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Low Field Transport calculations in TiS 3 using

Ab-initio Methods
Avinash Kumar

Abstract
T itanium Trisulfide (TiS3 ) is an attractive material with novel electronic properties.
It has a bandgap similar to silicon and predicted high electron mobility. We carry out
first principles calculations on TiS 3 in order to explain the experimentally observed
electronic structure and transport properties. We show that low field electron mobil
ity is limited by the optical phonon scattering mechanism, which explains the large
discrepancy between experimentally measured mobility and calculated mobility in pre
vious reports. F irst , ab-initio calculations are performed on a monoclinic T iS3 lattice,
based on density funct ional theory (DFT) framework, from which the density of states,
effective masses of electrons and holes in the x , y and z cartesian directions, are calcu
lated and the hole masses are compared with experimental data. Then, using density
functional perturbation theory (DFPT) and recently developed ab-initio based elec
tron phonon interaction theory, we calculate the electron-phonon interaction elements
which is used in Fermi's Golden rule to get the scattering rate. The calculated rates are
then used to solve the Boltzmann transport equation (BTE) to obtain the anisotropic
mobilit ies and compared with experiments. The group symmetry shows 9 IR (Infrared)
active modes which are expected to contribute scattering in T iS3 . Low-field mobility
is calculated taking into account the polar optical phonon scattering as well as ion
ized impurity scattering and compared with experimental data. A separate calculation

IV

is performed to include the effects of the polar nature of the optical phonon modes.
Using the parameters obtained, we also performed a 3D device simulation on two dif
ferent gate length devices, using Silvaco ATLAS TCAD tool to match experimentally
observed current-voltage characteristics.
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Chapter 1
Introduction

1.1

From bulk to layered materials

There are challenges associated with diminishing the size of a transistor in order to
follow Moore's law [1], which predicts the density of transistors on a chip should double
every 18 months. These are termed as short channel effects [2]. Devices with shorter
channel lengths experience current leakage when the device is off which leads to an
increase in static power loss , an undesirable effect. One idea to mitigate short chan
nel effects is the replacement of the channel material according to the scaling length
equation based on FET electrostatics [3]. According to this equation, scaling length
is proportional to the square root of the channel thickness. Decreasing the thickness
of a bulk material leads to the formation of dangling bonds , as shown in figure 1.1 (a)
[4], and undesired phonon coupling, which in turn decreases the electron mobility and
thus the device performance. There is also poor electrostatics between electrons in the
channel and the gate. This is not the case in two-dimensional (2D) semiconductors,
as shown in figure 1.1 (b) [4], in which all the electrons are confined to the atomically
thin layers and are uniformly influenced by the electric field created by the gate. This
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a). Bulk Materials

b). 2D Materials

F._J; . ):: •

. ··~•

£~~de ~.r.
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,..;

J'l'(x)J'
Confined
carriers

Figure 1.1: (a) Ultrathin bulk material and, (b) Atomically thin 2D material as a
channel in a field effect transistor. Note the extent of charge localization in both the
cases. [4]
makes sure to suppress the leakage current by an excellent gate coupling.
The discovery of graphene [5], a single atomic layer of carbon in a hexagonal lattice , in 2004 sparked research on two dimensional materials which keeps growing at a
tremendous rate , largely because of their novel electronic and optical properties and
great potential in variety of applications. The lack of band gap in graphene , despite
its remarkably high carrier mobility, is a serious handicap for its use in logic applications. The limited success in opening a sizeable band gap in graphene - a prerequisite
for building field effect transistors, has motivated researchers to look for other layered
materials [6].

1.2

Beyond graphene

Over the past years , extensive efforts have been made in the development of new
2D layered materials with appreciable band gap for future generations of electronics.
A number of 2D materials, possibly suitable for certain applications, have been experimentally isolated using advanced fabrication techniques and observed to show some
interesting phenomenon (see figure 1.2 [7]). Some of these materials include group-IV
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Figure 1.2: Number of APS presentations in the last decade clearly shows the race to
replace graphene with another 2D material. [7]
element monolayers: silicene [8], germanene [9], and stanene [10]; group V element
monolayers: phosphorene [11]; and transition metal chalcogenides (di- and tri-) [12].
We will briefly discuss one of t he most interesting and widely investigated family of
layered materials: the transition metal chalcogenides.

1.3

Transistion Metal Chalcogenides

The Transition Metal Chalcogenide (TMC) is a family of compounds with the formula
MmXx , where Mis a transition metal (V, Nb , Ta, Cr, Mo, W , Mn, Tc or Re) , and X

is a member of the chalcogen family (P, S, Se and Te) , m and x are integers. Layered
TMC materials are composed of vertically stacked layers bonded together by weak van
der Waals forces , similar to graphite. The electrical and optical properties of these
materials are highly tunable by controlling the number of layers. This is due to the
presence of strong surface effects. It has been observed that these materials show
properties ranging from semiconducting to superconducting depending on the type of
transition metal and t he chalcogen present [13]. These materials find a wide range of
potential application in different areas of electronics, including: solar energy conversion,
solar control coating, microelectronic devices, catalysts, sensors, optical fiber and laser
3

sources. Bulk W Se 2 can be used in the fabrication of photo-voltaic cells [14] and M oS2
has been used in nanotubes and nanowires [15]. Superconducting NbSe 2 could be a
model for studying superconductivity in low-dimensions [16], while T Si 2 [17], M oTe 2
[18] and W S 2 [19] are semiconductors with variety of physical properties and potential
electronic applications.

1.3.1

Transition Metal Trichalcogenides

These materials with the formula M X 3 , have attracted increasing research activity in
recent years. These materials crystallize in the monoclinic form and are supposed to
exhibit ZrSe 3 type structure or TiS3 type structure, or both [20]. These belong to
the space group P2i/m. Schematic views of the TiS3 type and ZrSe 3 type TMTC
(Transition Metal Trichalcogenides) structures are shown in figure 1.3 [20]. It can be
seen in the figure 1.3 that these two strucutres have basis such that the positional
parameters (of its basis atoms), in fractional coordinate, only differ in x direction such
that

XA

+ XB =

l,

YA

=

YB,

and

ZA

=

ZB ,

where A and B stand for ZrSe3-type

and TiSTtype, respectively. Their basic structural units are formed as M X 6 trigonal
prisms that share trigonal faces and consisting of chains parallel to the monoclinic b
- axis. Each chain is shifted with respect to two neighboring ones by half the lattice
parameter along the b - direction. The chains are linked by metal-chalcogen bonds and
form layers bound by much weaker Van-der-Waals forces. While the properties of these
materials have been less widely studied than those of TMDs, especially in few-layer
form , there are a number of indications that they could also provide excellent channel
replacements in field effect transistors [21 ]. In the next section, we discuss the crystal
structure of TiS3 and its properties.

4

Figure 1.3: (a) TiS3 type and, (b) ZrSe 3 type variants of TMTCs. Note that a and b
are aligned in the cartesian x and y directions whereas c is at a certain angle with z.
[20]

1.4

TiS 3 and its crystal structure

Bulk TiS 3 has a simple monoclinic (unique b- axis) structure (P2i/m space group) with
8 atoms per unit cell. This means each conventional (or primitive) unit cell contains
two formula units of TiS3 . Figure 1.4 shows the crystal structure of TiS3 extracted
from Xcrysden [22], which is a visualization software for materials. For this work, the
structural parameters are taken from [23]. The lattice constants as reported are: a =
5.03

A, b =

3.41

A, c =

9.51

A, and /3 =

95. 76°. Here a and b are aligned with the

cartesian x and y axes respectively whereas c is at a certain angle with z - axis. It
shows strong anisotropy in their electrical and optical properties due to their reduced
in-plane structural symmetry. Due to the difference in Ti - S bond length along a and

b crystal directions, the lD chains along the b - axis are highly conducting and lead to
highly anisotropic behavior [24]. The experimental data used for the comparisons in
this work are extracted from the nanoribbons grown in the direction of lattice vector
5

b (which

is also cartesian y-axis) [25], as discussed in the next section. Hence this

direction is also the channel direction of the device. This motivated us to explore its
transport properties along the b - direction.
a).

b).

C

a

Figure 1.4: (a) Primitive unit cell and, (b) layered (double) structure, of TiS3 . Note
that a and b (into the plane) are aligned with cartesian x and y direction and c is at
a certain angle with z.

In this work, we discuss the electronic band structure and electronic transport in
bulk TiS3 . We report the temperature dependent mobility, taking into account the
most dominant scattering mechanisms from first principles. This compound is polar in
nature, because of the difference in the electronegativities of titanium and sulphur. This
makes the lattice vibrations polar in nature and strong enough to limit the mobility of
electrons by a significant value. This was ignored in previous studies and we thoroughly
take this into account while solving the Boltzmann transport equation.

1.5

TiS 3 crystal growth

The bulk form of TiS 3 has been studied for several decades. Millimeter-long whiskers
of TiS 3 were shown to be synthesized by a direct reaction metallic of titanium and
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elemental sulphur in evacuated ampules at 500-600 °C [26]. It was found by measurements on these whiskers that the bulk TiS 3 is an n-type semiconductor with a
bandgap energy of

~1 eV

[27]. They also were shown to have high photoresponse and

fast switching times, which makes TiS 3 a potenital material for applicatons in optoelectronics and photovoltaics. A recent theoretical study reported the mobility to be
of the order 104 cm 2 v- 1 s- 1 ( along the direction of lattice vector

b)

[28], which is two

orders of magnitude larger than the experimentally observed values [29], [30], [31]. TiS 3
nanoribbons are grown at University of Nebraska Lincoln, by a group led by Professor
Alexander Sinitskii. These whiskers, 0.5 µm-25 µm wide, are formed via the direction
reaction of titanium and sulphur. ~0.1 g piece of a 0.25 mm thick Ti foil and ~0.2
g of S are sealed in an evacuated quartz ampule , which is placed in a tube furnace.
The furnace is heated up to 500 °C and annealed for 3 days. The whiskers grow not
only on Ti foil , but also on the surface of the quartz sample and often exceed 5 mm
in length after 3 days of growth. These whiskers are shown in figure 1.5 [32]. For the
device fabrication, these whiskers on quartz are used because of their large size. They

Figure 1.5: SEM images of TiS 3 whiskers grown on Ti foil at different magnifications
[32]

are mechanically exfoliated using an adhesive tape and transferred to a p-type siliocon
7

covered with a thick layer of Si0 2 of thickness 300 nm. They break longitudinally along
b-axis, because of their quasi-lD structure and result into nanoribbons much narrower
than the original whiskers.

1.6

This thesis at a glance

As already mentioned, TiS 3 shows highly anisotropic behaviour because of its asymmet
ric crystal structure. In this work, we take into account this behaviour and report the
temperature dependent mobility in the direction of channel growth (of nanoribbons),
which is lattice

b aligned in the cartesian y - direction.

Chapter 2 deals with the fundamentals of electronic structure and the lattice re
sponse. We start with DFT calculations followed by Wannier tools to find out the
electronic bands and the density of states in the complete Brillouin zone, and espe
cially in the cartesian directions of the real crystal. The motivation behind this step is
to find the eigenenergies and the anisotropic effective mass. We then find the lattice
response of the system in the form phonon dispersion. This is done at the

r

point as

the polar optical phonons vibrations are long range interactions and hence are dom
inant near this point. The tool used to perform these computational calculations is
Quantum Espresso which is an open source software for ab-initio calculations.
Chapter 3 deals with calculation of POP (polar optical phonon) and ionized im
purity scattering rate, which are assumed to be the most dominant ones followed by
solving the Boltzmann transport equation using the Relaxation-Time Approximation.
A brief theoretical background and the computational techniques used in the calcula
tions are also discussed.
In Chapter 4, we report the comparison of I-V characteristic obtained from the
device simulation of a TiS3 transistor (using the calculated mobility) with experimental
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results.
We conclude this work in chapter 5 with a brief discussion on the potential improve
ment over this work and some other interesting properties of TiS3 to explore. At last
we discuss the step-by-step low field transport calculations for a better understanding
of this work and to guide the researchers interested in this field of study.

9

Chapter 2
Theory and Computational
Implementation
A classical system needs to be solved following Newtonian mechanics , in order to
predict its dynamics. Similarly, the dynamics of a quantum system can be defined by
solving a Schrodinger equation from first principle methods, which means based solely
on the laws of quantum mechanics. This is also called an ab initio method, a latin term
for from th e beginning. This approach can thus be expected to yield highly accurate
predictions regarding material properties in close agreement with experiment.
In this chapter, we discuss the theories used throughout this study of low field trans
port and their computational implementation. We start with the very basic many body
problem and the techniques used to make it computationally efficient to solve. In this
regard, we discuss two very popular quantum mechanical modelling methods used to
investigate the electronic and lattice dynamics of a many body system: Density Func
tional Theory (DFT) [33], and the Density Functional Perturbation Theory (DFPT)
[34]. We then briefly discuss the electron phonon interaction Hamiltonian through a
method called Frohlich interaction [35] and explain its significance for this work. A

10

detailed discussion on these fundamentals can be found in any standard textbook [36],

[37].

2.1

Many Body Systems

In order to start this discussion, we must first acknowledge that a material, at the
atomic scale, is just complex collections of electrons and nuclei. So we can say that ;

Material = electrons + nuclei

A fine balance between the electron-electron and inter-nuclear repulsion Coulomb interactions, and electron-nuclei attractive Coulomb interactions, holds the material together.
We know that , m order to study a quantum mechanical system, a Schrodinger
equation needs to be solved. For a many body system, we can write this equation with
a many body wavefunction 1/J as :

(Kinetic energy+ Potential energy) ?/J = Etot1P

(2.1)

Where kinetic energy is the sum of kinetic energies of many electrons and many nuclei,
which is,
N

Kinetic energy = -

i=l

Here , M 1 , M 2

.......

n,2

M

n,2

L --V;
- L --V7
2me
2M1

(2.2)

l=l

are the masses of the nuclei. Also , potential energy term is the sum

of all the interactions discussed above and is given by,
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Here ,

r, R and

Z are positions of electrons, positions of atoms and atomic number

of the material respectively. If we are able to solve equation 2.1 and find the ground
state electronic distribution and the energy, then we would b e able to calculate many
equilibrium properties of the materials. So the only challenge now is how to solve this
complex looking differential equation.

2.2

Born Oppenheimer Approximation

We can attempt some approximations to simplify equation 2.1 by assuming that nuclei
are held immobile in known positions. This is known as Born Opp enheimer Approx
imation (BOA) [38]. This is not very accurate, as the uncertainty principle prevents
the nuclei from b eing p erfectly immobile in their equilibrium positions, but is a good
approximation. So we can think of nuclei as they are so heavy that they move much
more slowly than the electrons. This can simply makes the kinetic energy term for
nuclei equal to zero. After a very straightforward modification, equation 2.1 becomes:

(2.4)

Where ,

and ,

This is the fundamental equation of electronic structure theory. This looks very similar
to single electron Schrodinger equation, only that we have many electrons and the
electron-electron interaction terms present.
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2.3

Density Functional Theory

The total energy, E, of the many-electron system can be written as:

(2.5)

Here Hamiltonian

fI

is same as in 2.4 and '1/J is the many body wavefunction. It is clear

from the above equation that since

fI

does not depend on the type of material under

consideration, any change in E subject to the corresponding change in '1/J . We say that

E is a functional of '1/J and write it as:

(2.6)

It has been observed by Hohenberg and Kohn in 1964 that while the energy of any
general quantum state is a functional of the entire many body wavefunction, the ground
state energy is just a functional of the electron density [33]. This is quite interesting as
the many body wavefunction contains 3N variables, where are N is the total number
of electrons in the system, whereas electron density is a 3 variable function. We write
this as:

E=F [n]

(2.7)

This is how the name arises and makes the basis of Density Functional Theory.

2.3.1

Hohenberg - Kohn theorem

The statement that the ground state energy of any quantum mechanical system is
a functional of its ground state electron density is known as the Hohenberg-Kohn
theorem. This can be easily deduced from following statements:
13

1. The ground state electron density uniquely determines the external potential

of the nuclei , Vn in equation. This can be easily proved by considering same
ground state electron density from two different external potential which results
in contradiction. This proof relies on the fact that the ground state energy is the
lowest energy possible for a system and hence its not true for the excited states.
2. The external potential Vn uniquely determines a general state's wave function

1/J.

This is intuitive as different atomic species will result a different wave function.
3. The total energy is a functional of the many body wavefunction in any quantum
state. This is just equation 2.6.
From above statements, it is easy to infer that total energy in the ground state of a
quantum system is a functional of electron density.

2.3.2

The Kohn Sham equation

To find the total ground state energy following the Hohenberg-Kohn theorem , we need
t he exact form of the required functional. It is not possible to find the exact functional ,
however, a number of approximations have been introduced to get as close to the
accurate as possible. Putting the many body hamiltonian in 2.5, we get;

E =< 1/J I

L Vn(Ti) 11/J > + < 1/J IT + Wl ?/J >

where ,

and,
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(2.8)

From equation 2.6 and 2.8, we find that ,

F [n] =

Jdrn(r)Vn(r)+ < vi [n] IT + Wl vi [n] >

(2.9)

Here , T is the kinetic energy and W is the electron-electron interaction. Where we
have made use of the relation between a many body wavefunction and the electron
density from the following equation 2.10, to get the first term in equation 2.9.

(2.10)

Kohn and Sham in 1965 proposed to replace the second two terms with kinetic and
Coulomb energy of independent electrons, plus an extra term which accounts for the
difference [39]. We can then write equation 2.9 as:

E = F [n] =

j drn(r)Vn(r) - ~ j dr¢?(r) ~

2

<Pi(r)

+

tj j

drdr~~~n~)

+ Exc[n]
(2.11)

Here the kinetic energy term contains the one electron wave function and the second
term is called Hartree energy which arises when the total wavefunction is considered
to be the product of one electron wavefunctions [40]. The last term is called exchange
and correlation energy which is just introduced to compensate the fact that other two
terms are due to independent electron wavefunctions. Now in order to determine the
electron density, we make use of the Hohenberg-Kohn variational principle given by:

6F[n] I = 0
6n no

(2.12)

This means that the ground state density minimizes the ground state energy. Using
this and the fact that the one electron wavefunctions are orthonormal, equation 2.11
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leads to:
(2.13)
where ,

is called the exchange and correlation potential. The set of equations 2.13 are called
Kohn-Sham equations and are needed to be solved in order to find the ground state
energy of the system. The practical usefulness of the ground-state DFT depends en
tirely on whether approximation for the functional Exe could be found since with the
exact Exe and Vxe all many body effects are in principle included.

2.3.3

Exchange Correlation functional

We already discussed how important the exchange correlation functional is in order
to correctly predict the ground state of the system by solving the Kohn-Sham equa
tion. There are number of approximate functionals available including Local Density
Approximation (LDA) [41], Generalized Gradient Approximation [42], etc. LDA is
the simplest one which is closely related to studying a free electron gas system with
background potential generated by nuclei, and contains electron-electron interaction in
addition. This results in exchange energy given by:

(2.14)

Here, n is the electron density and V is the volume of the system. It is also possible
to calculate the correlation energy of this type of system by solving the many-particle
Schrodinger equation using stochastic numerical methods and subtracting the known
kinetic, Hartree and exchange contributions from the calculated total energies. The
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data calculated by Ceperley and Alder were subsequent ly parametrized by P erdew and
Zunger. This results in,

0.311 ln rs - 0.0480 + 0.002rs ln rs - 0.0716rs ,
Ee =

1

- 0 -1423
1+1.o
529 yr-;

ifrs < 1
(2.1 5)

+ 0.3334rs ,

.
ot h erw1se

where,

1
n

- =

4
- 1rr

3

3
s

V
N

For a real material having varying electron density, we can each consider volume element is a homogeneous electron gas having local density n(r) at point

r. We t hen

write;
(2. 16)

Hence Exe is obtained by adding up t he exchange energy and t he correlation energy
from above equations calculated for density n( r) at point

r.

This is given by:

(2 .17)

The exchange and correlation potential can b e simply obtained using equation 2.13.
An improvement in t he accuracy provided by t he LDA can b e obtained by Generalized
Gradient Approximation (GGA) fun ctionals. This dep ends on bot h density and t he
gradient of t he density. This is sometimes called nonlocal which is not strictly correct
b ecause we still have local information from density and its gradient. We can write for
t hese functionals,
(2. 18)
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Where Exe represents the energy per electron. Most GGA functionals are constructed
in the form of a correction term which is added to the LDA functional. For this work,
we have used PBE (GGA) type functional with no empirically determined parameters.
The type functional to be used generally depends on what properties are being studied
and hence calculated.

2.3.4

Computational implementation

We discussed about the theory behind finding ground state energy of a quantum mechanical system. We found that the many electron Schrodinger equation can be reduced
to a single electron equation with an additional equation to find the charge density.
These two equations needed to be solved self consistently in order to find the eigenvalues and eigenfunctions of the system, as they are interdependent.

(2.19)

Figure 2.1 shows a sequence flow of t he steps required to solve these equations. An
initial charge density is chosen and the Hartree and Exchange Correlation potentials are
calculated which then go into the Schrodinger equation to find out the corresponding
wavefunction. This new wavefunction is now used to find the new charge density and
this keeps going on until t he convergence has been is achieved. For these equation to
be true in t he case of crystalline solids, we can write the one electron wavefunctions as
following [43]:
(2.20)
_,

Where n and k are band index and wavevector respectively. Using this in 2.13, we can
arrive at the following equation which looks similar to equation 2.13 but with periodic
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Construct Vnuct ( r)
Initial guess n(r )

~-~I Compute VH[n) + Vxc[n]
i

=

Compute n(r)

L l'lli(r)l2

No

~

Yes

-

~ Energy/Forces

Figure 2.1: SCF cycle of DFT computational implementation
wavefunction.
(2.21)
Since unk(r) is just the periodic part of the original wavefunction, we can normalize
it in a single unit cell and solve the above Schrodinger equation inside just one unit
cell. The solution can be replicated to other unit cells later. Since unk(r) is p eriodic
in nature, it can b e expanded in the basis of plane waves as:

unk(r) = Lcnk(G)eiG.r

(2.22)

6

These plane waves should have the p eriodicity of the crystal which can b e easily seen
without any proof. It is not possible to take infinite number of Gvector in the expansion
for obvious reasons and hence it is necessary to limit this value. This is controlled by
the following parameter, called the plane-waves kinetic energy cutoff,

(2.23)
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Here Ecut is user defined value which is determined by the convergence of the total
energy. For this work, we have used cutoff energy of 80 Ry, which was determined from
figure 2.2. Charge density is then calculated upon the brillouin zone integration of the
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Figure 2.2: Ecut Vs. the Etotal for TiS3 in this work. Note that this is to select cutoff
kinetic energy

calculated wave function and the summation over all the bands. A detailed discussion
on the computational implementation of DFT can be found in [36].

2.3.5

Pseudopotential

There are problems associated as a result of interaction between electrons and the nucleus which needs to be addressed. We can differentiate electrons as core and valence
electrons. Core electron wavefunctions usually do not change in solids after the bonds
are formed but they have very sharp peak near nucleus. In contrast, valence electron
wavefunctions change significantly when the bonds are formed. They have their peak
away from the nucleus but oscillate rapidly near nucleus. This is because of orthog-
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onalization condition. This means large number of fourier components are required
for both the wavefunctions which is not desirable as it will increase the computational
complexity. So the idea is to replace the potential generated by core electrons and the
nucleus by a pseudopotential which is weaker than the full Coulomb potential. This
makes sure that the wavefunctions behave properly in the region of interest and yet
remains computationally cheap. This is because the oscillating wavefunction is now
replaced by a smooth one which needs fewer Fourier components. Figure 2.3 [44] shows
the pseudopotential approximation applied to the 3s orbital of silicon. More details on
how to generate the pseudopotentials can be found in [45].
0

0.6
t:::

.g 0.4

- 10

u

t:::

,..:l

----;:::l

<J.l

~

~ 0 .2
~
crj

;a
c::I

>

0

-20

~

-0.2

2

3

4

-30

5

r (a.u .)

0

3

2

4

5

r (a.u.)

Figure 2.3: (a) The all-electron wavefunction (black) and pseudo wavefunction (red)
for the 3s orbital in Si, (b) The all-electron potential (black) and the pseudopotential
felt by the pseudised 3s state (red). [44]

2.4

Wannier interpolation

We will briefly discuss, without getting into the mathematics, a method to interpolate
the band structure on a very fine grid of k-points. A mesh is created in the Brillouin
zone while implementing the DFT. This is because the charge density is calculated by
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summation over these k points. These are the points where we finally have the band
structure after the DFT calculations are done. For further calculations, say for density
of states, scattering rates etc, a very fine mesh is required. It is not a good idea to make
the mesh very fine while doing the DFT calculation as it would be computationally
costly.
The idea behind interpolation is simply making use of the uncertainty principle.
The Bloch states obtained from DFT are taken as input and are superimposed to get
wavefunctions in real space, which is given by:

(2.24)

This is called the Wannier function [46]. Using methods described in [47], these func
tions are maximally localized. Since now the wavefunctions are localized in real space,
they contain more components in the momentum space. This forms the basis of Wan
nier interpolation.
For this work, we have calculated bands on a course grid of 6 x 6 x 3 and then
interpolated over very fine grid of 250 x 250 x 250, in the complete brillouin zone, using
Wannier interpolation. Same is true for the density of states which we will make use
of in further calculations. In following three sections, we present the band structure
and the density of states calculated within the first brillouin zone for bulk TiS3 .

2.4.1

The bandstructure

DFT calculations are implemented using Quantum Espresso [48]. It is an open source
software suite for ab-initio quantum chemistry methods of electronic-structure calcula
tion and materials modeling. We first calculate the band structure, shown in figure 2.4,
on a course grid of 6 x 6 x 3 in the reciprocal space and then interpolate it over a very
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fine grid of 250 x 250 x 250 using the Wannier interpolation technique. We show the
bandstrucuture in the reciprocal space along the directions as specified in the Brillouin
zone in figure 2.4 (b). We observe that there exist two points of conduction band minlJOS (states/eV)
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0
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b)

0.5
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;::-o.s
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QJ
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w

-1.5
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Figure 2.4: (a) DFT calculated density of states on a fine momentum grid in the brillouin zone , (b) DFT calculated electronic band structure of bulk titanium trisulphide,
TiS 3 , where red dots at G(0 , 0, 0) and Y(0 , 0, 0.5) (in units of reciprocal lattice vectors)
represent the valence band maximum and conduction band minimum respectively.

imum at Y(0 , 0 ,0.5) and Y'(0 ,0,-0.5) in the units of reciprocal lattice vectors. We take
this into account while solving the Boltzmann equation and also the effective density
of states mass. This is because for the same energy, since the

k vectors

are oriented

in different directions, the final state after scattering will be different and hence will
both contribute to the perturbation in the distribution function. In figure 2.5, we see
the isoenergy surface at a particular energy above the conduction band which shows
the degeneracy we discussed above. The high symmetry points in the Brillouin zone
are taken from [49]. The valence band maximum is located at G(0 ,0,0) and hence this
makes the bulk TiS3 an indirect bandgap material. We also report the effective masses
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a)
c)

C*

b)

Figure 2.5: (a) lsoenergy surface near CBM (E l ) and , (b) Isoenergy surface near
CBM (E2) . Note that E2<El , (c) The Brillouin zone of m onoclinic crystal with high
symmetry p oints (circular and diamond black dots). Here, a•, b• and c• represent
direction).
the reciproca] lattice vectors and b• is aligned with the cartesian y direction (channel
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calculated along the cartesian x, y and z directions following the equation [50]:
1

1

(m)ij =

n

2

fJ2E
&kJJkj

(2.25)

Here x and y are aligned in the direction of lattice vectors a and b respectively. This is
because we do the transport calculations in these lattice vector directions. The electron
effective masses are found to be 1.29me, 0.61me and 2.99me in the x , y and z cartesian
directions respectively.
We compare our bandstructure with that of experimentally calculated in [51]. The
measurement is done by Takashi Komesu, from Dr.

Peter A. Dowben 's group at

University of Nebraska, Lincoln. In the experiment, the data were collected through
ARPES (Angle Resolved Photo-Emission Spectroscopy) measurement along the high
symmetry directions in the brillouin zone from the centre to the edge. In order to
enhance the comparison with theory, the derivative of the photoemission intensity has
been used (for the plot) , so as to better resolve bands lying in close proximity in binding
energy and wave vector. The overall band structure agrees with the DFT calculated
binding energies (multipled by 1.11 to compensate the band width narrowing). This
comparison is shown in figure 2.6. We also calculate the hole effective masses in the
cartesian directions x and y:
experiments:

mhx

mhx

= -0.32me , mhy = -0 .89me , and compare with the

= -0 .37me , mhy = -0 .95me. This shows a very good match.

r
B
A
y

(0 ,0,0)
(0.5 ,0.0 ,-0 .095)
(0.5 ,0.5 ,-0.095)
(0.0 ,0.5,0.0)

Table 2.1: Special points in the Brillouin zone of a monoclinic crystal

25

r

a)

B

A

y

r

> EF

>

~

.

~

u..

i:I.l

~

r

y

y

EF

>,

-2

e.n

<!)

"
"
iii"

i::

:.ai::

B

0)

u..l

i:I.l
i::

r

u..l

di -2
;>.
e.o
b!)

B

b)

t;JJ

-4

-4

'6

o:i

-6

-0.5

-6
k;; (A-1)

0

k,JA-')

0.5

-0.5

0

0.5

k11 (A-')

Figure 2.6: Comparison of calculated valence-band structure with ARPES measurements of TiS3 crystals. The directions are in reciprocal space in the units of reciprocal
lattice vectors as given in table 2.1.

2.4.2

The density of states

We also calculated the density of states interpolated on a very fine grid using Wannier interpolation technique as shown in figure 2.4 (a). This goes into the mobility
calculation. T he equation that governs t he calculation of DOS is given by:

(2.26)

W here , N is t he total number of electronic states. As we have two minima of the
conduction band, t his means double t he density of states for conduction electrons
which is taken into account in our calculations.

2.5

Lattice dynamics

Lattice dynamics of a crystal is responsible for its properties like interaction with light ,
t hermodynamics , superconductivity, phase transit ion , t hermal conductivity and t hermal expansion. It has been found in crystallographic experiments that atoms in a
crystal can vibrate with amplit ude that can be of the order of 10 % of the interatomic
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distance [52]. These vibrations (lattice waves) in crystal can be considered as quantized
particles, called phonon, with a given wavevector

if, and

frequency w. These particles

are created or absorbed when interacting with electrons leading to an inelastic scattering event. This makes it necessary to understand the lattice dynamics, a study of
vibrations of the atoms in a crystal, in order to have a complete picture of materials.
Density Functional Perturbation Theory [34] is an ab-initio method to calculate the
phonon spectrum of a given material on a dense grid of reciprocal space vectors. In
the following section, we briefly discuss its mathematical formalism and the results we
obtained from our work.

2.5.1

Density functional perturbation theory

Recall the Born - Oppenheimer approximation we took before starting to solve the
many body Schrodinger equation.

We considered the ions to be very heavy, and

clamped at a fixed position. This allowed us to ignore their kinetic energy and then
decouple the electrons and nuclei wavefunctions.

We will again consider the Born

Oppenheimer hamiltonian here as given in following equation :

(2.27)

This is just the Hamiltonian we considered before to solve the electron dynamics, plus
a nuclei-nuclei interaction term. A Schrodinger equation state of these atoms can be
given, considering they move in the Born-Oppenheimer energy surface (eigenvalue of
Born-Oppenheimer hamiltonian) , by :

1

82

-L~ + E(R)if>(R) = Eif>(R)
2M1 &Ry
--+

I
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--+

--+

(2.28)

To find the lattice dynamics of a given crystal, we need to diagonalize the Hessian of
the Born-Oppenheimer energy surface, E(.R) ,

2

~ E-

dRidR1

,

known as the dynamical matrix.

To solve this we make use of the Hellmann-Feynman theorem [53], which states that
the derivative of the eigenvalue of any Hamiltonian is just the expectation value of the
derivative of that Hamiltonian with respect to the same parameter. So we can write:

(2.29)

Making use of this theorem, we can write the Hessian of the energy surface as:

(2.30)

Here , nR and VR are the self consistent charge density and electron - nuclei interaction potential for a given configuration of nuclei. These configurations are simply
implemented using perturbation in the system which is 3M (maximum if no symmetry
considered) for an M atom system. Now, for a given representation, the change in self
consistent electron density for an N electron system is given by :
N/ 2

v'n( r) = 4Re(L 1/J (r) v'?jJ*(r))

(2.31)

i=l

Where v' ¢ can be calculated from

(2.32)

And 6½cJ is:
;;;'\

(r'I

v'½cJ (r 1 = v'V r;

J

v'n(r)
I
(r'I
+ Iff" Idr + dVxc
dn n=n(r) v'n r;
I
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(2.33)

We see that these are again interdependent equations which should be solved self
consistently in the same manner as described in DFT.
It should be noted that in polar semiconductors, the response of change in electron
density due to these perturbation needs special care. This is because it leads to a
macroscopic electric field and no more follows the periodic boundary conditions which
is the basis of DFPT. This is taken into account by adding a non analytical term to
the dynamical matrix [36]. The details for these calculations can be found in [34]) .

2.5.2

Results and discussion

The 8 atoms unit cell of TiS3 gives rise to 24 phonon modes. These include 3 acoustic
modes, 9 polar (IR active) and 12 non polar (Raman active) optical modes. This is
shown in figure 2. 7. The Raman modes are compared with the experiments from [54]
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Figure 2. 7: Optical phonon modes as calculated from density functional perturbation
theory.

and found to agree well. The calculation is done at

r

point as we are interested in

polar optical phonons for which long range interaction dominates at this point. The
IR modes are polarized in either cartesian x-z plane or along y axis. The IR active
modes have non zero dipole moment , and this can be calculated in terms of IR activity
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defined by the following equation:

(2.34)

Where ,

z;n is the Born-effective charge and uis the displacement pattern corresponding

to each atom for a given phonon mode v. We show the IR strength vs the mode energy
of the IR active modes in figure 2.8.

This gives us an idea about which mode is

supposed to contribute the most in the polar phonon scattering as it is this dipole
moment which is the fundamental reason of such scatterings. At room temperature,
modes 12 (24.51 meV) ,13 (24.93 meV) and 14 (31.02 meV) are expected to contribute
the most to electron scattering as they have high IR strengths and their population
density is expected to be sufficiently high at room temperature (300 K).
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Figure 2.8: IR strength of polar optical phonon modes with phonon energy as calculated
from density functional perturbation theory. POP mode with 31.02 meV phonon energy
is expected to contribute the most to the scattering rate.
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2. 6

Electron-phonon interaction

The electron-phonon interaction is , besides the Coulomb interaction, one of the fundamental interactions of quasiparticles in solids. It plays an important role for a variety of
physical phenomena. In metals/semiconductors, low-energy electronic excitations are
strongly modified by the coupling to lattice vibrations, which influences their transport
and thermodynamic properties. In this work, we focus on the polar optical phonon
(POP ) scattering events, which are highly anisotropic and inelastic in nature. This is
found to be most dominating factor to govern the low field transport in TiS3 . Since
these are mainly long range interactions, we will discuss in the following paragraphs
how to describe the long range electron phonon coupling (at

2.6.1

r point).

Frohlich interaction

TiS 3 is a polar semiconductor due to difference in the electronegativities of its corresponding atoms. This results in net non-zero dipole moment as a result of the vibrations
due polar phonon modes. This in turn leads to macroscopic long range electric field
due to polarization, which interacts with electrons and cause POP scattering. Based on
this theory, Frohlich introduced an expression for scattering strength of polar optical
phonon scattering, taking into account the dipole moment [35]. This is given by :

(2.35)

where

q is

the phonon wave vector, D the unit cell volume, N the number of unit

cells in the Born-von Karman supercell, and e,

Eo,

and

n are

vacuum p ermittivity, and reduced Planck constant, respectively.

the electron charge,
W Lo

is the frequency

of a dispersionless LO phonon. The electron is in an isotropic dielectric medium with
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static and high-frequency permittivities

E0

and

E00 ,

respectively. The problem with this

expression is the singularity which arise due to 1/q factor , which makes it difficult to
be implemented computationally. Also, the presence of multiple phonon modes makes
it necessary to have knowledge of dielectric tensor (E) , which is not considered in the
above equation. In order to cope with this problem, Carla Verdi in [55] introduced a
method easy to implement computionally and takes care of the singularity condition.
The scattering strength of the POP scattering is defined as the overlap of initial
and final state (after the scattering) wavefunctions in the presence of the scattering
potential (which is generated due to the polar optical vibrations). This is given by:

(2.36)

for m and n bands and mode v. Here ,

¼v

is given :

(2.37)

Where ,

Wifu

is the frequency corresponding to a given mode v and wavevector

if,

z:

is the Born-effective charge tensor for each mode, e,,,v is the displacement patterns of
atom

t,,

in an unit cell for a given mode v. M,,, is the atomic mass. More details on

how to calculate this potential are given in [55]. Since we are interested in long range
interactions only, we can combine the above equations and reduce it the following
equation, by taking the limit
_,

41r e 2

Hmnv(k , q) = i----;::;--~£

47rEo

if+ G--+

0:

L

(2.38)

,,,

Which is independent of the electron wavevector k. Here we do not need to make any
assumptions on which LO mode should be considered, since our formalism incorpo32

rates seamlessly the coupling to all modes, and the coupling strength is automatically
suppressed whenever z:.e,w(q) is transverse to

if+ G.

This term basically gives us an idea about the scattering strength corresponding
to each phonon wavevector and the corresponding frequency, or mode. These are also
referred to as electron phonon interaction elements or sometimes matrix elements.

2.6.2

Results and discussion

The long-range electron-POP interaction elements are calculated using method de
scribed by Verdi on a 21 x 21 x 21 uniform mesh close tor point (covering 0.1 times
2 x

1r/a1at , a1at

= 9.5048Ry , in all cartesian directions). Since the optical phonon

dispersion is flat near the r point (not shown) , energies are assumed to be same for
all q-points (phonon wavevectors) corresponding to same mode. We then calculate the
matrix elements and sum it over all the modes along x and y cartesian directions, to rep
resent , as shown in figure 2.9: We can see that the scattering strength decreases while
going away from the r point, which is clear from the fact that the polar interactions
are long range interactions and hence will dominate for small phonon wavevectors.
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Chapter 3
Low field transport
In this chapter, we discuss the calculation of scattering rates which affect the transport
in semiconductors especially in TiS3 . We discuss Fermi's golden rule [50], which defines
a general equation for scattering rates and then, in a separate discussion, we show how
to use this for two particular scattering mechanisms: ionized impurity scattering [56]
and polar optical phonon scattering [57], [58], [59]. We then discuss how to solve
the transport equation in order to get the perturbation in the distribution function of
charge carriers. This is then used to calculate the mobility, which we discuss at last.
We present the results obtained for a bulk TiS 3 crystal.

3.1

Scattering Rate

Electrons, while moving through crystals, encounter perturbation in the form of lattice
vibrations (phonons) or impurities or defects present in the crystal. This results in the
scattering of an electron from a state ~ to k~. This is very important while studying
the transport phenomenon in any crystal and we should know the transit ion rate from

ki

to k1 in the presence of a perturbing potential say, Us(r, t). In the next section , we
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will discuss the use of Fermi's golden rule to calculate scattering rates for electrons in
semiconductors.

3.1.1

Fermi's golden rule

In the presence of a perturbing potential Us(r, t) , the Schrodinger equation can be
written as:

·icaw(r,t)
[Ho+ Us (r_,, t )lW(_,r , t ) = in
ot

(3.1)

Where H 0 is the Hamiltonian operator in the absence of the perturbing potential.
We can write the wavefunction in the above equation as a linear combination of the
wavefunctions of unperturbed wavefunctions. This is given by :

w(r, t) =

~

L..,

O

c,;:(t)w,;:(r, t) =

~

L..,

;;:

-iE(k)t

c,;:(t)'l/J,;:(r)e _ /i _

(3.2)

;;:

So the probability of finding the electron, after the scattering, in the states f1 is :

P(k = k1) = tlim
➔ oo

le,; (t)l
f

2

(3.3)

And hence the scattering rate is given by :

(3.4)

Here t-+ oo implies slow or infrequent collisions. Now putting equation 3.2 in 3.1 , we
get the following equation:

(3.5)
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where,

H,;t ,,;/t ) =

j 1/J,;t (r)Us(r, t) ?/J,;/r)dr

(3.6)

V

is known as t he matrix element or t he interaction element b etween states

f1 and

ki

in t he presence of t he scattering p otent ial. Equation 3.5 can b e solved wit h standard
mathematical approximations [50] and techniques along wit h assuming weak scattering,
to get c,;J(t) , and we can substit ute t he same in equation 3.4 to get:

Here t he c5 function is introduced to take into account t he conservation of energy when
t he scattering is weak. The first term cont ributes when E( k1 ) = E( ki)

+ nw, which

nw energy has b een absorb ed . The second term cont ributes when
nw, which means an amount of nw energy is emitted. This result is

means an amount of

E( k1 ) = E( ki) -

called Fermi's golden rule. So, if we know t he matrix elements for different scattering
mechanisms, we can evaluate t he scattering rate , which is t he subj ect of discussion in
t he next two section. We will discuss how to calculate t hese matrix elements in case
of ionized impurity scattering and POP scattering mechanisms.

3.1.2

Ionized impurity scattering rate

In t he presence of ionized impurit ies, electrons get scattered due to t heir Coulombic
electric field. We can write such a p otent ial as :

(3.8)

W here,

r,, 8

is t he static p ermittivity of t he material and q is t he electric charge. But

due to other charge carriers getting attracted towards t hese impurit ies, most of t his
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potential gets screened and then we can find the find the resulting potential by solving
the following :

1 d
r dr

dV
q
+
) = - (n - ND)
dr
/'i,sEo

-2 - (r 2 -

(3.9)

Here we have assumed an n-doped semiconductor. At the microscopic level, there is a
perturbation in the potential V = V0 + 6V and the charge density n = n 0 + 6n. Putting
this in equation 3.9 , we get :

1 d (r 2 d6V)
q6n
- -_ r2 dr
dr
/'i,sEo

(3.10)

Now, we can relate 6n to 6V by :

dn
6n = dV6V

(3.11)

For a non-degenerate semiconductor, we know that:
(E1-Ec(r))

n = Nee

kBT

(3.12)

where ,

E c(r) = Constant - qV(r)

(3.13)

We use the above equations to get a differential equation in terms of 6V , which can be
solved to get:

6V =

A

-r

- eLv

r

(3.14)

where,
(3.15)
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is called the Debye length [50]. This is basically the typical distance needed for screening the surplus charge by the mobile carriers present in the material. So the smaller
the Debye length, the stronger the screening is and so the weaker the scattering. Also,
it can be seen that LD is directly proportional to the temperature. Hence , when the
temperature is increased, it leads to less screening, given a constant n 0 , the number of
ionized impurities (for high temperatures). However , in the case of partial ionization
decides the variation in LD, But, usu-

of carriers (for low temperatures) , the term :

ally, since n 0 is an exponential function of T, it changes rapidly with T and hence the

L D decreases with T.
Taking into account the condition that as r

➔

0, there is no screening and hence

the scattering potential is just given by equation 3.8, we find that :

(3.16)

Which is the ionized impurity scattering potential taking Debye screening into account. Now, considering a parabolic band (for low field transport) , we can evaluate
the relaxation time , following the matrix elements, as the following:

(3.17)

where
8m*E(k)Lb

n,2

'Y =

This can be used to get the scattering rate. This is called the Brooks-Herring model
[60]. We take the partial ionization into account by making use of the following equation
[61]:
n2

--- =
ND - n
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Ne
-

-Eo
ekBT

2

(3.18)

Where n and ND are the free carrier density and the dopant concentrations, Ne is the
macroscopic conduction density of states. We assumed the effective mass of 2.04me
using

which is calculated by taking into account the degeneracy of the conduction band
minimum g, calculated from our DFT calculations. Here, mx , my , m 2 are the effective
masses in x, y and z cartesian directions. The degenerate doping density is found to
be high because of the large DOS effective mass. This is why we have considered the
non degenerate case of ionized impurity scattering here. We assumed the donor energy
of 80 meV from [31]. The static dielectric constant (r;;s) is assumed to be 20 from [62].

3.1.3

Polar optical phonon scattering rate

Polar optical phonon scattering is a very strong scattering mechanism for compound
semiconductors which are polar in nature. As discussed in section 2.6 , the macroscopic
polarization caused by the polar optical phonons corresponding to the long wavelength
limit results in long range electric field , which can be considered as a perturbing potential. This perturbing potential is used to calculate the matrix elements. In Chapter
2, we discussed how to calculate the matrix elements for POP scattering. Due to long
range order interaction of these phonons , we have considered the phonon wave vectors
very close to the

r

point. Apart from this, to calculate the scattering rate , we must

make sure that the momentum and energy of these electrons are conserved when they
move from some initial state ~ to a final state k~. The momentum conservation is
taken care of by making sure the final wave vectors, in calculation, are defined as :

(3.19)
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Where the k~ , ~ and if represent the final state, initial state and the phonon wave
vector respectively. The energy conservation is imposed by the 6 function as in the
equation 3. 7. Also , the scattering rate is limited by the occupancy of electrons and
phonons at a particular energy. If the state at a given wave vector k~ is not available,
electron will not scatter to that state. Similarly the phonon occupancy should also be
included, which is determined by Bose-Einstein statistics [63]. Taking all of these into
consideration, we can write the POP scattering rate as [59]:

Here

f (E)

is the Fermi-Dirac distribution function for electrons, and Nvif is the Bose-

Einstein distribution function for phonons. Note that the first term denotes the phonon
absorption and the second term denotes the phonon emission.

3.1.4

Results and discussion

We implement the above methods to calculate the ionized impurity as well as polar
optical phonon scattering rates of electrons in case of bulk TiS 3 . Since we are interested
in the transport properties in the crystal growth direction (Cartesian y direction) ,
we consider the band structure in that direction [64]. Figure 3.1 shows the the first
conduction band in the x, and y cartesian directions in the real space, which correspond
to the lattice vector,

a and b respectively.

The effective mass of electron in these

directions are 1.29me and 0.61me resp ectively. We take into account the degeneracy
of CBM here. We first calculate the ionized impurity scattering using the parameters
as discussed in the above section. This is shown, at 300 K , in figure 3.2. Note that
this depends on the energies corresponding to the initial states. The dependence on
the temperature is included in the factor "/, which we have already discussed.
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Figure 3.1: Bands in the cartesian x and y directions which corresponds to a and b
lattice vectors, from the CBM. Note that electron is heavier in a than in b.
the temperature increases, scattering rate keeps decreasing as the screening increases.
With electron energy, this scattering rate decreases rapidly. We then calculate the
POP scattering rate assuming phonon wave vectors very close to the

r

point and the

electron states initially in the cartesian y direction for the reason stated earlier. The
matrix elements are first calculated using Frohlich interaction as discussed in section
2.6. The 6 function is implemented using a Gaussian which makes sure to result a
finite value if the final state's energy is very close to what is predicted from emission
or absorption of a phonon. This is because it is very rare to get the exact same energy
value as our momentum grid is not fine enough. The POP scattering rate is also shown
in figure 3.2. It can be seen that upto a certain energy there is only absorption of
phonons as the electron energy is not enough to emit a phonon, and then there is a
sudden jump which shows the onset phonon emission.
We have also calculated the mode dependent POP scattering rate, as shown in
figure 3.3, for 40 meV electron energy at 300 K. There are several factors , namely, the
coupling strength (HfffJ , energy of the interacting electron (Ef) , and the tempera-
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F igure 3.2: Scattering rates (due to electron-polar optical phonon and electron-ionized
impurity interactions) with electron energy, as calculated from Fermi's golden rule at
room temperature. A doping of 7 x 10 18 cm- 3 (n type) is assumed for calculations.
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F igure 3.3: POP scattering rate wit h different polar optical modes , showing the mode
with 31 meV phonon energy contributes t he most in t he scattering rate.
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ture , which control which mode will dominate in determining the low-field mobility.
Here temperature changes the occupancy of phonons and then determines whether a
particular energy of electron can absorb or emit that photon. It is possible that a mode
with higher scattering strength is suppressed because the states after scattering due
to this mode are not available. There is trade-off between all these conditions which
makes all the modes contribute at some level for different electron energies. However,
broadly we can say that the modes with energies 24.5 meV, 24.9 meV and 31 meV will
contribute the most for low field transport as shown in figure 3.3.
In the next sections, we will discuss the theory behind the transport equation and
talk about a very popular method to solve this equation in order to get the perturbation
in distribution function of electrons under application of low field.

3.2

The Boltzmann transport equation

In order to study the Boltzmann Transport Equation, we should first define the distribution function. It can be defined as the average distribution of charge carriers in
both position f and momentum

p, at

a given time t , and denoted by

J(r,p, t).

The

aim behind solving a Boltzmann transport equation for a given system is to find the
distribution function , which can be used to find various quantities of interest such as
the carrier, current and kinetic energy densities. We already know the equilibrium
distribution of electrons is given by Fermi-Dirac distribution function:

f (p) =

1

(3.21)

- (E-(p)- - -E -f)- -

e

kBT

+1

Where , E(p) is the energy of electron at a given momentum

p, Et

is the Fermi energy.

kB is the Boltzmann constant and Tis temperature in K. For our transport problem, we
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want to describe a non-equilibrium distribution function since transport is an inherently
non-equilibrium problem.

Now consider figure 3.4 [65]. Let

number of particles with positions within d3 r of

r

J(r,p, t)d3 rd 3p be

and momenta within d3 p of

the

p at

time t. Now a particle can change state by real space motion which is usually due
to gradient of charge distribution. Also , when an external field is applied, a particle
changes its momentum and hence in momentum space, a gradient in momentum will
result in state change. Other than these two mechanisms, there is one more and very
important event that can change the states of particles, which is collision or scattering.
Due to different elastic and inelastic collisions, an electron can change its state in
momentum space. Also, depending on the availability of the states, a particle can flow
ScatteringOUT
X
Flow out
f(p+dp)dp/dt

Scattering! N

Flow in
f(r)v

0
~ --t---------,,/

Fl ow out
f(r+dr)v

Flow in
f(p)dp/dt

Figure 3.4: Figure describes the rate of change in the number of carriers in a box, due
to the effect of drift , diffusion and scattering with phonons. [65]

into the small volume element, which increases its occupancy, or flow out of it , which
will decrease its occupancy. We can express this in the following equation:

(3.22)
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Taking all these cases into account , in the presence of low field , we can write the
Boltzmann transport equation as following:

&J

~

&J

- = -iJVd - FV,;J + Ot
Ot coll

(3.23)

Here the first term represents the contribution from motion in real space, second term
from momentum space and the third term from the collisions due to phonons, ionized
impurities, etc. Equation 3.23 represents the Boltzmann transport equation which is
an integro-differential equation which is solved either numerically or with some ap
proximation to obtain the variation of the distribution function. In the next section,
we will talk about a very popular method, known as Relaxation Time Approximation
(RTA) [64], in order to solve equation 3.23.

3.2.1

Relaxation time approximation

Due to the assumption of a small driving force (low field) , we can expand the distribu
tion function using Taylor series and take just upto the linear term into consideration.
We can then write,

J =Jo+ gcos0
Here

Jo

(3.24)

is the distribution function in the equilibrium state and g is the perturbation

in the distribution function. Here 0 is the angle between the initial momentum vector
and the applied electric field.

It can be shown [64], that assuming the scattering

mechanisms to be isotropic and elastic, g(k) can be found to be :

(3.25)
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Where the denominator is just the sum of all scattering including elastic (ionized
impurity scattering) and inelastic (polar optical phonon scattering) rates.

This is

known as Matthiessen's rule [66].
As already discussed in earlier chapters, we have considered the directionality of
the transport by using the band structure in a specific direction. Even though the
we have assumed POP scattering rate to be elastic in order to solve the Boltzmann
equation, it has been observed in case of other materials, that using a better technique
(for example Rode 's method [67]) , the mobility does not changes significantly (typically
10-20 % higher). Hence RTA is widely used because it simplifies the calculations.
Once the perturbation in distribution function is known, we can use this to calculate
the mobility using the following formula [64]:

J v(E)Ds(E)g(E)dE
= 3E J Ds(E)f(E)d(E)
1

µ

(3.26)

Here all of the parameters are calculated using ab-initio methods. v(E) is the average
velocity calculated from DFT. This is calculated by taking a spherical average over the
velocities in all the directions with respect to energy. This is b ecause at equilibrium,
electrons are moving in all the directions and assuming the directional velocity will
either overestimate or underestimate the mobility. And Ds(E) is the density of states.
In the next section, we present the results obtained for a quasi-2D TiS3 crystal at
different temperature and doping.

3.2.2

Results and discussion

Using the methods describ ed above, we calculate the mobility in the crystal growth
direction of TiS3 for temperature ranging from 50 K - 400 K for different doping
concentration as shown in figure 3.5. We notice that , as expected, the ionized impurity
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Figure 3.5: The ab-init io calculated mobility wit h different doping concentrations (ntyp e) for a wide range of temp erature (50 K - 400 K ). The one wit h 7 x 10 18 cm- 3
doping is found to b e closest wit h our exp erimental data.
scattering dominates at low temperature. As discussed earlier in section 3. 1. 2, since t he
Debye length decreases wit h increasing temp erature (between 5 K-200 K ), screening
increases which results in less scattering and hence t he mobility increases. At high
temp erature (more t han 200 K ), when all t he carriers are ionized , t he Debye length
increases very slowly wit h increasing temp erature and hence mobility due to ionized
impurity scattering almost remains constant. However, at high temp erature, phonon
occupancy is very high as p er Bose-Einstein statistics and hence t he POP scattering
dominates which ult imately leads to decrease in t he mobility. W it h t he increase in
doping, t he overall mobility in t he low temp erature regime (5 K-200 K) decreases,
which can b e explained from t he equation 3.17, according to which t he scattering rate
is prop ortional to t he concentration of impurit ies. We also show t he mobility data
from a recent exp erimental study in [25], in figure 3. 6. W it h t his doping (7 x 10 18
cm- 3 ) and t he corresp onding mobility at 300 K , we obtained a good match b etween

calculated and exp erimental I-V characteristics (discussed in Chapter 4) of a TiS 3
transistor. At t his doping level, t he Fermi level is
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~ 2kB T

from CBM, hence t he error

in Brook-Herrings expression is small. Good agreement between our calculation and
the experimental data could be observed for a wide range of temperature (50 K-400
K). At room temperature, the previously predicted mobility considering the non polar
phonons was of the order of 104 [28]. However , with POP modes considered, the
mobility decreases by three orders of magnitude. So, the POP scattering dominates
over other scattering event in low field. The combined effects of polarization of POP
modes, electron energy and temperature, as explained in section 3.1.4, determines the
phonon mode which will limit the mobility.
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Figure 3.6: The ab-initio calculated mobility (solid red line) , using relaxation time
approximation, compared with the exp erimental data (blue dashed line) for a wide
range of temperature (50 K - 400 K) . A 15 % accuracy in the dielectric constant is
assumed to calculate the error bars.
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Chapter 4
The transistor simulation
In this chapter, we discuss the results obtained when we use our calculated mobility
and other parameters for TiS3 to simulate a nanowire device and compare the results
with experiments [25]. In the next section, we briefly talk about the Atlas [68], and
how it solves the transport equations in a device to find the electro-static and dynamic
parameters such as current-voltage characteristics, electric field distribution and charge
densities. We then discuss the parameters used and the structure of the device (similar
to the [25]). The calculation is done at room temperature. We , at last , compare our
results with the experiment from [25].

4.1

Atlas: the device simulator

Atlas is a physically-based two and three dimensional device simulator that predicts the
electrical behavior of semiconductor devices at specified bias conditions [68]. The steps
to run a device simulation includes: Generating an input file , Running Atlas simulation
and Analyzing Atlas output file. The input file includes the physical structure of the
device to be simulated, the physical model to be used, the numerical methods needed
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to solve the physical equation and the bias conditions for the electrical characteristics.
To solve the equations, the specified device is divided into meshes and then the dif
ferential transport equation is solved at each of the grid points under given boundary
conditions. There is trade-off while specifying the size of grid points. The more grid
points, the less the numerical efficiency. In order to cope with this problem, a fine mesh
is defined in critical regions and a course mesh is defined everywhere else. These critical
regions include the junction between different material or different doping types , areas
of considerable recombination effects, areas of impact ionization etc.
The simulation technique is a numerical one , which arrives at the terminal charac
teristics of the device by solving the partial differential equations describing the physics
of the materials and the effects of potentials and heterojunctions on carrier transport.
These equations include Poisson's equation, the carrier continuity equations and the
transport equations for each carrier (electrons and holes). These equations must be
solved simultaneously and self consistently in each region of the device. Poisson's equa
tion relates variations in electrostatic potential to local charge densities. This is given
by :

(4.1)
where,

</>

is the electrostatic potential,

E

is the local permittivity and p is the local

space charge density. The local space charge density is the sum of contributions from
all mobile and fixed charges.
The carrier continuity and the transport equations describe the way electron and
hole densities evolve as a result of transport , generation, and recombination processes.
Here the continuity equations are given by :

(4.2)
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(4.3)
Here , n , In , Gn and Rn are the carrier density, current density, generation rate and
recombination rate of electrons respectively. The other counterparts are for holes. q is
the magnitude of electrical charge.
The simplest transport equation, as used in our case, is the drift-diffusion model,
given by:
_,

_,

+ qDn '\ln

(4.4)

Ip = qµppEP - qDPVp

(4.5)

In = qµnnEn
_,

_,

Here, µn, En , Dn are the mobility, electric field and the diffusivity constant for electrons.
The other counterparts are for holes. All other parameters are as decribed above.
Apart from these equations, which are interdependent, there are some other equations
based on the physical models used like mobility, generation and recombination, impact
ionization etc, which are needed to be solved self consistently at each grid points of the
given device.
In the next section, we talk about the structure of the device, including geometry
and dimensions and the physical models used in order to fully describe the dynamics
of the device.

4.2

Structure of the device and the models used

We simulate two device structures, in order to get ID- VDs and ID- Vas characteristics
and compare them with the ones from the experiment in ref. Here, ID is the drain
current, VDs is the drain-source voltage , and Vas is the gate-source voltage. The two
devices are very similar but only differ in the gate length. The experimental device
from [34] is shown in figure 4.1. The measurements on this device were done by Michael
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Randle , from Dr. Jonathan Bird's group , at University at Buffalo.

1

4

width ~ 129 nm.
thickness ~ 7 nm.

b
3

length "' 20.5 " / ,/
C

I

1

Figure 4.1: SEM image of the device used in the experiments. Note the direction of
channel is along b.
There are four probes present which are used to change the gate length of the
device. The device between 1 and 2 is 3 µm long and the device between 1 and 4 is
20.5 µm long. Also, note that the channel growth is in the direction of b. Both of them
have of thickness of 7 nm and the width of 129 nm. Also, gate oxide thickness is 300
nm. The channel region is TiS 3 .
In our simulation, The workfunction of the metal is chosen to be 5.2 eV. The device
used to extract the ID - VDs characteristics is 3 µm long and the device used to extract
the ID - Vcs characteristics is 20.5 µm long. All the parameters are summarized in
table 4.1.

A very fine mesh is specified in the junction region near source and the drain and
also near the oxide interface. The following figure shows the structure of the device
used in our simulation :
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Nanoribbon thickness (t)
Nanoribbon width (W)

tax
Lgate
<PMETAL

µe(Vc = 0V)
Ne (300 K)
n (300 K)

7nm
129 nm
300 nm
3 µm (ID - VDs) , 20.5 µm (ID - Vas)
5.2 eV
l8cm 2 v- 1 s- 1
1.46 x 10 20 cm- 3
3.43 x 1018 cm- 3

Table 4.1: Device parameters (Structural and Model) used in our Atlas simulation

SOU RCE

Ti53

DRAIN

b)

a)
3D Structure

Figure 4. 2: (a) 3D Structure of the nanowire used in our simulation. (b) 2D CrossSection of the device in part (a) , along the channel length and the thickness of the
device. Here, the source and the drain are highly doped. TiS 3 is 7 nm thick. The
overall width of the device is 129 nm. Note that there is just the change of gate length
in the two devices described in the text.
We have used the constant mobility of l8cm 2 v- 1 s -l at 7 x 1018 cm- 3 from our
ab-inito calculations. This level of n-type doping results in partially ionized electron
concentration of 3.43 x 10 18 cm- 3 which was specified while defining the structure of the
device. The Fermi-Dirac type distribution is used for charge carriers. Also , we define
the generation-recombination based the Shockley-Read-Hall model [69]. A band gap
of 0.9 eV is used [51]. Also we use the effective mass calculated from our calculations
to find the conduction effective density of states, which at 300 K turns out to be
1.46 x 10 20 cm- 3 .
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4.3

Results and discussion

The device with the 20.5µm gate length is simulated to get the ID - Vcs characteristics
which are compared with the experimentally measured values. This is shown in figure
4.3. The drain voltage is kept at 0.1 V while the gate voltage is swept from -40 V to 40

V. The two different experimental curves represent the upscan (negative to positive)
and the downscan (positive to negative) respectively. The current seems to be different
in two cases which is b ecause of hysterisis. Also , it can b e seen how the exp erimental
curves have varying slope which is not true for the calculated curve. This can explained
in terms of mobility. It has been oberved [25]that the electron mobility in such a device
changes with the applied gate voltage. But in our case, we have assumed a constant
mobility. The threshold voltage seems to b e matching pretty well.
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F igure 4.3: TCAD calculated ID s - Vc s curve compared with the exp erimental data
at 0.1 V drain voltage. Electron mobility is assumed to b e l8cm 2 v- 1 s- 1 at room
temperature (Ve = 0V). The gate length for the device used is 20.5 µm.

We also compare the ID - VDs , for the device with the gate length of 3µm. This is
shown in figure 4.4. Here the gate voltage is fixed at Zero bias when the drian voltage
is swept from Oto 24 V. A good match is obtained. The overdrive voltage in this case
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is around 40 V. So, the region, shown in the figure 4.4 is linear. We observe that , in
this case, the slope seems to be matching well. This is because the gate voltage is kept
constant and hence the mobility is almost same at all drain voltages.
6 x 10·6

T = 300 K
5

Lgate

= 3 µm

Vgate = OV

4

µ = 18 cm 2 N.s
e
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Figure 4.4: TCAD calculated IDs-VDs curve compared with the experimental data at 0
V gate voltage. Electron mobility is assumed to be l8cm 2 v- 1 s- 1 at room temperature.
The gate length for the device used is 3.0 µm .
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Chapter 5
Conclusion and the future work

5.1

Results and Summary

The experimentally calculated electron mobilities in TiS 3 are orders of magnitude lower
than previously predicted. In order to understand the mobility limiting mechanism we
carried out comprehensive transport calculation using ab-initio methods for electronphonon interaction. Bulk TiS3 has a simple monoclinic structure (P2i/m space group)
with 8 atoms per unit cell. This gives rise to 24 phonon modes including 9 polar optical
phonons (POP). POP scattering is an important mechanism that limits mobilities in
most polar semiconductors. Hence in this work, we calculated the contribution of long
range interaction elements between electrons and polar optical phonons to the mobility.
We first calculated the electronic band structure of TiS 3 under density functional
theory (DFT) framework using the Quantum Espresso which is interpolated on a dense
grid of k-points using maximally localized wannier functions. As seen in figure 2.4, it
has an indirect bandgap with two equivalent conduction band minima at Y(0 , 0, 0.5)
and Y'(0 , 0, -0.5). Bands are found to be highly anisotropic with 1.29me, 0.61me and

2.99me effective masses in X , Y and Z cartesian directions. we take this into account
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while calculating the effective density of states for ionized impurity scattering rate
calculations. Comparison of the calculated band-structure with experiments is shown
in figure 2.6 , which shows a good fit of the valence band.
Next , we perform Density Functional Perturbation Theory (DFPT) calculations to
characterize the lattice response. 8 atom unit cell of TiS 3 results in 24 phonon modes,
out of which 9 are IR active POP modes and 12 are non-polar optical modes (Raman) as
seen in the figure 2. 7. The calculated Raman modes match with experimental reports.
At room temperature , modes 12(24.51meV) ,13(24.93meV) and 14(31.02meV) are expected to contribute the most to electron scattering as they have high IR strengths
(figure 2.8) and their population density is expected to be sufficiently high at room
temperature (300 K).
The long-range electron-POP interaction elements were then calculated using the
method described by Verdi on a 21x21x21 uniform mesh close tor (gamma) point
(covering O.1 times 2 x

1r / a1at , a1at

= 9. 5048 Ry, in all cartesian directions). Since the

optical phonon dispersion is flat near gamma point (not shown) , energies are assumed
to be same for all the q-points points corresponding to same mode. Using Fermi's
golden rule , we calculated POP the scattering rate which is shown in figure 3.3 , dominated by the strong IR active modes (12 , 13 and 14) as expected. Following [64], to
calculate y direction (channel direction b of the nanowire) transport properties, we
just considered the electronic band structure in that direction. We also calculate the
ionized impurity scattering using Brooks-Herring model which assumes a simple Debye
screening. We have considered partial ionization of dopants at low temperature with
a dopant activation energy of 80 meV. Static dielectric permittivity was taken to be
20. Doping concentration of 7 x 10 18 cm- 3 is used for this calculation which is obtained
from matching the threshold voltage in the MOSFET transfer characteristics. The
calculated scattering rates with electron energy are plotted in figure 3.2 , it is observed
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that the POP scattering rate is high and will limit the electron mobility. The electron
mobility was calculated incorporating these two mechanisms. The non-polar optical
scattering is not included as it is shown to be low for TiS3

.

Finally, we calculate the

mobility following equation 3.26 . The calculated mobility with temperature is shown
in figure 3.6 along with the experimentally measured mobility. Good agreement was
obtained which indicates the POP modes limit the electron mobility in TiS3 .
Using the calculated effective mass and experimentally observed mobility, we carry
out ATLAS TCAD simulation to find the ID-Vc characteristics, which is shown in
figure 4.3 giving a doping density of 7 x 10 18 cm- 3 in the channel. Figure 3.5 shows
the calculated electron mobility with temperature for different doping densities , again
closer fit is observed for 7 x 1018 cm- 3 doping.

5.2

Potential future work

We explained the reason behind low electron mobilty in TiS 3 using first principle calculations on a given crystal. We have just considered the POP and ionized impurity
scattering, assuming these are the most dominant scattering mechanisms. But a complete description involves non-polar phonon scattering too which should be taken into
account while solving the Boltzmann equation. The bandgap calculated from the dft
calculations is lower than the experimental bandgap which is a basic problem of DFT.
The GW method, in Quantum espresso, can be used to correct this difference. The
mobilities in other directions can also be calculated in the same way. One major work
is to include the inelastic characteristics of POP scattering. This can be done through
Rode's method of solving the Boltzmann equation instead of RTA. Also, all these calculation methods (for POP scattering) do not consider the momentum as a vector or
in other words only consider the magnitude of momentum vectors. This results in loss
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of directional properties. So a new calculation method is required which takes into
consideration the anistropy of the elctronic band structure. The degeneracy of the
semiconductor should also taken at all temperatures to calculate the ionized impurity
scattering rate. A Monte Carlo based calculations can be performed for the same.
Also , we have performed the calculations on a bulk material to better understand the
material first in this form before we go it its 2D form , which is more interesting. So,
all these calculations discussed above can be extended to layered strucutre of TiS 3 .
TiS 3 , like other trichalcogenides, is an interesting material with a number of novel
properties observed experimentally such as metal-insulator transition at low tempera
ture [25], bandgap tuning with respect to the applied electric field , etc. First principle
calculations can be used to better understand the reasoning behind these phenomenon.
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Appendix A
Steps to perform ab-initio
calculation to extract the
directional mobility
In this Appendix, we discuss the steps required to perform the ab-inito calcualtions to
find the electron mobility in a given direction. We will talk about the codes developed
and other open source codes that are used to p erform these calculations. In the fol
lowing section, we list the steps and the corresponding codes in the order they must
be run to get the desired result. We also discuss the modification required when the
mobility is calculated in a different direction.

A.1

Methods and Steps

1. DFT: This is p erformed using an open source quantum chemistry software known

for material modeling and electronic structure calculations, Quantum Espresso.
An scf file , tis3scf. in input file is generated. This contains atomic positions in
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an unit cell, which is first taken from the experiments and then relaxed to get
the positions at equilibrium, or when the total energy of the system is minimum.
The other parameters are also user specified based on the material or the desired
numerical efficiency/ accuracy.

This outputs an scf out file , tis3scf. out.

This

contains the eigenvalues corresponding to the specified k-points. A nscf (non-self
consistent) calculation is then performed to get output tis3nscf. out file. This
contains the eigenenergies at dense grid of k points, as specified in the nscf input
file tis3nscf. in.
2. Wannier Interpolation: Above calulations are followed by Wannier interpola
tion using standard steps provided in ref. First, Wannier90 is run to generate a
list of the required overlaps, stored in tis3. nnkp file. Then we run pw2wannier
to compute the overlap between Bloch states and the projections for the start
ing guess, stored written in the tis3.mmn and tis3.amn files. After this, we run
Wannier90 to compute the Wannier functions. The final step involves the use
wannier post processing tool with geninterp = true and tis3_geninterp.kpt file,
which includes a list of very dense grid of k points over which the bands are to be
interpolated. The same tool can also be used to calculated the density of states
with that specific parameter set to true.
3. DFPT: This is again performed using the Quantum Espresso package. An input
file tis3ph. in is generated, which contains all the required user specified param
eters. In this we also specify the points where we want to solve the system to
get the phonon disperson. In our case, we have specified

r

(0 ,0,0). This takes

the input from the files generated from the nscf calculations, so make sure that
this has same outdir as the nscf calulations. The code determines a number of
irreducible representations and performs a scf (linear response) calculation for
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each of them. At the end, the dynamical matrix is computed and diagonalized.
The dynamical matrix is also written in the file dyn.G. It also contains eigenval
ues and a description of the eigenvectors. This step is followed by running one
more calculation to impose the acoustic sum rule. This is done using dynmat. x
program. The outfile tis3dynmat contains specifications of IR and Raman modes
along with the corresponding frequencies. Also, the dynmat. out file contains the
displacement patterns along with dielectric tensor, effective charges etc.
4. POP Scattering strength: A program matrixelem ents. m is develop ed which
calculates the matrix elements (scattering strength) corresponding to modes and
the qpoints and writes it on the file matrix_ elem ents. A file qgamma contains
the qpoints close to the

r

point where the matrix elements are to b e calculated.

This code requires following files as a input , which are extracted from the DFPT
output: Atomic positions, Dielectric Tensor, Displacem ent patterns, Effective

Charges and Frequency. This , also , automatically plots the matrix elements in a
given direction, summed over all the modes , and matrix elements with resp ect to
given modes, summed over all the qpoints in a particular direction (cartesian x,
y and z).
5. Ionized impuity scattering rate,POP Scattering rate, Boltzamann equa

tion (RTA), Mobility: These all are either calculated inside or called as func
tion by a single program, pop_scatteringrate. m. The input files are kinitial which
contains the kpoints in a particular direction (cartesian y from the CBM in our
case) , kfinal which contains the final states resulting from

k+if, matrix_elements

which contains scattering strength as described above, Frequency which contains
the mode frequencies in order to calculate the phonon energies, tis3.DOS which
contains the density of states with respect to band enegies corresponding to the
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k-points from kinitial file. This first calls the function Invfermi. m which cal
culates the fermi energy and the partially ionized carriers based on the input
temperarure and ionized impurities. Then , these are used as input while call
ing ii_scatteringrate. m which calculates ionized scattering rate and also can be
plotted in the main program with adding just one command. After this, POP
scattering rate is calculated while solving the boltzmann equation and again with
an addition of a command, it can be plotted. After this the program generates

g(k) values corresponding to each k points in kinitial file . This goes into the final
calculation of mobility. The final outfile contains the temperature vs mobility
data, with different mobilities specified in the input program directly. The other
desired parameters can be extracted from the matlab command window.
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