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Abstract 

In recent years, there has been great interest in the multi-user multiple input mul

tiple output (MIMO) wireless communication systems with large antenna arrays at 

the base station (BS). The concept and technology of massive MIMO systems have 

emerged to be one of key concepts for the next generation wireless communication 

systems. Compared to the existing wireless communication technologies, the mas

sive MIMO system equipped with a large number of BS antennas could potentially 

allow for orders of magnitude improvements in spectral efficiency and radiated en

ergy efficiency while using relatively simple linear processing. Asymptotic analytical 

results show that uncorrelated noise and small-scale fading effects can be eliminated 

as the number of antennas of a massive MIMO system increases to infinity. And 

simple linear signal processing approaches can be used in massive MIMO systems to 

achieve these advantages. Moreover, the technology of beamforming could be utilized 

to transmit signals only in the desired direction in order to minimize interference and 

concentrate the radiated energy as the number of antennas at the BS increases. 

In this dissertation, first we analyze the outage probability performance of down

link multi-user massive MIMO wireless systems over flat-fading channels in which a 

matched filter (MF) is applied at the base station (BS). We investigate the statis

tics of the SINR of each user , and further derive a closed-form expression for the 

outage probability of the massive MIMO system. Based on the analysis of the exact 

outage probability derivations, we also provide a high-SNR approximation for the out

age probability performance and develop an error floor analysis for the equal-power 

transmission scenario. The theoretical results characterize the performance of the 

multi-user massive MIMO systems in terms of the number of antennas equipped and 

the number of users served in the system. Extensive numerical studies are provided 

to illustrate and validate the theoretical derivations. 
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Secondly, we consider beamforming designs for the down-link multi-user massive 

MIMO system within one cell which has one BS equipped with M antennas and serves 

K single-antenna users. We consider a power consumption model with a practical 

power amplifier (PA) and power limits of the transmitter radio-frequency (RF) chains, 

and develop a problem formulation of finding the optimal beamforming matrix which 

maximizes the minimum SINR value for all users in the system. Based on the problem 

formulation , we further provide analysis and discussions on the optimal beamforming 

and power constraints, and evaluate the results on a set of sub-optimal linear beam

forming designs. Unlike the conventional problem formulation considering only the 

average total power consumption, the proposed problem formulation considers both 

the PA power limit constraint for each transmit antenna and the average total power 

consumption constraint. Our analysis shows that the conventional constraint of total 

power consumption is only a necessary but not sufficient condition for the practical 

beamforming designs. We also show that the power constraint could b e further sim

plified when the upper and lower bounds of the average total power consumption are 

considered. Moreover, we show that, unlike the conventional beamforming problem 

formulation in which the resulting SINR values are equal when the solution achieves 

its optimal value, the statement is not true for the proposed new problem formulation 

for beamforming designs. 

Finally, an optimal power and time assignment strategy is developed for hy

brid automatic-repeat-request (H-ARQ) communication protocol over quasi-static 

Rayleigh fading channels. For any given average total time duration and energy 

budget , we try to find the sequences of power values and time durations for H-ARQ 

retransmission rounds that minimize the outage probability of the H-ARQ protocol. 

We solve the joint optimization of power and time duration assignment for the H

ARQ protocol and derive a set of equations that describe the optimal transmission 

power and time duration sequence which enable a recursive calculation. The com

plexity of the recursive algorithm is fixed no matter what the maximum number of 
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retransmission rounds L is. For comparison purpose, we also derive the optimal power 

assignment for the H-ARQ protocol with equal-time retransmissions. Numerical re

sults show that the performance of the proposed optimal-time and optimal-power 

assignment scheme is substantially better than that of the conventional equal-time 

and equal-power scheme as well as the equal-time and optimal-power scheme. For ex

ample, when the maximum transmission number is L = 3 and the target data amount 

per packet is D0 = 2000 bits, the optimal-time and optimal-power assignment scheme 

saves 32 dB in terms of the average energy consumption or 1.35 x 10-5 seconds in 

terms of the average transmission time duration. 
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Chapter 1 

Overview 

The concept and technology of massive multiple input multiple output (MIMO) sys

tems or large-scale antenna systems (LSAS) have emerged to be one of the key con

cepts for the next generation wireless communication systems. The goal behind mas

sive MIMO is to achieve all of the benefits of the conventional MIMO , but on a much 

greater scale. Massive MIMO is considered to be one of the critical infrastructures 

for the development of future energy efficient and robust broadband networks. 

There has been great interest in the novel cellular network architecture of multi

user massive MIMO systems with very large antenna arrays at the base station (BS) 

in recent years [1]- [9]. The extra antennas in the massive MIMO systems could bring 

huge improvements in throughput and energy efficiency, allow extensive use of inex

pensive low power consumption circuit components, simplify MAC layer, and achieve 

more robustness. Compared to the existing wireless communication technologies, the 

massive MIMO systems equipped with a large number of BS antennas could poten

tially allow for orders of magnitude improvements in spectral efficiency and radiated 

energy efficiency while using relatively simple linear processing. 

Multi-user massive MIMO systems could achieve an increase in the system ca

pacity and a reduction in the downlink and uplink power consumption [9]. Because 

of the diversity introduced by the multi-user systems, the multi-user massive MIMO 

systems are generally less sensitive to the wireless propagation environment than the 

single user point-to-point wireless transmission scenario. Asymptotic analytical re-

1 



sults show that the uncorrelated noise and small-scale fading effects can be eliminated 

as the number of antennas of a massive MIMO system increases [1]. And simple lin

ear signal processing approaches can be used in massive MIMO systems to achieve 

these advantages. In massive MIMO systems, linear receivers such as maximum ratio 

combining (MRC) and minimum squared error (MMSE) receivers become optimal 

as the number of antennas at the BS increases to infinity. Moreover, the technology 

of beamforming could be utilized to transmit signals only in the desired direction in 

order to minimize interference and concentrate the radiated energy as the number of 

antennas at the BS increases. 

A large number of works has been devoted to the performance analysis of the 

massive MIMO systems and multi-user massive MIMO systems [11]- [15]. Many of 

the existing works focused on the sum-rate of the system, and derived the asymptotic 

results of the signal-to-interference-plus-noise ratio for massive MIMO systems [7], 

[11] and [12]. In previous works, the closed-form expression of the exact outage 

probability for the multi-user massive MIMO systems has not been explored. 

In order to fully achieve the potentials of the multi-user massive MIMO systems, 

power control and beamforming are important practical techniques to be considered. 

Regarding energy consumption and power constrains of the wireless communication 

systems, lots of works studied the energy consumption for each component of the 

wireless system. 

In [33] and [34], the energy consumed by all circuit blocks in the MIMO wireless 

system is analyzed, which includes ADC, DAC, LNA, filters , and power amplifier 

(PA) , etc. [37] showed that in mobile communication systems, the PA is the compo

nent with the highest energy consumption. Since PA is a peak voltage and peak power 

limited circuit , which means that the PA design must be scaled not to the required 
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average power of the output signal, but rather to the signal peak power no matter 

how infrequent that signal peak may occur. And typically, the most efficient PA 

operating point is close to the maximum output power. Thus large peak-to-average 

power ratio (PAPR) would reduce the average efficiency of a particular sized PA and 

therefore reduce the available communication range. 

In this dissertation, we consider the down-link multi-user massive MIMO wireless 

systems, and analyze the outage probability of the systems over flat-fading channels. 

A closed-form expression of the exact outage probability as well as high-SNR approx

imation are provided. In addition to the outage analysis, we develop a problem for

mulation of optimal beamforming designs which maximizes the minimum SINR value 

for all users in the system with the consideration of a power consumption model with 

a practical PA and power limits of the transmitter radio-frequency (RF) chains, and 

analyze the optimal and sub-optimal linear beamforming designs. Moreover, we also 

investigate the optimal power and time duration assignment for the H-ARQ protocol 

in order to minimize the outage probability of the wireless system with any targeted 

average total time duration and energy budget in quasi-static Rayleigh fading chan

nels. 

In Chapter 2, we analyze the outage probability performance of down-link multi

user massive MIMO wireless systems over flat-fading channels in which a matched 

filter (MF) is applied at the BS. By reforming the original problem, we investigate the 

statistics of the SINR of each user, derive a closed-form expression of the probability 

6density function (PDF) of random variable Zk 1~£~t ,k = 1, 2, ... , K , and fur

ther derive a closed-form expression for the outage probability of the massive MIMO 

system. Based on the analysis of the exact outage probability derivations, we also 

provide a high-SNR approximation of the outage probability performance and develop 
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an error floor analysis for the equal-power transmission scenario. The theoretical re

sults characterize the performance of the multi-user massive MIMO systems in terms 

of the number of antennas equipped and the number of users served in the system. 

Extensive numerical studies are provided to illustrate and validate the theoretical 

derivations. 

In Chapter 3, based on the analysis of the down-link multi-user massive MIMO 

systems within one cell , we consider beamforming designs based on a power con

sumption model with a practical PA and power limits of the transmitter RF chains, 

and develop a problem formulation of finding the optimal beamforming matrix which 

maximizes the minimum SINR value for all users in the system. Based on the problem 

formulation , we further provide analysis and discussions on the optimal beamforming 

and power constraints, and evaluate the results on a set of sub-optimal linear beam

forming designs. Unlike the conventional problem formulation considering only the 

average total power consumption, the proposed problem formulation considers both 

the PA power limit constraint for each transmit antenna and the average total power 

consumption constraint. Our analysis shows that the conventional constraint of total 

power consumption is only a necessary but not sufficient condition for the practical 

beamforming designs. We also show that the power constraint could be further sim

plified when the upper and lower bounds of the average total power consumption are 

considered. Moreover, we show that , unlike the conventional beamforming problem 

formulation in which the resulting SINR values are equal when the solution achieves 

its optimal value, the statement is not true for the proposed new problem formulation 

for beamforming designs. 

Finally in Chapter 4, an optimal power and time assignment strategy is developed 

for hybrid automatic-repeat-request (H-ARQ) communication protocol over quasi-
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static Rayleigh fading channels. For any given average total time duration and energy 

budget , we try to find the sequences of power values and time durations for H-ARQ 

retransmission rounds that minimize the outage probability of the H-ARQ protocol. 

We solve the joint optimization of power and time duration assignment for the H

ARQ protocol and derive a set of equations that describe the optimal transmission 

power and time duration sequence which enable a recursive calculation. The com

plexity of the recursive algorithm is fixed no matter what the maximum number of 

retransmission rounds L is. For comparison purpose, we also derive the optimal power 

assignment for the H-ARQ protocol with equal-time retransmissions. Numerical re

sults show that the performance of the proposed optimal-time and optimal-power 

assignment scheme is substantially better than that of the conventional equal-time 

and equal-power scheme as well as the equal-time and optimal-power scheme. For 

example, when the maximum transmission number is L = 3 and the target data 

amount per packet is D0 = 2000 bits, the optimal-time and optimal-power assign

ment scheme saves 32 dB in terms of the average energy consumption or 1.35 x 10-5 

seconds in terms of the average transmission time duration. Part of results have been 

summarized in [7 4] . 
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Chapter 2 

Outage Analysis for multi-user Massive MIMO Sys
tems 

2.1 Introduction 

The concept of massive MIMO systems, where the base station (BS) is equipped 

with hundreds of antennas , has emerged to be one of the key concepts for the next 

generation wireless communication systems [1 ]- [9]. Compared to the existing wireless 

communication technologies, the massive MIMO systems equipped with a large num

ber of BS antennas could potentially allow for orders of magnitude improvements in 

spectral efficiency and radiated energy efficiency using relatively simple linear pro

cessing. Asymptotic analytical results based on random matrix theory [1] showed 

that the uncorrelated noise and small-scale fading effects can be eliminated and the 

required transmitted energy per bit vanishes as the number of antennas of a massive 

MIMO system increases. And simple linear signal processing approaches, such as 

matched-filter precoding/detection can be used in massive MIMO systems to achieve 

these advantages. In addition, the concept of beamforming could be utilized to trans

mit only in the desired direction in order to minimize the interference and concentrate 

the radiated energy as the number of antennas at the BS increases to infinity [8]. 

There has been a great interest in the multi-user MIMO systems with very large 

antenna arrays at the BS recently. Multi-user massive MIMO systems could achieve 

an increase in the system capacity and a reduction in the downlink and uplink power 
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consumption [9]. Because of the diversity introduced by the multi-user system, the 

multi-user massive MIMO systems are generally less sensitive to the wireless propa

gation environment than the single user point-to-point wireless transmission scenario. 

The increased number of antennas at the BS can substantially reduce the intracell in

terference with simple signal processing [1]. In the multi-user massive MIMO systems, 

linear receivers such as maximum ratio combining (MRC) and minimum squared er

ror (MMSE) receivers become optimal as the number of antennas at the BS increases. 

In [10], for the OFDM-based multi-user massive MIMO system, the authors proposed 

an algorithm that the peak-to-averagepower-ratio (PAPR) in the downlink could be 

reduced in order for the system to make use of low cost and low power hardwares at 

the BS. 

A large number of works has been devoted to the performance analysis of the 

massive MIMO systems and multi-user massive MIMO systems [11]- [15]. Many of 

the existing works focused on the sum-rate of the system, and derived the asymptotic 

results of the signal-to-interference-plus-noise ratio (SINR) for massive MIMO sys

tems [7], [11] and [12]. In [11], the authors provide a unified performance analysis of 

the uplink and downlink of non-cooperative multi-cell massive MIMO system, which 

are asymptotically approximations of the achievable rates with several different pre

coders and detectors. While some of the existing works focused on other performance 

measures such as the outage probability. The authors in [13] studied the secrecy 

outage probability of a massive MIMO system relaying system. An approximation of 

the SINR at the eavesdropper was derived based on channel hardening. In [14], the 

authors analyzed the secrecy outage probability of multi-cell massive MIMO systems, 

showed that the SINR at the eavesdropper is equivalent to that of a multiple-branch 

minimum-mean-square-error diversity combiner. An analysis of secrecy outage proba-
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bility for a decode-and-forward (DF) multi-user massive MIMO secure relaying system 

and a joint source transmit power, relay transmit power, and time allocation scheme 

were proposed in [15]. In [16], the outage probability of the downlink of a single-cell 

multi-user massive MIMO system with matched-filter precoding has been studied. 

A closed-form result of the asymptotic probability density function (PDF) was pro

posed, and an approximation of the outage probability results was derived based on 

the asymptotic PDF result. The work [17] analyzed the signal-to-noise-ratio (SNR) 

and SINR of a single user in a massive MIMO system operating under a composite 

Rayleigh fading and lognormal shadowing channel with an MRC receiver. Approxi

mation expressions of the SNR and SINR are provided, which are used to calculated 

the outage probability of the massive MIMO system for varying channel parameters. 

In [18] and [19], the authors presented an approach to calculate the nonasymptotic 

capacity bound for the massive MIMO systems with a finite number of antennas using 

the concentration inequalities, and analyzed the problem of determining the number 

of antennas needed to satisfy outage probability constrains. More recently, the work 

[20] derived the a closed-form expression of the uplink's asymptotic error and outage 

probability of a single cell massive MIMO system. In [21], the performance of the 

uplink communication of massive multicell MIMO systems under the effects of pilot 

contamination and delayed channels was analyzed, and the asymptotic performance 

of the system was proposed based on the derivation of the SINR. And in [22], by 

deriving the closed-form bounds of the SINR for the partial-fading wireless systems, 

the authors proposed the closed-form bounds for the average Shannon and outage 

rates, which could be used in the analysis of the massive MIMO networks. Note that 

in previous works, the closed-form expression of the exact outage probability for the 

multi-user massive MIMO systems has not been explored. 
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In this work, we analyze the down-link outage probability performance of multi

user massive MIMO wireless systems over flat-fading channels under the assumption 

that a matched filter (MF) filter is applied at the BS. By reforming the original 

problem, we derive the closed-form expression of the probability density function 

6(PDF) of Zk 1~£~t ,k = 1, 2, ... , K , and further derive the closed-form expression 

of the exact outage probability of the massive MIMO system. Based on the analysis of 

the exact outage probability derivations, we also provide a high-SNR approximation 

of the outage probability performance as well as an error floor analysis for the equal

power transmission scenario. Extensive numerical studies are provided to further 

illustrate and validate our theoretical derivations. 

The rest of this Chapter is organized as follows. In Section 2.2 , we provide the 

system model for the multi-user massive MIMO system and formulate our problem 

of outage probability analysis. In Section 2.3, we derive the exact outage probability 

of the massive MIMO system by reforming the problem and deriving the PDF of 

6Zk 1~£~t ,k = 1, 2, ... , K. Section 2.4 provides the analysis of the high-SNR ap

proximation of the outage probability. In addition, we further consider a special case 

of equal-power scenario where each user in the multi-user massive MIMO system has 

the same transmission power, and derive an expression of the error floor performance 

for the equal-power scenario. Numerical results and comparisons are carried out in 

Section 2.5 to further illustrate and validate our theoretical derivations. Finally, some 

conclusions are drawn in Section 2.6. 

2.2 System Model and Problem Formulation 

We consider a multi-user Massive MIMO system within one cell, where the cell has 

K served single-antenna users Uk , k = 1, 2, ... , K , and one base station (BS) which 
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Figure 2.1 : Illustration of a multi-user Massive MIMO system with a base station 
(BS) of M antennas and K users. 

is equipped with M antennas, as illustrated in Fig. 2.1. We assume that the BS 

and Users are perfectly synchronized and operate a time-division Duplexing (TDD) 

protocol , and transmissions over flat-fading channels on a single frequency band is 

considered. In this paper, we discuss the down-link outage probability for the multi

user Massive MIMO system. Based on the assumption of channel reciprocity in a 

TDD system, we assume channel-state information (CSI) is available at both the BS 

and the Users. And a Matched Filter (MF) precoder is applied at the BS. 

For each user Uk , k = 1, 2, ... , K , the channel coefficient from the BS to the user is 

modeled as a vector hk = [hk,l hk,2 ... hk,MJT , where hk,m ~ CN(O , 1) , m = 1, 2, ... , M 

are independent channel coefficients. The channel coefficient matrix H E e,MxK for 

the system is represented as H = [h1 h2 ... hk]. During the down-link transmission 

from the BS to the users, considering the transmitted symbol vector at the base 

station as S, the base-band received signal of the users Y = [y1 y2 ... YKJT can be 
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modeled as 

Y=H7 S+n, (1) 

where n = [n 1 n 2 ... nKJT is the additive noise vector where nk ~ CN(O ,N 0) , k = 

1, 2, ... , K , which is modeled as zero-mean complex Gaussian random variable with 

power density N 0 . In this paper, we assume a Matched Filter (MF) precoder is 

applied at the transmitter , i.e. S = ~[=1 akhtSk , Sk is the transmitted symbol for 

User k. Considering Pk = lakhk l2 as the transmission power for User k, then ak is 

6
given as ak = I:i'!~khk ,i 12. Here we define lhkl J~: 1 lhk,i l2 

. 

In this paper, we try to analyze the down-link outage probability of a Multi-user 

Massive MIMO system. According to the system model in this chapter, the base-band 

received signal of User k can be modeled as 

K 

Yk = L aihrhkSi + nk , k = 1, 2, ... , K. (2) 
i=l 

The corresponding signal-to-interference-plus-noise ratio (SINR) for User k is 

k = 1, 2, ... , K. (3) 

And the outage probability for user k is defined as 

Pr [SINRk :s; 10] , k = 1, 2, ... , K , (4) 

where we assume that 'Yo is the SINR requirement for User kin the Multi-user Massive 

MIM O system. 
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2.3 Outage Probability Analysis 

In this section, we calculate the exact , closed-form expression of the outage probability 

of t he multi-user massive MIMO system, which is defined in (4) of Section 4.2. 

Taking (3) into consideration, from the definition of the outage probability in (4) , 

we have 

(5) 

Since the outage probabilities for different users Uk , k = 1, 2, ... , K , are symmetric, 

the outage probability of User 1 has the same performance with any other users in the 

system. We calculate the outage probability for User 1 in the following derivation, 

which is given as 

(6) 

In order to calculate the outage probability in (6) , we denote 

k = 1, 2, ... , K. (7) 

Lemma 1 below provides a closed-form expression of the probability density func

tion (PDF) of Zk . 

1Lemma 1. For random variable Zk in the form of Zk = ~t~t , k = 1, 2, ... , K, where 

hk = [hk,l hk,2 ... hk,M]7, hk,m ~ CN(O , 1) , and m = 1, 2, ... , M, are independent with 

each other. Th e PDF of Zk can be expressed as 

M-2 
M-1 Z k 

lh1 12 ( 1 - lh1 12 ) ' 0 ::;; Zk < lh11 2 
; 

(8) 
1 , Zk ~ lh11 2 

-
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Proof: First , we calculate the cumulative distribution function (CDF) of Zk as, 

= Pr [W ~ O], (9) 

where we define W 6 hk'Bhk, and B 6 h 1 hr-1 - zklM. Since W is a quadratic form, 

from [23] we know that the characteristic function of W is given as 

1 

(1 + jqzk )M IIM - 1)y~zk h1hr-1 I 
1 

(10) 

The PDF of W can be calculated as 

00 

f(w) = -1 1 e-Jqw. <I>w(q) dq. (11)
21r -00 

Since (11) can be rewritten as 

00 

1 (12)f (w) = 2 . (" )M -1 ( Ih 12) 1 g(q) dq ' 7rJ J Zk Zk - l -oo 

where we define 

e-jqw
g(q) I',, --~~----

(q- L)M-l (q- Zk-lh1 12 ) . 

(13) 

In order to calculate (12) , we apply the residue theorem. And g(q) has two poles: 

= _j_ is a pole of order M - 1, and q2 = lh 12 is a pole of order 1. Obviously, q1 
~ ~- 1 

2since Zk ~ lh1 1 , only q1 in the upper half plane. According to residue theorem, 

(14) 
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where Res [g(q) , a] is the residue of g at a. By expanding each term of (13) into its 

Taylor series, and multiply out , we get 

]Zk ; k ( lh l 12)Tbil2e Zk -

g(q)= ( j)M-1
q--

Zk 

(15) 

The residue , which is the coefficient of - 1
- 1 , is then given as 

q--
zk 

Therefore, f (w) in ( 12) can be given as 

(17) 

(18) 

Thus, the CDF of Zk is represented as 

M-1 

1- ( 1- 1~:12 ) ' 0 ::;; Zk < lh1 12 
; 

(19) 
21 ' Zk ~ lh1 1. 
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By taking derivative of F( zk) , the PDF of Zk , f( zk) is given as 

M-2 
( 1 - 1::12) ' 0::;; Zk < lh1 l2; 

(20)
2 

' Zk ~ lh1 1. 

which completes the proof. ■ 

Since Pout can be expressed as 

(21) 

where 

(22) 

The characteristic function of PkZk is calculated as 

= 100 ejvPkzk f (zk) dzk 

2= (M - 1)! (ejvPklh1 1 _ t (jvPk_lh1 l
2fk ) 

(jvPk lh1 12)M-1 ik=o ik! 

-(J-.V-~M-kl_h--11-!)_)~- --, (~ (ejvP, lh,l't"'"(i, ) ( (jv~:l~l:r}gn(i,1) ' 
(23) 

where the sign function is defined as 

1 , x ~ O; 

sgn(x) 6 
0 , x = O; (24) 

-1 , X ::;; 0. 
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According to (22) , referring the definition of Fourier transform F [·] and inverse Fourier 

transform F - 1 
[·], we have 

K 

F [f(z)] = IJ E [e-jvPkZk ] ' (25) 
k=2 

thus the PDF of Z is given as 

where 

K 

Psum,i 
6 L Pk (1 - sgn(ik)) , (27) 

k=2 
K 

IK 6 (K - l)(M - 1) - L (ik - l)sgn(ik)- (28) 
k=2 

With the PDF of Z , the Pout can be derived as 

(29) 
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The integral in (29) is calculated as 

From (29) we know that 

(31) 

2thus, we have the range of lh1 1 as 

(32) 

Since the PDF of lh1 1 
2 is given as 

(33) 

where r ( ·) stands for the Gamma function. Pout can be expressed as 

(34) 
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The integral in (34) is calculated as 

)((P1 
sgn((A-P -,.) x -N0 _p -,.) x -No) h dx '"Yo sum,i '"Yo sum,i 

(35) 

B0 in (35) can be derived as 

(36) 

and C0 is given as 

00 
6C 1 sgn ( (Pi - P -,.) x - M) e- xxM-l-IK+ndx (37)0 , r sum i O •" o, o '"Yo , 

P 1 

Since t he value of t he sign function in (37) depends on t he value of x as well as t he 
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value of A - P sum -;, the range of x is discussed as,o , 

a. when { ( ~~ - Psum,i ) X >No}~ {sgn ( ( ~~ - Psum,i ) X -No) = 1} 

x > No A _ p - > 0· 
P1_p _, ,o sum,i ' 

⇒ / 0 s urn ,i (38) 
{ X < No A - p 7 < 0.

____l__p _, ' ,o sum,i 
/ 0 s um,i 

b. when { ( A- P 7) x < No} ~ {sgn ( ( A- P 7) x - No) = -1}'"Yo sum,i '"Yo sum,i 

A,o - p sumi, > O; 

⇒ X > 
P1_p 

No 
-, A,o - p sumi, < O; (39) 

1 0 s um ,i 

any x, Pi,o - p sumi = 0., 

Thus, (37) can be written as 

No 

A > P .' -,o sumi, , 
Co= 

P1 < p 7 ' ,o - sum,i 

(40) 

Where r(a , x) stands for the upper incomplete gamma function , which is defined as 

100 

r(a , x) t<:,-le-t dt. (41)I',, 

Plugging (40) in (36) , we have 

"IK (IK) (A - p 7) n (-Nr )h-n (-r (M - I + n No,o ) 
LJn=O n ,o sum,i O K ' P 1 

Bo= + ( sgn ( A,o - p sum ,r) + 1) f ( M - JK + n , - 1 -PNo -, ) ) , A,o -/=- p sum ,T ; 
/ Q s um ,i 

- (-No/k r (M - IK, NNo ) ' A,o -P - sum, -i · 

(42) 
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We summarize the above discussion on the outage probability in the following theo-

rem. 

Theorem 1. In a Multi-user Massive MIMD system with K users, the outage prob

ability for user 1 can be expressed as 

p = 1 - ((M - l)!)K-2 ½ 
out ITK (-P )M-1 L A (fl,T) ' (43) 

k=2 k 0::,;i 2 ,i3, .. ,,iK::,;M-l 

where 

(44) 

P 6 [Pi P2 ... PK ], i 6 
[i2 i3 ... iK], Bo, Psum,i and IK are specified in (42), (27) and 

(28), respectively. 

Now we calculate the outage probability of the Multi-user Massive MIMO system 

with 2 users as a special case. According to the results in Theorem 1, when K = 2, 

the outage probability can be further specified as 

(45) 

where 

2 
~~=o (~) ( ~~ - Psum,r) n (-No)h-n (-r ( M - 12 + n , N;7°) 

Pi __j_ p - ·Bo= + (sgn ( ~~ - Psum,r) + 1) r (M - 12 + n , ~~:urn,J) ',o t sum,i , 

- (-No/2 r ( M - 12 , N;7°) 
(47) 
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And 

(48) 

(49) 

With the definition of the upper incomplete gamma function ( 41) , the expression of 

outage probability in ( 45) can be rewritten as 

(50) 

where 

(51) 

After some manipulations, D0 can be specified as 

(52) 
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Thus the outage probability in the case of K = 2 is expressed as 

(53) 

The expression in (53) can be further specified as 

No , o (No , o )i l _ -~ '\'M-2 P 1 Pi -P.. 
e L...,i=O i ! ' ,o - 2 , 

(54) 

which is the expression of outage probability of the Multi-user Massive MIMO system 

with K = 2 users. 

2.4 Approximation Analysis of Outage Probability 

In this section, we provide the analysis of a high-SNR approximation of the exact 

outage probability derived in Section 2.3. Based on this approximation of the outage 

probability, we further consider a special case of equal-power scenario where each 

user in the multi-user massive MIMO system has the same transmission power, and 

derive an expression of the error floor performance for the equal-power scenario. The 

analytical result shows that expression of the error floor only depends on the number 

of users Kand the number of antennas M. 
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2.4.1 Approximation Analysis 

In this subsection, we provide the approximation analysis of the outage probability 

for the Massive MIMO system under the high-SNR assumption. 

Recall that in (34) of the derivation of the exact outage probability, we have 

00 

P out= 1 - f ! 1h1 l2(x) Ao dx. (55)}./\(o,o 
~ 

N

In the derivation, we assume that under the high-SNR assumptions, the noise 

term N0 is small compared to the power terms so that we can ignore the noise term 

0 . According to this assumption, we can calculate the approximation of the integral 

in (55) as 

rX> f 1h1 l2(x) Ao dx
}./\(o,o 

P1 

sgn ((Pi -P 7) x -No) ((A -P 7) x -N0 ) 

1 

dx)'"Yo sum,i '"Yo sum,i 
K 

(56) 

For the above approximation in (56), since the value of x is always greater than 0, 

we can rewrite the sign function as 

(57) 
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With the definition of the upper incomplete gamma function r(a , x) , the integral 

parts of the high-SNR approximation in (56) can b e expressed as 

(58) 

and 

- x M -1 1 1loo ((p ) ) (p )IKe X sgn - - p sum i X - - p sum i dx 
No, o 'Yo ' 'Yo ' 

P1 

(A )¼ (A--P _,)f(M, MTo--).= --P _, sgn (59)'Yo sum,i 'Yo sum ,i p 
1 

Since 

r(a ,x) = r(a) - ry (a , x) , (60) 

where ry (a , x ) is the lower incomplet e gamma function , and 

x°' 
ry (a , x)-+ - , as x -+ 0. (61) 

a 

We have the following approximation of f(M, Nt7°) under the high-SNR assumption 

r(M,~;
0

) = r(M) - ry (M, ~;
0 

) 

(No,o )M 
Rj f(M) - P~ , as (62) 

We summarize the derivation of the approximation of outage probability under high

SNR assumption as the following theorem. 

Theorem 2. In a Multi-user Massive MIMD system with K users, the high-SNR 

approximation of outage probability for user 1 can be expressed as 

((M - l)!)K-2 _!_ 
p Rjl- 2 (63)

out ITK (-P ) M -1 L A(ft,T) ' 
k= 2 k O:S:i2 ,i3, ... ,i K :S:M-l 
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where 

1

(A )(A )K) + sgn - - p sumi - - psum i ' (64)
'Yo ' 'Yo ' 

respectively. 

Now we discuss t he high-SNR approximation of t he outage probability of t he 

Mult i-user Massive MIMO system wit h 2 users as a special case. Since previously we 

already have t he exact analytical expression of t he outage probability for a system 

wit h 2 users in (54) , we discuss t he approximation based on t he results in (54). 

W hen A = P2 , we have ,o 

M-2 (No,o )i 
_ No, o ~ A 

P out = 1 - e P 1 ~ . , (65)
'l. 

i=O 

According to t he Taylor series expansion 

X ~ Xn 
e = ~-,, (66)

n. 
n=O 
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(65) can be rewritten as 

No,o L ( )i) _ No , o No , o 
00 

F\
P t = 1 - e P1 e -P1 

OU · ,'l.( i=M-1 

(&_(i;o) (M)+ l ) + . ··) . 
M+l ! 

(67) 

Under the high-SNR assumption, if we just keep the most dominant term, the above 

expression in ( 67) can be approximated as 

(Ni;o) (M-1) 

Piwhen - = P2. (68)Pout Rj (M _ l)! , 
'Yo 

When Pi -/=- P2 , the exact expression of the outage probability can be expressed as,o 

(69) 

where 

M-1 No,o i 
_No, o ~ ( F\ )

D 1 = 1 - e P1 ~ ., , (70)
'l. 

i=O 

1 + sgn ( Pi - P 2 ) NoprO p _'::l 
---~---e 2 , o 

2 

(71) 
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From our previous discussion for Pi = P2 in (65) - (68) , the high-SNR approximation,o 

of Dl can be obtained as 

(72) 

Based on similar methodologies used in ( 67) , we have 

(73) 

and 

(74) 

The approximation of D 2 can be expressed as 

( 
A )M-1

D2 R;j 1- --
Pno 

1 - sgn ( ~ - P 2) 

X 
2 

(75) 

Thus, we have the high-SNR approximation of the outage probability in the case of 
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1 - sgn ( ~ - P2) 
2 

(76) 

We summarize the above derivation of the approximation of outage probability with 

2 users under high-SNR assumption as the following theorem. 

Theorem 3. In a Multi-user Massive MIMD system with 2 users, the high-SNR 

approximation of outage probability for user 1 can be expressed as 

(~) (M-1) 

(M-1)! 

Pout R;j 

l-sgn(~-P2) 
2 

A__;_ p..
ro I 2 

(77) 

2.4.2 Error Floor Analysis for the Equal-power Scenario 

In this subsection, based on the approximation analysis of the outage probability of 

the multi-user massive MIMO system in the last subsection, we provide the error 

floor analysis for the equal-power transmission scenario, in which each user in the 

Massive MIMO system is allocated with the same transmission power P. For outage 

probability performance of the multi-user massive MIMO system under the equal

power scenario, there is a point of transmission power P after which the outage 

probability curve does not fall as quickly as before, in other words, there is a region in 

which performance flattens. By analyzing the approximation performance, we are able 

to show that the error floor of the outage probability exists as the transmission power 

of each users approaches to infinity, and further provide the analytical expression of 

the outage probability Pout of the error floor. 
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From the Theorem 2 in the last subsection, under the equal-power scenario, if we 

assume each user has the same transmission power as 

(78) 

we can write the high-SNR approximation of the outage probability of the Massive 

MIM O system as 

~ ((M - l)!)K-2 ½ L A(P,i) ' (79)Pout~ 1- (-P)(K-l)(M-1) 
0::,;i2 ,i3, ... ,iK::,;M-l 

where 

(80) 

i 6 [i 2 i 3 ... iK ], and IK is specified in (28). After some manipulations, the above 

approximation expression for equal-power scenario can be further simplified as 

(81) 

where 

In order to examine if the error floor of the outage probability Pout with respect to 

the transmission power P exists, we calculate the derivative of the Pout in (81) with 
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respect to the transmission power Pas 

From the above expression we can conclude that as the transmission power of each 

users P approaches to infinity, the derivative of the outage probability with respect 

to the transmission power d:Pt approaches to 0. Thus, we show that the error floor 

of the outage probability exists as the transmission of each users P approaches to 

infinity. 

Now we derive the analytical expression of the outage probability error floor for 

the equal-power scenario. 

From (79) and (80) above , if we neglect the term (N~' 0 )M under the high-SNR 

assumption, (80) can be further simplified as 

(84) 

Thus the according error floor performance of the outage probability can be further 

specified as the following expression 

PouLEF = 1 -1 ((M - l)!)K-l L A1 (T) , (85) 
O~i2 ,i3, ... ,iK~M-l 

where A1 (T) is defined in (82). We summarize the above discussion about the error 

floor analysis for the equal-power scenario as the following theorem. 

Theorem 4. In a Multi-user Massive MIMD system with K users where each user 

has the same transmission power, the error floor of outage probability for user 1 can 
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Figure 2.2 : Comparison of the outage probability of the analytical results and the 
Monte Carlo simulation results with various number of antennas at the base station 
(K = 2, A = P2 = 10 dB). 

be expressed as 

PouLEF = 1- t((M - l)!)K-l L A1 (I) , (86) 
0:S:i2 ,i3, ... ,iK:S:M-l 

where 

(87) 

Especially, the result of the error floor performance of the outage probability 

with 2 users under the equal-power scenario can be further specified as the following 

expression. 
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Figure 2.3 : Comparison of the outage probability of the analytical results and the 
Monte Carlo simulation results with various power of user 1 Pi (K = 2, P2 = 10 dB). 

When K = 2, the expression in (82) can be written as 

(88) 

Taking summation of A1 (T) ,we have 

(89) 

Plug the above results into (85) , we can get the error floor of outage probability when 

32 



K = 2 as 

l M-1 
PouLEF = (1 - - ) . (90)

'"Yo 

2.5 Numerical Results 
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Figure 2.4 : Comparison of the outage probability of the analytical results and the 
Monte Carlo simulation results with various number of antennas at the base station 
(K = 3, A = P2 = P3 = 10 dB). 

In this section, we provide numerical studies and simulation results to illustrate 

the performance of the outage probability in a Multi-user Massive MIMO system. 

We numerically study the analysis, approximation and the error floor of the outage 

probability results derived in Theorem 1-4. In all numerical studies and simulations 

provided in this paper, we assume that the noise variance No = 1 and the SINR 

requirement ry0 = 3 dB. 
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Figure 2.5 : Comparison of the outage probability of the analytical results and the 
Monte Carlo simulation results with various power of user 1 A (K = 3, P 2 = P3 = 10 
dB). 

In Figs. 2.2-2.9 of the numerical results, we compare the closed-form result of 

the outage probability calculated base on Theorem 1 with the outage probability 

generated from the Monte Carlo simulation. For different number of users in the 

multi-user Massive MIMO system with K = 2, 3, 4, and 8, we perform the comparisons 

on the outage probability values of the analytical results calculated based on Theorem 

1 and the Monte Carlo simulation results, with fixed transmission power of all users 

and various number of antennas at the base station in Figs. 2.2, 2.4, 2.6, and 2.8. In 

Figs. 2.3 , 2.5, 2.7, and 2.9 , for different numbers of users in the multi-user Massive 

MIMO system with K = 2, 3, 4, and 8, we also provide the comparison of the outage 

probability of the analytical results and the Monte Carlo simulation results, with the 

fixed number of antennas at the base station and various power of user 1 A . 
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Figure 2.6 : Comparison of the outage probability of the analytical results and the 
Monte Carlo simulation results with various number of antennas at the base station 
(K = 4, A = P2 = P3 = P4 = 10 dB). 

In Figs. 2.2, 2.4, 2.6, and 2.8, we observe that the analytical results calculated 

based on Theorem 1 match with the Monte Carlo simulation results exactly, which 

shows the veracity of our analytical derivation. We also observe that with fixed 

transmission power of all users, the outage probability Pautl constantly decreases 

when the number of antennas at the base station M increases. By comparing the 

results with different numbers of users in the Massive MIMO system K in Figs. 2.2 , 

2.4, and 2.6 , it shows that with the same number of antennas at the base station, the 

larger the number of users K , the higher the outage probability Pautl· 

In Figs. 2.3, 2.5, 2.7, and 2.9, we have the similar observation that the analytical 

results match with the Monte Carlo simulation results exactly, which shows that the 

derivation in Theorem 1 is able to calculate the exact outage probability of the multi-

35 



10-1 

,:; 10-2 
0 

0... 

~ 15 1o-3 
co 
.0 

e 
0... 10-4 
Q) 
Ol 
El 
:::J 
0 10-5 

-+- K =4, M =4 (Analytical Results) r 
...,._ K =4, M =4 (Monte Carlo) 

10-7 ~-~--~-~--~-~--~--~--

10 11 12 13 14 15 16 17 18 

Power of User 1 P (dB)
1 

Figure 2. 7 : Comparison of the outage probability of the analytical results and the 
Monte Carlo simulation results with various power of user 1 A (K = 4, P2 = P3 = 
P4 = 10 dB). 

user Massive MIMO system. With the fixed number of antennas at the base station 

M and various power of user 1 A , the outage probability Pautl decreases as the power 

of user 1 A increases. In addition, the plot of the Pautl results versus various A values 

demonstrates an inverse S-shape curve, the decrease rate of the Pautl values increases 

along with A values, and then decreases after the value of power A is larger than 

some specific threshold values. And the larger the number of users Kin the multi-user 

Massive MIMO system, the higher the threshold value for the decrease rate of the 

Pautl results. For example, when there are K = 2 users in the system, the threshold 

value of A for the decrease rate of Pautl is 14 dB. And when there are K = 4 users 

in the system, the threshold value of A for the decrease rate of Pautl is 17 dB. 

Figs. 2.10-2.13 show the comparison of the analytical calculation of the outage 
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Figure 2.8 : Comparison of t he outage probability of the analytical results and the 
Monte Carlo simulation results with various number of antennas at the base station 
(K = 8, Pi = P2 = ... = P8 = 10 dB). 

probability based on Theorem 1 and the high-SNR approximation of the outage prob

ability based on Theorem 2 and 3 for different number of users K = 2, 3, 4, and 8 in 

the Massive MIMO system with various number of antennas at the base station M. 

Fig. 2.10 shows that when the number of users in the Massive MIMO system 

K = 2, the high-SNR approximation of the outage probability matches the analytical 

results almost exactly for different number of antennas at the base station M = 2, 3, 4 

and 8, which shows that the Theorem 3 is able to generate the approximation of the 

outage probability for K = 2 to a very exact extent. Fig. 2.11 shows the comparison 

results in the case of K = 3. We observe from Fig. 2.11 that when M = 3 and 

4, although there is a small gap between the analytical results and the high-SNR 

approximation results, the high-SNR approximation results represent the trend of 
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Figure 2.9 : Comparison of the outage probability of the analytical results and the 
Monte Carlo simulation results with various power of user 1 A (K = 8, P2 = P3 = 
... = P8 = 10 dB). 

the analytical results very well and serve as a tight lower bound as well; for larger 

values of M , like when M = 8 and 16, the high-SNR approximation results match 

with the analytical results very well. 

Fig. 2.12 and 2.13 show the comparison of the outage probability of the analytical 

results and the high-SNR approximation results with various power of user 1 A in 

the case of K = 4 and 8. In Fig. 2.12, we observe that when K = 4, the high-SNR 

approximation matches the analytical results very well , and the larger the number of 

antennas at the base station M is, the better the high-SNR approximation matches 

with the analytical results. In Fig. 2.13 when there are K = 8 users in the Massive 

MIMO system, we have the similar observations with Fig. 2.12 that the high-SNR 

approximation results match with the analytical results very well for various number 
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Figure 2.10 : Comparison of the outage probability of the analytical results and the 
high-SNR approximation results with various power of user 1 A (K = 2). 

of antennas values M = 8, 12, 16 and 32. Besides, by comparing the results in Figs. 

2.10-2.13 we observe that the larger the number of users in the Massive MIMO system, 

the better the high-SNR approximation matches with the analytical results. 

Figs. 2.14-2.17 show the comparison of the outage probability of the analytical 

results, the high-SNR approximation results, and the error floor performance calcu

lated base on Theorem 4 with various power of users under the equal power scenario 

and for different number of users in the Massive MIMO system K. From Figs. 2.14-

2.17, we can observe that in the cases of K = 2, 3, 4 and 8, the outage probability 

performances for various M values always demonstrate error floor phenomena as the 

power of users P increases. When the power of users P is higher than a threshold, the 

outage probability results stay the same no matter how large the P will be increased 

to. The error floor results calculated based on Theorem 4 match with the error floor 
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Figure 2.11 : Comparison of the outage probability of the analytical results and the 
high-SNR approximation results with various power of user 1 A (K = 3). 

results demonstrated with the analytical results and the high-SNR approximation 

results exactly, which shows the veracity of the derivation of the Theorem 4. We 

can also observe from Figs. 2.14-2.17 that , compared with the analytical results, the 

high-SNR approximation results serve as lower bounds of the exact outage probabil

ity values and may reach the error floors with smaller P values. Figs. 2.14-2.17 also 

show that as the number of users in the Massive MIMO system K increases, both 

the outage probability results and the error floor increase for fixed M values. For 

example, the error floor of the outage probability when K = 2 and M = 32 is about 

3 x 10-10 ; and the error floor of the outage probability when K = 8 and M = 32 is 

about 3 x 10-3 . 
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Figure 2.12 : Comparison of the outage probability of the analytical results and the 
high-SNR approximation results with various power of user 1 A (K = 4). 

2.6 Conclusions 

In this Chapter, we analyzed the down-link outage probability performance of multi

user massive MIMO wireless systems over flat-fading channels under the assumption 

that a matched filter is applied at the BS. By reforming the original problem, we 

investigated the statistics of the SINR of each user, derived the closed-form expression 

6of the probability density function (PDF) of Zk 1~£~t ,k = 1, 2, ... , K , and further 

derived the closed-form expression of the outage probability of the massive MIMO 

system. Based on the analysis of the exact outage probability derivations, we also 

provided a high-SNR approximation of the outage probability performance as well 

as an error floor analysis for the equal-power transmission scenario. The theoretical 

results characterized the performance of the multi-user massive MIMO systems in 

terms of the number of antennas equipped and the number of users served in the 

41 



10°'~=;;;:;;;•:::=-----:i::------,---1=====;;:====~====:====71 --e- K = 8 (Analytical Results) 

~ K = 8 (High SNR Approximation) 

;; 
0 

0... 

~ 10-2 

15 
co 
.0 

e 
0... 
ai 10-3 
Ol 
El 
:::J 
0 

10-5~--~~ -~--~--~-----------,et--~--~ 
10 11 12 13 14 15 16 17 

Power of User 1 P (dB)
1 

Figure 2.13 : Comparison of the outage probability of the analytical results and the 
high-SNR approximation results with various power of user 1 A (K = 8). 

system. Extensive numerical studies were provided to further illustrate and validate 

the theoretical derivations. 
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Chapter 3 

Power-Constrained Optimal Downlink Beamform
ing for multi-user Massive MIMO Systems 

3 .1 Introduction 

The concept of MIMO systems, where the base station (BS) is equipped with multi

ple antennas, is one of the key technologies for the modern wireless communication 

system [24] - [28], which provides the potential of greatly improving link and system 

throughput in wireless systems. Using beamforming in the system can suppress the 

interference while receiving the signal of interest , e.g. , the beamforming weights can 

be chosen such that the signal to interference plus noise ratio (SINR) is maximized 

at each user, and the receive beamformers can be determined independently at each 

user without affecting the performance of the other links [27]. And the transmitter 

which is equipped with multiple antennas could reduce the co-channel interference by 

applying beamforming. 

The massive MIMO systems, where the BS is equipped with hundreds of an

tennas, has emerged to be one of the key concepts for the next generation wireless 

communication systems [1]- [9]. Compared to the existing wireless communication 

technologies, the massive MIMO systems equipped with a large number of BS anten

nas could potentially allow for orders of magnitude improvements in spectral efficiency 

and radiated energy efficiency using relatively simple linear processing. Asymptotic 

analytic results based on random matrix theory [1] showed that the uncorrelated noise 
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and small-scale fading effects can be eliminated and the required transmitted energy 

per bit vanishes as the number of antennas of a massive MIMO system increases. 

Additionally, simple linear signal processing approaches, such as matched-filter pre

coding/detection can be used in massive MIMO systems to achieve these advantages. 

And beamforming could be utilized to transmit only in the desired direction in order 

to minimize the interference and concentrate the radiated energy as the number of 

antennas at the BS increases to infinity [8]. Because of the diversity introduced by the 

multi-user systems, the multi-user massive MIMO systems are generally less sensitive 

to the wireless propagation environment than the single user point-to-point wireless 

transmission scenario. The increased number of antennas at the BS can substantially 

reduce the intracell interference with simple signal processing [1]. In the multi-user 

massive MIMO systems, linear receivers such as maximum ratio combining (MRC) 

and minimum squared error (MMSE) receivers become optimal as the number of 

antennas at the BS increases. 

Lots of works have studied the energy consumption for each component of the 

wireless communication system. In [33] and [34], the authors analyzed the energy 

consumed by all the circuit blocks in the MIMO wireless system, which includes 

ADC, DAC, LNA, filters , and power amplifier (PA) , etc. In [37], the report stated 

that in mobile communication systems, the PA is the component with the highest 

energy consumption. And typically, the most efficient PA operating point is close to 

the maximum output power. 

In [38], the author focused on the topic of Green Communication and all blocks in 

the communication system. Specifically, the author mentioned that any PA is a peak 

voltage and peak power limited circuit , which means that the PA design must be 

scaled not to the required average power of the output signal, but rather to the signal 
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peak power no matter how infrequent that signal peak may occur. And since the fact 

that for most PAs, the most efficient operating point is close to the maximum output 

power. When the average power is significantly less than the peak signal power, the 

average PA efficiency falls correspondingly. The author also stated that large peak-to

average power ratio (PAPR) would reduce the average efficiency of a particular sized 

PA and therefore reduce the available communication range. So the larger the PAPR 

value, the lower the PA efficiency and worse system performance. In [39], the same 

author of [38] proposed a signal design approach, by rearranging constellation points 

to reduce the PAPR of the signal. The new approach could increase the efficiency, 

and possibly increase the transmission range without increasing the size of the PA. 

The idea was based on the claim that PA has peak available efficiency of 60%, which 

is accessible by the constant envelope signal. The textbook [42] on the RF PA also 

stated that the effects are in the range of 50% -70%. In [40], the paper stated that a 

typical PA achieves its peak efficiency only at the peak envelope power (PEP). So it 

is optimal to maintain the PA operating at its PEP to achieve the highest efficiency, 

especially for those high PAPR scenarios. 

Regarding the antenna and the antenna interface, if the PA and antenna are 

mounted at the same physical location, the feeder loss is typically negligible [37]. For 

typical BS antennas, such as the Dipole and Horn antennas, their radiation efficiency 

could be as high as 100% at frequencies up to 60GHz [43], [44]. 

There were also some recent researches which aim to increase the efficiency of the 

PAs for wireless communication systems by introducing various kinds of technolo

gies. In [40], the authors provided a survey on the PA techniques for spectrum and 

energy efficiency wireless communications. In this survey, the authors concluded the 

efficiency of different PAs available in the market. In [41], the paper proposed a new 
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energy-efficiency PA design for TD-LTE wireless communication. 

The idea of Envelop Tracking (ET) and Envelope Elimination and Restoration 

(EER) was introduced by Leonard R. Kahn to amplify single sideband signals using 

vacuum tube electronics [4 7]. The EER technique offers the promise of exceptional 

efficiency; however, it also leads to very strong requirements for the envelope amplifiers 

accuracy and experiences challenges in maintaining fidelity when the power supply 

voltage drops to near zero. [45] [46]. However, the EER technique is continuing to 

receive attention, both because of its potential efficiency improvements and because 

it facilitates operation over multiple carrier frequencies [48]. 

In the ET technique , the power supply voltage provided to a radio-frequency (RF) 

PA is actively varied in accordance with the time-varying envelope of the signal so 

that the RF PA is kept nearly always in compression, where its efficiency is high. In 

[45], the author stated that ET is poised to be deployed extensively in coming gener

ations of amplifiers for cellular handsets because it can reduce power dissipation for 

signals using the long-term evolution (LTE) standard required for fourth generation 

(4G) wireless systems, which feature high peak-to-average power ratios (PAPRs). Ac

cording to [45], the ET PA technology is now being introduced into high-end handsets 

and smartphones, driven by the higher PAPRs of LTE signals. In 2013 , Qualcomm 

became the first company to ship a chip with such technology, which it claimed to 

be the industrys first for 3G and 4G LTE mobile devices [49]. As of September 2014, 

at least 16 phones employed ET, including the Samsung Galaxy Note 3, Galaxy S5 

Mini, Nexus 5, and iPhone 6. 

However, due to the added complexity, the ET base-station amplifiers are still in 

the research phase, although they can offer superior performance in several contexts 

[45]. For the base stations, reaching the high power levels needed by the wireless com-
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munication signal requires that the corresponding transistors have a high breakdown 

voltage (typically about 80-150 V for the conventional input power supplies of 32-50 

V). Tradeoffs in transistor design dictate that the current gain cutoff frequencies must 

then be relatively low. However, for handsets, the transistors are not constrained to 

support high voltage. 

And [45] also mentioned that as commercial wireless communications evolve from 

4G to 4.5G and 5G, the signal bandwidths are continually increasing. Some 5G 

systems are slated to operate in the cm-wave and mm-wave bands (6-30 GHz and 30-

100 GHz, respectively). Here the signal bandwidths are of the order of200MHz-2GHz. 

The wide bandwidths pose more challenges for ET implementations. 

In this work, we analyze the down-link multi-user Massive MIMO systems within 

one cell , which has one base station equipped with M antennas and K served single

antenna users. With the consideration of a power consumption model with a practical 

PA and power limits for each transmitter antenna, we develop a problem formulation 

of finding the optimal beamforming matrix which maximizes the minimum SINR 

value for all users in the system. Based on the proposed problem formulation , we 

provide analysis and discussions on the optimal beamforming and power constraints, 

we also evaluate the results of a set of sub-optimal linear beamforming designs. 

The rest of this Chapter is organized as follows. In Section 3.2 , we propose the 

system model. In Section 3.3 , the problem formulation with consideration of the 

power constraint of transmitter RF chains are provided. In Section 3.4, we propose 

the analysis on the power constraints and optimal beamforming. In Section 3.5, we 

provide the numerical results, which compare the proposed problem formulation with 

the conventional problem formulation and power constraints, as well as with three 

linear sub-optimal beamforming designs. Finally, the conclusions are provided in 
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Figure 3.1 : Illustration of a multi-user Massive MIMO system with a base station 
(BS) of M antennas and K users. 

Section 3.6. 

3.2 System Model 

In this work, we consider a multi-user Massive MIMO system within one cell, where 

the cell has K served single-antenna users Uk , k = 1, 2, ... , K , and one base station 

(BS) which is equipped with M antennas, as illustrated in Fig. 3.1. We assume that 

the BS and Users are perfectly synchronized and operate a time-division Duplexing 

(TDD) protocol, and transmissions over flat-fading channels on a single frequency 

band is considered. Based on the assumption of channel reciprocity in a TDD system, 

we assume channel-state information ( CSI) is available at both the BS and the Users. 

For each user Uk, k = 1, 2, ... , K , the channel coefficient from the BS to the user is 

modeled as a vector hk = [h1,k h2,k ... hM,k], where hm,k ~ CN(O , 1) are independent 

channel coefficients form= 1, 2, ... , M. The channel coefficient matrix H E e,KxM for 

the system is represented as H = [h1 h2 ... hKJ7- During the down-link transmission 
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from the BS to the users, considering the transmitted signal vector at the base station 

as x(t), the base-band received signal of the users Y = [y1 (t) y 2(t) ... YK(t)JT can be 

modeled as 

Y = H -x(t) +n(t) , (1) 

where n(t) = [n 1 (t) n2(t) ... nK(t)JT is the additive noise vector where nk(t) ~ 

CN(O ,N 0 ) , k = 1, 2, ... , K , which is modeled as zero-mean complex Gaussian random 

variable with power density N 0 . 

In this work, we assume that the signal at the transmitter can be modeled as 

x(t) = W · S (2) 

where x(t) = [x1(t) x2(t) ... xM(t)jT, and W 6 [w1 w2 ... wK] is the complex beam

forming coefficient matrix, with the beamforming vector for each user k as wk = 

[w1,k W2 ,k ... WM,k]7 , k = 1, 2, ... , K , and Wm,k = ~ eJ0
rn ,k , m = 1, 2, ... , M , k = 

1, 2, ... , K. And the symbol vector SE (CKxl is defined as S = [S1g(t) S2g(t) ... SKg(t)jT, 

where g(t) is the shaping signal, and Sk is the transmitted symbol for User k. 

In this paper, we analyze the power consumption of a multi-user wireless system 

equipped with multiple antennas, and focus on the PA power consumption and PA 

efficiency of the system. Based on the power consumption analysis, we proposed 

the problem formulation of the optimal downlink beamforming for multi-user MIMO 

systems, and compare the results on the sub-optimal solutions of the problem. 

3.3 Power Constraint of Transmitter RF Chains and Prob

lem Formulation 

In this section, we propose the problem formulation of finding the optimal beamform

ing matrix which maximizes the minimum SINR value for each user in the system 
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considering the practical PA power consumption, PA power limits, and total power 

budget in transmitter RF chains. 

3.3.1 PA Efficiency and Transmitter RF Chains Power Constraint 

In this subsection, we analyze the power consumption of the wireless network. Specif

ically, we focus on the efficiency analysis of the PA used in the wireless systems. 

The definition of the output efficiency of PA could be expressed as [42] 

Pout(t) 
(3)

T/ = PPA(t) ' 

where Pout(t) is the instantaneous output power of PA, and PPA(t) is PA power 

consumption. 

In order to analyze and model the modulated signal, we apply a fundamental 

assumption in envelope analysis that the modulation frequency is sufficiently slow 

compared to the RF variations that the conditions at any instant can be considered 

to be quasi-static, and can be determined from a static measurement at the same 

input power. In most present day wireless communications systems, this is usually a 

reasonable assumption [42]. 

For a modulated signal which is used in the multi-user MIMO system, we define 

the efficiency at time t as 

k - 1 k ]
T/k = T/ix(t)I = TJ [lx(t) I], t E ----y-Ts , KTs , k = 1, 2, ... , K. (4)[ 

Thus with the definition of 

Pout,k = lx(k.c,T) l2 
, t,T = 

Ts 
K , k = 1, 2, ... , K , (5) 

the average power consumption of PA given transmit signal x(t) , PPA,x(t) , can be 
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expressed as 

K 
1 """""'Poutk 

PPA ,x(t) = T ~ --' 
S k=l T/k 

1 1Ts lx(t) l2 
(6)= Ts o TJ [lx(t) I] dt. 

Furthermore, if assuming Class-B PAs [42] are used in the wireless system, which 

demonstrate a linear characteristic as 

lx(t) I
TJ [lx(t) I] = ~ · T/max , (7) 

max 

where 

Amax 
6 

maxl x(t)I , (8) 

T/max is the maximum efficiency of PA. The PpA ,x(t) can be further expressed as 

1 1Ts lx(t) 12 
PpA ,x(t) = T lx(t)I dt 

S O Arnax T/max 

= Amax 1Tslx(t)I dt. (9)
Ts T/max o 

In the following analysis of this work, we are going to analyze the power consumption 

of PA using the result of ( 9). 

In this paper, we consider the pulse shaping signal g(t) in the system, the integral 

in (9) will include the average amplitude of g(t) , defined as 

6 1 1Ts
G Ts lg (t) ldt . (10) 

O 

If the rectangular pulse with the following definition is used, 

0 if t < O; 

19rect(t) = Ts if O ~ t < Ts ; 

0 if t ~ Ts. 
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accordingly, we are able to get 

Greet = 1. (11) 

On the other hand, if a Raised Cosine pulse is been used in the system with the 

following definition, 

(12) 

the according average amplitude value of the pulse signal can be calculated as the 

following values for different /3 values, 

Grc = 0.15 /3 = 1; (13) 

Grc=0.17 /3 = 0.5; (14) 

Grc = 0.19 /3 = 0.25. (15) 

3.3.2 Power Constraint of each Transmit Antenna with Beamforming Sig

nals 

In this sub-section, based on the PA efficiency analysis in the last sub-section, we 

focus on the power constraint of each transmit antenna with beamforming signals. 

In order to analyze the power consumption of PA in the wireless system, we assume 

a linear ( class B) PA is been used at the transmitter side, with the power efficiency 

defined as in (7). For the transmit signal x(t) , the average PA power consumption on 

antenna m , PPA ,xrn(t) , can be expressed as 

PPA ,xrn(t) = :max,m rTslx(t) I dt 
s T/max lo 

Amax,m(Wm,l , •·· , Wm ,K) 
m E 1,2, ... ,M, (16) 

T/max 
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where 

Amax,m(Wm,l , ... ,Wm,K) 6 
maxlx(t) I, given Wm,1 , ... , Wm,K, (17) 

and 

1 1TsG I',, - lg(t)ldt. (18)
Ts o 

Thus, the average PA power for antenna m is defined as 

_ Amax,m(Wm,l , .. ,,Wm,K) G [ ~ S ]P m E 1, 2, ... , M. PAavg,m - Si ,~ ,SK ~ Wm,k k ,
T/max k=l 

(19) 

And for the maximum amplitude of the transmit signals, we have 

(20) 

where 

9max = max [lg(t)I ] . (21) 

Based on the received signal (1) , the received signal for User k, Yk(t) , can be 

expressed as 

K 

Yk(t) = hkwkSkg(t) + L hzwzSzg(t) + nk(t). (22) 
l=l 
l# 

Thus the SINR for each user in the wireless system can be written as 

k E 1, 2, ... , K , (23) 

where 

Eg = 1Tslg(t) 12 dt. (24) 
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3.3.3 Problem Formulation 

In this sub-section, we provide the problem formulation based on the PA efficiency 

analysis and power constraint of transmitter RF chains provided in the previous 

sessions. 

Regarding the power constraints of the proposed multi-user MIMO system, we 

consider both the power constraint of PA on each transmit antenna and the average 

total power consumption at the transmitter. 

We assume the power limit for each antenna is Pzimit , then the power of transmit 

antenna should satisfy the following constraint , 

(25) 

Thus, we can rewrite the above power limit constraints for each antenna as the fol

lowing expression 

2K 

(26) 

In addition to the power limit constraint for each antenna, we also consider the 

average total power consumption at the transmitter, which is the total power budget , 

Audget· The constraint could be written as 

(27) 

which leads to the following expression 

Thus, the problem of finding the optimal beamforming coefficients W could be 
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formulated as 

max { k=TJ,~.K SINRk}{W} 

2 

max g!_ax :s; Ptimit, m E 1, 2, ... , M ; 1~:=l Wm ,ksk1 
S1 , ... ,SKs.t. (29) 

{ r/:.ax. ~:=1 Amax,m(Wm,l , ... ,Wm,K) IE 1~:=l Wm ,kskl :s; Audget, 
S1 , ... ,SK 

where SINRk , k = 1, 2, ... , Kare defined in (23). 

3.4 Analysis on Power Constraint and Optimal Beamforming 

In this section, we provide the analysis on the power constraints of the proposed 

problem formulation. Based on the analysis, we also provide the discussions on the 

optimal beamforming of the proposed problem. Three linear sub-optimal beamform

ing designs are also provided in this section. 

3.4.1 Analysis on Power Constraint 

In the problem formulation proposed in Section 3.3 , we considered two sets of con

straints, the PA power limit constraint for each transmit antenna defined as in (26) , 

and the average total power consumption constraint defined as in (28). In this section, 

we further analyze the above constraints in the problem formulation , which leads to 

the comparison with the conventional power constraint as well as some discussions. 

First , based on the average total power consumption constraint defined in (28) , we 

could derive an upper and lower bound of the constraint with the following derivation. 

If we plug in Amax,m(Wm,1, ... ,wm,K) , the average total power constraint (28) could 

be written as 

Ptot_avg :s; Pbudget, (30) 
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where 

(31) 

Since we have 

2 

IE II:f=l Wm ,kskl ~ IE II:f=l Wm ,kskl ;
S1 , ... ,SK S1 , ... ,SK (32) 

IE II:f=l Wm ,kskl :s; max II:f=l Wm ,kskl2 ' 
S1 , ... ,SK S1 , ... ,SK 

for every m = 1, 2, ... , Mas the upper and lower bounds. The upper and lower bonds 

of the average total power PtoLavg can be expressed as 

M K 

< Ggmax ~ ~ S 
· ~ max ~Wm,k k 

T/max S1 , ... ,SKm=l k=l 

(33) 

And since we have 

(34) 

where Pm,k is the power component of the beamforming coefficient. 

If we consider the lower bound of PtoLavg , the average total power constraint in 

(30) will become the following expression 

G gmax · Pm,kl :s; Pbudget· (35)t [t
T/max m=l k=l 

Note that if we compare the above lower bound of the average total power to the 

conventional problem formulation , which considers only the average power constraint , 

with the following expression 

(36) 
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Since in a practical wireless system with T/max < 1, compared to the proposed problem 

formulation , it shows that the power constraint of the conventional problem formu

lation is only a necessary but not sufficient condition. 

And even if the maximum PA efficiency T/max is being considered in addition to 

the conventional problem formulation, like in the work of [35] and [51], which leads 

to (35). Compared to the proposed problem formulation with practical PA power 

constraints, it still only serves as an necessary but not sufficient condition and does 

not consider the PA power limit for each transmit antenna. 

On the other hand, if we look at the upper bound of the average total power 

PtoLavg , the constraint in (30) becomes the following expression 

2M K 
Ggmax~ ~ S ---· ~ max ~Wmk k (37)

T/max 81 , ... ,SK 'm=l k=l 

If considering (37) with the power limit constraints for each antenna (26) together, 

we have the following constraints 

2 

maxs1 , ... ,SK 1~:=l Wm ,ksk1 g'!.ax :s; Pi.imit, m E 1, 2, ... , M, (38) 

{ 0T/;,:::x . ~:=1 maxsl ,··· ,SK 1~:=l Wm ,kskl 

2 

:s; Audget· 

By considering the constraints in (38) , for different Audget values, the following dis-
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cussions could be concluded. 

Case 1: When MP~mit < pb;getT/max' 

9 max 9 max 

PiimitG 
⇒ Pbudget > M ---- , (39) 

9 max T/max 

In this case, only the M Piimit constraints take effect. 

Case 2: When Pi;mit < Pbudget T/m ax :s; M P~mit ' 

9 m ax G 9 m ax 9 max 

PtimitG R < M PiimitG 
⇒ ---- < budget _ ----, (40) 

9 maxT/max 9 maxT/max 

In this case, both the M Piimit constraints and Pbudget constraint take effect. 

Case 3: When PbudgetT/max < Piimit 
G - 2 ' 9 max 9 max 

PiimitG 
⇒ Pbudget :s; ----, (41) 

9 m ax T/m ax 

In this case, only the Pbudget constraint take effect. 

In the above discussions, for different Pbudget value, we can reduce the number of 

constraints in (38) to further simplify the problem if we consider the upper bound of 

the average total power constraint. 

We summarize the above discussion on power constraint in the fo llowing theorem. 

Theorem 5. In a multi-user MIMD system with K users and M base station an

tennas, the average total power consumption of the base station in (29) is bounded as 

follows: 

2 2 

(42) 
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Moreover, if the upper bound is considered, we have 

,;) rxrh R M PzimitG 
" VY I en budget > ----, Only the per-antenna power constraints take effect. 

9max T/max 

.. ) rxrh PzimitG R < M PlimitG .
ii VY I en ---- < budget - ----, 

9max T/max 9max T/max 

Both the per-antenna power constraints and total power constraint take effect. 

,;,;,;) rxrh R PlimitG 
ooo VY , en budget ::;; ----, Only the average total power constraint take effect. 

9max T/max 

From Theorem 5, we also observe that if the above lower bound of the average 

total power constraint is considered, the average total power constraint becomes 

(43) 

which indicates that the conventional constraint of power consumption is only an 

necessary but not sufficient condition for the proposed problem. 

3 .4.2 Optimal B eamforming 

In this section, we provide the discussions on the optimal beamforming of the proposed 

problem, and compare them with the results of the conventional problem formulation. 

As discussed in the conventional problem formulation with only the total power 

budget constraint taken into consideration, as expressed in (36) , the problem becomes 

a SINR balancing problem, and the solution achieves its optimal value with the 

SINR values for all users are equal [52], e.g. , SINR1 = SINR2 = ... = SINRK. 

However , with the new problem proposed in this paper, which considers the power 

constraint of each transmit antenna as well as the more practical power budget con

straint, we would like to point out that , in general, the above statement that the 

solution achieves its optimal value with the SINR values for all users are equal, is 

not true anymore. 
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A counter example could be expressed as following. Assuming K = 2 and 

SINR 1 > SINR 2 , if the beamforming coefficient matrix is expressed as following , 

with a zero item in vector w 1 , 

(44) 

and the Pzimit constraints reach equity for both of the two antennas. Since w2,1 = 0, 

which means for antenna 2, the coefficient for user 1 could not be further lowered 

down, thus the coefficient for user 2 w2,2 could not be further increased, neither. In 

this case, only the coefficients w1,1 and w1,2 can be adjusted under the per-antenna 

power limit constraints and total power budget constraint. As we discussed in (23) , 

the SINR for each user also depends on the according channel coefficients, h1 and h2 . 

In this example, if the channel coefficients happen to be values that lead to h2w 2 R;j 0 

The relationship of SINR 1 and SINR 2 will not change no matter how we adjust the 

coefficients w1,1 and w1,2 under the power limit and total power budget constraints. 

Thus, the following lemma and theorem could be concluded. 

Lemma 2. If all of the PA power limit constraints for each transmit antenna and 

the total power budget constraint in (29) are strictly less than Pzimit and Pbudget, as 

the following expression, 

s,':".~!iK 1~:~1 Wm,ksk l' g';,,= < Piimit , mE 1, 2, ... , M; (45) 

{ _Q_ . ~:-1 Amax m (Wm 1,·.. , Wm K) JE I~:-1 Wm ksk I < pbudget ,
T/rna x - , , , S1 , ... ,SJ< - , 

the beamf arming coefficients matrix W could be scaled proportionally to improve the 

minimum SINR. 

Proof: Since all of the M + l constraints are strictly less than the power limit 

or power budget , for w' = ryW , we can choose parameter ry (ry > 1) , so that at 
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least one of the M + 1 constraints in ( 45) reaches equality while other constraints are 

less or equal to the according power limit or power budget. Since ,y > 1, we have 

SINR~ > SINRk, k = 1, 2, ... , K. 

■ 

Theorem 6. For any beamforming W with non-zero coefficients for each user and 

each antenna, the beamforming matrix W can be scaled to improve the minimum 

SINR such that the SINRk , k = 1, 2, ... , K are the same for all users., i.e., SINR 1 = 

Proof: Suppose we have a beamforming coefficient matrix W = [w1 w2 ... wK], 

and the SINRk , k = 1, 2, ... , K are not all equal, and SINRmin = min SINRk.
k=l ,2, ... ,K 

Then we can sort the SINRs in an ascending order, as SINRmin = SINR 1 = 

SINR2 = ... = SINRv < SINRv+1 :s; SINRv+2 :s; ... :s; SINRK , and find the 

according user index v which satisfies v ~ 1. 

If there is no zero beamforming coefficient in the beamforming vector w k of every 

user k except for the user(s) that has the minimum SINR, which means in our case, 

there is no zero weighting item in the beamforming vectors W v+i , W v+2 , ... W K . So 

that we can choose a parameter a(O <a< 1) and let w~ = a wk , k = v+l , v+2, ... , K. 

In another words, we can scale down the according beamforming vectors. After we 

scale down the beamforming vectors Wv+i , Wv+2 , ... wK , we are able to find another 

parameter /3 (/3 > 1) , and scale up the beamforming vectors w 1 , w 2 , ... w v, as 

w~ = f3 wk , k = 1, 2, ... , v , so that all of the M + 1 constraints in (29) are still 

satisfied. 

Since /3 > 1, we can choose E, so that when O < 1 - /3 < E, that the ISIN R: -

< SINRv+i-SINRv . = 1 2 K h th SINR' SINR thSINRi·I 2 , 'l , , ... , , ence e min > min , e 

minimum SINR has been improved. 
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3.4.3 Sub-Optimal Beamforming Designs 

Since for Massive MIMO , the linear precoding methods work very well because of the 

channel responses associated with different terminals tend to be nearly orthogonal 

when the number of base station antennas is large [8]. [11] provided asymptotic 

analysis which showed that the simple linear precoders/detectors are optimal when 

the number of antennas per base station increases to infinity, as M --+ oo. In general, 

however, for conventional or moderately sized MIMO systems, the linear precoding 

methods are not optimal, in this section, we compare the numerical results of the three 

linear beamforming methods, Maximum Ratio Transmission (MRT) , Zero Forcing 

(ZF) and Minimum Mean Square Error (MMSE) , which could all be used to solve 

the problem, to provide examples as sub-optimal solutions for the proposed problem. 

One of the most common method is MRT, which maximize the SNR. The beam

forming coefficient matrix of MRT beamforming could be expressed as 

WMRT = f3MRT HH. (46) 

ZF beamforming is another type of linear beamforming, where the inter-user inter

ference can be canceled at each user. And for ZF beamforming, a pseudo-inverse of 

the channel coefficient matrix is used. The according beamforming coefficient matrix 

of ZF beamforming can be expressed as 

1i( H)-1WzF = f3zF H HH . ( 47) 

The MMSE beamforming method is another linear beamforming method, which is 

generated by the mean square error (MSE) method. The according beamforming 
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coefficient matrix can be expressed as 

H ( H KGgmax )-l
WMMSE = f3MMS E H HH +----IK (48) 

Pbudget T/max 

In order to obtain solutions for the proposed problem with the linear beamforming 

methods in (46) , (47) and (48) , we adjust the parameters f3MRT , /3zF , and /3MMSE for 

each of the three beamforming methods with consideration of the per-antenna power 

constraint and the total power constraint of transmitter RF chains. , e.g. , the value of 

parameters f3MRT , f3zF , and f3MMSE for each method will be adjusted until one of the 

constraints in (29) is reached. An algorithm to determine the parameter /3 is detailed 

in Table 3.1. In this way, by adjusting the parameter /3 for each method, we can 

find the sub-optimal beamforming solution for the proposed problem. And the sub

optimal solution based on the three linear beamforming methods are also compared 

numerically with different power constraint considerations in the next section. 

3.5 Numerical Results 

In this section, we compare the numerical results of the three sub-optimal linear 

methods, Maximum Ratio Transmission (MRT) , Zero Forcing (ZF) and Minimum 

Mean Square Error (MMSE) , which could all be used to solve the problem, with the 

consideration of different power constraint scenarios in the problem formulation. 

In all numerical studies and simulations provided in this paper, we assume that 

the noise variance is N0 = 1, and the rectangular shaping signal g(t) with unit power 

is used in the multi-user MIMO system. 

With the consideration of the three linear beamforming methods, MRT, ZF and 

MMSE, we compare the maximum minimum SINR values for three different prob

lem formulations: the problem formulation with the conventional power constraint 
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Table 3.1 : Algorithm to determine the optimal parameter /3 for three sub-optimal 
linear beamforming methods 

Step 1 : Input searching step size /30 > 0 and set /3 = 0. 

Step 2 : Calculate the value of W based on ( 46) , ( 4 7) , or ( 48) for different linear 

beamforming methods. 

Step 3 : 

then go to Step 4; 

otherwise, stop and output the parameter /3 . 

Step 4: 

then let /3 = /3 + /30 , and go to Step 2; 

otherwise, stop and output the parameter /3 . 
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Figure 3.2 : Comparison of different problem formulations on MRT beamforming 
(K=2 , M=4). 

as defined in (36) , the problem formulation with the conventional power constraint 

considering PA efficiency defined in (35) , and the proposed new problem formulation 

as defined in (29). We show the numerical results for the cases when K = 2, M = 4; 

K = 4, M = 8 and K = 2, M = 12 as examples to further illustrate the differ

ence between the proposed new problem formulation and the conventional problem 

formulations which were considered in previous works. The simulation results also 

show that as the number of antennas M increases, the performance of the three linear 

beamforming methods converge. 

In Figure 3.2 , we compare the maximum minimum SINR values of the three prob

lem formulations when the MRT beamforming method is applied when the number of 

users K = 2 and the number of antennas M = 4. From the resulting figure , we could 

observe that under MRT beamforming method, the conventional problem formulation 
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Figure 3.3 : Comparison of different problem formulations on ZF beamforming (K=2, 
M=4). 

has the highest resulting SINR values, since only the average total energy consump

tion is considered in the case; the new problem formulation has the lowest resulting 

maximum minimum SINR values, and the conventional problem formulation with PA 

efficiency consideration provides the maximum minimum SINR values in between of 

the other two scenarios. The results show that the proposed new problem formulation 

has the largest number of constraints since it considers the practical power consump

tion model. The results also suggest that the conventional power constraint is only 

the necessary condition which is not enough to represent the practical scenario. And 

if the PA efficiency is being considered on top of the conventional power constraint , 

the results will be closer to the practical case, but still not enough compared to the 

results of the proposed problem formulation . 

In Figure 3.3 and 3.4, we compare the maximum minimum SINR values of the 
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Figure 3.4 : Comparison of different problem formulations on MMSE beamforming 
(K=2, M=4). 

three problem formulations when the ZF and MMSE beamforming methods are ap

plied when the number of users K = 2 and the number of antennas M = 4. The 

results show similar trends as in Figure 3.2. 

Figure 3.5 shows the results of the resulting maximum minimum SINR values for 

MRT, ZF, and MMSE beamforming methods, under the proposed new problem for

mulation when the number of users K = 2 and the number of antennas M = 4. From 

the results of this figure , we could see that the MMSE beamforming method achieves 

the highest SINR among the three compared methods, and the MRT beamforming 

method has the lowest SINR, and the ZF beamforming method lies in between of the 

other two methods. 

The Figure 3.6 - 3.8 show the maximum mm1mum SINR values of the three 

problem formulations when the MRT, ZF and MMSE beamforming methods are 
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Figure 3.5 : Comparison of different beamformings on proposed new problem formu
lation (K=2, M=4). 

applied when the number of users K = 4 and the number of antennas M = 8. 

And Figure 3.9 shows the results of the resulting maximum minimum SINR values 

for MRT, ZF, and MMSE beamforming methods, under the proposed new problem 

formulation when the number of users K = 4 and the number of antennas M = 8. 

Figure 3.6 - 3.8 show similar trends with the results when K = 2 and M = 4 in 

Figure 3.2 - Figure 3.4. Comparing with the results in Figure 3.5, from Figure 3.9, 

we could see that the differences between the three liner beamforming methods are 

getting smaller when K = 4 and M = 8. 

We also provide the simulation results for the cases when the number of antennas 

Mis large. The Figure 3.10 - 3.12 show the maximum minimum SINR values of the 

three problem formulations when the MRT, ZF, and MMSE beamforming methods are 

applied when the number of users K = 2 and the number of antennas M = 12. The 
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Figure 3.6 : Comparison of different problem formulations on MRT beamforming 
(K=4, M=8). 

results show similar trends as in the previous cases, that the proposed new problem 

formulation has the largest number of constraints since it considers the practical power 

consumption model; and the conventional power constraint is only the necessary 

condition which is not enough to represent the practical scenario; even if the PA 

efficiency is being considered on top of the conventional power constraint , the results 

will be closer to the practical case, but still not enough compared to the results of 

the proposed problem formulation. The results in Figure 3.10 - 3.12 also show that 

the resulting SINR values are higher compared to the previous cases. 

Figure 3.13 shows the results of the resulting maximum minimum SINR values 

for MRT, ZF, and MMSE beamforming methods, under the proposed new problem 

formulation when the number of users K = 2 and the number of antennas M = 

12. Compare the results in Figure 3.13 with Figure 3.5 and 3.9 , we could see that 

71 



6 

4 

2 

0 

-2 
Ill 
"'O 

0::: -4z 
u5 

-6 

-8 / 

/ * 
/-10 

---e---- Conventional Power Constrain I* 
I --4- Conventional Power Constrain considering PA efficiency 

I 
-12 

-* -New Problem Formulation Constrain 

-14 * 
0 2 3 4 5 6 7 8 9 10 

p 
budget 

Figure 3. 7 : Comparison of different problem formulations on ZF beamforming (K=4, 
M=8). 

as the number of antennas increases, the resulting SINR value of the three linear 

beamforming methods are converging, which reflects the results in previous work 

of [11] that the simple linear precoders/detectors are optimal when the number of 

antennas per BS goes to infinity, as M--+ oo. 

3.6 Conclusions 

In this Chapter, we investigated beamforming designs for the down-link multi-user 

massive MIMO systems within one cell, which has one base station equipped with 

M antennas and serves K single-antenna users. In this work, we considered a power 

consumption model with a practical PA and power limits of the transmitter RF 

Chains. Based on the power constraints, we developed a problem formulation of 

finding the optimal beamforming matrix which maximizes the minimum SINR value 
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Figure 3.8 : Comparison of different problem formulations on MMSE beamforming 
(K=4, M=8). 

for all users in the system. Based on the proposed problem formulation , we further 

provided analysis and discussions on the optimal beamforming and power constraints, 

we also evaluated the results on a set of sub-optimal linear beamforming designs of 

the problem. 

Unlike the conventional problem formulation with only average total power con

sumption constraint , the proposed problem formulation considers both the PA power 

limit constraint for each transmit antenna and the average total power consumption 

constraint. Our analysis showed that the conventional constraint of total power con

sumption is only a necessary but not sufficient condition for the practical problem 

formulation. We also showed that the power constraint could be further simplified 

when the upper and lower bounds of the average total power consumption are con

sidered. Moreover , we showed that , unlike the conventional beamforming problem 
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Figure 3.9 : Comparison of different beamformings on proposed new problem formu
lation (K=4, M=8). 

formulation in which the resulting SINR values are equal when the solution achieves 

its optimal value, the statement is not true for the proposed new problem formulation 

for beamforming designs. 
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Figure 3.10 : Comparison of different problem formulations on MRT beamforming 
(K=2 , M=12). 
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Figure 3.11: Comparison of different problem formulations on ZF beamforming (K=2, 
M=12). 
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Figure 3.12 : Comparison of different problem formulations on MMSE beamforming 
(K=2 , M=12). 
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Figure 3.13 : Comparison of different beamformings on proposed new problem for
mulation (K=2, M=12). 
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Chapter 4 

Hybrid-ARQ Protocol Design with Optimal Time 
and Power Allocation 

4.1 Introduction 

Automatic-repeat-request (ARQ) communication protocols are commonly used in the 

data link layer as control mechanisms to enable reliable data packet transmissions, 

in which a retransmission request is sent by a receiver when a packet is not correctly 

received [54]- [60]. The basic ARQ protocol considers that a receiver decodes an infor

mation packet based only on the received signal in each retransmission round. How

ever, in advanced ARQ schemes, a receiver may combine the information packets from 

all previous transmission rounds to jointly decode , which have been known as hybrid 

ARQ (H-ARQ) protocols [55]- [60]. There are various types of H-ARQ protocols, such 

as the chase-combining based H-ARQ protocols where the retransmission packets are 

repetitions of the original information packet [55], and the incremental-redundancy 

based H-ARQ protocols where the transmitter sends out reencoded redundant parity 

symbols in each retransmission round [60]. Although the H-ARQ protocols require 

more memory space at the receiver to restore the information from all previous re

transmissions, they may lead to substantially better performance compared with the 

basic ARQ protocols [3], [58], [59]. 

A large number of works have been devoted to the development of energy effi

cient ARQ and H-ARQ communication protocols [61]- [71]. In [61], by applying a 
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linear programming method, an optimal transmission power allocation for an H-ARQ 

protocol was determined with assumption that partial CSI is available. In [62], an 

optimal transmission power strategy was proposed for a basic ARQ protocol, with

out assuming CSI available at the transmitter side. In [63], the authors derived 

an optimal power allocation strategy to maximize the average transmission rate for 

an incremental-redundancy H-ARQ protocol without a prior CSI at the transmitter 

side. The work [64] proposed an optimal power allocation strategy in order to min

imize the average total transmission power for a chase-combining H-ARQ protocol, 

in which information packet is not reencoded in each retransmission round, and the 

maximal-ratio-combing (MRC) technique is used at the receiver side with assump

tion that the channel statistics is available at the transmitter but not the receiver. In 

[65], by assuming that statistical CSI is available at the transmitter side, the authors 

discussed optimal power allocation strategies for an incremental-redundancy H-ARQ 

protocol. They formulated two optimization problems, proved that the two optimiza

tion problems are equivalent under the special case of only two allowed transmissions 

and provided a root-finding solution through an exhaustive search. In [66], the au

thors generalized the results in [65] to the cases when the number of channel uses 

may differ for different ARQ rounds and provided results for a special case of allow

ing two maximum retransmissions by using the approximation of the packet drop 

probability. It was assumed that the channel changes independently for each round, 

thus the results are not valid to slowly fading channels. In [67], by assuming that 

the transmitter is provided with imperfect CSI in a quantized CSI feedback scheme, 

an optimal power allocation solution was presented for an incremental-redundancy 

H-ARQ scheme in quasi-static fading channels under long-term transmission power 

constrain. The work [68] proposed an optimization algorithm to allocate power for 
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HARQ protocols in Nakagami-m block fading channels under different CSI feed

back schemes, and provided an approximate solution for high signal-to-noise ratio 

regime. In [69], for incremental-redundancy H-ARQ transmissions, the authors pro

vided transmission rate allocation policies for throughput maximization problems 

using dynamic programming framework, assuming the channel statistics or outdated 

CSI available at the transmitter side. The work in [70] analyzed the rate adaption 

optimization problem for cooperative incremental-redundancy H-ARQ schemes with 

decode-and-forward relaying protocol with assumption that outdated CSI is available 

at the transmitter. In [71], a rate adaptive incremental-redundancy H-ARQ scheme 

was presented when employing a non-binary LDPC code which features a repetition 

scheme with imperfect CSI at the transmitter side. Note that in previous works, the 

potential joint optimization of transmission power and time duration assignments for 

H-ARQ protocols in quasi-static channels have not been explored. 

In this work, we try to jointly optimize transmission power and time duration 

for H-ARQ transmission protocols. Specifically, we consider incremental-redundancy 

H-ARQ protocols in which the transmitter reencodes information packet in each 

retransmission round. We assume that the source-destination channel experiences 

quasi-static Rayleigh fading and the source transmitter does not have a the instan

taneous CSI, but has the channel statistics, i.e. , the channel variance. We would 

like to find the optimal power and time duration assignment sequences for H-ARQ 

retransmission rounds that minimize the outage probability of the H-ARQ protocol 

with any given average total time duration and energy budget. We solve the joint 

optimization of power and time duration assignment for the H-ARQ protocol and de

rive a set of equations that describe the optimal power and time duration values. The 

set of equations allows us to develop a recursive algorithm to determine the values 
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of the optimal power and optimal time duration. The searching complexity of the 

proposed algorithm is fixed no matter what the maximum number of retransmission 

rounds L is. For comparison purpose, we also derive the optimal power assignment 

for the H-ARQ protocol with equal-time retransmissions, e.g. , the same transmission 

time duration is implemented during each (re-)transmission round, which could be 

determined by a recursive algorithm as well. Numerical results show significant per

formance gains of the proposed optimal-time and optimal-power assignment scheme 

compared to the conventional equal-time and equal-power assignment scheme as well 

as the equal-time and optimal-power scheme. For example, when L = 3 and the tar

get data amount per packet is D0 = 2000 bits, the optimal-time and optimal-power 

scheme saves about 32 dB in the average energy consumption or about 1.4 x 10-5 

seconds in the average transmission time duration. 

The rest of this Chapter is organized as follows. In Section 4.2 , we review the 

H-ARQ transmission scheme briefly and formulate the power level and time duration 

assignment optimization problem. In Section 4.3, we solve the joint optimization of 

power and time duration assignment for the H-ARQ protocol and present a recur

sive calculation algorithm. Section 4.4 provides the solution of the optimal power 

assignment for the H-ARQ protocol with equal-time retransmissions. Numerical re

sults and comparisons are carried out in Section 4.5 , to compare the performance of 

the proposed optimal-time and optimal-power assignment strategy, the conventional 

equal-time and equal-power assignment strategy, and an equal-time and optimal

power assignment strategy. Finally, some conclusions are drawn in Section 4.6. 
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Figure 4.1 : Illustration of a Hybrid-ARQ protocol with transmission power P1 and 
time duration Tz in the l-th (re-)transmission round, 1 :s; l :s; L. 

4.2 System Model and Problem Formulation 

We consider an H-ARQ transmission protocol between a source node and a desti

nation node, as illustrated in Fig. 4.1. We denote L as the maximum number of 

transmission/retransmission rounds allowed in the H-ARQ protocol. We assume that 

the bandwidth used by the H-ARQ transmission is W Hz. The protocol may use 

different transmission power and transmission time duration in each retransmission 

round. Specifically, first the source transmits an information packet of D0 bits to the 

destination with power Pi Watts with time duration T1 seconds, then the destination 

indicates the success or failure of the receiving the packet by feeding back a single bit 

of acknowledge (ACK) or negative-acknowledge (NACK) to the source, respectively, 

in which the feedback channel is assumed to be error-free. If a NACK is received 

and the maximum transmission number L is not reached, the source reencodes and 

retransmits the packet using transmission power P1 and time duration Tz in the l-th 

retransmission round (l = 2, · · · , L). If an ACK is received by the source or the 

maximum number of transmission L is reached, the source begins to transmit a new 

information packet. During each (re-)transmission round, the destination tries to 
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decode the information packet based on the signals it has received from all previous 

transmission rounds. If the destination still cannot decode the information packet 

after L (re-)transmission rounds, we say an outage occurs and the source drops the 

current packet and starts transmitting a new packet. 

For each (re-)transmission round, considering the transmission power P1 Watts, 

time duration Tz seconds and the maximum number of transmissions L , the base

band received signal of the H-ARQ scheme at the l-th (re-)transmission round can be 

modeled as 

Ysd,t(t) = /Pi hsd Xs(t) + T/sd,t(t) , (1) 

where X8 ( t) is the information signal transmitted from the source, hsd is the channel 

coefficient from the source to the destination, and T/sd,l is the additive noise at the 

l-th (re-)transmission round. The channel coefficient hsd is assumed to be zero-mean 

complex Gaussian random variable with variance CJ;d, and is quasi-static , i.e. the 

channel does not change during retransmissions of the same information packet and 

it may change independently when a new information packet is transmitted. The 

channel state information is assumed to be known to the receiver for information 

packet detection and decoding. We assume that the transmitter does not have the 

instantaneous channel state information, but has the channel statistics, ie. , the chan

nel variance CJ;d which usually depends on the distance between the source and the 

destination and can be easily estimated. The additive noise T/sd,t(t) is modeled as 

zero-mean complex Gaussian random variable with power density N0 = 4.0 x 10-21 

Watts/Hz (i.e. , -174 dBm) [73]. 

With any given total time duration and energy budget , we would like to find the 

optimal power and time duration assignment for H-ARQ (re-)transmission rounds in 

order to minimize the outage probability of the protocol. The outage probability of 
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t he H-ARQ transmission protocol can be calculated specifically as follows. Let us 

denote Dsd,I as t he achievable cumulative data amount between t he source and t he 

destination after t he l-t h (1 :s; l :s; L ) (re-)transmission round, which can be given by 

2 ~ ( Pi lhsd l )
D sd,l = {;;t_ Ti W log2 1 + No W bits . (2) 

The corresponding outage probability of t he H-ARQ scheme after l (re-)transmission 

rounds is 

Pout,l = Pr[D sd,l < DO], 1 :s; l :s; L. (3) 

Since t he channel coefficient h sd ~ CN(O, a-;d) , lhsd l2 is an exponent ial random 

variable wit h parameter A sd = 1/ a-;d , t he outage probability could be calculated as 

follows. W hen l = 1, 

pout,l = Pr [T1 W log2 ( 1 + pi:;;r )< D]o 

= 1 - exp ( (1 - 2~~ ) No~ ) . 
P1 O"sd 

For l ~ 2, a closed-form calculation of t he outage probability in (3) is not tractable, so 

we t ry to develop a t ight approximation for t he outage probability wit h a closed-form 

expression by using t he Jensen 's inequality. Since t he logarit hm function log2(·) is 

concave, by applying t he Jensen 's inequality, we have 

2~ ( Pi lhsd l )
D sd,l = W {;;t_ ~ log2 1 + NoW 

:s; Ll ~ ) W log2 ( 1 + ( ~ i=l l P./ T,
i
-) 

. 
~ 
NoW 

) 
. (4)

( i= l ~ i= l Ti 
2

l lh 
. (Li - 1PiTi ) ~ 

1 

0In (4) , smce t he value of t he term - I:;= Ti is large compared to 1, we may 
1 

neglect t he 1 inside t he logarit hm and have 

D sd,l ~ (5) 
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Thus, we can get an approximation for the outage probability p 0 ut,l for l ~ 2 as 

2 ~ l ~ L. (6) 

Our goal is to find the optimal power and time duration assignment sequence 

{(.Pi , T1) : l=l,2, ··· , L} 

to minimize the outage probability of the H-ARQ protocol with any given total time 

duration and energy budget. The optimization problem is equivalent to minimize 

the average total energy of transmitting an information packet , under a targeted 

outage probability p0 and a targeted average total transmission time duration Ttarget· 

Since the probability that the protocol succeeds exactly at the l-th (1 ~ l ~ L - 1) 

round is pout,l-l - pout ,l, in which p 0 ut ,o 6 1, and the corresponding total transmission 

energy is PiT1 + P2T2 + · · · + PiTt , thus the average total energy Eavg of the H-ARQ 

(re-)transmissions can be expressed as 

L-1 L 

Eavg = L (pout ,l-1 _ pout ,l) L PJi + pout,L-1 L PiTi. (7) 
l=l i=l i=l 

Similarly, the average total time duration Tavg of the H-ARQ protocol can be ex

pressed as 

L-1 L 

Tavg = L (pout,l-1 _ pout ,l) L Ti + pout,L-1 L Ti. (8) 
l=l i=l i=l 

Both the last terms in (7) and (8) reflect the fact that the protocol stops after the 

Lth round no matter whether it succeeds or not. Since the bandwidth used by the 

H-ARQ transmissions is W Hz, so the time duration for each (re-)transmission round 

Ti (1 ~ l ~ L) should not be less than 2tv. The problem of finding the optimal power 

and time duration assignment of the H-ARQ transmission protocol can be formulated 
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as follows: 

out,L < p .
P - o, 

s.t. (9) 

Pz ~ 0, Ti ~ 2 ~ , 1 ::;; l ::;; L , 

in which Eavg and Tavg are defined in (7) and (8) respectively. We note that the 

optimization problem is formulated under the assumption that the transmitter does 

not have the instantaneous channel state information and only knows the channel 

variance in the Rayleigh fading environment. 

4.3 Joint Time and Power Assignment Optimization 

In this section, we solve the joint optimization of power and time duration assign

ment for the H-ARQ transmission protocol. We find a set of equations as necessary 

conditions and then develop a recursive algorithm to find the optimal transmission 

power and time duration for each (re-)transmission round in the H-ARQ protocol. 

For the average total energy in (7) , by switching the summation order between 

the indices l and i we have 
L 

Eavg = Lpi~ (10) 
i=l 

Since for each i , ~;=~1 (pout,l-l - pout,l) = pout ,i-l - pout ,L-l , the average total trans

mission energy can be represented as 
L 

Eavg = PiT1 + L PzTt Pout ,l-l _ (11) 
l=2 

Similarly, we can represent the average total time duration in (8) as 

L 

T = T + ~Ti pout,l-1 (12)avg l ~ l · 
l=2 
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Note that the constrain pout ,L :s; p 0 in (9) means that with a target data amount D0 , 

the outage probability of the H-ARQ protocol with L transmissions should not be 

larger than the specified outage probability value p0 , i.e. 

(13) 

Moreover, Ihsd I2 must satisfy 

(14) 

Thus, the constrain pout ,L :s; p 0 in (9) is equivalent to 

:s; Do , (15) 

We consider a Lagrange multiplier method to solve the optimization problem. 

It is not difficult to see that increasing the average time duration Tavg is beneficial 

to minimizing the average total energy Eavg , thus we can consider the largest Tavg 

allowed, i.e., 

L 

+ """""'rr out,l-1 rrTavg = T l ~ 1z P = 1target· (16) 
l=2 

In this case, we can represent TL as 

rr T '\""'L-l rr out l-1 
T _ 1target- 1- LJl=2 1z p ' (17)

L - pout,L-1 ' 

and the constrain of pout,L :s; p 0 in (15) can be further specified as 

L-l ( Pilhol 2 
) 

~~ W log2 1 + NoW 

T T '\""'L-lT outl-1 ( p lh 12)
target - l - LJl=2 l P ' W 1 L O D ( )+ pout,L-1 og2 1+ Now = O· 18 
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Thus, we can absorb the constrain on Tavg by substituting TL by using (17) in the 

original problem formulation. Therefore, the optimization problem in (9) can be 

further specified as 

mm Eavg = PiT1 + f PzTz Pout,l-l + PL (Ttarget - T1 - f Tz Pout,l-l) (19) 
{P1 ,T1} l=2 l=2 

"-'L-1 T W log (1 + Pilhol2) L..,,i=l i 2 NoW 

+Ttarget-T1-I:;f_-/ Tz pout ,l-l w log (1 + PL lhol2) = D .s.t. 
pout ,L-1 2 NoW o, 

Denote B0 
6 ~~p,and we can form a Lagrangian objective function as 

L-1 

£(P, T , A) = (Pi - PL) T1 + L(Pz - PL) Tz Pout ,l-l + PLTtarget 

+>, [~T, Wlog2 (1+ 
l=2 

::) 
T, T "-'L-1 Ti out l-1 ( p ) l+ target - l - L..,,l=2 l P ' Wlog2 1+ BLo - Do . (20)

pout,L-1 

Taking derivative with respect to Pk, we have 

L-1 ( ,\Wlog (1+PL))
Ti pout ,k-1 + ~ p, _ p _ 2 

Bo Ti 
k ~ l L out L-1 l 

l=k+l p , 

(21) 

for any k = 1, 2, · · · , L - 1, and 

L-1 ) "-'L-1 rri out ,l-1)fJ£ /\'W (rri1 target - L..,,z=l 1 l p 
_ out,l-1 (22)

&PL - ( Ttarget - ~ Tz p + ln 2 (Bo+ PL) pout,L-1 . 
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Similarly, taking derivative with respect to Tk , we have 

p p AW log2 ( 1 + ;~ ) ) out ,k-l 
k - L - p out ,L-1 p

( 

L-1 ( AW log2 ( 1 + ;~)) apout,l- 1 

+ """"" Pi - PL - t L-1 Ti ~ ~ Pou , uTk 
l=k+l 

opout, L- 1 ( T, ~ L-1 T, out l-1 ) 

+ AW log2 (1 + Bpko ) + AW log2 (1 + PBL0 )----_~_a:rk==--t-ar_g_et_-__l=_1 __1 _P_ '__ 
(pout ,L-1 )2 

(23) 

6for any k = 1, 2, · · · , L - 1, in which p out ,o 1. Based on ;ir, = 0, we have 

out L-1 AWp , = ------- (24)
ln 2 (Bo+ PL) 

.XW!og2 (1+ 3PL) )
With (24) , we can represent the common item - PL - Pout ,r - i O in the expres-( 
sions of %~ and %i in (21) and (23) as 

(25) 

For any k = 2, 3, ... , L - 1, according to atc = 0 and ;j = 0, we have 
k- 1 k 

(pout ,k-2 _ p out ,k-1) 

From (26) , we have 

p out,k-1 _ p out,k-2 _ .XW ( 1 __1_)) T,
( ln 2 Bo+Pk- 1 Bo+ Pk k-l 

(Pk+ C(PL)) Tk = ~-------op-ou-t,~k-- 1----~~-- (27) 
f.) P k- l 

Moreover , for any k = 2, 3, ... , L - 1, according to "!},c = 0 and ~,f: = 0, we also 
u k- 1 u k 
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have 

(28) 

By substituting (27) into (28) , after some manipulation, we have 

(29) 

where 

Tk-)1 {)pout ,k-1 + B +B~ ' (30)
(BO + Pk-1 cip O k-1 

u k-1 

Q 6 - ~-k-~l~ (ln2 (pout ,k-1 _ pout,k-2) _ l ) 
2 

opout ,k-1 Aw Bo + pk-1 
oPk- 1 

Opout,k-1 pk-l Opout,k-1 ) 
X ---- + -- ----( oTk-1 rk-1 aPk-1

ln 2 C(PL) (pout ,k-2 _ pout,k-1) Bo 
(31)

>.w Bo+ pk-1 

Now, by using the Lambert W function W(x) which is defined implicitly as [72] 

W(x) exp (W(x)) = x, (32) 

the equation (29) can be represented as 

(33) 

then we can represent power Pk as 

(34) 
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Substituting (34) into (27) , we have 

( 
1 1_)) T'.pout,k-1 _ pout,k-2 _ .XW ( __ 

ln2 Bo+Pk-1 Bo + Pk k-l 
Tk = opout ,k-1 (P + C(P )) . (35) 

oPk- 1 k L 

We summarize the above discussion in the following theorem. 

Theorem 7. In the H-ARQ transmission protocol, to minimize the outage probabil

ity performance with given average total time duration and energy budget, the opti

mal transmission power sequence {Pk : 1 :s; k :s; L} and transmission time duration 

sequence {Tk : 1 :s; k :s; L} must satisfy the following 

Q1(Bo + pk-1) - Bo 2 :s; k :s; L - 1, (36)
W(-Q1exp(Q2)) ' 

( 
1 1_)) Tipout,k-1 _ pout,k-2 _ .XW ( __ 

ln2 Bo+Pk-1 Bo+Pk k-l 
2 :s; k :s; L - 1, (37)

opout ,k-1 (P C(P ) ) 
oPk- 1 k + L 

rr T '\""'L-1 rr out l-1
.L target - l - ul=2 1 l P ' (38)pout,L-1 

and 

L-l ( Pilhol2)
~Ti W log2 1 + NoW 

rr T '\""'L-lrr outl-1 ( Plh12).Ltarget - l - ul=2 1 l P ' W 1 L O D+ pout,L-1 og2 1 + NoW = o, (39) 

where Q 1 and Q2 are specified in (30) and (31) respectively, C(PL) is a function of 

6 60PL specified in (25), Bo ~ p, Iho I2 -CJ;d ln ( 1 - Po), W is the transmission 
0 

bandwidth, No is the additive white noise power density, D 0 is the information packet 

payload to be transmitted by the H-ARQ protocol, p0 and Ttarget are the targeted outage 

probability and average total transmission time duration, and W(·) stands for the 

Lambert W function defined in (32) . 

From Theorem 7, we can see that the optimal transmission power and time dura

tion sequences are determined by the set of equations (36)- (39) and can be calculated 
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recursively. For any k = 2, 3, ... , L-1 , according to (36) and (37) , the optimal trans

mission power and time duration values Pk and Tk can be calculated based on >., PL 

other transmission power and time duration (Pk , Tk) , k = 2, 3, · · · , L - 1, can be sub

sequently determined. From the previous discussion, we know that the time duration 

for the last transmission round TL can be represented as in (38). The optimal initial 

power Pi , time duration T1 , the Lagrange multiplier A and the power level for the last 

transmission round PL can be found by numerical search. Thus, based on Theorem 

7, the searching complexity of the original optimization problem in (9) involving 2L 

variables is reduced to that of searching over four variables and the searching com

plexity is fixed no matter what the maximum number of (re-)transmission rounds L 

is. 

In the following, we discuss searching range for the four variables Pi,T1 , PL and 

A. According to the constrains Tavg = T1 +~f=2 Ti pout,l-l :s; Ttarget and Ti ~ 2~, l = 

1, 2, · · · , L , we have searching range for the variable T1 as: 

(40) 

From the constrain ~f=1 ~W log2 ( 1 + ;~) :s; D0 , we know that T1W log2 ( 1 + ~~) :s; 

D0 . Thus, the variable Pi is bounded as 

Do 
2T1W - 1

Pi :s; --- (41)
Bo 

Combining (40) and (41) , we have searching range for the variable Pi as 

22Do _ 1 
(42)0 :s; Pi :s; Bo 

Similarly as the variable Pi, the searching range for the transmission power PL can 
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be determined as 

(43) 

{)£, ou t ,L-1 ]n2 (BO+ P )
For the Lagrange multiplier>. , according to oPL = 0, we have>. = _ P w L 

Since the outage probability of the H-ARQ protocol with L - 1 transmissions should 

not be less than that with L transmissions, i.e. , 

Po = pout,L :s; pout,L-1 :s; 1. (44) 

Considering the searching range of PL in ( 43) , we have searching range for the variable 

>. as: 

ln 2 ( Bo + 22
~ - l ) , ln 2 Bo

0 
p0 ------- <A< ----- (45)w - - w . 

In the process of finding the optimal transmission power and time duration assign

ment based on Theorem 7, we need to consider the constrains Pk ~ 0, Tk ~ 2~ , for 

k = 1, 2, · · · , L. In the process of computing Pk and Tk for the kth transmission round 

according to (36) and (37) , we observe that the value of Pk depends on the power 

and time duration assignment of all the previous transmissions up to the (k - 1)th 

transmission round Pi , Tz , for l = 1, 2, · · · , k - 1, and the value of Tk depends on the 

power and time duration assignment of all the previous transmissions as well as the 

power level of the kth transmission round Pk. Thus we can set the value of Pk to be 

0 if the resulting Pk from (36) is negative, and then compute Tk according to (37). 

Moreover, we set the value of Tk as the threshold 2~ and keep Pk unchanged if the 

resulting Tk from (37) is less than 2~. We note that unlike the method of exhaustive 

searching for the optimal Pk and Tk for each transmission round k = 1, 2, · · · , L , the 

complexity of the method proposed in Theorem 7 does not increase along with the 

maximum transmission number L. A complete algorithm to recursively determine 
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Table 4.1 : Algorithm to determine the optimal power and time duration assignment 
sequence {(Pk ,Tk) , k = 1, 2, · · · , L} 

Step 1 : Input Do, W , CJ;d , No , Po , and Ttarget , calculate lhol 2 6 - CJ;d ln (1 - Po) , 

0Bo 6 
~ p, and C(PL) 6 

- PL+ ln2 (Bo+PL) log2 ( 1+ ;~ ) -
0 

Step 2 : Set the searching ranges of Pi,T1 , PL , and >. as 

22DO-l
0 < Pi < Bo ' 

22DO-l0 < PL < Bo ' 
1 < T1 < I'target , 2W 

2Do 
ln2 (B +~)0 Bo poln2 Bo< >. <w w 

Step 3 : Select a set of values {Pi , T1 , PL, >. } in the according searching ranges 

of Step 2. 

Step 4 : Based on Theorem 7, calculate B0 , C(PL) , Q1 , Q2 , and 

for any k = 2, 3, ... , L - 1, where W(·) stands for the Lambert W 

function and 
,.,-, T "°'L-1,.,-, out l-1T = 1 targ et- 1-~!= 1 1 p ' 2 

L pout ,L-1 · 

Step 5 : 

< E, 

then stop and output the sequence { (Pz ,Tz), l = 1, 2, · · · , L}; 

otherwise, select a different set of values {A,Ti ,PL , >.} in the searching 

ranges of Step 2, set {Pi, T1 , PL , >. }= {A, Ti ,PL,>.}, and go to Step 4. 
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the optimal power and time duration assignment sequence {(Pk ,Tk) , k = 1, 2, · · · , L} 

is detailed in Table 4.1. 

4.4 Power Assignment for the H-ARQ Protocol with Equal

Time Retransmissions 

For comparison purpose, in this section we derive the optimal power assignment for 

the H-ARQ protocol with equal-time retransmissions, e.g. , the same time duration 

is implemented during each (re-)transmission round. We note that the results in 

[64] cannot be applied here because in our model we consider the H-ARQ protocol 

in which the information packet is reencoded during each retransmission, which is 

different from the scenario in [64] that the information packet is retransmitted in 

each round without reencoding. 

4.4.1 Equal-Time and Optimal-Power Assignment 

In this subsection, we derive the optimal power assignment for the H-ARQ protocol 

when each transmission round implements the same time duration. In this case, we 

have Ti = TE (1 :s; l :s; L) and TE ~ 2~. The problem of finding the optimal power 

assignment of the H-ARQ transmission protocol can be formulated as follows: 

Eavg = TE (Pi + t Pz Pout,l-l ) 
l=2 

Pout,L <- po, . 

s.t. Tavg = TE ( 1 + ~f=2 Pout,l-l) :s; Ttarget; (46) 

TE~ 2~ ; P1 ~ 0, l = 1, 2, · • • , L. 

The optimal time duration TE and power assignment Pk , 1 :s; k :s; L , for equal-time 

and optimal-power assignment strategy are characterized in the following theorem. 
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Theorem 8. In the H-ARQ transmission protocol with equal time duration for each 

round, to minimize the outage probability performance with given average total time 

duration and energy budget, the optimal transmission power sequence {Pk , 1 :s; k :s; L} 

and transmission time TE must satisfy the following 

p p opout ,k-1 p out k-2 
L k-1 f.)Pk- 1 - k-lP ' 

2 :s; k :s; L - 1, (47)
f.)pout ,k- 1 t k-lPk-1~-- -pOU , 

oPk- 1 

pL-l pout ,L-2 
(48)

Ttarget _ 1 _ '\""'L-1 pout ,l-1 ' 
TE ul=2 

and 

Do
TE= --------- (49)

2w '\""'L lo ( Pilhol ) ' 
u i = l g2 NoW 

Proof: First , we investigate the outage probability of the H-ARQ scheme with 

equal time and optimal power assignment , which can be expressed as 

Pout,l = Pr[D < D ] for 1 :s; l :s; L. (50)sd,l O , 

Since log2 ( 1 + P~tf) R;j log2 ( P~~,f,12) for large transmission power. In order to 

obtain a closed-form expression for the outage probability, we consider the approxi

mation of D sd,l as 

(51) 

Then, we develop an approximation of the outage probability as 
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Similar to the discussion in Section 4.3 , when we consider the pout,L and Tavg constrains 

with equality, the pout,L constrain becomes 

= Do , where (53) 

then we can represent p 0 ut,L-l as 

L-1 )out L-1 Ttargetp , = --- 1 + L pout,l-1 . (54)
TE ( 

l=2 

Thus, we can further specify the optimization problem in (46) as 

(55) 

Now, we can write a Lagrangian objective function for the optimization problem in 

(55) as 

£ (P , T , A) = TE [(A -PL)+ I: (Pt - PL) pout ,l-l + PL T;get l 

l=2 E 

+ ,\ [t log2 (I';) - T~{v + L log2 (t:t) l· (56) 

Taking derivative with respect to Pk , we have 

o:i r [ L-l o:i outl-1] \ _u_1-,_ _ T out,k-1 R _ p up ' /\ k = 1, 2, ... , L - 1, [)R - E p + L ( 1 L) 8 P + ln 2 R ' 
k l=k+l k k 

(57) 

(58) 

6where we denote p0 ut ,o 1. For any k = 2, 3, ... , L - 1, according to Clt,e = 0 and 
u k-1 
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g~ = 0, we have 

_y_£ - nk [)£0 = pk-1 ~ r, ~ 
uPk-1 uPk 

T (p pout,k-2 _ ppout,k-1 + p (P _ p ) &pout,k-l )
E k-1 k k-1 k L ~p , (59) 

U k-1 

which implies 
opout ,k-1 out k-2 

PLPk-1 aP - Pk-1P ' 
pk= k-1 for k = 2, 3, ... , L - 1. (60)

c)pout ,k-1 t k-lPk-1 aPk-1 - Pou , 

In the case of k = L , we have 

[p out ,L-2 p ( Ttarget 1 ~ out ,l-1 )]TE L-1 p - L ~ - - ~p , (61) 
E l=2 

which leads to a representation of PL as 

p _ pL-l pout ,L-2 
(62)

L - Ttarg et _ 1 _ '\""'L-1 pout ,l-1 · 
TE ul=2 

Therefore, we complete the proof of Theorem 8. ■ 

From Theorem 8, we can see that the optimal transmission power sequence and 

time duration are determined by (47)- (49). The optimal transmission power assign

ment Pk for each (re-)transmission round, 2 :s; k :s; L-1, can be calculated recursively 

based on A , PL and TE. The optimal initial power A , the power level of the last 

transmission round PL, and the time duration TE can be found by numerical search. 

Following similar discussions in (40)- (43) of Section 4.3 , we are able to determine 

searching ranges for the variables A, PL and TE as follows 

22Do _ 1 
0 :s; Pi , PL :s; -- (63)

Bo 
1 

2W :s; TE :s; Ttarget· (64) 

A complete algorithm to recursively determine the optimal power assignment { Pk , 1 :s; k :s; L} 

is detailed in Table 4.2 . 
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Table 4.2 : Algorithm to determine the optimal power assignment sequence 
{Pk, k = 1, 2, · · · , L} and transmission time TE for the equal-time and optimal-power 
assignment strategy 

Step 1 : Input Do , W , CJ;d , No , Po , and Ttarget , calculate lhol 2 6 -CJ;d ln (1 - Po)

Step 2 : Set the searching ranges of Pi,PL , and TE as 

Q < p p < 22Do - 1 
- 1 , L - Bo ' 

2~ :s; T E :s; Ttarget , 

Step 3 : Select a set of values {Pi , PL ,TE} in the according searching ranges of Step 2. 

Step 4 : Based on Theorem 8, calculate 
p p 8pout ,k- l p out k-2 

L k- 1 8 P k- l k- l P ' 
2 :s; k :s; L - 1, a p out ,k- l t k I 

p k- 1 8 P k- l Pou , -

T t arg et_ 1_ ~L- l out ,l- l . 
T E ~ l = 2 p 

T 
E -

_ D o 
( 2) · W "°'L_ log .!:'i.0fil_ 

~ , - 1 2 No W 

Step 5 : Check if abs [TE w ~;=l log2 ( 1;:~r) - Do] < E, 

then stop and output the sequence {P1, l = 1, 2, · · · , L} and TE; otherwise, 

select a different set of values {A,PL , TE} in the searching ranges of Step 2, 

set {Pi ,PL ,TE} = {Fi ,PL ,TE}, and go to Step 4. 
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4.4.2 Equal-Time and Equal-Power Assignment 

For comparison purpose, in this subsection, we also specify the equal-time and equal

power assignment for the H-ARQ transmission protocol. In this case, the power level 

and time duration for each (re-)transmission are fixed to be PE and TE. Thus, the 

problem of finding the optimal values of (PE , TE) is formulated as: 

?,;,'R, ( 1+ t,p=t,l-l)Eavq ~PETE 

Pout ,L <- p o, . 

s.t. T _ T (1 + "°'L out,l-1) < rr . (65)avg - E L.Jl=2 P - 1 target , 

PE ~ 0, TE~ 2~' 

In this case, we can represent the outage probability as pout ,l = Pr [Dsd,l < D0], for 

1 :s; l :s; L , where Dsd,l = l w TE log2 ( 1 + p~:¾r). Thus, the outage probability 

pout,l is given by 

N0W ( Do ))pout,l = 1 - exp 2 1 - 2TEWl ' for 1 :s; l :s; L. (66)( PE (Jsd 

It is not difficult to see that the minimization in (65) is reached when the constrains 

on pout,L and Tavg have equality. Thus, we have TE ( 1 + L;=2pout,l-l) = Ttarget , and 

PElhol 2 
)

L W TE log2 ( 1 + NoW = Do , (67) 

where lhol 2 6 
-CJ;d ln (1 - p0 ). From (67) , we can represent PE as 

No W ( ____E_o_ )
PE = ~ 2 LWTE - 1 ' (68) 

which means the value of PE can be determined for any given TE, The optimal value 

of TE can be found by numerical search. With similar discussion as in Section 4.3, 

the searching range for the variable TE can be determined as 

1 
W :s; TE :s; Ttarget· (69)

2 
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We note that a closed-form expression for the optimal time duration TE is not 

tractable even for the equal-time and equal-power scenario. 

4.5 Numerical Results and Comparisons 

In this section, we provide numerical studies and simulation results to illustrate the 

performance of the H-ARQ protocol with the optimal-time and optimal-power assign

ment strategy derived in Theorem 7, the equal-time and optimal-power assignment 

derived in Theorem 8, and the equal-time and equal-power assignment approach dis

cussed in Section 4.4.2. In numerical calculation, we assume that the variance of the 

channel hsd is normalized as CJ;d = 1, the bandwidth used by the H-ARQ transmis

sion is W = 1.0 x 106 Hz, the targeted outage probability is p0 = 1.0 x 10-4 and the 

noise power density is No = 4.0 x 10-21 Watts/Hz [73]. Table 4.3 shows the values of 

the corresponding power and time duration assignments in different (re-)transmission 

rounds for the three schemes. 

In Figs. 4.2-4.5 , we plot the average total energy consumption versus targeted 

average total time durations for the H-ARQ protocol with the proposed optimal-time 

and optimal-power assignment strategy, the equal-time and optimal-power assignment 

strategy and the equal-time and equal-power assignment strategy with L = 2 and 3, 

and various target data amount D0 in each packet. Table 4.3 shows the values of the 

corresponding time and power assignments in the three schemes. When L = 2 and 

D0 = 500 bits, from Fig. 4.2 we can see that the performance of the optimal-time and 

optimal-power assignment scheme is significantly better than that of the equal-time 

and equal-power scheme and the equal-time and optimal-power scheme, with energy 

saving of more than 26dB for each given total time duration Ttarget· We have similar 

observation in Fig. 4.3 for L = 2 and D0 = 2000 bits where the average energy saving 
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Table 4.3 : Power and t ime assignment for different strategies 

Power Assignment Time Assignment 
Parameters Strategies 

(Pz , 1:::; l::; L)(Watts) (Tz , 1:::; l::; L)(Seconds) 

Optimal-time 
(0 .2384, 0.3024) (11. 733, 3.483) X 10-6 

Optimal-power 

L = 2, Do = 500 , Equal-time 
(138 .39, 139. 71) (6 .001 , 6.001) X 10-6 

Ttarget = 1.2 X 10-5 Optimal-power 

Equal-time 
(177.97, 177.97) (5 .950 , 5.950) X 10-6 

Equal-power 

Optimal-time (1.80 , 1.7954, (13 .440, 1.4833, 

Optimal-power 2.70) X 10-3 4.5082) X 10-6 

L = 3, Do = 500, Equal-time ( 4.6677, 4.6677, 
(2 .2409 , 2.2409 , 2.2462) 

Ttarget = 1.4 X 10-5 Optimal-power 4.6677) X 10-6 

Equal-time ( 4.6300 , 4.6300 , 
(2 .7432 , 2.7432 , 2.7432) 

Equal-power 4.6300) X 10-6 

Optimal-time (85.0, 9.3896, 4.4524, ( 49 .05 , 2.0225 , 2.8835 , 

Optimal-power 3.0379 , 145.0) X 10-4 5.9562 , 14.325) X 10-6 

L = 5, D 0 = 2000 , Equal-time (6 .1542, 6.1542, 6.1542 (1.2727, 1.2727, 1.2727, 

Ttarg et = 5.15 X 10-5 Optimal-power 6.1542 , 144.30) X lQ-2 1.2727, 1.2727) X lQ-5 

Equal-time (9 .0038 , 9.0038 , 9.0038 (1.2875 , 1.2875, 1.2875, 

Equal-power 9.0038 , 9.0038) X lQ-2 1.2875, 1.2875) X lQ-5 
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Figure 4.2 : Comparison of the average total energy consumption of the optimal-time 
and optimal-power assignment strategy, the equal-time and optimal-power assign
ment strategy, and the equal-time and equal-power assignment strategy with various 
targeted average total time durations (L = 2, D 0 = 500 bits). 

of the optimal-time and optimal-power scheme is 28 dB compared to the other two 

schemes. We also plot the average total energy consumption results for L = 3 in Figs. 

4.4 and 4.5 for target data amount D0 = 500 bits and 2000 bits, respectively. In both 

Figs. 4.4 and 4.5, we observe substantial performance gains of the optimal-time and 

optimal-power scheme compared to the equal-time and optimal-power scheme or the 

equal-time and equal-power scheme in which the average energy saving is 30 dB in 

the case of D 0 = 500 bits and 32 dB in the case of D 0 = 2000 bits. Note that in 

Figs. 4.2-4.5, the performance curve of the equal-time and optimal-power scheme is 

almost the same as that of the equal-time and equal-power scheme, as in these cases 

the corresponding power values and time duration of the two schemes are very close 

which are shown in Table 4.3. 
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Figure 4.3 : Comparison of the average total energy consumption of the optimal-time 
and optimal-power assignment strategy, the equal-time and optimal-power assign
ment strategy, and the equal-time and equal-power assignment strategy with various 
targeted average total time durations (L = 2, D 0 = 2000 bits). 

In Figs. 4.6-4.9 , we plot the average total energy consumption versus targeted 

average total time duration for the H-ARQ protocol with the proposed optimal-time 

and optimal-power assignment strategy, the equal-time and optimal-power assignment 

strategy and the equal-time and equal-power assignment strategy with L = 5 and 8, 

and various target data amount D0 in each packet. Figs. 4.6-4.9 show that in the cases 

when L = 5 and 8, the performance of the equal-time and optimal-power scheme is 

slightly better than that of the equal-time and equal-power scheme with energy saving 

ranging from 0dB to 3dB. However, compared to the other schemes, the performance 

improvement of the H-ARQ protocol with the proposed optimal-time and optimal

power assignment strategy is significant , with average energy savings ranging from 

7dB to 12dB. We observe that the larger the targeted average total time duration 
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F igure 4.4 : Comparison of t he average total energy consumpt ion of t he opt imal-time 
and opt imal-power assignment strategy, t he equal-time and opt imal-p ower assign
ment strategy, and t he equal-time and equal-p ower assignment strategy wit h various 
targeted average total t ime durations (L = 3, D 0 = 500 bits). 

Ttarget is, t he more energy savings of t he proposed joint opt imal-t ime and opt imal

p ower assignment scheme. 

We can also study t he ab ove results in t he view of t he average total transmission 

t ime versus average total energy budget for t he assignment strategies discussed above 

wit h various maximum number of transmission rounds L and target data amount D0 

in each packet. When L = 2, from results in F igs. 4.2-4.3 we observe t hat compared 

to t he other two assignment strategies, t he opt imal-time and opt imal-power scheme 

has average transmission t ime savings of 0.32 x 10- 5 seconds when D0 = 500 bits and 

1.22 x 10- 5 seconds when D0 = 2000 bits, respectively. We have similar observations 

in Figs. 4.4-4.5 when L = 3 where t he average t ime savings of t he opt imal-t ime and 

opt imal-power scheme compared to t he other two assignment strategies are 0.37 x 
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Figure 4.5 : Comparison of t he average total energy consumpt ion of t he opt imal-time 
and opt imal-power assignment strategy, t he equal-time and opt imal-power assign
ment strategy, and t he equal-time and equal-power assignment strategy wit h various 
targeted average total t ime durations (L = 3, D 0 = 2000 bits). 

510- 5 seconds when D0 = 500 bits and 1.35 x 10- seconds when D0 = 2000 bits, 

respectively. In Figs. 4.6 and 4. 7 we observe t hat when L = 5, compared to t he equal

t ime and opt imal-power assignment , t he opt imal-t ime and opt imal-power assignment 

has average transmission t ime savings from 0.07 x 10- 5 seconds to 0.16 x 10- 5 seconds 

when D 0 = 500 bits and from 0.3 x 10- 5 seconds to 0.6 x 10- 5 seconds when D 0 = 2000 

bits, along wit h various given average total energy budget. Besides, when L = 5 we 

also observe in F igs. 4.6 and 4. 7 t hat t he average t ime savings of t he equal-t ime 

and opt imal-power scheme compared to t he equal-time and equal-power scheme are 

from 0 second to 0.04 x 10- 5 seconds in t he case of D0 = 500 bits and from 0 second 

to 0.12 x 10- 5 seconds in t he case of D0 = 2000 bits. Similarly in Figs. 4.8 and 

4. 9, we observe t hat when L = 8, compared to t he equal-time and opt imal-power 
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Figure 4.6 : Comparison of the average total energy consumption of the optimal-time 
and optimal-power assignment strategy, the equal-time and optimal-power assign
ment strategy, and the equal-time and equal-power assignment strategy with various 
targeted average total time durations (L = 5, D 0 = 500 bits). 

assignment , the optimal-time and optimal-power assignment achieves average time 

savings from 0.06 x 10-5 seconds to 0.13 x 10-5 seconds when D0 = 500 bits and from 

0.3 x 10-5 seconds to 0.5 x 10-5 seconds when D0 = 2000 bits, along with various 

given average total energy budget. Figs. 4.8 and 4.9 also show that when L = 8, 

the average time savings of the equal-time and optimal-power scheme compared to 

the equal-time and equal-power scheme are from 0 second to 0.02 x 10-5 seconds in 

the case of D0 = 500 bits and from 0 second to 0.08 x 10-5 seconds in the case of 

D0 = 2000 bits. From the figures , we observe that for given maximum number of 

transmission L , the larger the target data amount D0 , the more average transmission 

time savings of the optimal-time and optimal-power scheme compared to the equal

time and optimal-power scheme or that of the equal-time and optimal-power scheme 
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Figure 4. 7 : Comparison of t he average total energy consumpt ion of t he opt imal-time 
and opt imal-power assignment strategy, t he equal-time and opt imal-p ower assign
ment strategy, and t he equal-time and equal-p ower assignment strategy wit h various 
targeted average total t ime durations (L = 5, D 0 = 2000 bits). 

compared to t he equal-time and equal-power scheme. 

4.6 Conclusions 

In t his Chapter , we joint ly opt imized t he p ower and t ime duration assignment for 

t he H-ARQ protocol in order to minimize t he outage probability of t he protocol wit h 

any targeted average total t ime duration and energy budget in quasi-static Rayleigh 

fading channels. The opt imal transmission power and t ime duration sequences are 

characterized by a set of equations which allows us to develop a recursive algorit hm to 

determine t he values of t he opt imal transmission p ower and opt imal t ime duration. 

T he searching complexity of t he recursive algorit hm is fixed no matter what t he 
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Figure 4.8 : Comparison of the average total energy consumption of the optimal-time 
and optimal-power assignment strategy, the equal-time and optimal-power assign
ment strategy, and the equal-time and equal-power assignment strategy with various 
targeted average total time durations (L = 8, D 0 = 500 bits). 

maximum number of retransmission rounds L is. We also provide the solution of 

the optimal power assignment for the H-ARQ protocol with equal time duration, 

which could be determined by a recursive algorithm as well. The simulation results 

show that the performance of the H-ARQ communication protocol with the proposed 

optimal-time and optimal-power assignment scheme is significantly better than that 

of the conventional equal-time and equal-power scheme as well as the the equal-time 

and optimal-power scheme. For example, when L = 3 and D0 = 2000 bits, the 

optimal-time and optimal-power scheme saves 32 dB in terms of the average energy 

consumption or 1.35 x 10-5 seconds in terms of the average transmission time duration 

compared to the equal-time and optimal-power scheme or the conventional equal

time and equal-power scheme. We also observe that in the cases of L = 2 and L = 
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Figure 4.9 : Comparison of t he average total energy consumpt ion of t he opt imal-time 
and opt imal-power assignment strategy, t he equal-time and opt imal-p ower assign
ment strategy, and t he equal-time and equal-p ower assignment strategy wit h various 
targeted average total t ime durations (L = 8, D 0 = 2000 bits). 

3, t he performance gain of t he opt imal-time and opt imal-power assignment scheme 

compared to t he equal-time and opt imal-power scheme remains nearly constant for 

any considered total t ime duration Ttarget , and t he equal-t ime and opt imal-power 

scheme and t he equal-time and equal-power scheme perform similar to each other. 

Moreover, in t he cases of L = 5 and L = 8, both t he performance gain of t he 

opt imal-time and opt imal-p ower scheme compared to t he equal-t ime and opt imal

power scheme and t hat of t he equal-time and opt imal-power scheme compared to t he 

equal-t ime and equal-power scheme increase along wit h t he value of T target· 
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Chapter 5 

Summary 

In this dissertation, we investigated down-link multi-user massive MIMO wireless 

systems, and analyzed the outage probability of the system over flat-fading channels. 

A closed-form expression for the outage probability and a high-SNR approximation 

were provided. In additional to the outage analysis, we considered beamforming 

designs for a multi-user massive MIMO system with the consideration of a power 

consumption model with a practical PA and power limits of the transmitter RF 

chains, and analyzed the optimal and sub-optimal linear beamforming designs. We 

also investigated the optimal power and time duration assignment for the H-ARQ 

protocol in order to minimize the outage probability of the wireless system with any 

targeted average total time duration and energy budget in quasi-static Rayleigh fading 

channels. Our main contribution can be summarized in the following. 

First we analyzed the outage probability performance of down-link multi-user 

massive MIMO wireless systems over flat-fading channels in which a matched filter 

(MF) is applied at the base station (BS). We investigated the statistics of the SINR 

of each user, and further derived a closed-form expression for the outage probability 

of the massive MIMO system. Based on the analysis of the exact outage probability 

derivations, we also provided a high-SNR approximation for the outage probability 

performance and developed an error floor analysis for the equal-power transmission 

scenario. The theoretical results characterized the performance of the multi-user 

massive MIMO systems in terms of the number of antennas equipped and the number 

110 



of users served in the system. Extensive numerical studies were also provided to 

illustrate and validate the theoretical derivations. 

Secondly, we considered beamforming designs for the down-link multi-user mas

sive MIMO system within one cell which has one BS equipped with M antennas and 

serves K single-antenna users. We considered a power consumption model with a 

practical PA and power limits of the transmitter RF chains, and developed a problem 

formulation of finding the optimal beamforming matrix which maximizes the min

imum SINR value for all users in the system. Based on the problem formulation , 

we further provided analysis and discussions on the optimal beamforming and power 

constraints, and evaluated the results on a set of sub-optimal linear beamforming 

designs. 

Unlike the conventional problem formulation considering only the average total 

power consumption, the proposed problem formulation considered both the PA power 

limit constraint for each transmit antenna and the average total power consumption 

constraint. Our analysis showed that the conventional constraint of total power con

sumption is only a necessary but not sufficient condition for the practical beamforming 

designs. We also showed that the power constraint could be further simplified when 

the upper and lower bounds of the average total power consumption are considered. 

Moreover, we showed that , unlike the conventional beamforming problem formula

tion in which the resulting SINR values are equal when the solution achieves its 

optimal value, the statement is not true for the proposed new problem formulation 

for beamforming designs. 

Finally, we jointly optimized the power and time duration assignment for the 

H-ARQ protocol in order to minimize the outage probability of the protocol with 

any targeted average total time duration and energy budget in quasi-static Rayleigh 
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fading channels. The optimal transmission power and time duration sequences are 

characterized by a set of equations which allows us to develop a recursive algorithm 

to determine the values of the optimal transmission power and optimal time dura

tion. The searching complexity of the recursive algorithm is fixed no matter what 

the maximum number of retransmission rounds L is. We also provided the solution 

of the optimal power assignment for the H-ARQ protocol with equal time duration, 

which could be determined by a recursive algorithm as well. The simulation results 

showed that the performance of the H-ARQ communication protocol with the pro

posed optimal-time and optimal-power assignment scheme is significantly better than 

that of the conventional equal-time and equal-power scheme as well as the the equal

time and optimal-power scheme. For example, when L = 3 and D0 = 2000 bits, the 

optimal-time and optimal-power scheme saves 32 dB in terms of the average energy 

consumption or 1.35 x 10-5 seconds in terms of the average transmission time duration 

compared to the equal-time and optimal-power scheme or the conventional equal-time 

and equal-power scheme. We also observed that in the cases of L = 2 and L = 3, 

the performance gain of the optimal-time and optimal-power assignment scheme com

pared to the equal-time and optimal-power scheme remains nearly constant for any 

considered total time duration Ttarget , and the equal-time and optimal-power scheme 

and the equal-time and equal-power scheme perform similar to each other. Moreover, 

in the cases of L = 5 and L = 8, both the performance gain of the optimal-time and 

optimal-power scheme compared to the equal-time and optimal-power scheme and 

that of the equal-time and optimal-power scheme compared to the equal-time and 

equal-power scheme increase along with the value of Ttarget· 

There are still many avenues for future work. First , it would be interesting to 

investigate the optimal resource allocation schemes based on the outage probability 
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analysis of the multi-user massive MIMO system. Second, the extensive study of the 

power-constrained optimal beamforming designs for MIMO systems with any number 

of BS transmit antennas would be beneficial to more practical scenarios. Last, it is 

also possible to extend the study of hybrid ARQ protocol designs to the multi-user 

massive MIMO system, which is considered to be one of the critical infrastructures 

for the next generation of communication system. 
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