9055 2.9956 

3 0.1071 0.1006 0.1010 0.3362 0.3114 0.3201 2.6893 2.5216 2.6356 

4 0.0795 0.0729 0.0733 0.2800 0.2520 0.2607 2.4484 2.2493 2.3818 

100 1 0.2961 0.2911 0.2911 0.5877 0.5801 0.5837 3.5716 3.5321 3.5608 

2 0.1573 0.1539 0.1541 0.4186 0.4083 0.4124 3.0278 2.9628 3.0084 

3 0.1035 0.1003 0.1005 0.3262 0.3140 0.3182 2.6739 2.5887 2.6468 

4 0.0760 0.0727 0.0729 0.2682 0.2545 0.2588 2.4187 2.3172 2.3849 

250 1 0.2933 0.2913 0.2913 0.5833 0.5804 0.5817 3.5483 3.5325 3.5440 

2 0.1552 0.1539 0.1539 0.4142 0.4101 0.4117 3.0077 2.9816 2.9999 

3 0.1012 0.0999 0.1000 0.3200 0.3151 0.3168 2.6501 2.6165 2.6396 

4 0.0736 0.0723 0.0724 0.2625 0.2569 0.2586 2.3878 2.3471 2.3742 

1200 1 0.2915 0.2911 0.2911 0.5836 0.5830 0.5833 3.5677 3.5643 3.5667 

2 0.1536 0.1533 0.1533 0.4108 0.4100 0.4103 3.0002 2.9949 2.9987 

3 0.1000 0.0997 0.0997 0.3185 0.3175 0.3178 2.6362 2.6291 2.6340 

4 0.0723 0.0721 0.0721 0.2591 0.2579 0.2583 2.3782 2.3697 2.3754 
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Proofs 

ProofofProposition 3.1. To outline the proof of Proposition 3 .1 , we use an algorithm that is similar to 

that applied to analyze the classical log EL ratio (Vexler et al. 2014). We first note that by virtue of the 

Taylor theorem we can expand Iog(ELR(/JJ) around br 
~ 

as 

(B.0) 

~ 

where br is the maximum EL estimator of /3,. having the form 

and 

denotes the remainder term with a= /3,. +w(b,. - /3,. ) and m E (0,1) . 

A 

In the case where the function Iog(ELR(u )) is considered at the argument u = b,., we obtain the 

maximum of this function, since, by virtue of the definition of the EL, P; =1/ n, i = I , ... n , satisfy the 

arguments of max(Ilnp.:"'np . = i). Thus, and 
i=l 1 L.,. i=l l 

d log(ELR(u ))! dulu=h, = 0. 

Taking into account the results by David and Nagaraja (2003) and Serfling (1980), we have that 

2(B,. -hr) is asymptotically x2-distributed. In order to show -2log(ELR(fJJ) ~%1 , applying (B.0), we 
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will prove that the remainder term R ➔ 0 as n➔ oo .To achieve the proof scheme above, the next two 

lemmas are presented. 

Lemma 2. We have 

d log(ELR(/3,)) = Ai 
d/3,. , 

where A-
2 

is the second Lagrange multiplier defined in Section 3.2.2 and Ai = Ai (/3,. ) is a function of 

/3,. . 

ProofofLemma 2. 

Note that 

n 

log(ELR(/3,. ))= ~)ogA -logn-n , 
k=I 

where in accordance with the definition of ELR in Section 3.2.2 and Eq.(3.4), ELR(jJ,. )=IIZ=tPk Inn, 

Thus 

(B.l) 

To prove Lemma 2, we will show that 

We have 

~[ d~(/J,. )J-l~ sr ~ ( ~ (sr sr )) ( )/J Jd~~ AVk--- - ~pk X (k) k + ~Pk ~x(i) i - i -1 - r+I r - . 

k=I k=I k=I i=k+Id/J,. d/J,. 

By virtue ofEq. (3 .3), one can easily show that 
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The two equations above conclude that 

The definition of v. leads to 
k 

d Vk =rX s r-1 dSk +r .~ X lsr-1 dS; -sr-1 dSi-lj-(r+I)
(k) k d/3 .~ (z) , d/3 z-1 d/3 ' d/3r r 1- k+l r r 

and then 

Thus we need to show that 

~ s r-1 dSk ~ ~ lsr-1 dS; s r-1 dSi-1 JLJPkX (k)k -+LJPk LJX(i) i -- i-,-- =l , 
k=I d/J,. k=I i=k+I d/J,. d/J,. 

in order to conclude that - I::=A (d Vk I d /3,. )= 1. 
1 

To this end, we apply Lemma 1 to rewrite the second term on right side of (B.2) in the form 

~ ~ X lsr-1 d.Si _ s r-1 dSi-1 J= ~ X lsr-1 dS; _ s r-1 dSi-1 J~ .LJPk LJ (z) z dfl z-1 dfl LJ (z) z dfl z-1 dfl LJP;
k=I z=k+I /Jr /Jr z=2 /Jr /Jr ; =I 

= ~ X (sr-1 dS; _ 8 ,._, dS;_, : S 
~ (i) ; d a ;-1 d a ;-1 
z- 2 f-' r f-' r

~(x 8 ,._, dS; (S ) X 8 ,. _, dS;_, J = ~ (i) ; d a ; - P; - (i) ;-1 d a 
z- 2 f-' r f-' r 

= ~ X 8 ,. dS; _ ~ X 8 ,._, dS; _ ~ X 8 ,. dS,_, 
~ (i) i d/J,. ~ (i) i d/J,. P; ~ (z) z d/J,. 

Applying this result to (B.2) we obtain 

~ s r-1 dSk ~ ~ lsr-1 dS; s r-1 dSi-1 JLJ AXck> k -- + LJ A L....J x (i) i --- i-1 --
k=I d /3,. k=I l=k+I d /3,. d /3,. 

= ~ X s r-1 dSk +~ X . s r dS; - ~ X . s r-1 dS; . - ~ X . s r dS;-1 
~A (k) k d/J,. ~ (z) z d/J,. ~ (z) z d/J,. P, ~ (1) z d/J,. 
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(A.3) 

The constraint used in the definition of the EL 

l11 s r+1 s r+1 ) /3 ="" X - ' - _____!.=!..._ 
,. {-; (,J r +l r +l 

implies the equation d/J,. I d /J,. =d (I ;=, Xc;J (s;+' -SL~') I (r +I)) I d /J,., i.e. , 

f xc;i ls:· dS; -s:dSi-1 J= I. 
i =I d/3,. d/3,. 

This result and Eq. (B.3) complete the proof of - L:=A (dVk I d 13,_) = 1. The proof of Lemma 2 is 
1 

complete. 

The next lemma is presented to evaluate d 2 log(ELR(/3,. ))! d/3} = dA2 (/J,. )/d/J,. . 

Lemma 3. The function A2 =A2 ( /J,. ) satisfies 

n n 

d~ ~Av;-,1,2~P;vkv; 
=-------

d/3,. 

where v; denotes the derivative dV,jd/3,. . 

ProofofLemma 3. 

By virtue of definition of A2 in Section 3.2.3 and Eq. (3.4) with ~ = J k -(r + I)/3,. for k = I, .. , n , we 

have 

Then 
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The above equation leads to the formula of A~ given in Lemma 3. This completes the proof of Lemma 3. 

By virtue of Lemmas 2 and 3, we can rewrite (B.O) as 

(B.4) 

where 

d~(/J,. ) :-1 
[ d/J,. /3 =b 

' ' 

=-=2f(x<kJ (k),. + I X<;i ((.!_) ,. -(~),.]-fx<;i ((.!_),.+1 -(~),.+1

JY. 
n k =I n ,=k +1 n n ,=, n n j 

In order to evaluate the remainder term R, we present the following lemma. 

In Section 3.2.3 and Eq. (3.4), A-
2 

is defined to be a root of 

(B.5) 

Then we have 

Employing the following facts , 

n n 
3X k = OP (n113 

) , Jk = Op(nu ) , k = I , .. , n , and, IX;P; ~ IIX;IP; < oo considering the assumption that 
i=k i =l 

106 



Thus we obtain that ✓n,L(Jr.,2 ) ➔ - oo, as n ➔ oo and ✓n, L(Jr.,2 ) ➔ oo, as n ➔ oo when ~ =OP (n 213 
). 

Thus the proof of Lemma 4 is complete. 

To evaluate ~ = d A.i (/3,. ) I d/3,. , we will use the following scheme. Since A= (n +~ Vk t1 and 

to evaluate A, we can conclude that A = O/n-1
). Consider v: = d((x(n) -(r +1)/JJ);d/Jr = -(r +1). 

the results above implies 

d(V + (X - X )Sr ) ( n :V' = n (n -1 ) (n) n-1 =V' + r(X _ X )(1- ) r -1 " 1 
n-1 d/Jr n (n -1 ) (n) P n f-::p, 

=0/1) +~op(n- 4 13 
) , 

d(V + (X X )Sr ) ( n n ))r-l(V' = n -1 (n - 2) - (n -1 ) n- 2 = V' + r(X - X ) 1- ." . ." I 

n - 2 d/J,. n -1 (n - 2) (n -1 ) if::-;' if::-;' 
= 0/1) + "½op(n-4 13 

) , 

513 
and then p:_2 =A~OP(n- ). In this induction type manner one can conclude that 

Now, using Lemma 3, we represent ~ = dA-i(/Jr) / d/Jr in the form 

n n 

d ~ ~Av: -A,2 ~P~ V k v : 

=--------
d/Jr 
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Thus applying the above results, A-i(,6,.)=0)n213 
) , A =0/n-1

) and X (kl =O)n113 
) to the formula of 

~ = d .A.i (/3,. ) / d/3,. , we obtain that ~ =0 P ( n) . In a similar manner, one can show that 

We use the obtained results to analyze the remainder term R in (B.0) . In this case we have 

Taking into account (A.4), we will show that 

To this end, we note that 

where ((t i n)"+' -((i-1) /n y+i )!(r +1) ~ (ii n)" In. 
~ 

Thus the proposed estimator br is asymptotically equal to the estimator b,. = n-' z:;~,X U) (i/nY presented 

in David and Nagaraja (2003 , pp.332-333). Following the book material in David and Nagaraja (2003 , pp. 

332-333) and Serfling (1980, p. 276), we have that the estimator br is asymptotically normally distributed 

with mean fJ,. and a variance that can be estimated in the form 

£7 2 (br) 
= 2_ ~ ~(i-l)r(j-l)r(min(i-1,j -1) -(i-l)(j -l))cx )(X . -X .-X ) 
~ ~ (1) (1 -l ) (;) (; -!) · 

n i=I J=' n n n n n 

To shorten notations, we denote ,-1,' 1/3, =b, =d~(/J,.) I d/Jr 1/3, =b, . 

Lemma 5. Let the conditions of Proposition 1 be held, then 
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ProofofLemma 5. 

Based on the formula, 

d/42(/Jr) ]-I 
( d/Jr /3 =r,

r r 

==-!_f(x(kl (~)' + I Xui ((i)'-(i-l)r]-fx<;J ((!_) r+1 -(~)'+']]2, 
n k=I n l=k+I n n l=I n n 

and, 

heavy algebra can be used to show that 

n n-1 n 
2-v /4~ 1/3, =b, = Lc,k x (k) + L L c lki x (k) x (i) ' and 

k=l k=l i=k+l 

n n-l n 

a- 2 (z;,. )= Ic2k x (2k) + L Ic2ki x (k) x (i), 
k=l k=l i=k+l 

where 

1 (k-l)l+r (k),. 1 (k)2,. 1(k-1)'+2r c,k=2(k-n)-;; -n- n +k(n-k)~ n +(n+l-k) n -n- , 

I( . (i-l)r(k)' .(i) r(k)r . (i)'(k-l)l+r 
C lki =~lk(z-1-n)--;; -;; +k(n-z)-;; -;; +n(z-n)-;; -n-

{ i -l)'(k-1)'+' J+n(n+l-i\--;; -n- , 

1(k-l)l+r (k)' 1(k)2,. 1(k-1)'+2r
C2k =2(k-n)-;; -n- -;; +k(n-k)~-;; +(n+I-k)-;; -n- , 
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l ( . (i-1),.(k) ,. .(;),. (k),. . (;) ,. (k-l)t+,-
C 2k; =~lk(z-1-n)--;;- -;; +k(n+l-z)-;; -;; +n(z-n)-;; -n-

{i-l),.(k-1)1+,- J 
+ n( n + l - i\--;;- -n- . 

Based on the above results, it can be easily seen that the two variance formulas a-2 (li,.) and -1/;L~ IP,=b, 

are asymptotically equivalent. This completes the proof of Lemma 5. 

Thus, we conclude that 

Remark: Our limited Monte Carlo study showed that the values of - 1/;L~ I _. and a- 2 (Er) are veryI P,-b, 

close even when the sample size n is relatively small. We do not show this numerical study in this 

manuscript. 

Supplementary Tables related to the MC evaluation of the EL inference of the Gini index 

Table B.2 and B.3 show the MC Type I error rates of the tests for H
0 

: G = 0 , given that 0 is the value of 

the Gini index of the corresponding underlying data distribution. In this study we used that 0= 0.05 , 0.28, 

0.5, 0.64 are the values of the Gini index corresponding to Pareto(!) , Lognormal(0.5), Exp(l) and x,2 

underlying distributions, respectively. We repeated 3000 times sampling data with sizes n=20, 25 and 100 

for each underlying distribution to evaluate the proposed method. 
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Table B.2 The Type I error control of the EL procedure based on the method by Qin et al. (2010). The 

expected Type I error rate is 0.05 and G denotes the value of the Gini index for corresponding data 

distributions. 

Baseline distribution 

Pareto(!) G=0.05 

Lognormal(0 .5) G=0.28 

Exp(l) G=0.50 

G= 0.64 X,
2 

n=20 50 100 

0.999 0.617 0.259 

0.131 0.078 0.061 

0.100 0.074 0.054 

0.092 0.079 0.058 

Table B.3 The Type I error control of the proposed method. The expected Type I error rate is 0.05 and G 

denotes the value of the Gini index for corresponding data distributions. 

Baseline distribution n=20 50 100 

Pareto(!) G=0.05 0.191 0.225 0.197 

Lognormal(0 .5) G=0.28 0.045 0.070 0.057 

Exp(l) G=0.50 0.086 0.059 0.051 

X,2 G= 0.64 0.092 0.070 0.053 
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R-code 

############################################################ 

####Here is the R-code to implement the proposed EL test, the classical EL test##### 

####and the empirical test for beta r= 1 with underlying standard normal distribution## 

##################################################################### 

#The sample size, r value and library# 

n<-50 #sample size 

r<-1 # r value 

library( emplik) 

#Calculate the true value beta r=l as Ml assuming underlying normal distribution# 

FF<-function(u) u*(pnorm(u,0,l))"'r*dnorm(u,0,1) # x*P''r*density 

M 1 <-integrate(Vectorize(FF), -Inf,Inf) [ [ 1]] #calculate true beta value 

MC<-3000 # number of simulations 

L<-array() #store results of the proposed method# 

ELtest<- array() #store results of classical EL method # 

Btest<-0 #store results of the br- based method# 

for(mc in 1:MC){ 

x<-morm(n,0,1) # generate random sample 

xs<-sort(x) #sort them in order statistics 

##################################################################### 

###############these two lines are for test in el. test comparison############### 

##################################################################### 

xx<- x*(pnorm(x,0,l))"'r 

112 



ELtest[mc]<- el.test(xx,mu=c(M1))$'-2LLR' # ELtest# 

##################################################################### 

############ calculate the value of test statistic of the EL ratio method ########## 

##################################################################### 

ssx<-sort(x) 

LLL<-array() 

for( ii in 1 :n) LLL[ii]<-ssx[ii]*(ii/n)"'(r) 

PO<-el. test(LLL,mu=M 1 )$wts/n 

for(kkk in 1: 10){ 

Sw<-array() #To store Sw that is Sn ,n=l ,... ,n, the cumulative probabilities# 

Sw[l]<-PO[l] 

for( ii in 2:n) { 

Sw[ii]<-sum(PO[l :ii]) 

LLL[ii]<-ssx[ ii] *(Sw[ii]"'r-Sw[ (ii-I )Y'r) 

} 

JO<-array() #store value for Jk's .. .. k=l , ... ,n 

JO[n ]<-ssx[ n] 

for( ii in 1 :(n-1)) JO[ii]<-ssx[ii]*Sw[ii]"'r+sum(LLL[(ii+ 1):n]) 

M2=Ml *(I +r) 

Pl<-el.test(JO,mu=M2)$wts/n 

Swn<-array() 

Swn[l]<-Pl[l] 

for( ii in 2:n) Swn[ii]<-sum(Pl[l:ii]) 

zz<-ssx *(Swn)"'r 

P2<-el. test( zz,mu= M 1 )$wts/n 
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PO<-P2 

} 

Sw<-array() 

Sw[l]<-Pl[l] 

LLL[l]<-ssx[l]*Pl [l]"'(r+ 1)/(r+ 1) 

for( ii in 2:n) { 

Sw[ii]<-sum(Pl [1 :ii]) 

LLL[ii]<-ssx[ii]*(Sw[ii]"'(r+ 1 )-Sw[(ii-1 )Y'(r+ 1 ))/(r+ 1) 

} 

print(c(Ml ,sum(LLL),sum(Pl))) #here Ml should be close to sum (LLL), and sum(Pl) # 

UU<-array() 

UU[l]<-0 

for( ii in 2:n) UU[ii]<-ssx[ii]*(Sw[ii]"'r-Sw[(ii-l)]"'r) 

Lambdal<-(1 /Pl [1 ]-n)/(ssx[l ]*Pl [1 ]"'r+sum(UU[2:n])-(r+ 1 )*Ml) 

PP<-function( u) { 

p<-array() #p vector of pi's 

S<-array() #S vector of Si's 

S[n]<-1 

p[n]<-1 /(n+u*(xs[n]-Ml *(r+ 1))) #calculate Pn 

SS<-0 

for( i in (n-1) :1) { 

S[i]<-S[i+ 1 ]-p[i+ 1] 

SS<-SS+xs[i+ 1 ]*(S[i+ 1 ]"'r-S[i]"'r) 

p[i]<-1 /(n+u*(xs[i]*S[i]"'r+SS-Ml *(r+ 1 ))) 

} 
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ELM<-xs[l]*(S[l]"'(r+ 1))/(r+ 1) 

for( i in 2:n) { 

ELM<-ELM+xs[i]*(S[i]"'(r+ 1)-S[i-l]"'(r+ 1))/(r+ 1) 

} 

retum(ELM) # ELM is the second constraint 

} 

PP<-Vectorize(PP) 

PPl <-function(u) (PP(u)-M1)"'2 

10<-optimize(Vectorize(PP 1 ),c(Lambdal -2 *abs(Lambdal) ,Lambda!+ 2 *abs(Lambdal)) )$minimum 

##################################################################### 

############## calculate the value of test statistic of the proposed method######## 

##################################################################### 

lamb<-10 

p<-array() 

S<-array() 

S[n]<-1 

p[n]<-1 /(n+lamb *(xs[n]-Ml *(r+ 1))) 

SS<-0 

for( i in (n-1) :1) { 

S[i]<-S[i+ 1 ]-p[i+ 1] 

SS<-SS+xs[i+ 1 ]*(S[i+ 1 ]"'r-S[i]"'r) 

p[i]<-1 /(n+lamb*(xs[i]*S[i]"'r+SS-Ml *(r+ 1))) 

} 

L[me]<-(-2 *sum(log(p*n) )) 
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#################################################################################### 

#calculate the br-based normality test####################### 

##################################################################### 

xs<- sort(x) #sort x from small# 

ys<-xs 

bhat<- n/\(-1 )*sum(xs*(rank(xs )/n)"'r) 

nvar<- 0 

for (i in 2:n ){ 

for Gin 2:n) { 

deltax<- xs[i]-xs[i-1] 

deltay<- ys[j]-ys[j-1] 

nvar<- nvar+((i-1 )/n)"'r*(G-1 )/n)"'r*( min(i-1 ,j-1 )/n-(i-1 )*G-1 )/n/\2 )*deltax*deltay 

} 

} 

c31 <- bhat-1.96*sqrt(nvar/n) 

c32<- bhat+ 1.96*sqrt(nvar/n) 

if((c31 <=Ml) & (Ml <=c32)) Btest<-Btest+l 

################################################################### 

###########print the results for the three methods in comparison############### 

#################################################################### 

print(c(mc,L[mc] ,mean(l *(abs(L[L!='NaN'])>3.84)))) 

print( c(mc,ELtest[ me ],mean(l *(ELtest[ELtest!='NaN']>3 .84)) )) 

print( c( me, 1-Btest/mc)) 

} 
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Appendix C 

ProofofProposition 4.1 

Without loss ofgenerality, we consider the stopping rule r 2 in the two-sided hypothesis setting. We obtain 

a third order expansion of the ELR test statistic J =-2log{L(00 )}, where L(00 )= IT=, {np;(00 )},
11 

, 2 

Denote lr 
11 
(00 ) = log{L(00 )} . Applying Taylor's theorem, we have 

lr (0 )=lr r0 )+r0 _ 0 )alr11 (0) +I_r0 _ 0 )2a 
2 
lr11 (0) +_!_r0 _ 0 )38

3
lr11 (0) 

11 0 11 ~ 11 ~ 0 n 80 ' 2 ~ 0 n a02 ' 6 ~ 0 n 80 3 
0=0,, 0=0,, 0=0,, 

To simplify notations, denote 8A(0)! 80=A'(0), a½(0)1a0 2 =A"(0), 8G(u ,0) ! 80=G'(u,0) , and 

a 2 G(u,0)1802 = G"(u, 0). By virtue of the definitions of lr
11 
(0) and ,1,(0) , we can obtain 

at;t)- -J(0)t, G'(X,, 0)p,, 

a'~~B) - -J'(0)t, G'(X, ,0)p, -/4(0)A(0), 

8 
3

lrJ0) { '( )}2,f, '( )G( ) 2 ()
--

3 
-==2 A 0 £..JG X i, 0 X i, 0 p i +J 0 , 

a0 i=I 

nI
11 

P;2 G'(X; ,0)
A 1()0 =--1 

-= 
1
----

I ;=,P;2 {G(X;, 0)}2' 

,1,"(0)= [I~=IP;2 {G(X;' 0)}2 J-' [I;=,P;2 {nG"(X; '0)- 2A'(0)G'(X; '0)G(x; ' 0)} 

-2I;=p; {nG'(X; ,0)-,1,'(0){G(x;, 0)}
2 
}{,1,'(0)G(x;, 0)+,1,(0)G'(X;, 0)}j ,

1 

where P; = {n + ,1,G(X;,0)t' , i=l, .. .,n, 

11 7 



n n n 

A(0)=-J(0)I{G'(X; ,0)}2 P;2 + IG"(X; ,0)p; -J'(e)IG(X;, 0)G'(X;, 0)p;2 ' and 
i =l i=l i=l 

n n n 

J(e)= -22'(0)I G"(x;, e)p;+22'(0)2(0)I G'(x; ,0)p;2 -2(0)A'(0)-2"(0)I G'(x; ,e)p;, (S.1) 
i=l i=l i=l 

see Vexler et al. (2014a) for details. 

1 

lr

It is clear that the argument !Jn' which satisfies n - I'.'= l c(xi, en)= 0 ' maximizes lrn (e) .In 

this case, P; (en)= n-', i=l , ... ,n. Then we have 

11 (011 )= 8lr11 (0) 18~ 
0 

=0" = Jc(B11 )= 0, 

= 
n-

1 t ;=tG'(X;, eJ}2 
n -I I ;= l {c(xi, en )}2 . 

lr 

Taking into account these results shown above and the Taylor expansion of the ELR statistic, we obtain 

11 
( 00 ) in the form 

lr (0 )=--n_fe -0 )2 + _!_{0 -0 )383/rJe) (S.2) n O 2a-~ ~ 0 n 6 ~ 0 n ae3 
0=0,, 

Let Prk be the probability measure corresponding to the hypothesis H k, k=O , I , respectively, and 

RJ0)= 83lrJ0)/803. By(S.1), onecanwrite Pro(r2<oo) in the form 

In order to evaluate (S .3), we present the following lemma. 

Lemma 1. Assume conditions (Al)-(A3) are satisfied. Then 

Pr0 { nl!Jn - 00 I:2'. an for some n :2'. m}= O{1/log log(m )} , 
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ProofofLemma 1. 

By virtue of n -1 Ii:'=c(x;, 0,,) = 0 and Taylor's theorem, we have 
1 

i=l i=l 

Denote the event where 

0"
111 

=[var{M0 (x1 )}]
05 

. One can use the result of Darling and Robbins (1967) to prove that 

Pr0 {B,, for some n 2 m} = O{l / log log(m )} as m ➔ oo . Then 

11 

( ~ ( u (2 log log n)°
5 J }:::;Pr0 { B,, for some n2m } +Pr0 ~G X ;, 0011 2a ,, r- m no.s for some n2m 

{ 

- 0{1 /log log(m)} +Pr, { t.G(X,, 00 ) ;, o-c (2n log log n)'' for some n;, m} as m ➔ oo . 
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Note that the result of Darling and Robbins (1967) implies that 

Pr0 iL;=G(Xi, 00 ~ 2 c,G (2n log log n)
0 5 

for some n 2 m} = 0{1 / log log(m )} as m ➔ oo . Thus, we have
1 

Pro {nlen - 00 I2 an for some n 2 m}= 0{1/log log(m )} as m ➔ 00 . 

The proof of Lemma 1 is complete. 

By virtue of Lemma 1, we will obtain upper and lower bounds for Pro(r2 < oo). To this end, we 

use (A.1) to show that Pr0 (r2 < oo) 

=Pro{:; (eo -0J2 

- ½(eo -BJ3 R)BJ>cmlog(n)forsomen2m,nlen -001:::::an forsomen 2m} 

+Pro{:; (eo -0J2 

- ½(eo -BJ3 R)eJ>cmlog(n)forsomen2m,nlen -001 <an foralln2m} 

where Pro {nlen -00 I::::: an for some n 2 m}= 0{1 / log log(m )} ' and 

Regarding the term U om , we have the inequality 

where 5 is assumed to be in (o, 0.5) and the term a!n-2 
+ 

8 ➔ 0 as n ➔ oo. 

Now, we consider the lower bound for Pr0 (r2 < oo). Noting that, by (S.3) we have 
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2Prot:~ (00 -eJ2 

-~ (00 -eJ3 

R)en)>cm log(n)for some n2m,1en -001 < an foralln2m} 

2 Pr) n2 (00 - eJ2 

- a~ IR)en ~> cm log(n) for some n 2 m, 1en - 001 < an for all n 2 m}la-n n 

where Pr0 ~ 0n - 0012 a" fo r some n 2 m }= 0{1 / log log(m )} , and 

Regarding the term U 1m , we have the following inequality 

where the term a!n-2 
+ 

0 ➔ 0 as n ➔ oo . 

2 
Thefollowinglemmaanalyzestheterm Pr0 {:~ (00 -0J >cm log(n)for some n 2 m} providedinin(S.4) 

and (S.5). 

Lemma 2. Assume conditions (Al)-(A3) are satisfied. Then 

where cm satisfies 2l1 - <l> tc m Iog(m)f 2 }J{1 + c: 1 + log(m )} =a, a denotes the pre-sp ecified significance 

level, and <t>(y) = (21rt 112 f exp( -x2I 2)dx. 
00 

ProofofLemma 3. 

Applying Taylor' s theorem to n-1 L~=l G(xi' en)= 0 with 0n around Bo ' we obtain 
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virtue of Lemma 1, it follows that 

nle/1 -001:::::: all for some n2:: m] 

+0{1 / loglog(m)} as m ➔ oo . 

According to Darling and Robbins (1967), we have Pr0 {Bn,k for some n::::: m}= 0{1/loglog(m)} as 

and a-m , k =[var{Mk (X1 )}]
0 5 

, k=O, 2. Then it is clear that as m ➔ oo 

11 

n-1/ 
2 

G(X,0 ) 
1 '°' 11 

'°'.~ Pro L..,=1 ' o 
{ n- G'(X 0 \_

L,_i=l z ' 0 JU n 
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where C1 is a positive constant. 

In a similar manner one can obtain the lower bound that as m ➔ oo 

where C2 is a positive constant. 

Thus, the above analyses imply that 

. n , 2 n- L.- G X ;, 00112 " " ( ) }
hmPr -(0 -0) 2clog(n)Jorsomen2m -Pr , _, 2 cmlog(n)Jor somen2m =00 0 0 
m➔00 { 2 } {a- n-1 '°'"G'(X 0 )a-

n L.Ji=l 1 , O n 

Since G(X;,00 ) , i=l , .. .,n, are i.i.d. random variables with E{G(Xi,00 )}=0 , we directly use the 

result presented in Mukhopadhyay and De Silva (2008, pp. 81-82) and Sen (1981 , p. 238) to conclude that 

This completes the proof of Lemma 2. 

Lemma 2 evaluates the Type I error probability formula related to the proposed stopping rule T 2 . 

According to equations (S.3)-(S.4) and Lemma 2, next we complete the proof ofProposition 1 by proving 

that Pr0 ~Rn(en~> n i+s for some n 2 m} ➔ O as m ➔ oo . Since the remainder term R (0,,) is a function of 
11 

the Lagrangian multiplier A(0) defined in (2 .1 ), we begin with deriving theoretical results regarding A(0) . 

These results might have an independent interest in evaluation of relevant EL problems. 

Lemma 3. We have that A z O ifand only if z:;=G(X;, 0) z O, and A < 0 ifand only if z:;=G(X;, 0) < 0. 
1 1 

ProofofLemma 3. 
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Using the inequality log(l + s) s s for s > -1 , we obtain 

n 

-lr(e) = ~)og{l + ,1,G(Xi ,0)1 n} 
i=I 

n n 

s LAG(X;, 0)1 n = ALG(X;, 0)1 n. ~, ~, 

This completes the proof of Lemma 3. 

Lemma 4. The Lagrange multiplier A satisfies 

ProofofLemma 4, 

The constraint L;~,G(X; ,0)p; = 0 with P; = {n + JG(Xi ,0)t
1

, i =1, .. , n, in (4) implies that 

n n n 

LG(Xi, 0)= L{G(X;, BXI-pJ}+ L{G(X;, B)p;} 
i=I i=I i=I 

i= l 

This completes the proof of Lemma 4. 

ProofofLemma 5, 

Having A :;::,: 0 , we obtain 

i=I i=I 
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where P; ={n+AG(X;,B)t1 , i=l, ... ,n. 

Applying the results of Lemmas 3 and 4 to the above inequality yields 

It follows similarly that when A < 0 , we have 

This completes the proof of Lemma 5. 

Lemmas 3-5 are applied to obtain the next result regarding the remainder term Rn (en) presented 

in (S.3). 

Lemma 6. Assume conditions (Al)-(A3) are satisfied. Then 

Pro {IR)en~ > nl+o for some n :2': m}= o{(loglogmt1} as m ➔ 00, 

where 5 E (o, 0.5). 

ProofofLemma 6, 

Note that 

(S.6) 

1 1where z 1 = y[{ fR,, (0,,)1 > n +
0 }I {,i(0,,)~ o}] and z 2 = y[{ ~,, (0,,)I > n +

0 }r {,i(0J<o}]. 
n ;:::.: m n :;::.: m 

Next we will show that Pr0 { Zk} = 0 {(lag log mf}, k = I, 2, as m ➔ oo . 
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Define event V,, ={en-eolsn-'a,,} , where a,, ={2nloglog(n)}°"5 o-alr is from Lemma 1. Then, we 

apply Lemma 1 to obtain the following inequality 

s Pr0 {z, ,Vn for all n 2 m}+ o{(loglogm t'} as m ➔ oo, (S.7) 

Rewrite 

R11 (en)= Q(B,,)+ J(0,, ) , 

where Q(eJ= 2{A'(0J}2 I c(xi ' en };'(xi' e,,)pi2 (eJ and J(en) is defined in (S.1). Denote 5, E (o, 5) and 
i=l 

Pr0 {z1 , Vn for all n 2 m} 

s Pro {IQ(en ~ + IJ(en) > nl+J and ;_,(en)2 0 for some n 2 m, vn for all n 2 m, Wi for all n 2 m} 

+ Pro {IQ(en~ + IJ(en~ > nl+J and ;_,(en)2 0 for some n 2 m, vn for all n 2 m, ~ c for some n 2 m } 

s Pro {IQ(en) > nl+Ji and ;_,(en)2 0 for some n 2 m, vn for all n 2 m } 

1+ Pro {IJ(en~ > nl+J - n -
81 and ;_,(en)2 0 for some n 2 m, vn for all n 2 m}. 

To show that 

,1,(eJ= ol{2n log log(n )t 2 j for all n 2 m as m ➔ 00 . 
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Since by assumption (Al) G'(X;,0)<0 for all i=l , ... ,n, we obtain the following results, for 

lc(x)lnl ~ max{lc(x;, eo -n-'anJlc(x;,eo +n-'an~}, 

1{c(x;,0J< 0}21{c(x;,00-n-'a,,)< o},and 

z:;~,a(xi, en)~ z::~,a(xi, 0 0 - n-' an), (S.8) 

where en= 00 + p(en-00) , p E (o, 1) . 

These results and Lemma 4 imply that 

o<:: 1(0")<:: nt. G(x,, o"lt. {G(x,, o"))' I{G(x,, o")< Oir 
<:: n t,G(x,,o, -n-'a"lt. {G(x,,o, + n-•aJ}'1{G(x,,0J< o}r 

~ n t,G(x,,0 -n-'a"{t.{G(x,,o, + n-'aJ}'I{G(x,,o, -n-'aJ< olf0 

In a similar manner to the analysis shown above, we have 

Then, it is clear that 

,1,(eJ= ol{2n log log(n )f 2 J, for all n 2 m as m ➔ oo . (S.9) 

Thus, by virtue of (S.8) and (S.9), we conclude that, for 10n-00 1 ~ n-'an, 

P ;(eJ=O(n-1 
) for all i=l, ... ,n and n2m , where the definition P; ={n+,1,G(X;,0)t1 is taken into 

account. 

This leads to the conclusion 
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Since (log log n) I n 1+01 ➔ 0 as m ➔ oo, it is clear that 

Similarly to the analysis of Q(B,,) , one can prove that 

The above results lead to 

Pr0 {z1, V,, for all n :?: m} = 0 as m ➔ oo . (S.10) 

By virtue of (S.7) and (S .10), we conclude that 

Pr0 {z1 } = o{(loglogmt1} as m ➔ oo . 

In a similar manner to the considerations shown above, one can show that 

The proof of Lemma 6 is complete. 

By virtue of Lemmas 2 and 6, inequality (S .5) has the form 

This result completes the proof ofProposition 1 regarding the stopping rule r 2 . Proofs related to the one-

sided stopping rules r O and r 1 defined in (3 .1) can be directly derived following the algorithm shown 

above, and then we omitted these proofs. 

Remark: In this research we provide Lemma 6, employing Lemmas 1-5. This result can be confirmed by 

adapting Lemma 7 presented in Zhong and Ghosh (2016) that concludes with ~ 3 lrn (0) / 80 3 
1 ~ C1n almost 

~ 

surely, when 0 is in a neighborhood of 0n, for relatively large n, where C1 denotes a positive constant. 

ProofofProposition 4.2 
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Assume that we consider the hypothesis H 0 : 0 = vs. H 1 : 0 -::f:. 00 , where 00 is known. Let 0 =1:- 0000 1 

satisfy E{G(X1,01)}=0, under H 1• To prove the property Pr1{-2lr,, (00 ):s;c111 
log(n)foralln 2::m}=O, 

6 we show that, for large values of n, - 2lr,, (00 )! n > C , whereas cm log(n)! n" ➔ 0 as n ➔ oo, where 

& > 0 and C is a positive constant. (Note that the result cm log(n)! n" ➔ O as n ➔ oo, can be found in 

Sen (1981).) Consider the following proof scheme: 1) Taking into account Lemma 1 of Qin and Lawless 

(1994) and Lemma Al ofVexler et al. (2O14b), we will obtain that: i) in the case of 00 > 01 , for relatively 

113 113 113large values of n, we have 00 > 01 + n- , 10,, - 01I :s; n- a.s. , and then 00 > 01 + n- > 0,, a.s. , which 

implies - 2lr,, (00 )2=:-2lr 
11 
(01 + n-113 

) , as n ➔ oo; ii) in the case of 00 < 01 , for relatively large values of 

113 113 113 n, we have 00 < 01 - n- , 18,, - 01I:s; n- a.s. , and then 00 < 01 - n- < 0,, a.s. , which implies 

that, when n is relatively large, we have - 2lr,, (01 ± n-113 )= o(n 113 )➔ +oo, as n ➔ oo, under H 1 ; 3) By 

(i) and (ii) , it follows that there exists N such that, for all n 2:'. N, the event {- 2lr,, (00 ) :s; c
111 

log(n)} is 

empty. Thus, we will conclude that Pr1 {- 2lrJ00 ) :s; c
111 

log(n) for all n 2:'. m} =0 . 

113 )= 2L~Attending to step (2) above, we note that, by (4.2), we have -2lr)01 + n- =log(l + .;J ,
1 

bound and an approximate order for ,1,(01 + n-1/ 3
). To this end, we apply Lemma 5 to obtain that 

where win = " L., " i =l { ( -1 /3)}2 { ( I G X ;, 01 +n 1/3 ) 'G X ;, 01 +n - < 0} 

= " L., " i =l { ( - I G X ;, 01 +n - > 0}and w2n G X ;, 01 +n 1/3 )}2 { ( 1/3 ) . 

By virtue of condition (A2), one can use the Taylor theorem to show that under H 1 , we have 
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I 13 )= o(n 213 Taking into account the results above, we obtain that A(B1 + n- ) as n ➔ oo . 

3 n-1 f G(xi, 01 + n-u )~ - <;; + (1 + w1~ t2 
<;;2 }= O, (S.11) 

i =l 

* · ( ) ( -1/3 ) ( 2/3) * () ·where wli = p 1;<;; with p li E 0, 1 . Note that A 0, + n = OP n and wli = o I , for all z=l , . .. ,n, 

since max 1o,; ,,11 I<;; I=o(l) . We rewrite (S .1 1) in the form 

i = I i =l i =I 

=0. 

Then 

(S.12) 
i =I i =I 

This leads to 

as n ➔ oo . (S.13) 

Applying the Taylor series expansion to - 2lr 
11 

(01 + n-u3 
) with respect to <;; around 0, we have 
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1

1

1

since max 1,c;;:,:11 I~\ I=o(l). Then, by virtue of (S.13), we have 

- 2/r, (0, + n-'13 
) = 2t <;, - t~,' + n_, {-<(0, + n-, ;; ))' [ n-• t {I+ o(l Ji-' {c(x,,0, + n-,n ))'] 

=2f~; - f ~ ;2 + n-2o(n2p(1) 
i= I i=I 

nf -I"no(x 0 + n- 13)}2 
= l'1 , , I +o(nl /3)_L.ii= I 

n-lL '.'=l{o(x;,01 +n-1/3)}2 

Taking into account assumption (A2) and the first order Taylor expansion applied to G(X;, 01 + n- 13), 

under Thus, the mam term 

1order that is more than n 3 
, as n ➔ oo . 

In a similar manner to the analysis related to -2lr,, (01 + n - 1/J ) , one can show that- 2lr,, (01 - n-1/J ) 

=0(n u 3 )➔ +oo , as n ➔ oo . 

In the context of step (1) of the proposed proof scheme, we use the following lemmas provided in 

Vexler et al. (2014b) and Qin and Lawless (1994), respectively. 

Lemma 7. Assume condition (Al) is satisfied. Define 0,, to be a root of the equation 

Then the argument 0
11 

is a global minimum of the function 

- 2lr,, (0) =2I ;=log{1 + n-1,-1,(0 )G(X;, 0 )} defined in (2.1 ), that decreases and increases monotonically
1 

~ ~ 

for 0 < 011 and 0 > 0,,, respectively. 
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Lemma 8. Assume conditions (Al)-(A 2) are satisfied. Then, with probability 1, 

~ (0 -1 /3 0 -1 /3 )0 E - n , + n , as n ➔ oo . 
11 1 1 

The results (S.14)-(S.15) and Lemmas 7-8 imply that in the case of 00 > 01 , for relatively large 

values of n, we have 00 > 01 + n-l!J' 10n- 01 I:-:::; n-1/ J a.s. , and then 00 > 01 + n-11 3 > en a.s. , which leads 

to - 2lrJ00 )?: -2lrJ01 + n-11 3 )= o(n 11 3 )➔ +oo, as n ➔ oo; in the case of 00 < 01 , for relatively large 

11 3 11 3 113values of n, we have 00 < 01- n- , 10n- 011 :-:::: n- a.s. , and then 00 < 01 - n- < 0
11 

a.s. , which leads 

we conclude that Pr1 {-2lr,, (00)~cmlog(n)foralln ?:m}=O. Thus, the proposed two-sided ELR 

sequential procedure , 2 defined at (3.1) has power one. Proofs related to the stopping rules , 0 and , 1 

defined at (3 .1) can be performed in a similar manner to that shown above. 
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1

Appendix D 

ProofofProposition 5.1: 

It is clear that the deterministic term (m + 1) / ( 2n) in the definition of V,, quickly vanishes to zero. 

We simplify the explanation of the proof and represent V,, in the form of V,, = min I]n_2ml(n!!-.. m).
a(n ),;m,;b(n) ; - 1 / 

Toward this end, we will show that under H0 , 

PrH {max log( min IT 2 
m ~ > N r} ➔ 0 as N ➔ oo, 

o l$ n$N a(n ),;m ,;b(n) _ n/1 _ 
; = I ;111 

and 

PrH {max log( min IT 2 
m J> N r} ➔ I as N ➔ oo .

1 J,;n,;N a(n ),;m,;b(n) . n/1 _ 
; =I ;m 

I]11 

To prove that PrH {max lo,i min 2m(n!!-.. mr') > N r} ➔ 0 as N ➔ 00' we use the trivial 
0 J,;n,;N °\a(n ),;m,;b(n) J=l 1 

inequality min I]11 

_ 2m(n!!-.. jm rI ::::; I]n_2nl-S (n!!-.. . 1- 8 r' for relatively large values of n that implies 
a(n),;m,;b(n) J -1 J -1 ;n 

11 

[ 
11 5 

PrH max log min --2m J> N r } ::::; PrH {max log 2n'- J> N r }. (D.1) 
O { l$n$ N ( a(n),;m,;b(n) IT n/1. O 1$n$N IT n/1

; =I ;m ; =I jn1-s 

Here we should note that the simple inequality 

max log min n 2m I nl!-.. . J::::: max log( min 2m I nl!-.. . Jn 
J,;n,;N ( a(n),;m,;b(n) TI ( ;m ) J,;n,;exp(log2/S) a(n),;m,;n /2 TI ( ;m ) 
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+ max log min TIn 2m I n/). . J
0exp(log(2)/S}<;n<;N ( a(n):£ 111 :£ 111- J =I ( Jm ) 

and the fact that Pr{ max log( min IT2m I (n/). 1111 )] > wN r} ➔ 0 , for all fixed O< w < 1 and 
bn:£exp(log(2)/ 8} a(11)<;m<;n / 2 j =I 

N ➔ oo, also justify the use of Inequality (D.1). 

11

In order to show that PrH Jmaxlog(rr _ 2n1
-

8 (n/). . 1_ \-i)>Nr f ➔ 0 , as N ➔ oo, we use the following0 
o ~,, 11 ,,N J -1 111 j 

inequalities. Let r, and r2 satisfy O< r, < r and O< r2 < r, we have 

11 1 5 

PrH { l 11 2n ~ } =PrH t l2nmax log TI 1-8 > N r max ~)og - ~ > N r } 
o l <;11<;N . I n/). o bn<; N . I n/).

J = - s J = 1-0111 1 111 

1 8 1 5 

n - 1-8 11 - 11 - 1-8 11 1-8l2 l2 J l2 }~ PrH max Llog _n_J+ max L log _n_ + max L log n J> N r 
o l<11<N n A l<11<N n A l<11<N n A{ - - j =I Ll. }111-0 - - }=111-0+I Ll. }111-0 - - } =11- 111 -0+I Ll. jn1- o 

11 l2max L
1

-

0 

log _n_1-8 J> Nri } 
J<;n<;N j =I nL'.1 } 1- s

11 

0 1 0111 

- 1-8 n- 11 - 1-8 11 1-8l2 l2 l2+PrH maxilog _n_J+max L log n J+max L log _n_J>N r, 
o l<n<N n A l<n<N n A l<11<N n A{ - - j =I Ll. }111-0 - - j =n1-o+I Ll. }11 1-s - - } =11- 111- 0+I Ll. jn 1-s 

1 

11 - • 1-8l2 }max L log _n_J~ N r1 

J<;11<;N j =I nL'.1 jnl-8 
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1 0 1 0 

n- n - 1-S n { 2 1-S n- n - 1-Sl2 J J l2 J }+ PrH max I log _n_ + max I lo n > N Y - N Y,, max I log _n_ > N Y, 
o l<n<N n A l<n<N n A l<n<N n A{ - - j =n'-o+I ti jnl- o - - j =n- n'-o+I ti jn l-o - - j =n'- o+I ti jn l-o 

1 0 1 0 

n- n - 1-S n { 2 1-S n- n - 1-Sl2 J J l2 J }+ PrH ~~~ L log _n_ + ~~~ L lo n > N Y - N Y,, ~~~ L log _n_ ~ N Y,
0 

{ j =n'- ,5 +I nll jnl- 8 j =n- nl-o +I nll jn l-o j =nl- 8+I nll jnl-8 

~A+B+C , (D.2) 

where 

0 

n'- l2 1-S }JA = PrH max ~)og n > N Y, , 
o { l <;n<; N nf'1 

j =l jn l-o 

1 8 Jl2 }n- n - 1-SB = PrH max L log n > N Y' , 
o { l <;n<;N . 1-8 nf'1 

; =n + I jn l-o 

C = PrH max Ln logl2n1-S ~ > N Y - N Y, - N Y, } . 
o { l<;n<;N . 1- 8 nf'1 

; =n- n + I fa~" 

Consider item A. The statistic 

for j =l, ... , n 1-
8 

. Define /31 , satisfying O< /31 < y1 , we obtain 
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1 0 

0 _0since ~ . 1_ 2 O.sn-0 is applied taking into account the term max " n- log{2n'-5 (n~. 1 )-'}. Define the 
Jn l <;,n<;,N/JJ ~ J=l Jn 

function Dn(x)=F;,(x)-F(x) , where F;,(x)=n-'Z:'.~J(Z; :<:,; x) is the empirical distribution function. 

Then, for 1 :<:,; j :<:,; n 1- 0 
, we can rewrite ~ . 1_ in the form 0

Jn 

statement of F (z) =1- F (-z) implies that, under H 0 , we have 

In a similar manner to that shown above, we have 

Then 
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Let /32 satisfy 0 < 2/32 < /31 • We obtain 

(D.3) 

The proposition ofDvoretzky, Kiefer, and Wolfowitz (e.g., Serfling, 2009, P.60) provides 

2 2
/32where C is a finite positive constant and e- N -

2

P2 ,:::: 1- 2N- , as N ➔ oo . These results yield the 

conclusion 

(D.4) 

where 0 < 2/32 < /31 . Set up t5 to satisfy 0 < t5 < /32 and 1-5 < y1 . In (D.3) under the event 

n'-s l2n1-s J (1 )Tax ~)og --- ~ -N'-8 log - -N8
- /32 =o(Nl-S), 

N 5'n5'N 
J 
·=I n/i

;n
_ _8 21 

137 



1 8 8by the fact that 11Jn1- 8 ~ (J + n - - I~-i - 2N-/3, ~ n- - 2N-/3, Considering (D.3) and 

By virtue of (D.4) and (D.5), we have 

This leads to 

nl- S [ 2 1-o J 
1 
}A= PrH max Ilog _n_ > N Y ➔ 0 as N ➔ oo . (D.6) 

o { bn<;N J=I n/1 jn l-8 

Now we consider the second item B = PrH 
o 
J~_"L..J;n=-n n::: 

+I 
log(2n1

-
0 (n11.;n1- 8 J\-

1)> N Y, } at (D.2). The statistic 

1 0 1 0for J = n - +1, ... ,n- n - . Define /33 , satisfying O< /33 < Y2 , to obtain 

1 8 1 
n- n - [ 2 1-8 J n- n - • [ 2 1-8 J }

B ~ PrH max I log n + max I log _n_ > N Y, 
3 

o { bn<;NP, j =nl-8+I n/1 jn1_8 N fl <;n<;N j =nl- 8+I n/1 jnl - 8 
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:smce ~ n1-" ;:::-: n-8 is applied taking into account the term max " n-n:: log{2n1
-

8 (n~ __8)-
1

} . In a 
1 bn<:,N/33 ~ ; =n +I ;n 

1 

1 0 1 8similar manner to that we analyzed the item ~ 
;n 
_1_0 , when n - + 1~ j ~ n - n - , we obtain 

Define /34 , satisfying O< 2/34 < /33 , to obtain 

(D.7) 

The result of Dvoretzky, Kiefer, and Wolfowitz (e.g., Serfling, 2009, P.60) provides 

(D.8) 

where 0 < 2/34 < /33 . Set up 8 to satisfy 0 < 8 < /34 and 1+ 8 - /34 < Y2 . In (D.7), under the event 
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conclude that 

as N ➔ oo . By virtue of (D.8) and (D.9), we have 

This leads to 

1 
n- n - [ 2 1-5 J }B = PrH max L

1 0 

log _n_ > N Y, ➔ 0 as N ➔ oo . (D.10)
0 bns;N . 1-o n/1

;=n +I Jn'-8 

Now we consider the third item C = PrH L-.. " "- 1_0 log(2n1
-

5 (n11 . 1_0 \-i)> N Y -NY, -NY, } at (D.2). The 
o ~!~ Li; - n- n +I ;n J 

statistic 

for j =n - n 
1
-

5 
+ 1, ... , n . Define /15 , satisfying O< /35 < r , to obtain 

C ::::: PrH max Ln log[ 2n1-5 J+ max Ln log[ 2n1-5 ~ > N Y - N Y, - N Y, } 

o { l s;ns;NP5 .__ 1- o I n/1 . 1_ NP5 ">n">N .__ 1-0 I n/1 . 1-o8J - n n + ~ J - n n + ~ 
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0 0 smce /i,, 1-8 ~ 0.5n- 1s applied taking into account !!1"'~~' . t log ( 2n
1
- I (n/i,,

1111
_8 )). In a similar 

111 1 8J = n- n +l 

manner to that we analyzed the item /i,, . 1 , when n- n'-0 +1~ j ~ n , we obtain_0 
)11 

Define /J6 , satisfying 0 < 2/J6 < /J5 , to obtain 

The result of Dvoretzky, Kiefer, and Wolfowitz (e.g. , Serfling, 2009, P.60) provides 

(D.12) 
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where O< 2/36 < /35 . Set up 8 to satisfy O< 8 < /36 and 1- 5 < r . In (D.11), under the event 

smce 

N Y - N Y, - 2N Y

2 5max I logl ni-s j:s:-N1 
-

8 log(l...-Ns-p6 )=o(N1 
- ) , 

NP5 <:,n<:,N ._ 1-0 l nfi . 1_; - n - n + ;n 8 2 

Considering 

- N/Js (I- o) log(4) = o(NY)' we conclude that 

(D.11), smce 

By virtue of (D.12) and (D.13), we have 

(D.13) 

This leads to 

1 8 

C = PrH max nL l2nlog ---J> N r -Nr, -Nr2 }➔ 0 as N ➔ oo . 
o { bn<:,N nA 

J=n- n'-8+l D. Jn '-8 

Applying the results (D.6), (D.10) and (D.14) to the Inequalities (D.1) and (D.2), we obtain 

(D.14) 

PrH {max log( min IT 2
m ~>NY } ➔ 0 as N ➔ oo. 

o bn<:,N a(n )<:,m<:,b(n) . nfi . 
; =l ;m 
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For example, one can set up 8 = 0.15 , r = 0.95 , r, = y2 = 0.9 , /31 = 0.5 , /32 = 0.2 , /33 = 0.7 , /34 = 0.3 , 

/35 =0.6 , /36 = 0.25 to hold the requirements regarding the values of the parameters 8 , r , r,, r2 , /J, , 

/32 , /33 , /34 , /35 , and /36 stated above. This completes the proposition 1 's statement under H0 . 

Consider as We have that 

(D.15) 

By virtue of Proposition 1 in Vexler et al. (2013 ), under H, , we have 

11 l mm. N 2m l l0.5+0.5 f H ( 
(
-Z, ) J}-log TI--J➔P -E log ) as N ➔ oo,

N a(N)<;m<;b(N) _ N ~ . + Z
J-1 ;m J H 1 I 

for all 0 < 8 < 1/4 , where f H ( z) is the density function of z, under H, . Then 
1 

This leads to 

(D.16) 

Using the results of (D.15) and (D.16), we complete the proof 
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2. R codes used in Sections 5.2-5.3 

2.1 R code to calculate critical values of the proposed test 

####################################################### 

######R code to calculate critical values of the proposed test##### 

####################################################### 

# The number of the Monte Carlo simulations 

MC<- 75000 

# The fixed alpha value 

alpha<- 0.05 

# The maximum sample size N 

N<-15 

# The value of parameter delta 

delta<- 0.1 

Vmc<- array() 

for(mc in 1:MC){ 

x<-morm(N) 

Vmc _ n<-array() 

# The loop is used to calculate values of the proposed test statistic for sample sizes n=4, . . . ,N. 

for(n in 4:N){ 

Vnm<-array() 

z<- x[l:n] 

sz<- sort( z) 

#Define values of min (2 .6) 

m <- c(round(nA(delta+0.5)):min(c(round((n)A(l-delta)),round(n/2)))) 

delta_nm<-array() 

#The function is used to calculate ~Jm at (2 .6) 
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Vnm_function<- function( m) { 

L<-c(l :n)- m 

LL<-replace(L, L <= 0, 1 ) 

U<-c(l :n)+ m 

UU<-replace(U, U >= n, n) 

zL<-sz[LL] 

zU<-sz[UU] 

for (i in 1 :n){ 

delta_ nm[i]<- (sum(sz<=zU[i])+sum(-sz<=zU[i])-sum( sz<=zL[i])-sum(-sz<=zL[i]))/(2 *n)} 

delta_nm<- replace( delta_ nm,delta _ nm==0, 1/n) 

Vnm<- log(prod(m*(2*n-m-1)/(n/\2*delta_nm))) 

retum(Vnm)} 

Vnm<- sapply(m,Vnm_function) 

# Calculate the value of the test statistic V,, in (2.6) 

Vmc_n[n-3]<- min(Vnm)} 

Vmc[mc]<- max(Vmc_n)} 

# Obtain ca N of the proposed test 

quantile(V me, I-alpha) 

2.2 R code to calculate statistical powers and ASNs of the proposed test 

##################X =U( 1,2), Y =LogN ormal(0, 1 )###################### 

# Define values of delta, N, number of the MC simulations, the critical value corresponding 

#to alpha=0.05 

delta<- 0.1 

N<-15 

MC<- 100000 
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CV<-4.288 

N_stop<-array() 

no _reject<-0 

for(mc in 1:MC){ 

n=4 

x=runif(N,min= 1,max=2)-rlnorm(N,meanlog=O,sdlog= 1) 

while(n<=N){ 

Vnm<-array() 

z<- x[l:n] 

sz<- sort( z) 

m <- c(round(n/\(delta+0.5)):min(c(round((n)"'(l-delta)),round(n/2)))) 

delta_nm<-array() 

Vnm_function<- function(m){ 

L<-c(l :n)- m 

LL<-replace(L, L <= 0, 1 ) 

U<-c(l :n)+ m 

UU<-replace(U, U >= n, n) 

zL<-sz[LL] 

zU<-sz[UU] 

for (i in 1 :n){ 

delta_nm[i]<- (sum(sz<=zU[i])+sum(-sz<=zU[i])-sum(sz<=zL[i])-sum(-sz<=zL[i]))/(2*n)} 

delta_nm<- replace( delta_ nm,delta _ nm==O, 1/n) 

Vnm<- log(prod(m*(2*n-m-1)/(n/\2*delta_nm))) 

retum(Vnm)} 

Vnm<- sapply(m,Vnm_function) 

if(n<=N & min(Vnm)>=CV){ 
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N_stop[mc]<- n 

no _reject<- no _reject+ 1 

break}else if(n==N & min(Vnm)<CV){ 

N_stop[mc]=n} 

n=n+l }} 

#obtain the statistical power and ASN 

print(c(no_reject/MC, mean(N_stop))) 

3. The additional MC results 
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Table D.1 The MC powers and ASNs of the proposed sequential DBEL (Seq_DBEL) test and the SSRT 

at the significance level a= 0.05. 

Seq_DBEL SSRT 

Fx Fy N Power ASN Power ASN 

N(0,1) Cauchy(l,1) 25 0.314 21 0.404 21 
50 0.603 37 0.656 35 
75 0.846 45 0.833 42 

Exp(l) LogN(0, 22 
) 25 0.287 23 0.269 23 

50 0.704 37 0.502 40 
75 0.951 42 0.701 51 

Beta(0.7,1) Exp(2) 25 0.059 24 0.054 25 
50 0.087 48 0.062 49 
75 0.215 70 0.073 72 

N(0,1) U(-1 ,2) 25 0.272 22 0.321 22 
50 0.5 39 0.57 38 
75 0.718 50 0.756 48 

U(l ,2) LogN(0,1) 25 0.168 23 0.162 23 
50 0.698 40 0.222 45 
75 0.981 44 0.286 64 

Gamma(2,4) Gamma(2,5) 25 0.118 24 0.131 24 
50 0.187 46 0.220 45 
75 0.286 66 0.312 65 

Gamma(2,3) Gamma(3 ,2) 25 0.944 13 0.969 13 
50 1 14 1 15 
75 1 15 1 15 

Exp(l) Beta(0.7,1) 25 0.671 19 0.645 19 
50 0.977 24 0.93 26 
75 1 25 0.989 28 

Exp(l) U(-1 ,2) 25 0.249 23 0.268 23 
50 0.565 39 0.497 40 
75 0.853 47 0.688 51 

LogN(-0.5,1) Beta(0.7,1) 25 0.594 19 0.581 20 
50 0.953 26 0.885 28 
75 0.999 27 0.977 31 

Chisq(l) U(l ,2) 25 0.605 19 0.617 18 

50 0.986 24 0.877 26 

75 1 25 0.968 29 

Gamma(0.9,1) Beta(0.9,1) 25 0.316 22 0.29 23 

50 0.774 35 0.559 38 

75 0.985 39 0.746 49 

Beta(0.7,1) U(-1 ,1) 25 0.698 18 0.691 18 

50 0.975 23 0.952 24 
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75 0.999 24 0.995 26 
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