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Abstract  

In this study a low-cost method of estimating the linear tire model for a road vehicle is 

developed, which can be used to make quantitative decisions for tire selection and vehicle 

modification. As a traditional tire model requires measuring the forces and moments of the 

tire, for a range of slip and camber angles and normal force, on a rotating belt assembly. 

[1]  

A data acquisition (DAQ) system using consumer grade global position system (GPS) and 

inertial measurement unit (IMU) is designed and used to measure and record the vehicles 

response. The single-antenna GPS measures the vehicles track angle and speed, and the 

IMU measures the vehicles lateral and longitudinal acceleration and yaw rate. 

The GPS measurements are sampled at 5 Hz and the IMU measurements are sampled at 

100 Hz. The measured data from the GPS is aligned with the IMU measurements using the 

time stamp. The measured IMU data is smoothed using a moving mean filter and the GPS 

data is splined to match the sampling rate of the IMU measurements. The processed data 

is then used to estimate the vehicles yaw angle, and lateral and longitudinal velocity using 

a cascading kinematic Kalman filter (KKF). 

The kinematic equations for the KKF are derived from the planar bicycle model. Using the 

estimated results from the KKF the linear tire model is calculated for a bicycle model. The 

approach was validated by modifying vehicle parameters in a simulation and on a test 

vehicle.  

Two main conclusions have been made in this study: (1) the estimated tire model can be 

used to quantify changes in the vehicle response due to changes in the vehicle and tire 

parameters; (2) the estimated results are repeatable and predict the true tire model. 
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CHAPTER 1  

INTRODUCTION 

1.1 MOTIVATIONS AND INTENTIONS 

For automotive enthusiast it is often not possible to obtain a tire model, as they are not 

typically provided by the manufacture and are expensive to obtain [2]. A tire model is the 

amount of lateral force that a tire can produce for a given normal load. The tire model will 

vary with road conditions. This is useful when selecting tires as the amount of lateral force 

a tire can produce is related to the vehicles handling, as lateral force is responsible for 

turning the vehicle. While the static normal force on a tire can be measured, the normal 

force on the tire in a turn is dependent on the vehicle dynamics. Estimating the tire model 

while the vehicle is turning produces an effective tire model as a result of the normal force 

on the tires. This effective tire model allows for quantitative decisions to be made when 

selecting tires for road conditions and when modifying a vehicle.  

The intent of this research is to develop a mobile low-cost method to estimate tire data 

using the vehicles response. This methodology can be used on most vehicles and requires 

little to no modification to the vehicle. A simulation is used to verify the methodology and 

quantify the change to the effective tire model as a result of modifying a vehicle parameter. 

The vehicle response is measured on a test vehicle and used to estimate the effective tire 

model for the stock and modified vehicle configuration. The tire data is used to quantify 

the cumulative effect vehicle and tire parameters have on the vehicle response. This system 
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can be used to optimize a vehicle by quantifying the effect road conditions and vehicle 

parameters have on handling. 

1.2 THESIS OUTLINE 

Chapter 1 is an overview of the estimating the tires cornering stiffness using a global 

position system (GPS) and inertial measurement unit (IMU). The vehicle and tire models, 

and the sensors used to estimate the tires cornering stiffness are investigated. 

Chapter 2 outlines the cascading Kalman filtering approach that is going to be used to 

determine the vehicle states. It starts off by explaining the general kinematic Kalman filter. 

The Kalman filter for determining the yaw angle and the vehicle velocity are derived. 

Chapter 3 uses the planar four-wheeled model with roll plane to simulate the vehicles 

response given a steering input. The results of the simulation are compared against 

published data to verify the model. The vehicle response is used to create virtual sensors 

by augmenting the true response with noise and bias. The virtual sensors are used to 

estimate the vehicle response through a yaw and velocity kinematic Kalman filter. The 

linear tire model is calculated for a bicycle model using the estimated vehicle response. 

Chapter 4 uses the data acquisition (DAQ) system to measure the vehicle response for a 

weighted and unweighted vehicle for several turns. The two vehicle configurations were 

chosen to show that modifying the vehicle parameters can be detected in the tire model. 

The cascading kinematic Kalman filter is used to estimate the vehicles yaw angle, and 

lateral and longitudinal velocity. The results from the calculated tire model for both vehicle 

configurations are compared to show that the estimation routine produces the expected 

change in the linear tire model. 



 3 

1.3 BACKGROUND AND LITERATURE REVIEW 

Tires generate a normal, longitudinal, and lateral force as a result of the interaction between 

the tire and the ground. Lateral tire forces, Fy, are used to steer the vehicle by inducing a 

yaw moment about the vehicles center of gravity (CG), which changes the vehicles heading 

as shown in Figure 1.1. This is important for vehicle design as the lateral force governs the 

vehicles stability, maneuverability and handling. For off-road vehicles the ground 

composition impacts how well the tire is able to generate these forces. For example, when 

driving on loose soil not all tractive effort, longitudinal force, is spent on propulsion. Loose 

soil also effects the amount of lateral force that the vehicle is able to produce, and thus how 

well the vehicle will handle. 

 
Figure 1.1. Planar bicycle model [3] 

The interaction of the tire and ground, and as a result the forces, are a function of the normal 

force on the tire. The amount of force that a tire can produce for a given normal load is 

dependent on the tire characteristics as well as the suspension and vehicle parameters. This 

is a result of the load transfer and body roll as the vehicle is turning, as shown in Figure 
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1.2. While the vehicle is cornering the normal force on the inside tire is reduced and the 

outside tire is increased, as a result of the centripetal acceleration and induced body roll. 

The suspension movement, due to the induced body roll, changes the effective camber 

angle between the tire and ground. The effects of the suspension dynamics are controlled 

by the shock spring and damper rate, dynamic suspension geometry and the static 

suspension geometry; while the tire characteristics are determined by the material, tread 

pattern, and tire pressure.  

 
Figure 1.2. Vehicle roll-plane model [4] 

Tire data consisting of lateral force and slip angle cannot be directly measured without the 

use of a wheel force transducer. This equipment is expensive and not commercially 

available [2]. Another approach that can be used is estimating the tire lateral force and slip 

angle with measurements of the vehicle dynamics. This approach is possible since the 

vehicles response is related to the tires, as they are the only link between the vehicle and 

the ground. Estimating tire data can be accomplished using an inertial measurement unit 

(IMU) and a Global Positioning System (GPS).  
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The vehicle dynamics of a planar bicycle model, shown in Figure 1.3, can be represented 

by the lateral velocity, Vy, and vehicle sideslip, , states. The three coordinate reference 

frames used for a planar vehicle model are the East North Up frame (ENU/e-frame) for the 

GPS, the body frame (b-frame) for the IMU, and ISO vehicle frame (v-frame) for the 

vehicle. The v-frame is related to the e-frame by the yaw angle, . Where the yaw angle is 

the angle between east in the e-frame and longitudinal x-axis of the vehicle in the v-frame. 

 
Figure 1.3. Planar bicycle model with sensor reference frame [5] 

A single-antenna GPS receiver is able to measure the vehicle speed, V, and direction of 

travel as the track angle, . Since the vehicle states for the bicycle model are lateral 

velocity, Vy, and sideslip, , the track angle is not usable by its self. A dual-antenna system, 

used by Ryu [3], measures the angle of the velocity vector, , and the angle of the vehicles 

heading, . This type of system is expensive and it is not feasible to apply to a mobile 

platform. A dual-antenna receiver is different than two single-antenna systems as the dual-
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antenna system uses the doppler phase shift between the antennas to calculate heading and 

trajectory. 

Estimation of the vehicle dynamics states using IMU and GPS measurements can be 

classified into three main approaches; the indirect, direct and the vehicle model approach. 

The indirect approach obtains state measurements using onboard Inertial Measurement 

Unit (IMU) and wheel speed sensors. This approach is often the cheapest but is prone to 

accumulation of integration error due to sensor bias and noise [5]. The direct approach 

obtains the state measurements using a Global Positioning System (GPS). The direct 

approach is typically expensive but provides accurate information. The vehicle model 

(VM) approach is able to produce good estimations but is non-linear and is parameter 

dependent [6]. 

Utilizing a combination of these three methods, sensor fusion can be used to obtain more 

accurate information of the vehicle dynamics. Leung, et al. [6] identified four approaches; 

GPS/IMU, GPS/VM, IMU/VM, and GPS/IMU/VM. The approaches utilize the advantages 

of each of the three methods in order to reduce measurement/estimation error. When fusing 

the indirect/direct measurements the cars onboard IMU and GPS measurements are 

combined. The combination of the two allow for the GPS measurements, when available, 

to be used to estimate the error from the IMU. When GPS measurements are unavailable, 

the corrected IMU measurements are integrated. The integration of both measurements 

take place in a Kinematic Estimator (KE), otherwise known as a kinematic Kalman filter 

(KKF). A VM is used to define a dynamic relationship between the sensors, and state 

estimation is done using a model-based estimator (ME) [6]. 
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Leung, et al. [5] used a single-antenna GPS to estimate the vehicle parameters by 

modifying the kinematic estimator. His approach was to update the KE with the GPS signal 

only when the vehicle was heading straight. This works because the sideslip angle, , is 

zero, thus the angle between the vehicles velocity vector and heading is the same. The 

drawback to this method is that the error propagates the longer the vehicle corners without 

heading straight. A different approach is to use two single-antenna GPS. This approach 

places two antenna’s longitudinally from each other, for example one on the hood and the 

other on the trunk. This method is unable to estimate the vehicles yaw angle when the 

vehicle has a zero-yaw rate [7]. It also requires each antenna to be placed far away from 

each other, which is not possible. 

While [3, 5, 6, 8, 9] used the planar bicycle model, shown in Figure 1.3, for estimating the 

vehicle dynamics more complex approaches have been used. Wenzel, et al. [10] designed 

a dual extended Kalman filter (DEKF) which was based on a 4 DOF four-wheeled vehicle 

model (FWVM). Satria and Best [11] also used a 4 DOF FWVM but explored a single 

Kalman filter and a robust filter. Wenzel, et al. [10] and Satria and Best [11] showed that 

the 4 DOF FWVM can also be used to accurately estimate the vehicle dynamics, but 

implementation is more difficult due to requiring more equations of motion. 

Using the planar bicycle model, Leung, et al. [6] and Ryu [3] added an additional 1 DOF 

roll-model. Results showed that combining the roll-model allowed for better estimation of 

the vehicle dynamics if the vehicle was on a banked road. By using the 2 DOF bicycle 

model and 1 DOF-roll model, the two models can be estimated independently and then 

combined to estimate the vehicle dynamics. This method is favored due to ease of 

computation in a model-based estimator (ME) [6]. 
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1.4 VEHICLE DYNAMICS 

This section explains the fundamental concepts of vehicle lateral dynamics by discussing 

the tire and vehicle model. The linear and Pacejka’s “Magic Formula” tire model are 

introduced and the effect of suspension parameters on the tire model are investigated. The 

bicycle, four-wheeled vehicle, and roll plane model are introduced and compared. The 

understeer gradient is then defined as a handling performance metric and is useful in tuning 

a vehicle.  

1.4.1 TIRE MODELS 

The two tire models applied in this research are the linear tire model and Pacejka’s “Magic 

Formula.” The limitations and applications of both model in this research are shown in 

Table 1.1. The linear tire model is being applied to the estimation of the cornering stiffness 

of the vehicle due to its simplicity. The “Magic Formula” is being used in the simulation 

because it is a better representation of an actual tire. 

Table 1.1. Summary of Tire Models 

TIRE 

MODEL 

ASSUMPTIONS/ 

LIMITATIONS 
APPLICATION 

LINEAR 

TIRE 

MODEL 

Tire remains in the linear 

operating range 
Calculate lateral force in linear range 

The normal force on the tire is 

constant 

PACEJKA’S 

“MAGIC 

FORMULA” 

Tire coefficients have been 

determined using a tire testing 

machine 

Calculate lateral force using non-

linear cornering stiffness and change 

in orientation of the tire due to 

suspension articulation 

Accounts for the tire load sensitivity 
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One of the many tasks for vehicle tires is to produce lateral force while cornering. As the 

tire generates lateral force to turn the vehicle, an equal but opposite force is generated 

between the tire and the ground, shown in Figure 1.4. Due to the elasticity of rubber, the 

interaction between the tire and the ground can be modeled as a spring. As the lateral force 

is generated at the ground the tread elements deform. As lateral force is increased the tread 

elements continue to deform until the lateral force exceeds the maximum static friction 

force.  

 
Figure 1.4. Tire tread deformation due to lateral force in elastic range [1] 

Due to the deformation of the tire tread, the direction that the tire is traveling is a function 

of the tires heading and the direction of the deformed tire tread. The direction of the tire 

tread is defined as the tire track, and can be determined by drawing a line between the 

leading edge of the tire footprint and the point of maximum displacement, shown in Figure 

1.5. The angle between the tires track and heading is the referred to as the slip angle, . 
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Figure 1.5. Tire slip angle due to lateral force in elastic range [1] 

In the most basic form, the amount of lateral force that a tire can generate is a function of 

the normal force on the tire and the tires slip angle. If the normal force is held constant the 

lateral force versus slip angle for a typical tire is shown in Figure 1.6. The operating range 

of the tire can be separated into three regions; linear, transitional, and frictional. During 

most normal driving conditions tires operate in the linear region. In the linear region, the 

amount of lateral force that can be generated is linearly related to the tires slip angle by Eq. 

(1.1). Where the slope of the linear region is the cornering stiffness, C. In the transition 
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region the tire is generating less lateral force per degree of sideslip until the maximum 

amount of lateral force is reached. Once the maximum force is reached the tire is then in 

the friction region, and the tires tread elements begin to slide with respect to the ground. 

 
Figure 1.6 Lateral force vs. slip angle for a racing tire [1] 

 𝐹𝑦 = 𝐶𝛼 ⋅ 𝛼 (1.1) 

The effect of normal force on the lateral force and slip angle is shown in Figure 1.7. As the 

normal force on the tire is increased the maximum lateral force also increases. This is 

expected since the generated lateral force is a result of the friction force between the tire 

and the road.  
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Figure 1.7. Lateral force vs. slip angle for three normal loads [1] 

The equation for force due to friction can be applied to determine the lateral force 

coefficient, , for each loading using Eq. (1.2). 

 𝜇 = 𝐿𝑎𝑡𝑒𝑟𝑎𝑙 𝑓𝑜𝑟𝑐𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 =
𝐹𝑦

𝐹𝑧
 (1.2) 

The lateral force coefficient is used to normalize the lateral force to compare the effect of 

loading on a tire. The lateral force for each tire is normalized and plotted in Figure 1.8. The 

result is that the tire with the smallest vertical force has the largest coefficient, and as the 

loading is increased the coefficient decreases. This is referred to as the tire load sensitivity, 

and is important in racing and passenger vehicles. As the load sensitivity of a tire can 

change how the vehicle handles, even making a car unstable; more on this in Section 1.4.3. 
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Figure 1.8. Normalized lateral force vs. slip angle for three normal loads [1] 

To simulate the tire load sensitivity in the four wheeled vehicle model, the Pacejka’s Magic 

Formula will be used. The Magic Formula, Eq. (1.3), is a semi-empirical model used to 

describe the tire curve in the three operating ranges [12]. 

 Fy0 = Dy sin[Cy arctan{By y – Ey ( By y – arctan( By y))}] + SVy (1.3) 

In its simplest form, four variables are used to control the shape of the tire model. The four 

variables have physical meaning, but must be determined from measured data using a tire 

testing machine. The physical meaning of the variables is shown in Table 1.2. 
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Table 1.2. The Magic Formula coefficient physical meaning 

The tires are tested at different normal loads and camber angles to determine the 

coefficients. Tire camber angle, , is a major contributor to lateral force. Camber angle is 

the angle between the vertical center line of the tire and a line perpendicular to the ground, 

as shown in Figure 1.9. Camber angle generates a thrust force, which is independent of tire 

slip angle. The lateral force generated by camber and side slip are additive in the linear 

region [1]. By adding camber, the lateral force versus slip angle moves up or down parallel 

to the original plot. By varying the suspension spring rate, the effective camber angle can 

be changed due to varying the vehicle roll stiffness. 

COEFFICIENT 
PHYSICAL 

MEANING 
DESCRIPTION 

B Stiffness Factor Slope at the origin 

C Shape Factor 
Controls the limits of the range of the 

appearing sine function 

D Peak Value Maximum value 

E Curvature Factor 
Controls the value of the slip where the peak 

of the curve appears 
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Figure 1.9. Cambered Tire [12] 

The linear tire model is a simple way to model a tire. The linear tire model states that the 

tire behaves linearly and the lateral force of the tire can be approximated if the tire slip 

angle is known. William F. Milliken [1] indicates that the linear tire model is a valid 

assumption until the vehicles lateral acceleration is approximately 0.4 g’s. Since the 

cornering stiffness is being calculated from the estimated lateral force and slip angle, if the 

linear range is being exceeded it should be shown in the lateral force versus slip angle plot. 

1.4.2 VEHICLE MODELS 

The three vehicle models that are discussed in this section are the bicycle, four-wheeled 

vehicle, and the roll plane model. A summary of the assumptions used in each model and 

the application are shown in Table 1.3. The application of each model is separated into how 

the model will be applied in this research. With the bicycle model being used to estimate 

the vehicle cornering stiffness by calculating the lateral force using the estimated yaw rate 

and acceleration. The four-wheeled vehicle and roll plane model are used to simulate the 

response of a vehicle given a steering input.  
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Table 1.3. Summary of Vehicle Models 

1.4.2.1 PLANAR BICYCLE MODEL 

The bicycle model, shown in Figure 1.10, is also known as the single-track model because 

the front and rear axles are each represented by one tire. The two DOF bicycle model is the 

simplest way to represent vehicle dynamics. Due to this simplification there are several 

assumptions that are made [1]. The vehicle does not pitch or roll, as a result there is also 

no lateral or longitudinal load transfer. In addition, the vehicle has a constant longitudinal 

velocity and the tire model is linear. The assumption of linearity implies the validity of the 

superposition principle [1]. This principle states that the sum of a series of effects 

considered concurrently is identical to the sum of the individual effects considered 

individually. Applying this principle, allows the effects of pitch and roll to be included by 

adding their contributions individually. While the superposition is not applied to the bicycle 

VEHICLE 

MODEL 

ASSUMPTIONS/ 

LIMITATIONS 
APPLICATION 

BICYCLE 

MODEL 

Planar model 

Calculate vehicle response 

without lateral load transfer 

The vehicle does not pitch or roll 

No lateral/longitudinal load transfer 

Constant longitudinal velocity 

Linear 

FOUR-

WHEELED 

VEHICLE 

MODEL 

Planar model 

Calculate vehicle response 

with lateral load transfer due 

to centripetal acceleration 

The vehicle does not pitch or roll 

Constant longitudinal velocity 

Linear 

ROLL PLANE 

MODEL 

Planar model 
Calculate lateral load transfer 

as a result of the suspension 

geometry 

Uses static roll center height 

Linear 
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model in this research, it is applied to the Four-wheeled vehicle model in the following 

section. 

 
Figure 1.10. Planar bicycle model with sensor reference frame [5] 

The bicycle model will be used to estimate the cornering stiffness of the front and rear tires 

because of its simplicity. The sensors available allow for the measurements of the track 

angle, velocity magnitude and yaw rate. From Figure 1.10, the vehicle sideslip is the 

difference between the vehicles heading and the vehicles direction of travel, which is 

measured from the center of gravity (CG). The yaw angle, , will be estimated using a 

gyroscope and a Kalman filter, which is discussed in Section 2.2.  

With the yaw angle estimated, the vehicle sideslip at the CG is known. The sideslip of the 

vehicle can be used to solve for the vehicles lateral and longitudinal velocity. The 

relationship between the lateral and longitudinal velocity is: 

 𝛽 = 𝑣 − 𝜓 (1.4) 

 Vx = V cos() (1.5) 
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If the lateral and longitudinal velocity were drawn out along their respective axis, and the 

magnitude of the velocity was the hypotenuse, the angle between the longitudinal velocity 

and the hypotenuse would be the vehicle sideslip, . The vehicle sideslip can be written in 

terms of just the longitudinal and lateral velocity by: 

The notation p was introduced here to denote the point that the velocity is taken at 

corresponds to the calculated sideslip at that point. The velocity can be transposed to any 

point on the body, with the addition of an angular velocity term. 

Where A is the GPS antenna,  is the angular velocity in vector notation, and r is the 

distance between the point P and the GPS antenna, in vector notation. Using vector notation 

and the cross product of  and the displacement, r, accounts for the sign of the change in 

velocity at that point. By transposing the velocity to a point on the vehicle, the vehicle 

sideslip at that front and rear of the vehicle can be calculated. From Figure 1.10, the front 

and rear tire slip angles can be solved for in terms of the front and rear vehicle sideslip.  

To determine the cornering stiffness using the linear tire model, the lateral force and the 

tire slip angle must be known. The lateral force can be solved for by applying Newton’s 

 Vy = V sin() (1.6) 

 p = tan-1(Vpy / Vpx ) (1.7) 

 
𝑉𝑝 = 𝑉𝐴 + �̅� × �̅�𝐴/𝑝 (1.8) 

 𝛽𝑓 = 𝛼𝑓 + 𝛿𝑓 (1.9) 

 𝛽𝑟 = 𝛼𝑟 (1.10) 
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second law to the bicycle model. Summing the forces in the Y-axis and summing the 

moments around the center of gravity, in the vehicle reference frame yields: 

The front and rear lateral force can be solved for by solving a system of equations using 

Eq. (1.11) and Eq. (1.12). From Eq. (1.13) and Eq. (1.14) the front and rear lateral forces 

are a function of the vehicle CG, moment of inertia, steering angle, and lateral and yaw 

acceleration. 

Using the lateral force equations from Eq. (1.13) and Eq. (1.14) and the tire slip angle from 

Eq. (1.9) and Eq. (1.10) the tire cornering stiffness can be solved for using Eq. (1.1).  

1.4.2.2 PLANAR FOUR-WHEELED VEHICLE MODEL 

A more detailed vehicle model is the three DOF four-wheel vehicle model (FWVM), 

shown in Figure 1.11. Also known as the two-track model, this model does not lump the 

left and right tires into a single tire. The three DOF for the model are lateral velocity, 

longitudinal velocity, and yaw rate. 

 ∑𝐹𝑦 = 𝑚 ⋅ �̈� = 𝐹𝑦𝑓 + 𝐹𝑦𝑟 ⋅ 𝑐𝑜𝑠 𝛿 (1.11) 

 ∑𝑀𝑧 = 𝐼𝑧 ⋅ �̈� = 𝑎 ⋅ 𝐹𝑦𝑓 − 𝑏 ⋅ 𝐹𝑦𝑟 ⋅ 𝑐𝑜𝑠 𝛿 (1.12) 

 𝐹𝑦𝑓 =
𝑏 ⋅ 𝑚 ⋅ �̈� + 𝐼𝑧 ⋅ �̈�

𝑎 + 𝑏
 (1.13) 

 𝐹𝑦𝑟 =
𝑎 ⋅ 𝑚 ⋅ �̈� − 𝐼𝑧 ⋅ �̈�

(𝑎 + 𝑏) ⋅ 𝑐𝑜𝑠 𝛿
 (1.14) 
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Figure 1.11. Schematic of Four-Wheel Vehicle Model [13] 

While the FWVM assumes no pitch and roll motions, the model accounts for loading due 

to cornering. While the vehicle is cornering, the body experiences centripetal acceleration. 

If the effects of the suspension are ignored, by assuming it is fixed, the outside tire will 

experience more normal force as the force from centripetal acceleration acts on the body. 

By applying the principle of superposition, the roll and pitch model can be included in the 

FWVM. This adds another DOF for each corresponding motion but allows for the 

corresponding change in vertical force to be accounted for. For the simulation in Chapter 

3, the FWVM and the one DOF roll plane in the next section will be used to generate a 

vehicle response given a steering wheel input. 

By applying Newton’s second law to the longitudinal, lateral, and vertical axis of the 

FWVM, the equations of motion can be derived. 
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�̈� =
1

𝐼𝑧
[𝑙𝑓[𝐹𝑦11 𝑐𝑜𝑠(𝛿) + 𝐹𝑦12 𝑐𝑜𝑠(𝛿) + 𝐹𝑥11 𝑠𝑖𝑛(𝛿) + 𝐹𝑥12 𝑠𝑖𝑛(𝛿)]

− 𝑙𝑟[𝐹𝑦21 + 𝐹𝑦22]

+
𝐸

2
[𝐹𝑦11 𝑠𝑖𝑛(𝛿) − 𝐹𝑦12 𝑠𝑖𝑛(𝛿) + 𝐹𝑥12 𝑐𝑜𝑠(𝛿)

− 𝐹𝑥11 𝑐𝑜𝑠(𝛿) + 𝐹𝑥22 − 𝐹𝑥21]] 

(1.15) 

 

�̇� = −�̇� +
1

𝑚𝑣𝑉𝑔
[−(𝐹𝑥11 + 𝐹𝑥12) 𝑠𝑖𝑛(𝛽 − 𝛿) + 𝐹𝑦11 𝑐𝑜𝑠(𝛽 − 𝛿)

+ 𝐹𝑦12 𝑐𝑜𝑠(𝛽 − 𝛿) + (𝐹𝑦21 + 𝐹𝑦22)𝑐𝑜𝑠(𝛽)

− (𝐹𝑥21 + 𝐹𝑥22) 𝑠𝑖𝑛(𝛽)] 

(1.16) 

 

𝑉�̇� =
1

𝑚𝑣
[(𝐹𝑥11 + 𝐹𝑥12) 𝑐𝑜𝑠(𝛽 − 𝛿) + 𝐹𝑦11 𝑠𝑖𝑛(𝛽 − 𝛿)

+ 𝐹𝑦12 𝑠𝑖𝑛(𝛽 − 𝛿) + (𝐹𝑥21 + 𝐹𝑥22) 𝑐𝑜𝑠(𝛽)

+ (𝐹𝑦21 + 𝐹𝑦22) 𝑠𝑖𝑛(𝛽)] 

(1.17) 

 
𝑎𝑦 =

1

𝑚𝑣
[𝐹𝑦11 𝑐𝑜𝑠 𝛿 + 𝐹𝑦12 𝑐𝑜𝑠 𝛿 + (𝐹𝑦21 + 𝐹𝑦22) + 𝐹𝑥11 𝑠𝑖𝑛 𝛿

+ 𝐹𝑥12 𝑠𝑖𝑛 𝛿] 
(1.18) 

 
𝑎𝑥 =

1

𝑚𝑣
[−𝐹𝑦11 𝑠𝑖𝑛 𝛿 − 𝐹𝑦12 𝑠𝑖𝑛 𝛿 + 𝐹𝑥11 𝑐𝑜𝑠 𝛿 + 𝐹𝑥12 𝑐𝑜𝑠 𝛿

+ 𝐹𝑥21 + 𝐹𝑥22] 
(1.19) 

 �̇�𝑥 = 𝑉𝑦�̇� + 𝑎𝑥 (1.20) 

 �̇�𝑦 = −𝑉𝑥�̇� + 𝑎𝑦 (1.21) 

The vehicle’s equations of motion from Eq. (1.15) to Eq. (1.21) are used to solve for each 

corner wheel velocity and slip angle as shown in Doumiati [4]. The normal force on each 

wheel is determined by applying a torque balance to the vehicle, where the effect of roll 

and pitch is ignored as it’s a planar vehicle model.  
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 𝐹𝑧11 = 𝑚𝑣𝑔
𝑙𝑟
2𝑙

− 𝑚𝑣

ℎ𝑐

2𝑙
𝑎𝑥 − 𝑚𝑣

ℎ𝑐𝑙𝑟
𝑒𝑓𝑙

𝑎𝑦  (1.22) 

 𝐹𝑧12 = 𝑚𝑣𝑔
𝑙𝑟
2𝑙

− 𝑚𝑣

ℎ𝑐

2𝑙
𝑎𝑥 + 𝑚𝑣

ℎ𝑐𝑙𝑟
𝑒𝑓𝑙

𝑎𝑦  (1.23) 

 𝐹𝑧21 = 𝑚𝑣𝑔
𝑙𝑓
2𝑙

+ 𝑚𝑣

ℎ𝑐

2𝑙
𝑎𝑥 − 𝑚𝑣

ℎ𝑐𝑙𝑓
𝑒𝑟𝑙

𝑎𝑦 (1.24) 

 𝐹𝑧22 = 𝑚𝑣𝑔
𝑙𝑓
2𝑙

+ 𝑚𝑣

ℎ𝑐

2𝑙
𝑎𝑥 + 𝑚𝑣

ℎ𝑐𝑙𝑓
𝑒𝑟𝑙

𝑎𝑦 (1.25) 

The effect of body roll is considered independently using the roll plane in the next section, 

1.4.2.3. Applying the principle of superposition, the change in normal force on each wheel 

due to body roll is added to Eq. (1.22) to Eq. (1.25) [1]. The slip angle and normal force 

on each wheel is used to calculate the lateral force using the Magic Formula. The simulation 

is created in MATLAB, where the vehicle response is generated using a steering input. 

The results from the simulation are shown in Chapter 3, where the results are validated 

using published data.  

1.4.2.3 ROLL PLANE MODEL 

The roll plane model, shown in Figure 1.12, is used to describe the vehicles roll motion. 

The roll of a vehicle is a result of the forces caused by the lateral acceleration while 

cornering. The vehicle’s body, also called the sprung mass, rotates about the roll axis by 

roll angle . The roll axis is the line that connects the front and rear roll centers. Where the 

roll centers are a function of the suspension geometry, and although they change with the 

suspension motion the static roll center height is chosen for simplification. Although this 

one DOF model is simple, it is capable of producing robust results [14]. 
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Figure 1.12. Roll Plane Model [4] 

The system is modeled as a second order rotational mass-spring-damper system by Eq. 

(1.26) [15]. 

 𝐼𝑥𝑥�̈� + 𝐶𝑅�̇� + 𝐾𝑅𝜃 = 𝑚𝑠𝑎𝑦ℎ𝑐𝑟 + 𝑚𝑠ℎ𝑐𝑟𝑔 𝑠𝑖𝑛 𝜃 (1.26) 

Where the parameters are described in Table 1.4. 
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Table 1.4. Roll Plane Parameters 

By summing the moments about the front and rear roll centers, the simplified steady-state 

equations of the lateral load transfer for the front and rear axles can be expressed as: [1, 4] 

 𝛥𝐹𝑧𝐹
= 𝐹𝑧11 − 𝐹𝑧12 = −

𝑘𝑓

𝑒𝑓
𝜃 − 𝑚𝑠

𝑎𝑦

𝑙

𝑙𝑟ℎ𝑓

𝑒𝑓
 (1.27) 

 𝛥𝐹𝑧𝑅
= 𝐹𝑧21 − 𝐹𝑧22 = −

𝑘𝑟

𝑒𝑟
𝜃 − 𝑚𝑠

𝑎𝑦

𝑙

𝑙𝑓ℎ𝑟

𝑒𝑟
 (1.28) 

1.4.3 UNDERSTEER GRADIENT 

The understeer gradient is used to describe how a vehicle handles due to changes in lateral 

force. From Section 1.4.1, as the tires produces lateral force the tires track and heading 

vary by the slip angle, . Where the slip angle, as a result of the lateral force, was a factor 

of the tire and the vehicle parameters. Due to the tires slip angle, the vehicles response to 

a steering input is not directly related to the steering angle. The understeer gradient is used 

SYMBOL DESCRIPTION UNITS 

𝑰𝒙𝒙 Moment of inertia of the sprung mass around roll axis [ 𝑘𝑔 ⋅ 𝑚2 ] 

𝒎𝒔 Sprung mass [ 𝑘𝑔 ] 

𝑪𝑹 Total damping coefficient [ 
𝑁 ⋅ 𝑚 ⋅ 𝑠

𝑟𝑎𝑑
 ] 

𝑲𝑹 Total Spring Coefficient [ 
𝑁 ⋅ 𝑚

𝑟𝑎𝑑
 ] 

𝒉𝒄𝒓 Height of the sprung mass about the roll axis [ 𝑚 ] 

𝒈 Gravitational constant [ 
𝑚

𝑠2
 ] 

𝒂𝒚 Lateral vehicle acceleration [ 
𝑚

𝑠2
 ] 
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to characterize the relationship between the steering input and the vehicle response, and is 

one of the fundamental metrics used to describe vehicle handling. 

The vehicle response to a steering input for the planar bicycle model is shown in Figure 

1.13. If the vehicle is turning at a slow speed it can be assumed to have no lateral forces, 

and thus no side slip, and the vehicle’s turning radius for a given steering angle is defined 

by the vehicle’s geometry. The geometric relationship is called the Ackerman angle, which 

is denoted by the subscript A and represented by the dotted line in Figure 1.13. The required 

Ackerman steering angle for a given turning radius is given by: 

 
Figure 1.13. Planar bicycle model turning radius [16] 

 

 

𝛿𝐴 = 𝑡𝑎𝑛−1 (
𝑙

𝑅𝑅
) 

For small angle approximation: 

𝛿𝐴 ≈
𝑙

𝑅
 

(1.29) 
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As the velocity is increased the tires produce lateral forces, and thus side slip. The required 

steering angle for a given turning radius, assuming small angle approximation and steady-

state, becomes: 

The required steering angle can be defined in terms of the vehicle and tire parameters using 

the front and rear lateral forces, from the bicycle model and the linear tire model.  

The understeer gradient can be separated into two classifications, oversteer and understeer. 

From Eq. (1.31), if the required steering angle for a constant radius turn increases when 

lateral acceleration increases, the understeer gradient must be positive. A positive 

understeer gradient this is referred to as understeer, since the vehicle under-steers. Where 

if the vehicle steers more it is referred to as oversteer. Where the understeer gradient is 

defined as: 

A vehicle that understeers is considered stable, which is why most cars are tuned for this 

behavior. Vehicles understeer because the rear produces a stabilizing moment that is 

greater than the de-stabilizing moment used to turn the vehicle. The understeer gradient 

can be evaluated to determine which parameters make the vehicle understeer or oversteer. 

For a vehicle to understeer, it must have a positive understeer gradient which leads to the 

inequality: 

 𝛿 = 𝛿𝐴 + 𝛼𝐹 − 𝛼𝑅 (1.30) 

 𝛿 =
𝑙

𝑅
+

𝑚𝑣2

𝑅𝑙
[

𝑏

𝐶𝛼𝐹
−

𝑎

𝐶𝛼𝑅
] =

𝑙

𝑅
+ 𝑈𝐺 ⋅ 𝑎𝑦 (1.31) 

 𝑈𝐺 =
𝑚(𝐶𝛼𝑅𝑏 − 𝐶𝛼𝐹𝑎)

𝑙𝐶𝛼𝐹𝐶𝛼𝑅
 (1.32) 
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For the vehicle to oversteer the understeer gradient must be negative, and the inequality 

becomes: 

Based on the difference in these values, the slope of the understeer gradient changes. Where 

the slope is related to the required change in steering angle versus lateral acceleration. If it 

was desired to reduce the slope of the understeer gradient for a vehicle that is understeer, 

the effective rear cornering stiffness would have to be reduced or the front cornering 

stiffness would have to increase. 

Recall that the cornering stiffness can be changed by changing the tire parameters or the 

vehicle parameters. Some of the tire parameters examined in Section 1.4.1 that effect the 

cornering stiffness are tire pressure, camber angle, and the tire load sensitivity. From the 

tire load sensitivity, the lateral force coefficient decreases as the normal force on the tire is 

increased. Thus, by changing how the weight is distributed when turning, the effective 

cornering stiffness can be changed. From the roll plane model, the weight distribution in a 

turn can be changed by modifying the roll stiffness or the roll center heights. By modifying 

how the vehicle rolls in a turn, the suspension will have a different response and thus the 

camber angle will also change.  

1.5 VEHICLE SENSORS 

To measure the vehicles response four sensors are needed; an accelerometer, gyroscope, 

GPS and steering wheel position sensor. The four sensors outputs are saved onto a secure 

digital (SD) card for post processing. A microcontroller is used to take each output and 

 𝐶𝛼𝑅𝑏 > 𝐶𝛼𝐹𝑎 (1.33) 

 𝐶𝛼𝑅𝑏 < 𝐶𝛼𝐹𝑎 (1.34) 
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process it into comma-separated values (CSV) with the appropriate header. A printed 

circuit board (PCB) is used to connect each sensor to the microprocessor, as shown in 

Figure 1.14. The wiring diagram for the PCB is attached in Appendix B. 

 
Figure 1.14. Data acquisition PCB 

The cost of all of the sensors is outlined in Table 1.5. 

Table 1.5. List of sensors and their cost 

SENSOR COST 

IMU $34.95 

GPS $39.95 

GPS ANTENNA $14.95 

TEENSY 3.6 $29.25 

STEERING WHEEL POSITION SENSOR $45.00 

TOTAL $164.10 
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1.5.1 INERTIAL MEASUREMENT UNIT  

An Inertial Measurement Unit (IMU) is a device used to measure the relative acceleration 

and angular rate of the vehicle. The IMU is set up so that the axis corresponds to the vehicle 

frame coordinate system and are assuming that both axes are perfectly aligned. The sensor 

used is the Bosch BNO055 which has a 3-axis accelerometer, 3-axis gyroscope, 3-axis 

magnetometer and a temperature sensor. This chipset features sensor fusion, which is used 

to correct for sensor drift and white noise. The sensor has several sensor fusion modes but 

the IMU configuration best supports the underlying scientific thought process for this 

thesis. When configured in IMU mode only the accelerometer and gyroscope are used, as 

the magnetometer is used for absolute position. 

The IMU outputs the filtered gyroscope and accelerometer data at 100 Hz. According to 

the datasheet [17] the uncertainty of the output data is given by Table 1.6. Where the 

uncertainty is calculated using the output noise density and sampling bandwidth. While in 

sensor fusion mode the bandwidth is controlled by the algorithm, so the typical values and 

maximum values are shown below. 

Table 1.6. IMU uncertainty 

1.5.2 GLOBAL POSITIONING SYSTEM 

The Global Positioning System (GPS) uses satellites to report the global location and 

velocity vector of the vehicle. The velocity vector is displayed as a magnitude and angle 

relative to true north. A single-antenna GPS receiver with a 28dB external antenna is used 

SENSOR  (TYPICAL)  (MAX) 

ACCELEROMETER 0.02 [ m / s2 ] 0.12 [ m / s2 ] 

GYROSCOPE 0.1 [  / s ] 0.3 [  / s ] 
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to acquire measurements. The external antenna is placed above the CG location so the 

velocity term does not need to be transposed to the CG in code. The sensor uses the 

GlobalTop PA6H MTK MT3339 chipset which features 66 channels and update of 10 Hz.  

The GPS sensor uses the National Marine Electronics Association (NMEA) 0183 standard 

to transmit sentences to the microprocessor over a serial connection. Two NMEA sentences 

are used to provide the required information; The Global Positioning System Fix Data 

which has the identifier of GPGGA, and the Recommended minimum specific GPS/Transit 

data which has the identifier of GPRMC. The GPGGA transmission is used to verify that 

the GPS receiver has a sufficient lock on satellites and is using Differential Global 

Positioning System (DGPS). The GPRMC transmission is used for the vehicles speed and 

the true course. 

DGPS mode provides improved location and velocity accuracy using fixed ground-based 

reference stations to broadcast the difference between the positions indicated by the GPS 

satellite system and the known fixed positions [18]. Using DGPS mode comes at the cost 

of reducing the update rate from 10 Hz to 5 Hz. The uncertainty for the GPS receiver shown 

in Table 1.7, is reproduced from the datasheet [19].  

Table 1.7. GPS uncertainty 

While the accuracy of the position and velocity are constant, the accuracy of the track angle 

is a function of the vehicle speed. As a result, the estimated sideslip can only be as accurate 

the track angle. The accuracy of the track angle can be approximated as:  

  (GPS)  (DGPS) 

POSITION 3.0 [ m ] 2.5 [ m ] 

VELOCITY 0.1 [ m / s ] 0.05 [ m / s ] 
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 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 (𝑎𝑡𝑎𝑛 (
𝑉𝑒
𝑉𝑛

)) = 𝑎𝑡𝑎𝑛 (
𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦(𝑉)

𝑠𝑝𝑒𝑒𝑑
) (1.35) 

Using the accuracy for the velocity in DGPS mode, the accuracy of the track angle can be 

expressed for several speeds in Table 1.8. 

Table 1.8. GPS track angle uncertainty 

1.5.3 STEERING WHEEL POSITION SENSOR 

To measure the angle of the tires a steering wheel position sensor is constructed. The sensor 

consisted of a beveled drum attached to the steering wheel and its string attached to a TE 

Connectivity 80” SGH string potentiometer. The linear potentiometer is mounted onto a 

2x4 piece of lumber attached to the center cup holder, as shown in Figure 1.15.  

SPEED [ KM / H ] TRACK ANGLE ACCURACY 

10 1.03 

20 0.52 

50 0.21 

100 0.10 

200 0.05 
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Figure 1.15. Steering wheel position sensor 

The tire steering angle was calibrated to the steering wheel position by measuring the tire 

angle and the corresponding bits from the DAQ. The measurements were taken on the 

passenger tire for every 180-degree rotation of the steering wheel, and the results are shown 

in Table 1.9. The corresponding negative and positive steering angles are then averaged 

together to remove the Ackerman steering and to determine the tire angle for the bicycle 

model. Ackerman steering is a geometric principle that adjusts the inner and outer tire 

steering angle so they do not have the same radii. 
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Table 1.9. Tire steering angle 

1.5.4 MICROCONTROLLER 

A microcontroller is an entire computer on a compact integrated circuit. The inputs and 

outputs of the microcontroller are used to communicate with the sensors. The 

microcontroller is used to take each sensor output and process it into a CSV file with an 

appropriate header. The sensors outputs are saved onto a SD card for post processing. 

A Teensy 3.6 is used as the microcontroller as it has enough inputs and outputs, and a clock 

speed that is able sample all of the sensors at the required sampling frequency. The 

microcontroller requirements are shown in Table 1.10. 

Table 1.10. Microcontroller requirements 

Two methods are used to set the sampling rate of the sensors; a timer and a serial event. 

The IMU and steering position sensor use a timer to determine when the microcontroller 

should take a measurement. The timer code works by comparing the current onboard clock 

time to the clock time from the previous measurement. If the difference between the clock 

time is greater than or equal to the desired sampling rate, a measurement is taken. A timer 

STEERING 

ANGLE 
-540 -360 -180 0 180 360 540 

BITS 196 179 141 122 87 69 41 

TIRE ANGLE        

SENSOR 
COMMUNICATION 

PROTOCOL 

SAMPLING 

FREQUENCY 

IMU I2C 100 Hz 

STEERING 

POSITION 
Analog 100 Hz 

GPS Serial 5 Hz 
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is not needed for the GPS receiver as it transmits data as it is received and the update rate 

is set by the GPS receiver chipset. To determine when the GPS receiver is transmitting a 

serial event is used. If an incoming signal is detected, a serial event is set to ready which 

triggers the microcontroller to read the incoming transmission. 

The measurements from each of the sensors are stored to the onboard RAM temporarily. 

The microcontroller writes to the SD card in blocks of 512 bytes to reduce the amount of 

time that the SD card is being written to. This is done as the microprocessor cannot 

simultaneously read the sensor and write to the SD card. Each sensor is written to the block 

using comma-separated values and preceded with an appropriate header and millisecond 

time stamp from the microcontroller.  

1.5.5 VEHICLE PARAMETERS 

For the calculation of the tire model the vehicles mass, wheel base, and track width need 

to be measured. The corner weight of the vehicle was measured for both vehicle 

configurations, with a driver, using Longacre Accuset Computerscales, with the results 

shown in Table 1.11. 

Table 1.11. Measured vehicle weight 

The CG location was calculated by summing the moment around the left side of the vehicle 

and the rear axle, given by Eq. (1.36) and Eq. (1.37), respectively. 

 
LEFT 

FRONT 

RIGHT 

FRONT 

LEFT 

REAR 

RIGHT 

REAR 
TOTAL 

UNWEIGHTED 1014.0 lb 991.0 lb 790.0 lb 679.5 lb 3474.5 lb 

WEIGHTED 1008.0 lb 963.0 lb 937.0 lb 857.0 lb 3765 lb 
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 𝑥𝑐𝑔 =  𝑙 (
𝐹𝑧𝐿𝐹

+ 𝐹𝑧𝑅𝐹

𝑊
) (1.36) 

 𝑦𝑐𝑔 =  𝑡 (
𝐹𝑧𝑅𝐹

+ 𝐹𝑧𝑅𝑅

𝑊
) (1.37) 

The CG location is given as distance from the rear axle for the X-axis and the distance from 

the left side of the vehicle for the Y-axis. The track width and wheel base of the vehicle 

were measured. The vehicle parameters for both vehicle configurations is shown in Table 

1.12. 

Table 1.12. Vehicle parameters 

 
UNWEIGHTED 

VEHICLE 
WEIGHTED VEHICLE 

X-AXIS CG LOCATION 59.8 in 54.3 in 

Y-AXIS CG LOCATION 29.6 in 29.7 in 

TRACK WIDTH 60 in 

WHEELBASE 103.7 in 
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CHAPTER 2  

KALMAN FILTER DESIGN 

2.1 GENERAL KALMAN FILTER 

The Kalman filter uses measurements from multiple sensors and a model of the system 

dynamics to estimate vehicle states that cannot be directly measured, like the vehicle’s yaw 

angle [4]. The general Kalman filter structure can be expressed as a measurement update 

and a time update [20, 21]. The measurement update is generally described as: 

 

𝑥𝑡(+) =  𝑥𝑡(−) + 𝐾𝑡(𝑦𝑡 − 𝐶𝑥𝑡(−)) 

𝐾𝑡 = 𝑃𝑡(−)𝐶𝑇(𝐶𝑃𝑡(−)𝐶𝑇 + 𝑅)     Or    𝐾𝑡 = 𝑃𝑡(+)𝐶𝑇𝑅−1𝑃𝑡(+) =

(𝐼 − 𝐾𝑡𝐶)𝑃𝑡(−)     or     𝑃𝑡(+)−1 = 𝑃𝑡(−)−1 + 𝐶𝑇𝑅−1𝐶 

(2.1) 

Where 

 

𝑥𝑡(−) = 𝑝𝑟𝑖𝑜𝑟 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 𝑠𝑡𝑎𝑡𝑒 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 

𝑥𝑡(+) = 𝑢𝑝𝑑𝑎𝑡𝑒𝑑 𝑒𝑠𝑡𝑖𝑚𝑎𝑡𝑒 𝑜𝑓 𝑠𝑦𝑠𝑡𝑒𝑚 𝑠𝑡𝑎𝑡𝑒 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 

𝑃𝑡(−) = 𝑝𝑟𝑖𝑜𝑟 𝑒𝑟𝑟𝑜𝑟 𝑐𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 

𝑃𝑡(+) = 𝑢𝑝𝑑𝑎𝑡𝑒𝑑 𝑒𝑟𝑟𝑜𝑟 𝑐𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 

𝐾𝑡 = 𝐾𝑎𝑙𝑚𝑎𝑛 𝐺𝑎𝑖𝑛 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 

𝑦𝑡 = 𝑛𝑒𝑤 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 

𝐶 = 𝑂𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑚𝑎𝑡𝑟𝑖𝑥 

𝑅 = 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑛𝑜𝑖𝑠𝑒 𝑐𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 

 

The time update is described as: 

 

𝑥𝑡+1(−) = 𝐴𝑑𝑥𝑡(+) + 𝐵𝑑𝑢𝑡 

𝑃𝑡+1(−) = 𝐴𝑑𝑃𝑡(+)𝐴𝑑
𝑇 + 𝑄 

(2.2) 
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Where 

 

𝐴𝑑 = 𝑒𝐴𝛥𝑇 = ∑
𝐴𝑘𝛥𝑇𝑘

𝑘!

∞

𝑘=0

 

𝐵𝑑 = ∫ 𝑒𝐴𝜂𝑑𝜂
𝛥𝑇

0

𝐵 = ∑
𝐴𝑘𝛥𝑇𝑘+1

(𝑘 + 1)!
𝐵

∞

𝑘=0

 

𝑢𝑡 = 𝑖𝑛𝑝𝑢𝑡 𝑡𝑜 𝑠𝑦𝑠𝑡𝑒𝑚 𝑎𝑡 𝑡𝑖𝑚𝑒 𝑡 

𝑄 = 𝑝𝑟𝑜𝑐𝑒𝑠𝑠 𝑛𝑜𝑖𝑠𝑒 𝑐𝑜𝑣𝑎𝑟𝑖𝑎𝑛𝑐𝑒 𝑚𝑎𝑡𝑟𝑖𝑥 

 

The discrete form of a linear dynamic system represented in state-space is represented as: 

 
�̇�𝑘 = 𝐴𝑋𝑘−1 + 𝐵𝑈𝑘 

𝑌𝑘 = 𝐶𝑋𝑘 

(2.3) 

Where A and C are the state evolution and observation matrices, B is the input matrix, Xk 

is the state vector at time k, Uk is the known input/control vector at time k, and Yk is the 

observation made at time k [4]. From the planar bicycle model, the vehicles movement can 

be described by either the yaw and side slip angle or the longitudinal and lateral velocity. 

Using both methods, a cascading kinematic Kalman filter (KKF) is derived to reduce noise 

and bias in the IMU measurements. 

2.2 YAW KINEMATIC KALMAN FILTER 

The yaw angle kinematic Kalman filter (KKF) is the first filter in the cascading KKF and 

is used is to estimate the yaw angle of the vehicle. It estimates the yaw angle using the 

measured yaw rate from the IMU and the track angle from the GPS sensor. The structure 

of the filter is based on how the measured yaw rate relates to the yaw angle. Where the 

measured yaw rate from the IMU is modeled as: 
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 𝑟𝑚 = �̇� + 𝑟𝑏𝑖𝑎𝑠 + 𝑛𝑜𝑖𝑠𝑒 (2.4) 

Where 

 

𝜓 = 𝑦𝑎𝑤 𝑎𝑛𝑔𝑙𝑒 𝑜𝑓 𝑣𝑒ℎ𝑖𝑐𝑙𝑒 
𝑟𝑚 , 𝑟𝑏𝑖𝑎𝑠 = 𝑦𝑎𝑤 𝑟𝑎𝑡𝑒 𝑔𝑦𝑟𝑜 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑎𝑛𝑑 𝑏𝑖𝑎𝑠 

𝑟 = �̇� = 𝑡𝑖𝑚𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 𝑦𝑎𝑤 𝑎𝑛𝑔𝑙𝑒 
 

For the GPS sensor, 

 𝜓𝑚
𝐺𝑃𝑆 = 𝜓 + 𝑛𝑜𝑖𝑠𝑒 (2.5) 

Where 

 𝜓𝑚
𝐺𝑃𝑆 = 𝑦𝑎𝑤 𝑎𝑛𝑔𝑙𝑒 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑜𝑓 𝑣𝑒ℎ𝑖𝑐𝑙𝑒  

The structure of the filter can be represented as the linear state space dynamic system from 

Eq. (2.3), where the IMU measurements from Eq. (2.4) is the input and the GPS 

measurement from Eq. (2.5) is the measured value. 

 
[

�̇�
�̇�𝑏𝑖𝑎𝑠

] = [
0 −1
0 0

] [
𝜓

𝑟𝑏𝑖𝑎𝑠
] + [

1
0
] 𝑟𝑚 + 𝑛𝑜𝑖𝑠𝑒 

𝜓𝑚
𝐺𝑃𝑆 = [1 0] [

𝜓
𝑟𝑏𝑖𝑎𝑠

] + 𝑛𝑜𝑖𝑠𝑒 
(2.6) 

Since the single-antenna GPS receiver is only able to measure the track angle, the measured 

GPS values should only be updated when the track angle is the same as the yaw angle. The 

yaw angle and track angle coincide when the vehicle is not turning as no lateral forces are 

acting on the vehicle. To use the angle of the velocity vector as the yaw angle, the KKF 

must know when the vehicle is traveling straight. The two possibilities for determining this 

are by using the yaw rate from the IMU or a steering wheel position sensor. If the vehicle 

is determined to be heading straight and the GPS update is available the  C matrix in the 

filter is set to [ 1, 0 ] every other time is set to [ 0, 0 ] [3, 5]. 
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Applying the Kalman filter Eq. (2.2) to the system in Eq. (2.6) a discrete representation 

can be written as: 

 

𝑥𝑡+1(−) = 𝐴𝑑𝑥𝑡(+) + 𝐵𝑑𝑢𝑡 

𝐴𝑑 = 𝑒𝐴𝛥𝑇 = ∑
𝐴𝑘𝛥𝑇𝑘

𝑘!

∞

𝑘=0

= [
1 −𝛥𝑇
0 1

] 

𝐵𝑑 = ∫ 𝑒𝐴𝜂𝑑𝜂
𝛥𝑇

0

𝐵 = ∑
𝐴𝑘𝛥𝑇𝑘+1

(𝑘 + 1)!
𝐵

∞

𝑘=0

= [
𝛥𝑇
0

] 

(2.7) 

2.3 VELOCITY KINEMATIC KALMAN FILTER 

The velocity kinematic Kalman filter (KKF) is the second filter in the cascading KKF 

structure, and is used to estimate the lateral and longitudinal velocity at the vehicles CG It 

uses the calculated velocity vector and the measured lateral and longitudinal acceleration 

from the IMU to estimate the velocity and acceleration bias for the lateral and longitudinal 

axis. The structure of the filter is based on the kinematic relationship between the 

acceleration measurements and the velocity components, and can be modeled as: 

 
𝑎𝑥,𝑚 = �̇�𝑥,𝑠𝑒𝑛𝑠𝑜𝑟 − �̇�𝑢𝑦,𝑠𝑒𝑛𝑠𝑜𝑟 + 𝑎𝑥,𝑏𝑖𝑎𝑠 + 𝑛𝑜𝑖𝑠𝑒 

𝑎𝑦,𝑚 = �̇�𝑦,𝑠𝑒𝑛𝑠𝑜𝑟 + �̇�𝑢𝑥,𝑠𝑒𝑛𝑠𝑜𝑟 + 𝑎𝑦,𝑏𝑖𝑎𝑠 + 𝑛𝑜𝑖𝑠𝑒 (2.8) 

Where 

 

𝑢𝑥,𝑠𝑒𝑛𝑠𝑜𝑟 = 𝑙𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑖𝑛𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑎𝑡 𝑠𝑒𝑛𝑠𝑜𝑟 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 
𝑎𝑥,𝑚  , 𝑎𝑥,𝑏𝑖𝑎𝑠 = 𝑙𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑖𝑛𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑜𝑚𝑒𝑡𝑒𝑟 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑎𝑛𝑑 𝑏𝑖𝑎𝑠 
𝑢𝑦,𝑠𝑒𝑛𝑠𝑜𝑟 = 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑎𝑡 𝑠𝑒𝑛𝑠𝑜𝑟 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 
𝑎𝑦,𝑚  , 𝑎𝑦,𝑏𝑖𝑎𝑠 = 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑎𝑐𝑐𝑒𝑙𝑒𝑟𝑜𝑚𝑒𝑡𝑒𝑟 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑎𝑛𝑑 𝑏𝑖𝑎𝑠 

 

The longitudinal and lateral velocity are calculated using the results from the yaw KKF. 

Where the estimated yaw angle and the measured true course angle from the GPS is used 

to calculate the vehicles sideslip by Eq. (1.4). The longitudinal and lateral velocity are then 
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calculated by Eq. (1.5) and Eq. (1.6), respectively. Assuming the GPS antenna is placed 

directly above the IMU, the calculated velocity terms can then be written as: 

 
𝑢𝑥,𝑚

𝐺𝑃𝑆 = 𝑢𝑥,𝑠𝑒𝑛𝑠𝑜𝑟 + 𝑛𝑜𝑖𝑠𝑒 

𝑢𝑦,𝑚
𝐺𝑃𝑆 = 𝑢𝑦,𝑠𝑒𝑛𝑠𝑜𝑟 + 𝑛𝑜𝑖𝑠𝑒 (2.9) 

Where 

 
𝑢𝑥,𝑚

𝐺𝑃𝑆 = 𝑙𝑜𝑛𝑔𝑖𝑡𝑢𝑑𝑖𝑛𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑓𝑟𝑜𝑚 𝐺𝑃𝑆 
𝑢𝑦,𝑚

𝐺𝑃𝑆 = 𝑙𝑎𝑡𝑒𝑟𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑓𝑟𝑜𝑚 𝐺𝑃𝑆  

If the GPS antenna is not placed directly above the IMU an additional velocity term from 

the yaw rate must be included. 

The structure of the KKF for the linear dynamic system of Eq. (2.8) and Eq. (2.9) is given 

by: 

 

[
 
 
 
�̇�𝑥,𝑠𝑒𝑛𝑠𝑜𝑟

�̇�𝑥,𝑏𝑖𝑎𝑠

�̇�𝑦,𝑠𝑒𝑛𝑠𝑜𝑟

�̇�𝑦,𝑏𝑖𝑎𝑠 ]
 
 
 

= [

0 −1 𝑟 0
0 0 0 0
−𝑟 0 0 −1
0 0 0 0

] [

𝑢𝑥,𝑠𝑒𝑛𝑠𝑜𝑟

𝑎𝑥,𝑏𝑖𝑎𝑠

𝑢𝑦,𝑠𝑒𝑛𝑠𝑜𝑟

𝑎𝑦,𝑏𝑖𝑎𝑠

] + [

1 0
0 0
0 1
0 0

] [
𝑎𝑥,𝑚

𝑎𝑦,𝑚
]

+ 𝑛𝑜𝑖𝑠𝑒 

(2.10) 

Where 

 𝑟 = �̇� = 𝑟𝑚 − 𝑟𝑏𝑖𝑎𝑠 = 𝑐𝑜𝑚𝑝𝑒𝑛𝑠𝑎𝑡𝑒𝑑 𝑦𝑎𝑤 𝑟𝑎𝑡𝑒  

When GPS measurements are available, 

 [
𝑢𝑥,𝑚

𝐺𝑃𝑆

𝑢𝑦,𝑚
𝐺𝑃𝑆] = [

1 0 0 0
0 0 1 0

] [

𝑢𝑥,𝑠𝑒𝑛𝑠𝑜𝑟

𝑎𝑥,𝑏𝑖𝑎𝑠

𝑢𝑦,𝑠𝑒𝑛𝑠𝑜𝑟

𝑎𝑦,𝑏𝑖𝑎𝑠

] + 𝑛𝑜𝑖𝑠𝑒 (2.11) 

The discrete state space form becomes: 
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𝐴𝑑 = 𝑒𝐴𝛥𝑇 = ∑
𝐴𝑘𝛥𝑇𝑘

𝑘!

∞

𝑘=0

=

[
 
 
 
 
 𝑐𝑜𝑠 (𝑟𝛥𝑇) −

𝑠𝑖𝑛(𝑟𝛥𝑇)

𝑟
𝑠𝑖𝑛 (𝑟𝛥𝑇)

𝑐𝑜𝑠(𝑟𝛥𝑇) − 1
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(2.12) 

The measured vehicle response from the IMU and single-antenna GPS receiver will be 

filtered using the yaw and velocity KKF. The results from the KKF are then used to 

calculate the front and rear tire model for a bicycle model. 
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CHAPTER 3  

VEHICLE SIMULATION RESULTS 

3.1 INTRODUCTION 

A simulation was written in MATLAB to verify the accuracy of estimating the linear tire 

model of a vehicle using consumer-grade electronics to measure the vehicle response. The 

tire model is estimated for a stock vehicle configuration and a modified vehicle 

configuration, where the rear roll center is increased six-inches. The results of the estimated 

tire model are used to illustrate how the vehicle parameters can change a vehicle’s handling 

and how it can be quantified in the tire model. 

The vehicle response is simulated for a given steering input using the planar four-wheeled 

vehicle model, roll plane model, and Pacejka’s Magic Formula [12]. Consumer-grade 

accelerometer, gyroscope, and single-antenna GPS receiver are simulated using the true 

vehicle response and augmenting it with noise and bias. Several methods of filtering the 

measured vehicle response, using the yaw kinematic Kalman filter and velocity kinematic 

Kalman filter, are investigated to determine the best method to remove the noise and bias 

from the virtual sensors, and estimate the vehicles velocity and yaw angle. The estimated 

vehicle states are used to calculate the front and rear lateral force and tire sideslip which 

are used to generate a tire model. A flowchart of each process and its respective input and 

output is shown in Figure 3.1. 
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Figure 3.1. Simulation process flowchart 
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3.2 STOCK VEHICLE RESULTS 

The vehicle response is simulated using the planar four-wheeled vehicle model and roll 

plane model in order to more accurately model a real vehicle. While cornering, these 

models simulate the change in normal force on each wheel due to centripetal acceleration 

and the suspension roll stiffness. Pacejka’s Magic Formula is used to calculate the lateral 

force generated by each tire for its given normal force and slip angle. By calculating the 

lateral force for each tire independently, the tire load sensitivity can be accurately modeled. 

The tire data used in the simulation is from a 205/60R15 91V inflated to 2.2 bar. Where 

the full set of Magic Formula equations and parameters used are shown in Appendix A [12, 

22]. 

The simulation is modeled after the Rostrenen test performed in Doumiati [4]. The 

Rostrenen test was chosen for the simulation because of its simplicity and all the test results 

were published. In the Rostrenen test the car is traveling down a road at 30 m/s and makes 

a left-hand turn from 6 𝑠 < 𝑡 < 10 𝑠, with a steering angle at the wheels of about 0.04 rad, 

and a curve radius of 130 meters with a bank angle of 7%. After the turn the driver than 

decelerates for 𝑡 > 12 𝑠. In the simulation, it should be noted that the bank angle is not 

simulated and the vehicle does not decelerate. The simulated stock vehicle response for the 

Rostrenen test is shown in Figure 3.2. 
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Figure 3.2. Simulated time history of the Rostrenen test 
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Virtual sensors are then created for the accelerometer, gyroscope, and GPS using the 

simulated vehicle response. The three sensors need to correspond to the correct reference 

frame discussed in Section 1.3. After the virtual sensors are translated to the correct 

reference frame, gaussian white noise and bias/drift is added. The accelerometer and 

gyroscope are sampled at 100 Hz, where the single-antenna GPS receiver is sampled at 5 

Hz. These sampling rates were chosen for the simulation as they are the sampling rates that 

the selected GPS and IMU are able to achieve. To account for the difference in sampling 

rates in the GPS signal, a matrix of the same length is used and is set to be zero when no 

GPS measurements are present. The noise and bias values used for the IMU and GPS 

sensors are displayed in Table 3.1 and Table 3.2, respectively. 

Table 3.1. Simulated IMU errors [5] 

Table 3.2. Simulated GPS errors [5] 

Since a single-antenna GPS receiver only provides a resultant velocity and a track angle, 

the standard deviation is calculated. The equations for standard deviation of the resultant 

velocity and tracking angle is provided in Eq. (3.1). and Eq. (3.2)., respectively. 

Sensor (100 Hz) 
Standard Deviation () Bias 

Value Unit Value Unit 

Yaw rate gyroscope  𝑟 1.0 E-1 [  / s ] 1.0 [  / s ] 

Longitudinal accelerometer �̈� 5.0 E-1 [ m / s2 ] 1.0 [ m / s2 ] 

Lateral accelerometer �̈� 5.0 E-1 [ m / s2 ] 1.0 [ m / s2 ] 

GPS (5 Hz) 
Standard Deviation () 

Value Unit 

Longitudinal velocity 𝜎�̇�𝑒
 2.5 E-2 𝑘𝑛𝑜𝑡𝑠 

Lateral velocity 𝜎�̇�𝑒
 2.5 E-2 𝑘𝑛𝑜𝑡𝑠 
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 (3.2) 

The simulated accelerometer, gyroscope, and single-antenna GPS receiver are plotted with 

its respective true values in Figure 3.3, Figure 3.4, and Figure 3.5, respectively. 

 
Figure 3.3. Measured and true acceleration of the stock vehicle for (A) the longitudinal acceleration and 

(B) the lateral acceleration 
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Figure 3.4. Measured and true yaw rate of the stock vehicle 

 
Figure 3.5. Measured and true GPS track angle, and true vehicle heading for the stock vehicle 
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3.2.1 YAW KINEMATIC KALMAN FILTER 

The yaw angle is used to determine the orientation of the vehicle relative to the earth-based 

reference frame that the GPS sensor uses. As the single-antenna GPS receiver only 

measures the track angle, the direction of the velocity vector, once the vehicle begins to 

turn the orientation of the vehicle is unknown. The orientation of the vehicle is required to 

relate the GPS measurements, in the earth-based reference frame, to the IMU 

measurements in the vehicle reference frame. The vehicles yaw angle is estimated using 

the yaw kinematic Kalman filter (KKF) and the measured vehicle response from the IMU 

and GPS sensors. The estimated vehicle yaw angle and yaw rate will be compared to the 

true yaw angle and yaw rate for five methods. The five methods, outlined in Table 3.3, are 

used to determine when the vehicle is turning. This is important for the KKF as the 

measurements from the GPS are used to estimate the error in the IMU measurements while 

the vehicle is driving straight, and while the vehicle is turning the IMU measurements are 

used to estimate the vehicles yaw angle.  

Table 3.3. List of methods used to filter the data 

Method 1: Using yaw rate to determine if the vehicle is driving straight. This is the first 

approach as it is the simplest to implement. The measured yaw rate is the angular velocity 

METHOD STRATEGY 

1) Using yaw rate to determine if the vehicle is driving straight 

2) Using yaw acceleration to determine if the vehicle is driving straight 

3) Using tire steering angle to determine if the vehicle is driving straight 

4) Combination of Method 1, 2 & 3 

5) Using a cubic spline of the GPS signal 
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of the vehicle at the center of gravity (CG). If a vehicle is turning it will have an angular 

velocity proportional to how sharp of a turn the vehicle is making. This method uses bounds 

around zero to determine if the vehicle has zero yaw rate, i.e. not turning, where the bounds 

are set to plus/minus the expected sensor uncertainty. Due to the bias in the yaw rate 

measurements, the yaw rate exceeds the vehicle straight bounds at 1.2 seconds, as 

illustrated in Figure 3.4. As a result, the KKF will not use the ‘true’ measurements from 

the GPS to correct the error in the yaw rate measurements after 1.2 seconds. If the error is 

not corrected in the yaw rate measurements, the yaw rate error will be integrated causing 

the estimated yaw angle error to increase exponentially. 

 
Figure 3.6. Method 1: vehicle considered traveling straight 

As this method uses bounds around zero to determine when the vehicle is driving straight, 

if the vehicle begins a turn by turning in one direction then the opposite direction the yaw 
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rate will pass through the straight bounds. This will result in the KKF restarting the 

estimation of the yaw angle with the measured track angle from the GPS after the yaw rate 

has exceeded the straight bounds. As a result, the estimated yaw angle will not accurately 

model the true yaw angle as the vehicle already had momentum in the turn. This type of 

maneuver is possible when a driver is swerving around an object but can also occur at 

certain traffic patterns during normal driving. 

Method 2: Using yaw acceleration to determine if the vehicle is driving straight. This 

method uses bounds around zero to determine if the vehicle has zero yaw acceleration, 

where the bounds are set to plus/minus the sensor uncertainty. This method addresses the 

issue with the yaw rate passing through zero when swerving, as the yaw acceleration passes 

through zero when the yaw rate is at its maximum/minimum, as illustrated at 8.5 seconds 

in Figure 3.7 (A) where the yaw acceleration crosses the straight bounds and in Figure 3.7 

(B) where the yaw rate is at its maximum. Due to using the measured yaw rate with a 

constant drift of 1.0 /s, the calculated yaw acceleration has an offset of 1.0 /s2 as 

illustrated by the orange horizontal line in Figure 3.7 (A). 
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Figure 3.7. Method 2: vehicle considered traveling straight using (A) yaw acceleration, with (B) the true 

yaw rate 

The yaw acceleration is calculated by discrete differentiation of the measured yaw rate. 

Where the measured yaw rate was first smoothed using the MATLAB command 

“smoothdata” to reduce the contribution of noise from the measured yaw rate on the 

differentiated calculation. The smooth command used the “moving mean” filter with a 

window size of 50 as these settings preserved the shape of the measured yaw rate for the 

noise values used. 

This method has two major flaws; (1) Since acceleration is the slope of velocity, if the 

vehicle is in a constant rate turn the yaw acceleration will return to zero and (2) when the 

vehicle is exiting a turn, and the yaw rate is decreasing, the slope of the yaw rate will 
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change direction and the yaw acceleration passes through zero. Thus, this method should 

be used in conjunction with another method to improve the results. 

Method 3: Using the tire steering angle to determine if the vehicle is driving straight. This 

method uses the angle of the tires to determine if the vehicle is turning. Similar to Method 

1 and 2 this approach is implemented using bounds around zero. The time at which the 

vehicle is considered to be driving straight after turning, using the tire steering angle, is 

marked on Figure 3.8 (A) by a red circle at 9.8 seconds. The corresponding true yaw rate 

on Figure 3.8 (B) indicates that the vehicle is considered to be driving straight 1.2 seconds 

before the yaw rate settled back to zero, marked by the black circle at 11.0 seconds. 

 
Figure 3.8. Method 3: vehicle considered traveling straight using (A) the tire steering angle, with (B) the 

true yaw rate. 
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The effect that this has on the estimated yaw angle from the yaw KKF can be seen in Figure 

3.9. At 9.8 seconds when the tire steering angle is within the bounds of traveling straight, 

the estimated yaw angle prematurely returns to using the ‘true’ measurement from the GPS 

receiver, as illustrated in Figure 3.9 as the estimated yaw angle returns to the measured 

GPS track angle. While this method has a maximum error of 27% between the true and 

estimated yaw angle it is most likely due to the yaw KKF not being able to estimate the 

yaw rate bias while the vehicle is turning. 

 
Figure 3.9. Method 3: Estimated and true yaw angle, and measured GPS track angle of the stock vehicle. 

As shown in Figure 3.10, the result of only estimating the yaw rate bias when both the GPS 

signal is available and the vehicle is traveling straight leads to a ‘staircase’ structure. This 

structure is not optimal as when the vehicle is turning or when the GPS signal is not 

available the error propagates with time and leads to inaccurate results. 
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Figure 3.10. Method 3: Estimated yaw rate bias of the stock vehicle. 

Method 4: Combination of methods 1, 2 and 3. In order to reduce the error in the estimated 

yaw angle, an additional yaw KKF is implemented. The first yaw KKF is used to estimate 

the yaw rate bias using Method 3. A line of best fit, shown in Figure 3.11, is then applied 

to the estimated yaw rate bias using only the indices when both the GPS signal is available 

and the vehicle is traveling straight.  
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Figure 3.11. Method 4: Estimated and line of best fit yaw rate bias of the stock vehicle 

The yaw rate is then updated by subtracting the line of best fit yaw rate bias from the 

measured yaw rate. The second yaw KKF is then used to estimate the yaw angle using both 

strategies from Method 1 and 2 to determine if the vehicle is driving straight, and the 

updated yaw rate. By estimating the linear yaw rate bias in the first yaw KKF and removing 

it from the measured yaw rate prior to the second yaw KKF, the estimated yaw angle, 

shown in Figure 3.12, is affected less by the inability for the yaw KKF to estimate the yaw 

rate bias while the vehicle is turning. Where the maximum error for the estimated yaw 

angle for Method 4 is 2.8%, which is 24.2% less than the estimated yaw angle from Method 

3. Instead of the estimated yaw angle prematurely returning to the ‘true’ GPS course seen 

in Figure 3.9, the estimated yaw angle is not corrected till after the vehicle is traveling 

straight due to the different sampling rates of the IMU and GPS sensors. 
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Figure 3.12. Method 4: Estimated and true yaw angle, and measured GPS track angle of the stock vehicle. 

Since the yaw rate bias is only estimated when the vehicle is traveling straight and a GPS 

signal is available the estimated yaw rate still exhibits the ‘staircase’ structure discussed in 

Method 3. As shown in Figure 3.13, by implementing the dual yaw KKF approach the 

magnitude of the ‘staircase’ structure has decreased and the estimated yaw rate has a 

maximum error of 1.3% while the vehicle is turning, which corresponds to a decrease in 

error of 18% from Method 3. To remove the ‘staircase’ from the portion when the vehicle 

is traveling straight, a cubic spline will be added in method 5. 
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Figure 3.13. Method 3 and 4 estimated, line of best fit (LOBF), and true yaw rate of the stock vehicle. 

Method 5: Using a cubic spline of the GPS signal. A cubic spline is fitted to the GPS 

signal, using the MATLAB command ‘spline’, to create a vector that is smooth and does 

not have the same ‘staircase’ structure seen previously. The cubic spline GPS track angle 

is compared to the measured GPS track angle in Figure 3.14. By creating a spline of the 

GPS track angle, the sampling rate of the yaw rate and GPS track angle are equal. As a 

result, the yaw rate bias is estimated at every instance the vehicle is considered driving 

straight. As opposed to when the vehicle is traveling straight and the GPS signal is 

available. 
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Figure 3.14. Method 5: Measured and cubic spline of GPS track angle of the stock vehicle 

Using the same dual yaw KKF approach as Method 4, the cubic splined GPS track angle 

is used instead of the measured GPS track angle. With the sampling rate of the GPS and 

the IMU matched, using the spline command, the bias can be estimated the instant the 

vehicle is driving straight. In Figure 3.15, using the spline command reduced the maximum 

error in the estimated yaw angle from 2.8% from method 4 to 1.6% for Method 5.  
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Figure 3.15. Method 5: Estimated and true yaw angle, and spline of the measured GPS track angle for the 

stock vehicle configuration 

Using the spline of the GPS measurements reduced the error in the estimated yaw angle 

but did not significantly affect the yaw rate bias estimation. The estimated yaw rate in 

Method 5 is a closer representation of the true yaw rate, shown in Figure 3.16, when 

compared to the results from Method 4 in Figure 3.13. The fluctuation of the yaw rate was 

not reduced, as hoped, but this is likely due to using the same uncertainty values for all of 

the methods. While the yaw rate does fluctuate when the vehicle is not turning it closely 

represents the true yaw rate when the vehicle is turning. Since the estimated results are 

only desired when the vehicle is turning the fluctuation in the yaw rate can be ignored. 
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Figure 3.16. Method 5: Estimated, line of best fit (LOBF), and true yaw rate of the stock vehicle.  

3.2.2 VELOCITY KINEMATIC KALMAN FILTER 

The velocity KKF uses the vehicles X and Y-axis acceleration, and yaw rate to estimate 

the lateral and longitudinal velocity when the vehicle is turning and GPS is not available. 

When the vehicle is driving straight and GPS is available, the calculated longitudinal and 

lateral velocity is used to estimate the bias in the acceleration values. The longitudinal and 

lateral velocity is calculated by Eq. (1.5) and Eq. (1.6) using the vehicle sideslip, . Where 

the vehicle sideslip, shown in Figure 3.17, is calculated by Eq. (1.4) using the splined GPS 

track angle and the estimated yaw angle from Method 5 since it has the least amount of 

error. 
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Figure 3.17. Method 5: True and calculated vehicle sideslip, , of the stock vehicle. 

Applying the results from the previous section, a spline of the measured GPS velocity and 

a dual KKF approach will be used. The matrix index for when the vehicle is driving straight 

is exported from the yaw KKF in Method 5, and input into the velocity KKF. When the 

vehicle is driving straight the velocity KKF uses the calculated lateral and longitudinal 

velocities from Eq. (1.5) and Eq. (1.6) to estimate the acceleration bias. 

Using the same methodology as Method 4, the first velocity KKF will be used to estimate 

the acceleration bias for each axis by applying a line of best fit only when the vehicle is 

driving straight. The estimated acceleration bias in Figure 3.18 only has one large ‘step’ 

which corresponds to when the vehicle is turning as the KKF is using the splined GPS 

measurements. 
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Figure 3.18. Method 6: Estimated and line of best fit (LOBF) acceleration bias of the stock vehicle for (A) 

the longitudinal acceleration and (B) the lateral acceleration. The estimated acceleration bias is from the 

first velocity KKF and the LOBF bias is calculated using the vehicle straight index. 

The calculated line of best fit is then subtracted from the measured accelerometer values 

for the respective axis. The updated accelerometer values are then passed into the second 

velocity KKF. In the second velocity KKF the lateral and longitudinal acceleration and 

velocity are estimated. The estimated, line of best fit, and true acceleration values are 

graphed in Figure 3.19. At around 10.3 seconds the estimated acceleration values jump and 

then take a second to settle back down, while the line of best fit values do not fluctuate it 

still has a drift of 1/16 m/s2 per second.  
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Figure 3.19. Method 6: Estimated, line of best fit (LOBF), and true acceleration of the stock vehicle for (A) 

the longitudinal acceleration and (B) the lateral acceleration. The estimated acceleration is from the 

second velocity KKF and the LOBF acceleration is from the first velocity KKF.  

The estimated acceleration has less noise than the line of best fit, but is still noisy. To 

reduce the propagation of noise in the calculation of the tire model, a moving mean filter 

is applied to the estimated acceleration values. The values were smoothed using the 

“smoothdata” command in MATLAB and by setting the method to moving mean and the 

window size to 10. These settings were chosen as they remove noise from the signal but 

still preserve the integrity of the signal. The results are graphed in Figure 3.20. The smooth 

acceleration values have less noise than the estimated values and have a maximum error of 

0.6 m/s2 for the x-axis and 2.3 m/s2 for the y-axis.  
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Figure 3.20. Method 6: Moving mean and true acceleration of the stock vehicle for (A) the longitudinal 

acceleration and (B) the lateral acceleration. The moving mean acceleration is of the estimated 

acceleration from the second velocity KKF. 

Examining the graph of the velocity in Figure 3.21, reveals that the jump at 10.3 seconds 

occurs in both the lateral and longitudinal velocity. Looking back at the calculated sideslip 

in Figure 3.17, the jump occurs at the same time. Going back further in the process reveals 

this is a result of the estimated yaw angle prematurely returning to the ‘true’ GPS course 

value in Method 5, shown in Figure 3.15. When comparing the estimated to the calculated 

velocities, the estimated velocities do not show a significant amount of improvement, and 

in some instances the results are worse. 
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Figure 3.21. Method 6: Estimated, calculated, and true velocity of the stock vehicle for (A) the longitudinal 

velocity and (B) the lateral velocity. The estimated velocity is from the second velocity KKF. 

3.2.3 TIRE MODEL 

The tire model is generated for the front and rear tires using the estimated results from the 

yaw and velocity kinematic Kalman filter. The estimated results and the vehicle parameters 

are used to calculate the front and rear lateral force and the tire sideslip for a planar bicycle 

model. The tire sideslip for the front tire is a function of the front vehicle sideslip and the 

steering angle by Eq. (1.9), and the rear tire is a function of the rear vehicle sideslip by Eq. 

(1.10). 

Recall that the vehicle sideslip can be calculated for any point on the vehicle using Eq. 

(1.8), but up to this point only the CG was used. The velocity vector at the front and rear 
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of the vehicle is calculated by transposing the velocity vector from the CG to the respective 

point using Eq. (1.8) Where the front and rear tire sideslip is calculated using the respective 

axle from the bicycle model. The front and rear vehicle sideslip, shown in Figure 3.22, is 

then calculated from Eq. (1.7) using the respective velocity vector. The calculated front 

and rear tires sideslip accurately represents the true sideslip. With the exception of at 10.3 

seconds when the vehicle was ending the turn, as shown in the previous results. Where the 

true tire sideslip from the simulation is the average of both tires on each axle. 

 
Figure 3.22. Calculated and true tire sideslip of the stock vehicle for (A) the front tire and (B) the rear tire. 

The front and rear lateral force is calculated using Newton’s second law, as previously 

discussed in the planar bicycle model section. The front lateral force is a function of the 

vehicle parameters and acceleration as given by Eq. (1.13), where the rear lateral force also 
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includes the steering angle as given by Eq. (1.14). Only the yaw and lateral acceleration 

are used in the lateral force calculation, where the longitudinal acceleration is assumed to 

be negligible, since the vehicle is assumed to be traveling at constant velocity. Due to the 

lateral force being calculated the error and noise from the previously calculated vehicle 

response propagates into the lateral force, as shown in Figure 3.23. While the lateral force 

is noisy, the calculated values follow the same trend as the true front and rear lateral force. 

 
Figure 3.23. Calculated and true tire lateral force of the stock vehicle for (A) the front tire and (B) the rear 

tire. 

The calculated lateral force and tire side slip from Figure 3.22 and Figure 3.23 are used to 

generate a tire model for the vehicle simulation in Figure 3.24. The true tire data from the 

simulation shows that there are an upper and lower curve to the tire data. The upper and 

lower curve are a result of the weight transfer while cornering. The Magic Formula tire 
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model is plotted using the respective static front and rear weight, which shows that the 

centripetal acceleration and roll of the vehicle contribute to the tire model changing for 

turn. The amount that the lateral force changed for each axle is not consistent, as the 

maximum lateral force increased 25% for the front tire and 10.5% for the rear tire. This is 

a result of a combination of factors, but the largest contributors are the CG location, the 

roll axis, and the tire sensitivity. 

 
Figure 3.24. Calculated, true, and Pacjeka’s tire model for the stock vehicle for (A) the front tire and (B) 

the rear tire. Pacjeka’s tire model is using the static weight on the tire. 

The cornering stiffness is determined for the estimated front and rear tires by applying a 

line of best fit to the data in the linear region of the graph, which is from 0 to 0.04 radians. 

Where the estimated cornering stiffness is the slope of the line and is 95373 N/rad for the 

front tire and 71948 N/rad for the rear tire, as labeled on Figure 3.25. When the estimated 
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cornering stiffness is compared to the true cornering stiffness of the FWVM, the estimated 

cornering stiffness has an error of 2.4% for the front tire and 0.9% for the rear tire. 

 
Figure 3.25. Calculated and true linear and nonlinear tire model of the stock vehicle for (A) the front tire 

and (B) the rear tire. The cornering stiffness, C, is the slope of the linear tire model (LTM). 

The understeer gradient is calculated using the vehicle parameters listed in Table 3.4 and 

the estimated cornering stiffness from Figure 3.25. 

Table 3.4. Simulation vehicle parameters 

SYMBOL VALUE UNIT 

M 1637 [ kg ] 

A 1.094 [ m ] 

B 1.642 [ m ] 

L 2.736 [ m ] 
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The understeer gradient for the stock configuration is then calculated using Eq. (1.32) and 

is 0.001361 [rad s2/m]. 

The understeer gradient for the stock vehicle will be compared to modified vehicle in the 

following section. In the next simulation, the vehicle is going to be modified by increasing 

the rear roll-center height six-inches. The results for the change in maximum lateral force 

from the static weight will be used to compare to the stock vehicle configuration. This will 

be used to illustrate that modifying a parameter does not directly correlate to the tire model.  

3.3 MODIFIED VEHICLE RESULTS 

To demonstrate that the estimated tire model can be used to quantify changes in the vehicle 

response due to changes in the suspension and tire parameters, the rear roll center will be 

increased by six-inches. The height increase was chosen because the amount of increase is 

obtainable in adjustable suspensions. By varying the rear roll center height, the other 

vehicle parameters will be the same, like CG, which does not require for the virtual sensors 

to be relocated. This can be used to compare the difference in handling performance 

between a car before a change has been made, for example lowering a car or lifting a truck.  

Recall from Section 1.4.2.3 that by raising the rear roll center height, the weight transfer 

will be greater on the front tires. This thus reduces the normal force on the rear tires, 

decreasing the amount of lateral force that can be generated and increases the normal force 

on the front tires, increasing the amount of lateral force generated. Due to the tire load 

sensitivity, the amount of lateral force generated is not linear to the normal force increased. 

While it is not included in this simulation, the change in roll center would also affect the 

suspension and thus the camber angle of the tire, which also would contribute to the lateral 

force generation. Thus, by changing one parameter several factors of the vehicle change, 
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which make it hard to quantify if the vehicle and tires have not gone through extensive 

testing. 

The same methodology from Section 3.2 is applied to the modified vehicle parameters. 

Where the same initial velocity and steering input are used to simulate a vehicle response. 

The virtual sensors are then input into the Yaw KKF, where the estimated yaw angle is 

shown in Figure 3.26. Similar to the previous results the estimated yaw angle closely 

matches the true yaw angle from the simulation, with the discontinuity occurring when the 

vehicle begins to straighten out. 

 
Figure 3.26. Estimated and true yaw angle, and spline of the measured GPS track angle for the modified 

vehicle configuration. 

The velocity KKF is then used to filter the longitudinal and lateral velocity. Where the 

results from the velocity KKF are actually worse than the calculated velocity using the 

vehicle sideslip, as shown in Figure 3.27. The error in the velocity KKF is likely due to 
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bad tuning or the filter not being robust which yields unfavorable results. Thus, the 

calculated longitudinal and lateral velocity, shown in orange, are used to calculate the tire 

sideslip. 

 
Figure 3.27. Estimated, calculated, and true velocity of the modified vehicle for (A) the longitudinal 

velocity and (B) the lateral velocity. 

The tire sideslip is calculated for the front and rear tires using the same method discussed 

in Section 3.2.3. The calculated tire sideslip has a maximum error of 0.007 rad for both the 

front tire and rear tire. The maximum error occurs at a time of 10.3 seconds for both tires 

and corresponds to the time when the KKF determines the vehicle to be traveling straight. 

The error in the tire sideslip up to time equal to 9 seconds is less than 0.002 rad for both 

tires. This corresponds to the time that the steering angle is being changed from 0.04 rad 

back to zero, and is illustrated in Figure 3.28 as the peak of the tire sideslip. 
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Figure 3.28. Calculated and true tire sideslip of the modified vehicle for (A) the front tire and (B) the rear 

tire. 

The lateral force calculation uses the measured vehicle parameters, and yaw and lateral 

acceleration. Where the longitudinal acceleration is assumed to be negligible as discussed 

in the previous section. As a result, using the calculated velocity instead of the estimated 

velocity has no change to the lateral force calculation. The calculated lateral force has a 

maximum error during the turning portion of 400 N for the front tire and 250 N for the rear 

tire, as illustrated in Figure 3.29.  
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Figure 3.29. Calculated and true tire lateral force of the modified vehicle for (A) the front tire and (B) the 

rear tire. 

Thus, the tire model for the modified vehicle shown in Figure 3.30, is given by plotting the 

lateral force and sideslip against each other. The results show that the tire model does 

deviate from the true values by a significant amount for one portion of the curve. This is 

due to the error from the tire sideslip between 9 and 10.5 seconds. 

Comparing Pacejka’s tire model, using the static vehicle weight, to the actual tire model 

illustrates that the maximum lateral force for each axle changed as a result of the vehicle 

dynamics. The maximum lateral force compared to Pacejka’s tire model for the front tire 

increased 22% while the rear tire increased 5.5%. Which is a decrease in the maximum 

lateral force of 3% for the front tire and 5% for the rear tire, when compared to the stock 

vehicle. While the total lateral force increased 400 N for the front tire and 310 N for the 
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rear tire, which corresponds to a 5.8% increase for the front and a 6.7% increase for the 

rear. 

 
Figure 3.30. Calculated, true, and Pacjeka’s tire model for the Modified vehicle for (A) the front tire and 

(B) the rear tire. Pacjeka’s tire model is using the static weight on the tire. 

The cornering stiffness is determined for the estimated front and rear tires by applying a 

line of best fit to the estimated data in the linear region of the graph, which is from 0 to 

0.04 radians. Where the estimated cornering stiffness is the slope of the line and is 91366 

N/rad for the front tire and 69788 N/rad for the rear tire, as labeled on Figure 3.31. When 

the estimated cornering stiffness is compared to the true cornering stiffness of the FWVM, 

the estimated cornering stiffness has an error of 2.7% for the front tire and 1.4% for the 

rear tire. While the estimated tire model follows the same general trend and magnitude of 
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the true tire model from the FWVM, the estimated cornering stiffness error is larger for the 

modified vehicle configuration. This is most likely due to the filter not being robust. 

 
Figure 3.31. Calculated and true linear and nonlinear tire model of the modified vehicle for (A) the front 

tire and (B) the rear tire. The cornering stiffness, C, is the slope of the linear tire model (LTM). 

The understeer gradient is calculated using the vehicle parameters listed in Table 3.4 and 

the true cornering stiffness from Figure 3.31. The vehicle parameters did not change in the 

modified configuration as the only value that was modified was the rear roll-center height, 

and this is not used to calculate the understeer gradient. The understeer gradient for the 

modified configuration is then calculated using Eq. (1.32), and is 0.001223 [rad s2/m]. 

The understeer gradient for the modified vehicle is less than the stock vehicle. This means 

the modified vehicle is closer to a neutral steer and will turn more for a given steering 

angle. This is verified by examining the true vehicle position, in Figure 3.32, which 
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illustrates that the modified vehicle traveled more in the Y-direction for the same steering 

input and velocity. 

 
Figure 3.32. Stock and modified vehicle position 

3.4 SIMULATION CONCLUSION 

Using the simulation for both vehicles it is shown that the tire model changed by altering 

a single vehicle parameter. This verifies that a vehicle suspension parameter can alter the 

effective tire model. The tire model was then used to verify that the approach could be used 

to quantify the vehicle handling performance using the understeer gradient. 

The understeer gradient was calculated using the cornering stiffness and vehicle 

parameters. The results from the understeer gradient were compared to the vehicle path 

and showed that the vehicle handling changed to more oversteer for the modified vehicle. 

Which showed that the modified vehicle traveled more in the Y-direction, which agrees 
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with the understeer gradient calculation. The results from the estimated cornering stiffness 

did not agree with these results as a result of cornering stiffness changing 0.73% for the 

front tire and 0.66% for the rear tire. Which is too small for low-cost method to detect, as 

its error was 4.2% for the front tire and 3.0% for the rear tire. 

The yaw and velocity KKF are not reliant on the vehicle parameters, but do require to be 

properly tuned. Where the Yaw KKF is tuned better than the velocity KKF. Both filters 

were initially tuned for the unmodified vehicle. 

When comparing the yaw KKF for both vehicles, the results from the unmodified vehicle 

are better than the results for the modified vehicle. This is most likely due to the KKF not 

being robust. This means that the system does not adapt to the model changing resulting in 

the estimation having a higher percent of error. 
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CHAPTER 4  

REAL-WORLD TESTING RESULTS 

The prototyped tire model system is tested in a real-world application on active road ways. 

Different road ways are surveyed to determine which turn would produce the most 

consistent results. The measured results are filtered and compared for one of the turns. The 

tire model is compared for a stock vehicle and modified vehicle.  

The test vehicle, a 2014 Subaru Crosstrek XV, was weighted using 300 lbs of sand placed 

in the trunk of the vehicle. The vehicles CG location was calculated for both vehicle 

configurations by measuring the weight at each corner of the vehicle. The additional weight 

in the rear of the vehicle moved the CG rearward six inches. The increase in weight at the 

rear of the vehicle increases the rear lateral force as shown in Eq. (1.14). From Section 

1.4.1, for the same tire parameters if the normal force is increased the tires will have a 

greater slip angle as a result of the increase in lateral force. As a result, the rear tires will 

saturate first changing the vehicles handling to limit oversteer. 

To ensure that the results were going to be as accurate and consistent as possible it is 

important that the signal-to-noise ratio is large. The accuracy of the estimated yaw angle 

and sideslip is dependent on the vehicle speed, as discussed in Section 1.5.2. As the 

uncertainty in the GPS velocity measurement is fixed, increasing the vehicle speed 

decreases the uncertainty in the measured track angle. For yaw rate and lateral acceleration 

it is important to have the vehicle dynamics excited in order to increase the signal-to-noise 

ratio. 

To determine which turns have the lowest uncertainty the test vehicle was driven around 

local city streets and highways. The route driven with the nine selected turns is shown in 
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Figure 4.1. Where the latitude and longitude location for the center of each turn is manually 

input into MATLAB. 

 
Figure 4.1. Vehicle test route 
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The signal-to-noise ratio for the nine turns from the route were examined. The normalized 

signal-to-noise ratio for each of the turns is shown in Table 4.1. Where the noise values for 

the IMU and GPS is listed in Table 1.6 and Table 1.7, respectively. While turn 1 has the 

largest sum, the speed in the turn is too slow. As a result, the uncertainty in the GPS track 

angle is large which affects the estimated yaw angle and vehicle side slip, as explained in 

Section 1.5.2. After analyzing the results from turn 6, the GPS track angle measurement 

was erratic as the vehicle passes under an overpass. The best turns from this route were 

turn 7 and turn 8. It was easier to acquire data for turn 7 as the road is part of the highway, 

where turn 8 is an off-ramp, so turn 7 is used for the results below. 

Table 4.1. Normalized signal-to-noise ratio for each turn 

For turn seven the expected lateral force is calculated for both vehicle configurations using 

the planar bicycle model. The normalized difference in the lateral force for the front tire 

for turn seven decreases by 5.3% with the additional weight. This is assuming that the 

 YAW RATE 
LATERAL 

ACCELERATION 

GPS 

VELOCITY 
TOTAL: 

TURN 1 1.00 0.61 0.08 1.69 

TURN 2 0.09 0.12 0.27 0.48 

TURN 3 0.05 0.03 0.23 0.30 

TURN 4 0.02 0.13 1.00 1.15 

TURN 5 0.02 0.13 0.85 1.00 

TURN 6 0.10 0.59 0.75 1.43 

TURN 7 0.06 0.38 0.78 1.22 

TURN 8 0.15 1.00 0.54 1.69 

TURN 9 0.14 0.26 0.36 0.76 
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vehicle is steady state and thus has zero yaw acceleration and that the lateral acceleration 

and steering angle is constant. 

The measured output for both vehicle configurations is shown for all runs in Figure 4.2 and 

Figure 4.3. For both vehicle configurations, the sensor output is consistent across all runs. 

The sensor output is also choppy as a result of low-resolution sensors. For the rest of the 

results, only one run for each vehicle configuration will be shown for simplicity. 
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Figure 4.2. Measured sensor output for the stock vehicle for three runs at turn seven 
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Figure 4.3. Measured sensor output for the modified vehicle for four runs for turn seven 



 86 

From the simulation results, the kinematic Kalman filter’s yielded better results when the 

inputs were smoothed. To address the choppiness of the low-resolution sensors, the raw 

sensors are smoothed using a mean filter. Where the raw and smoothed sensors for a 

selected run are compared for the stock and modified vehicle configurations in Figure 4.4 

and Figure 4.5. 

A zero limit is overlaid on each sensor output at plus/minus the uncertainty of the sensor, 

listed in Table 1.6. As a result of the resolution of the sensors the zero limit shows when 

sensor is within the accuracy of the sensor. The smooth data is a better approximation of 

the true values as the smoothed values are an average of the raw data. An example of this 

is when the raw data is fluctuating between two values, as a result of the resolution, and 

the smooth data is approximated as in between those values. The measured yaw rate and 

accelerometer values from the IMU do not show a large bias. This is a result of the IMU 

using sensor fusion to remove bias from the measurements. As a result, using two KKF’s 

is not necessary to remove drift as done in the simulation section. 
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Figure 4.4. Smooth sensor output for the stock vehicle for run three and turn seven 
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Figure 4.5. Smooth sensor output for the modified vehicle for run four for turn seven 
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4.1 YAW KINEMATIC KALMAN FILTER 

For the yaw angle KKF the tire steering angle, and yaw rate and acceleration are used to 

determine when the vehicle is traveling straight. Where the vehicle is considered straight 

when the smoothed measurements are between the sensor uncertainty, denoted by the black 

lines in Figure 4.4 and Figure 4.5. The inputs into the yaw angle KKF are the smoothed 

yaw rate, tire steering angle, and GPS track angle. The estimated yaw angle for both vehicle 

configurations is illustrated in Figure 4.6. The estimated yaw angle lags the GPS course as 

the GPS course is the angle of the vehicle speed. Where a right-hand turn has a positive 

slope and left-hand turn has a negative slope. The results from the estimated yaw angle for 

the stock vehicle appear to be accurate, as the yaw angle returns to the measured track 

angle without a visible difference. The modified vehicle yaw angle results do not blend 

into the measured track angle seamlessly but this error may be due to the estimation routine 

prematurely classifying the vehicle as driving straight.  



 90 

 
Figure 4.6. Estimated yaw angle and GPS track angle for (A) the stock vehicle and (B) the modified vehicle 

for turn seven 

The yaw rate is updated using the estimated yaw rate bias. Where the estimated bias adjusts 

the moving mean yaw rate to be closer the measured yaw rate as shown in Figure 4.7. The 

spike in the estimated yaw rate is most likely a result in the difference in the estimated yaw 

angle and the CG heading when the vehicle is determined to be heading straight. 



 91 

 
Figure 4.7. Measured, smooth, and estimated yaw rate for (A) the stock vehicle and (B) the modified 

vehicle for turn seven 

4.2 VELOCITY KINEMATIC KALMAN FILTER 

The estimated vehicle sideslip, , is used to calculate the lateral and longitudinal velocity. 

The calculated velocity, smoothed acceleration and estimated yaw rate are used to estimate 

the vehicles velocity in the velocity KKF. The vehicle straight index from the yaw KKF is 

used in the velocity KKF. The estimated velocity for the stock and modified vehicle is 

shown in Figure 4.8. The results show that the estimated velocity is four times larger than 

the calculated velocity. 
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Figure 4.8. Calculated and estimated (A) longitudinal velocity and (B) lateral velocity for the stock and 

modified vehicle for turn seven 

The vehicle sideslip can then be calculated using the estimated velocity in Figure 4.9. The 

sideslip for the weighted vehicle is larger than the unweighted vehicle, which holds true 

for the sideslip from the yaw KKF and the velocity KKF. This agrees with the anticipated 

results as the tires should have a large sideslip as a result of the increase in weight. 
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Figure 4.9. Calculated and estimated vehicle sideslip for the stock and modified vehicle for turn seven 

The acceleration is adjusted by subtracting the estimated bias from the smoothed 

acceleration values. The adjusted acceleration values fall in the range of the measured 

values and only vary a little from the smooth values, as shown in Figure 4.10. 
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Figure 4.10. Measured, smooth, and estimated (A) longitudinal and (B) lateral acceleration for the stock 

vehicle and the (C) longitudinal and (D) lateral acceleration for the modified vehicle 
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4.3 TIRE MODEL 

With the data filtered, the tire model is then obtained by calculating the tire sideslip and 

lateral force for the respective axis. The front and rear tire sideslip is given by Eq. (1.9) 

and Eq. (1.10), where the front and rear vehicle sideslip is obtained by transposing the CG 

velocity vector to the respective axle. The front and rear vehicle sideslip, given by Eq. 

(1.8), is calculated using the filtered CG velocity vector, the filtered yaw rate, and the 

distance from the CG to the respective axle. The tire sideslip, shown in Figure 4.11, for the 

weighted vehicle is larger than the tire sideslip for the unweighted vehicle. These results 

are expected as for a given turn the same lateral force coefficient is required and as a result 

of an increase in normal force, from Figure 1.8, the tire will have a larger sideslip. 

 
Figure 4.11. Calculated tire sideslip for (A) the front tire and (B) the rear tire for the stock and modified 

vehicle for turn seven 
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The lateral force is given by Eq. (1.13) and Eq. (1.14) for the front and rear tires, 

respectively. Where the lateral force is calculated using the measured vehicle parameters 

and filtered data. The yaw moment of inertia is approximated using a normalized moment 

of inertia of 0.95, and the vehicle’s mass and wheel base. This normalized moment of 

inertia was selected from the National Highway Traffic Safety Administration’s database 

and the yaw moment of inertia error bounds are believed to be in the range of 3-5% [23]. 

The lateral force, shown in Figure 4.12, shows that the modified vehicle lateral force is 

greater than the stock vehicle lateral force for the rear tire. This is expected as with the 

extra mass more lateral force is required to achieve the same lateral acceleration. 

 
Figure 4.12. Calculated lateral force for (A) the front tire and (B) the rear tire for the stock and modified 

vehicle for turn seven 

Combining the tire sideslip and lateral force in Figure 4.11 and Figure 4.12 for the front 

and rear tire, yields the tire model for the respective axis. The tire model is plotted for when 
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the vehicle was in the turn, which was determined by vehicle straight index from the yaw 

KKF. The cornering stiffness was solved for by fitting a line with a Y-intercept of zero to 

the tire model data, where the cornering stiffness is the slope of the line. The line of best 

fit was applied to tire sideslips between -0.04 rad to 0.04 rad. Both vehicle configurations 

have a similar cornering stiffness for the front tire, as shown in Figure 4.13. The front tire 

cornering stiffness should be similar between vehicle configurations as the front normal 

force only varied by less than 2%, as compared to the rear which varied 22%. For the rear 

tire model, the weighted vehicle has a greater cornering stiffness and a larger amplitude. 

These results are expected and agree with the anticipated results as the increase in lateral 

force for the rear will result in the tire saturating first, causing the vehicle to be limit 

oversteer. The increase in cornering stiffness for the rear tire of the weighted vehicle also 

follows the same trend for a tire with an increase in normal force, as shown in Figure 1.6. 

The normalized cornering stiffness for the front tire for the stock vehicle is 0.69 while the 

modified vehicle is 0.63. Which has the cornering stiffness decreasing for the front tire 

0.06 with the addition of weight. 
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Figure 4.13. Calculated tire model for (A) the front tire and (B) the rear tire for the stock and modified 

vehicle for turn seven 

To average the results of the tire model over all of the data the tire model is separated into 

“bins” using the MATLAB function “discretize.” The data was separated into the optimal 

number of bins to remove error with the timescale. 24 bins were created for tire sideslip 

between -0.2 rad and 0.2 rad. For every tire sideslip in the range, the corresponding lateral 

force was added for the respective axle and a counter kept track of the number of 

occurrences. The lateral force was then averaged using the sum and the number of 

occurrences, and the line of best fit was applied as previously described. The averaged tire 

model in Figure 4.14 verifies that the results over all the runs have the same trend as the 

single run shown in Figure 4.13. 
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Figure 4.14. Averaged tire model for stock and modified vehicle for (A) the front tire and (B) the rear tire 

The averaged tire model does not have the same cornering stiffness for the stock or 

modified vehicle, and the estimated cornering stiffness results are not consistent between 

both vehicle configurations. While the cornering stiffness does not match the estimated 

results for one run, the normalized cornering stiffness for one vehicle model follows the 

same trend. The normalized cornering stiffness for the front tire of the stock vehicle is 0.63 

and for the modified vehicle it is 0.58. Which has the normalized cornering stiffness for 

the front tire decreasing 0.05 from the stock to the modified vehicle. 

4.4 REAL-WORLD CONCLUSION 

The results from the real-world testing for both vehicle configurations agrees with the 

anticipated results. This verifies that although the method is low-cost, it can be used to 

quantify changes in the vehicles cornering stiffness. This method has some limitations, as 
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the normal force on the tires is unknown and the model assumes the vehicle is driving on 

level ground. As a result, the estimated tire model is not for a given normal load and instead 

is the effective tire model for a given turn. 

As a result of the normal force on each tire being unknown, the estimated tire models 

should only be compared for the same turn taken at the same speed. As the load transfer 

due to centripetal acceleration is dependent on the vehicle’s speed and turning radius. By 

keeping the vehicle speed and turning radius consistent between runs the centripetal 

acceleration is kept constant. Thus, the change in normal force on the tires is a result of the 

vehicle properties, such as a change in vehicle mass or roll dynamics. By comparing the 

results for the same turn, the limitation of road bank is removed as both vehicles will 

experience the same bank angle and lateral acceleration, and the increase in normal force 

on the tires is only a factor of the vehicle mass and roll dynamics. 

As a result, the tire model is the effective tire model for the vehicle through the turn. This 

means that the tire model is a result of the vehicle dynamics. Such that a change to the 

vehicle parameters, i.e. sway bars, suspension geometry, roll center, can be detected 

through this method. A vehicle can then be tested prior to making a change and the results 

from the post-modification can be compared to quantify the change in handling. This 

method is unique in that it is a low-cost method that enables the user to quantify a change 

in the vehicle handling.  

The results from the real-world testing shows that with the additional weight in the rear of 

the vehicle that the maximum rear lateral force is greater and that both the front and rear 

tires have a larger slip angle. The rear tire model also shows that the weighted vehicle has 

a greater cornering stiffness. This means that the weighted vehicle will understeer more 
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than the unweighted vehicle. From the tire model, it shows that for the unweighted vehicle 

the front tires will saturate first making the vehicle limit understeer but the weighted 

vehicle is approaching limit oversteer as the maximum lateral force for the rear of the 

vehicle is getting larger. If enough weight is added to the rear of the vehicle, the rear tires 

will saturate first, making the vehicle limit oversteer. 

Sources of error in the estimation routine can be related to external factors such as weather 

conditions or other vehicles could result in skewing the data, as the tests were conducted 

on active roadways. As described in the test procedure cruise control was used to keep a 

constant vehicle speed over the course of the turn. As a result, if a vehicle in front of the 

test vehicle was moving slower than the set cruise speed the test vehicle speed would have 

to be adjusted in the middle of the turn. This would add some error to the estimated results 

as the bicycle model is not accounting for longitudinal force. 

Compared to the more expensive solution of using a dual-antenna GPS and IMU, used by 

RYU, this low-cost solution is able to quantify changes in the tire cornering stiffness. The 

advantage of the dual-antenna GPS is that it measures the vehicles yaw angle and track 

angle, and the longitudinal and lateral velocity, thus by using the KKF the GPS 

measurements are fused with the IMU measurements, yielding a more accurate estimation. 

In the low-cost system the yaw angle, and longitudinal and lateral velocity are estimated 

from the IMU measurements and the sensor fusion part of the KKF only occurs when the 

vehicle is driving straight. This in turn leads to greater inaccuracies in the estimated results. 

In addition to being able to measure the yaw angle and track angle, and lateral and 

longitudinal velocity the sensor has a higher update rate. This can also be used to estimate 

road bank angle. 
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The other advantage in the high cost method is using sensors that have a higher update rate, 

less drift and less noise. By reducing the amount of noise in the measurement, the 

uncertainty is reduced. This reduces the error in the estimated vehicle states. Keeping the 

system low-cost, it would be advantageous to use an IMU that had less uncertainty. 

Although, the built-in sensor fusion is very useful. The other thing would be a steering 

wheel position sensor that had better resolution. 
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CHAPTER 5  

FUTURE WORK 

This thesis shows that a change in the linear tire model can be detected using low-cost GPS 

and IMU sensors. A natural direction for this work is to improve the estimation routine to 

include modeling the test vehicle. Modifications to the test vehicle can be made in a 

simulation and used to quantify what parameters need to be changed to achieve the desired 

handling. [3] examines several methods of estimating the vehicle parameters for the bicycle 

model with roll-plane and verifies the estimated results using a simulation. To achieve 

more accurate results a more complex vehicle model should be used. As the bicycle model 

does not account for the suspension, the effects due to suspension, like roll steer and 

camber, are lumped into the tire model. 
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APPENDIX A TIRE PROPERTY FILE USED IN MAGIC 

FORMULA IMPLEMENTATION [22] 
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APPENDIX B DATA ACQUISITION SCHEMATIC 
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