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ABSTRACT 

 In a world of aging infrastructure, structural health monitoring (SHM) emerged as a major 

step towards resilient and sustainable societies. As we live in the information age, the 

advancements in machine learning and sensor technology have made SHM a more attractive 

damage detection method than the traditional non-destructive testing methods. Data-driven SHM 

requires a statistical learning model which could be supervised or unsupervised. Unsupervised 

learning only requires data from the undamaged structure during the training process. However, 

there is a lack of robust nonparametric density estimation to be used for the training model. In this 

thesis, a new unsupervised learning approach, multivariate Kernel Density Maximum Entropy 

method, is introduced in addition to examining two other approaches based on outlier analysis and 

kernel density estimation. Concepts and algorithms will be provided for each approach. 

Additionally, four types of damage-sensitive features are selected to be examined and compared 

in terms of provided advantages and disadvantages for each feature type. Two case studies, a 

numerical three-story three-dimensional reinforced concrete frame and a shake-table test of a 

three-story reinforced concrete frame with masonry infill, are investigated by applying the 

previously described unsupervised learning methods. In each case study, comparisons are 

conducted between results obtained by using different damage-sensitive features or different 

unsupervised learning approach. Conclusions and recommendations for future studies are provided 

at the end of this thesis. 

  



IV 

 

ACKNOWLEDGMENTS 

 First and foremost, I would like to express my special appreciation and thanks to my 

advisor Professor Xiao Liang who has been a tremendous mentor to me and without whom this 

work would not have been possible. Professor Liang was always there to guide, help and add ideas 

to the thesis throughout this research. I would also like to thank my co-advisor Professor Andreas 

Stavridis for his counsel and support and for participating in this thesis.  I would like to especially 

thank him for providing the data for the shake-table test. I would also like to express my gratitude 

and thanks to Professor Amjad Aref for serving on my thesis committee and providing comments 

and suggestions for improving the thesis. Additionally, I would like to thank the faculty of the 

Civil, Structural and Environmental Engineering department of University at Buffalo from whom 

I learned many things in structural engineering that directly and indirectly affected this research. 

Thanks to my friends and colleagues for providing help and advice for my research. 

 I would like to express my gratitude to the Fulbright Program and the United States 

Department of State for awarding me the Fulbright Student scholarship and funding my master 

studies. Additionally, I would like to thank Amideast for their support and guidance during the 

scholarship. This has been a unique and wonderful experience that enriched me both intellectually 

and culturally. 

 Last, but most certainly not least, I would like to express my deepest love and gratitude to 

my family. Words cannot express how thankful I am to my wife, Naglaa Newir, for her 

unconditional support and motivation throughout my studies and for all the sacrifices that she has 

made on my behalf. I would like to especially thank my parents, Dr. Ahmed Eltouny and Dr. Amal 

Elsherbiny, who instilled a love of learning in me as a child and taught me the importance of 

science and education, I am grateful for their continuous support both emotionally and financially. 

Thanks to my sisters who have been role models to me in academic excellence. And to my dearest 

son Adham, thank you for being such a good child who always cheers me up. 



V 

 

TABLE OF CONTENTS 

ABSTRACT .................................................................................................................................. III 

ACKNOWLEDGMENTS ............................................................................................................ IV 

TABLE OF CONTENTS ............................................................................................................... V 

LIST OF FIGURES ................................................................................................................... VIII 

LIST OF TABLES ......................................................................................................................... X 

CHAPTER 1 INTRODUCTION .................................................................................................... 1 

1.1 Background ........................................................................................................................... 1 

1.2 Aim and Scope ...................................................................................................................... 4 

1.3 Thesis Outline ....................................................................................................................... 5 

CHAPTER 2 STRUCTURAL HEALTH MONITORING: A STATE OF THE ART .................. 8 

2.1 Introduction ........................................................................................................................... 8 

2.2 Damage features development .............................................................................................. 8 

2.3 Unsupervised learning methods .......................................................................................... 11 

CHAPTER 3 DAMAGE-SENSITIVE FEATURES EXTRACTION ......................................... 16 

3.1 Introduction ......................................................................................................................... 16 

3.2 Features Extracted from Time Domain............................................................................... 18 

3.2.1 Cumulative Absolute Velocity ..................................................................................... 18 

3.2.2 Time series models ...................................................................................................... 19 

3.3 Features Extracted from Frequency Domain ...................................................................... 22 

3.3.1 Modal Frequencies ....................................................................................................... 22 

3.3.2 Fourier Transforms ...................................................................................................... 23 



VI 

 

CHAPTER 4 OUTLIER ANALYSIS: A PARAMETRIC APPROACH .................................... 26 

4.1 Introduction ......................................................................................................................... 26 

4.2 Threshold Estimation .......................................................................................................... 28 

4.3 Extreme Value Statistics ..................................................................................................... 29 

CHAPTER 5 NON-PARAMETRIC METHODS ........................................................................ 34 

5.1 Introduction ......................................................................................................................... 34 

5.2 Kernel Density Estimation .................................................................................................. 35 

5.2.1 Choosing the smoothing parameter ............................................................................. 37 

5.3 Generalized Kernel Density Maximum Entropy Method ................................................... 39 

5.3.1 Entropy ......................................................................................................................... 41 

5.3.2 Maximum Entropy probability distribution ................................................................. 43 

5.3.3 Acquiring information from a sample.......................................................................... 44 

5.3.4 The Kernel Density Representation ............................................................................. 45 

5.4 Kernel Density Maximum Entropy with Fractional Moment ............................................. 48 

5.4.1 Convergence ................................................................................................................ 49 

5.4.2 Simplified Procedure ................................................................................................... 51 

5.4.3 Choosing the Correct Number of Fractional Moments................................................ 53 

5.4.4 Bayesian Optimization ................................................................................................. 55 

5.4.5 Summary of KDME with fractional moments procedure. ........................................... 58 

5.5 Kernel Density Maximum Entropy for Multivariate Distributions .................................... 60 



VII 

 

5.6 Novelty Detection Using Nonparametric Probability Distribution .................................... 65 

CHAPTER 6 Case Study I: Numerical three-story reinforced concrete building ........................ 67 

6.1 Introduction ......................................................................................................................... 67 

6.2 Model Construction ............................................................................................................ 67 

6.3 Training and Testing Data Acquisition ............................................................................... 69 

6.4 Damage Definition .............................................................................................................. 70 

6.5 Methodology ....................................................................................................................... 71 

6.6 Results ................................................................................................................................. 73 

6.6.1 Outlier Analysis ........................................................................................................... 73 

6.6.2 Nonparametric methods ............................................................................................... 83 

CHAPTER 7 CASE STUDY II: A SHAKE TABLE TEST OF THREE-STORY RC FRAME 

WITH INFILL WALLS ................................................................................................................ 90 

7.1 Introduction ......................................................................................................................... 90 

7.2 The Specimen...................................................................................................................... 90 

7.3 Training and Testing Dataset and Damage Definition ....................................................... 92 

7.4 Methodology ....................................................................................................................... 94 

7.5 Results ................................................................................................................................. 95 

CHAPTER 8 SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS FOR FUTURE 

WORK ........................................................................................................................................ 106 

LIST OF REFERENCES ............................................................................................................ 110 



VIII 

 

LIST OF FIGURES 

Figure 3.1: Classification of Damage Features ............................................................................. 17 

Figure 4.1: Outlier Analysis. ......................................................................................................... 26 

Figure 5.1: Outliers in unimodal PDF vs multimodal PDF .......................................................... 34 

Figure 6.1: Structure dimensions. ................................................................................................. 68 

Figure 6.2: True class of the testing dataset. ................................................................................. 71 

Figure 6.3: z-score vs peak drift ratio (CAV). .............................................................................. 74 

Figure 6.4: R2-statistic vs model order. ........................................................................................ 75 

Figure 6.5: feature distribution of AR(3) coefficients. ................................................................. 75 

Figure 6.6: MSD vs peak drift ratios of time series models. ........................................................ 76 

Figure 6.7: Feature distribution of the first two modal frequencies. ............................................ 77 

Figure 6.8: Mahalanobis Squared Distance vs peak drift ratio (modal frequencies). ................... 78 

Figure 6.9: Mahalanobis Squared Distance vs peak drift ratio (FFT). ......................................... 80 

Figure 6.10: Average Fourier transforms magnitudes (normal condition is in black). ................. 80 

Figure 6.11: Mahalanobis Squared Distance vs peak drift ratio (FFT, 2nd trial). ......................... 81 

Figure 6.12: Outlier analysis results using windowed FFT feature .............................................. 82 

Figure 6.13: Comparison between KDME, KDE and Gaussian densities for CAV..................... 85 

Figure 6.14: RCAV vs Drift ratio – Threshold estimated using KDME (left) and KDE (right). . 85 

Figure 6.15: Modal frequencies independent components densities – left: KDME, right: KDE. 87 

Figure 6.16: CDF vs drift ratio for modal frequency independent components – left: KDME, right: 

KDE. ............................................................................................................................................. 87 

Figure 6.17: AR(3) coefficients independent components densities – left: KDME, right: KDE. 88 

Figure 6.18: Confusion matrices for all Case I diagnostic results. ............................................... 89 



IX 

 

Figure 7.1: Test specimen (Stavridis, 2009). ................................................................................ 91 

Figure 7.2: Location and direction of accelerometers on each floor (Stavridis, 2009). ............... 91 

Figure 7.3: Outlier analysis results using ambient vibration data (CAV)..................................... 98 

Figure 7.4: Outlier analysis results using ambient vibration data (AR(3)) ................................... 99 

Figure 7.5: Outlier analysis results using white noise data (CAV, training: test #5 / RMS = 0.03g)

..................................................................................................................................................... 100 

Figure 7.6: Outlier analysis results using white noise data (CAV, training: test #17 / RMS = 0.04g)

..................................................................................................................................................... 101 

Figure 7.7: Outlier analysis results using white noise data (AR(3)) ........................................... 102 

Figure 7.8: Confusion matrices for Case II outlier analysis results – left: ambient vibration data, 

right: white noise data. ................................................................................................................ 103 

Figure 7.9: Ambient vibration training data – 3rd floor sensor. .................................................. 105 

Figure 7.10: RCAV values of ambient vibration data – left: 2nd-floor sensor, right: 3rd-floor sensor.

..................................................................................................................................................... 105 

  



X 

 

LIST OF TABLES 

 

Table 6.1: Comparison between different features for outlier analysis. ....................................... 83 

Table 6.2: Comparison between nonparametric approach results (Case I). ................................. 88 

Table 7.1: Test protocol (Stavridis, 2009). ................................................................................... 93 

Table 7.2: Damage levels for each testing data case. ................................................................... 94 

Table 7.3: Comparison of outlier analysis results (Case II) ........................................................ 104 

Table 7.4: Comparison between CAV outlier analysis results for different RMS amplitude values.

..................................................................................................................................................... 105 



1 

 

CHAPTER 1 

INTRODUCTION 

1.1 Background 

Infrastructure is the backbone of any civilization. It is an important key component of any society 

and there are no doubts that it is essential for economic growth. But over time, infrastructure starts 

to degrade. In the 2017 Infrastructure Report Card which is published every four years by the 

American Society of Civil Engineers (ASCE), the US infrastructure gets a D+ grade. In this report, 

it is mentioned that 9.1% of all bridges in the US are structurally deficient and it will require $123 

billion for rehabilitation. Additionally, 17% of all dams are identified as high-hazard potential. 

Because it is not economically feasible to replace the aging systems, damage detection methods 

are being developed in order to extend structure service beyond the design life. 

 Most of the current damage detection techniques are either visual inspection or Non-

Destructive Evaluation methods (NDE). These methods require that the approximate damage 

location to be known as a priori and thus, are usually applied to the surface (such as ultrasound 

methods, or magnetic field methods). It is usually very costly to examine damage in internal 

members. A good example would be the micro-cracks discovered in the welded steel joints in the 

aftermath of the 1994 Northridge earthquake. These microcracks were hidden under layers of fire-

proof materials and exposing the joints to inspect it for damage and installing the fire-proof again 

was a very expensive procedure. Structural Health Monitoring provides an attractive alternative to 

assess the integrity of internal members given that the algorithm is capable of detecting localized 

damage by benefiting from the current technological advancement in various fields. 
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 Structural Health Monitoring (SHM) utilizes a permanent array of sensors installed in the 

structure which provides the monitoring system with raw data (i.e. strain or acceleration time 

series). The data is then preprocessed for damage feature extraction. Pattern recognition is 

performed, and a decision is then made whether the structure or the component is damaged. It also 

may provide information about the type and location of damage. SHM can be either model-based 

or data-driven (Doebling et al., 1996). Model-based SHM provides a quantitative assessment of 

damage. However, it can be computationally expensive and requires a finite element model which 

is updated at every damage level using acquired measurements. Data-driven SHM is not as 

computationally intensive and does not require a physical model but does not give a quantitative 

assessment (Krishnan Nair & Kiremidjian, 2007). 

 There are many SHM strategies in the literature, Farrar et al. (2001) presented a statistical 

pattern recognition paradigm that defined the SHM process in four steps as follows: 

1- Operational evaluation, 

2- Data acquisition and cleansing, 

3- Feature selection, and 

4- Statistical model development for feature discrimination. 

 The first step attempts to identify the structure and the type of damage that needs to be 

monitored. It sets the goals of the SHM system that is to be implemented, the feasibility of the 

system, conditions under which the system is operated, and the limitations of acquiring the data. 

This information is used to tailor the SHM system to that building. The data acquisition and 

cleansing step involves selecting the type of raw data to be acquired, the sensors, their numbers, 

locations, and the method of storage. It also involves deciding on how often the data should be 

acquired (i.e. after extreme event or at periodic intervals). Additionally, this step involves some 
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data preprocessing procedures such as data normalization, cleansing, compression, and fusion. The 

raw data obtained from the second step is not useful for detecting damage, but certain quantities 

extracted from the data that are sensitive to damage are used for this task. The feature selection 

step covers this part, and it is the part that receives the most attention in the literature. There is no 

one-feature-fits-all in structural health monitoring, the feature should be selected carefully such 

that it will be sensitive to the type of damage that needs to be monitored. Damage-sensitive features 

vary in dimensions and sensitivity. In the final step, a statistical model is built to distinguish 

between the undamaged and damaged condition using the damage-sensitive features extracted 

earlier. This model is derived through statistical learning (SL) technique. Unlike the feature 

selection, this part received the least attention out of the four steps from the literature (Farrar & 

Worden, 2013). 

 The statistical learning approach can be supervised or unsupervised. Supervised learning, 

in SHM context, is when the algorithm is trained for both the structure undamaged and damaged 

conditions. This has the potential of providing information about the existence of damage, the 

location, type and also the extent of damage. But the challenge may be in the acquisition of the 

damaged condition data. The two possible sources of such data are physics-based modelling (i.e. 

Finite Element Analysis) and experimental testing. Building an accurate physical model may deem 

challenging if the structure geometry or material composition is complex in addition to modelling 

the damage itself. Experiments are expensive and have limitation such as scale. It is not feasible 

to make copies of the structure of interest to experiment and acquire enough training data from it 

before building the actual structure. Furthermore, damage detection is only limited to the damage 

types considered in the training phase. Unsupervised learning offers a good alternative to 

supervised learning as it is only trained using data from the structure in the undamaged condition 
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which is usually available in abundance. And as such, it relies purely on field acquired data.  

However, unsupervised learning is only capable of detecting the damage and sometime may give 

information about the location of damage (Bishop, 1994; Markou & Singh, 2003a, 2003b; Worden, 

1997).  

 There are many learning methods that use the unsupervised learning approach such as auto-

encoder networks, Gaussian mixture models, clustering techniques, and outlier analysis. Outlier 

analysis is a simple yet efficient method for detecting anomalies. In outlier analysis, the training 

data is fitted into a Gaussian density and new data points are tested if they fall within the confidence 

interval of the trained data in which case it is considered as normal, otherwise, it is labeled as an 

outlier. However, the outlier analysis is based on the assumption that the trained features follow a 

normal distribution and the model may lose accuracy as the data distribution becomes less and less 

Gaussian. Other alternative methods similar to the outlier analysis but avoids the normality 

assumption are the nonparametric novelty detection approaches the most common of which are 

the kernel density estimation method, the k-nearest neighbor, and clustering techniques.  

1.2 Aim and Scope 

This study focuses on the third and fourth step of the statistical pattern recognition paradigm 

discussed in Section 1.1, specifically, the study will focus on unsupervised learning structural 

health monitoring methods. The first and second step of the statistical pattern recognition paradigm 

is beyond the scope of this study. As mentioned earlier, nonparametric novelty detection offers a 

more accurate alternative to the traditional outlier analysis. In kernel density estimation (KDE), an 

attempt is done to retrieve the true probability density function (PDF) of the damage-sensitive 

feature instead of assuming the PDF to be a Gaussian PDF. However, kernel density estimation 
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suffers from the “curse of dimensionality”, it requires a large amount of data to be modeled 

accurately and this required amount grows explosively as the dimensions of the features increase. 

Additionally, KDE models the tails poorly due to data sparsity in these regions. Recently, 

Alibrandi and Mosalam (2018) developed the Kernel Density Maximum Entropy (KDME) method 

which is a nonparametric density estimation method that relies on fractional moments for 

modelling the PDF. It was shown that this method requires less amount of training data for accurate 

modelling of the PDF compared to the traditional KDE method and also provides a better and more 

accurate detailing for the tails. In this study, KDME method will be first modified by introducing 

Bayesian Optimization in the algorithm and will be extended into the multivariate space. Finally, 

the multivariate KDME will be put into a novelty detection framework. 

 The aim of this study is to develop a new unsupervised learning approach, the multivariate 

KDME novelty detection method, and examine some of the current novelty detection techniques 

which are the traditional KDE method and outlier analysis. These methods are compared in a 

numerical simulation experiment of a three-story reinforced concrete (RC) three-dimensional 

frame. Additionally, the outlier analysis is tested in a shake table experiment of a three-story RC 

frame with masonry infill. Furthermore, A recently developed damage-sensitive feature, 

Cumulative Absolute Velocity (CAV), and three classical features including modal frequencies, 

Fourier transforms, and time-series models are used and compared in the case studies. 

1.3 Thesis Outline 

The organization of the thesis is as follows: 
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 Chapter 2 provides a literature review of some of the recent research that focuses on 

damage-sensitive features development and also the development of unsupervised learning method 

for structural health monitoring. 

 In Chapter 3, four different damage-sensitive features are discussed: CAV, time-series 

models including AR and ARX, modal frequencies, and Fourier transforms. We describe the 

concept and formulation of each of the damage-sensitive features. The advantages and limitations 

of each feature are also discussed. 

 Chapter 4 introduces the outlier analysis. The basic ideas behind both the univariate and 

the multivariate outlier analysis are discussed. The discordancy measures for both types are 

detailed in addition to threshold selection approaches. Finally, a brief introduction about extreme 

value statistics for threshold selection is provided. 

 Chapter 5 discusses nonparametric novelty detection approaches including Kernel Density 

Estimation and Kernel Density Maximum Entropy (KDME) method. We put more emphasis on 

KDME and the proposed multivariate KDME novelty detection approach. The original KDME is 

slightly altered by introducing Bayesian optimization within the algorithm. Both the Bayesian 

optimization and independent component analysis (ICA) are discussed and implemented into the 

proposed method. Finally, a novelty detection technique is described for the multivariate KDME 

method. 

 Chapter 6 provides the details and results of the first case study, Case I, which is a 

numerical simulation of an OpenSEES model consisting of a three-story 3D RC frame subjected 

subject to an earthquake at each simulation for a total of 100 simulations. Comparisons are made 
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between the different damage features used within each unsupervised learning method. 

Additionally, all three novelty detection methods are used and compared in this case. 

 Chapter 7 presents the details and results of the second case study, Case II, which is a shake 

table test of three-story RC frame with masonry infill subject to multiple earthquakes. In this case, 

only outlier analysis is examined.  Comparisons are made between the CAV and Auto-Regressive 

model features. Additionally, points are taken regarding the augmentation of features extracted 

from multiple sensors in addition to the effects of noise in the raw data to the results.  

 Finally, Chapter 8 provides a summary for the thesis and also the conclusions of the 

unsupervised learning methods investigation based on the two presented case studies. 

Additionally, recommendations for future studies are included. 
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CHAPTER 2 

STRUCTURAL HEALTH MONITORING: A STATE OF THE ART 

2.1 Introduction 

Structural health monitoring gained popularity among researchers in the last two decades. With 

the recent development of cheaper and more accurate sensors and data acquisition tools and the 

availability of powerful statistical learning tools, there is no doubt that structural health monitoring 

became attractive to researchers and investors alike. There has been a number of review articles 

on structural health monitoring. Doebling et al. (1996) provided a comprehensive review on 

structural health monitoring research until 1997. Sohn, Farrar, et al. (2002) provided an updated 

version of that review by including research up to 2001. Brownjohn (2007) discussed the recent 

history of SHM applications in civil infrastructure. Furthermore, Worden et al. (2007) have 

established and justified the fundamental axioms of structural health monitoring. In this chapter, 

select recent publications in unsupervised learning methods are reviewed for the third and the 

fourth step of the statistical pattern recognition paradigm which are feature selection and statistical 

modelling. 

2.2 Damage features development 

There are numerous damage-sensitive features available in the literature and the extensive research 

in that topic makes sure that new damage-sensitive features are developed every year. The damage-

sensitive feature is one of the most critical elements in the structural health monitoring system. If 

the feature is not sensitive to the damage in question, the entire system fails. An effective feature 

is one that is highly sensitive to the damage and of low dimension. Unfortunately, there is no “best” 
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feature available, damage features must be selected while considering: the type of damage that 

needs to be monitored, the structure complexity, the surrounding conditions such as environmental 

and operational variation. In this section, recent select papers that introduce or examines damage-

sensitive features are reviewed. 

 Park et al. (2005) presented a pattern recognition approach based on statistical process 

control in which the damage sensitive features are the residual errors of a modified ARX model of 

the frequency domain of impedance signals. An outlier analysis with thresholds estimated from 

extreme value statistics was utilized as it was found out that the distribution of the residuals was 

not Gaussian thus the traditional outlier analysis was much higher in errors. It was applied on both 

a numerical and an experimental example and concluded that the proposed approach is more 

accurate over the traditional impedance approaches. 

 Gul and Catbas (2009) proposed a damage detection method in which AutoRegressive 

models with eXogenous input (ARX) are fitted to the undamaged data, and again to the potentially 

damaged data. The difference between fit ratios of the two models was used as a damage-sensitive 

feature. The method was successfully applied on a 4 degrees of freedom numerical system. It was 

found that this method is capable of detecting, locating and quantifying damage. However, the 

method was not validated by a laboratory or field test in this paper. 

 Gul and Necati Catbas (2009) have investigated using AR models with an MSD based 

outlier analysis as an SHM method. They utilized random decrement (RD) method to normalize 

the data and filter the effect of the random loading from the signal. This was tested experimentally 

on two laboratory structures, a simply supported steel beam subject to different boundary 

conditions, and a steel grid subject to multiple damage scenarios. Results indicated that using RD 

improved the outlier detection process. 
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 Park et al. (2008) presented a Macro Fiber Composite (MFC) impedance-based wireless 

SHM system for monitoring railroad tracks integrity. It has the root mean squared deviation 

(RMSD) values of impedance signature as the damage-sensitive feature and an outlier analysis 

with MSD was applied for damage detection. They showed that the system was robust in detecting 

damage even when ambient noises are included in the signal. 

 Zhu et al. (2010) examined an unsupervised learning approach for crack detection by 

extracting multiple features from waveforms of ultrasonic guided waves along specific paths. In 

this approach, the features were fitted individually in a univariate Gaussian distribution and were 

also fitted combined in a multivariate normal distribution for outlier analysis. The approach was 

tested successfully on a steel truss overhead with an artificial notch and results showed that the 

multivariate approach is more sensitive to damage. 

 Farhidzadeh et al. (2013) investigated the use of an SHM system to quickly identify post-

earthquake damage of an RC shear wall instrumented with a sparse array of Acoustic Emission 

(AE) sensors. The acoustic emission amplitudes were fitted into a model similar to the Gutenberg-

Richter relationship and the b-value, a parameter in this relationship, is used as a damage sensitive 

feature. An outlier analysis using the Z-score as a discordancy measure was employed. They 

concluded that the proposed system successfully provides warning of the structure exhibiting 

nonlinear response. However, the b-value could be affected by environmental variations. 

 Chang and Kim (2016) investigated the effectiveness of modal parameters as damage 

sensitive features on a simply supported steel truss bridge under four damage scenarios by utilizing 

an MSD outlier analysis. They observed that multiple modal frequencies or multiple mode shapes 

in the form of modal assurance criteria (MAC) values or coordinate modal assurance criteria 

(COMAC) are effective features and sensitive to the examined damage scenarios while the 
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univariate version of any is only sensitive to specific damage scenarios. Additionally, they 

concluded that using single or multiple damping ratios are only sensitive to specific damage cases.  

 Ulriksen and Damkilde (2016) introduced an unsupervised learning damage detection 

method capable of localizing the damage by applying continuous wavelet transformation (CWT) 

and generalized discrete Teager-Kaiser energy operator (GDTKEO) for spatial mode shape signal 

processing and identifying damage-induced mode shape discontinuities. The method also utilized 

MSD outlier analysis as a damage detection technique. The method was tested analytically and 

experimentally, and it was able to locate damage unambiguously in both cases.   

2.3 Unsupervised learning methods 

One major branch of unsupervised learning is novelty detection. In novelty detection, only the 

normal condition data is available and is fitted into a model using one of the means of novelty 

detection, new data is then tested by using some kind of a discordancy measure or distance and if 

this new data point is far away from the normal condition, it is labeled as “novel” or “anomaly”. 

In essence, novelty detection is used to detect deviations from the normal condition. Markou and 

Singh (2003a, 2003b) and Pimentel et al. (2014) provide extensive reviews on the literature of 

novelty detection methods. 

 Worden et al. (2000) introduced an unsupervised learning damage detection that employs 

a multivariate outlier analysis that uses the Mahalanobis squared distance (MSD) as a multivariate 

discordancy measure. They also introduced a threshold estimation method using a Monte-Carlo 

simulation. The method was tested successfully on four cases with high dimensional damage 

sensitive features and they showed that the MSD measure is a good single dimension 
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representation for the multidimensional feature. However, the method has some drawbacks 

including the assumption of normality on which the method is based. 

 Worden et al. (2003) have experimentally examined three novel detection approaches on 

an aluminum aircraft wingbox. The methods were MSD-based outlier analysis with normality 

assumption, kernel density estimation, and auto-associative neural networks. The damage-

sensitive feature used was transmissibilities centered around a specific peak expected to be 

sensitive to damage. The study concluded that all three methods were successful in detecting 

damage. However, it was noted that the kernel density estimation method suffered from the “curse 

of dimensionality” as the training data set is not large enough for a 50-dimension feature vector. 

The authors recommended using a dimension reduction method such as PCA. 

 Sohn, Worden, et al. (2002) put forward an unsupervised learning approach based on Auto-

Associative Neural Networks (AANN). In this method, Auto-Regressive and Auto-Regressive 

with eXogenous inputs (AR-ARX) model were developed for feature extraction. This method is 

tailored for reducing the effects of environmental and operational variations. An eight degrees-of-

freedom laboratory structure consists of eight masses connect in series with springs was used to 

validate the proposed method. Results indicated that using both AANN with time series models 

and statistical inference allowed for damage detection even when the system exhibits 

environmental and operational variations. 

 Yeung and Smith (2005) Tested two unsupervised machine learning methods based on 

Probabilistic Resource Allocating Network (PRAN) and DIGNET network for their discrimination 

ability on a finite element model of a suspension bridge. The authors define the DIGNET network 

as an unsupervised pattern recognition algorithm designed for clustering noisy input patterns. The 

damage in the bridge was simulated by loosening bolts. Results showed a satisfactory damage 
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detection accuracy for both networks but the PARN network had better performance than the 

DIGNET network. 

 Rafiei and Adeli (2018) presented an unsupervised deep learning model that is capable of 

detecting damage on both the local and global level tailored for high-rise buildings. In this method, 

the building is split into distinct substructures. Synchrosqueezed wavelet transforms and fast 

Fourier transforms are then applied to the ambient vibration recorded in each substructure after 

which the features are extracted from a deep restricted Boltzmann machine. A structural health 

index is computed and used for assessment. The approach was verified on a scaled 42-story 

building. 

 da Silva et al. (2008) proposed an unsupervised learning approach using fuzzy clustering. 

The authors tested two fuzzy clustering techniques which are Fuzzy c-means (FCM) and 

Gustafson-Kessel (GK) on a three-story laboratory scale structure after performing dimension 

reduction of the raw data using PCA and extracting damage-sensitive features from Auto-

Regressive Moving-Average (ARMA) models (a time series model discussed in Chapter 3). 

Results showed that the GK clustering algorithm performed better than FCM algorithm. 

 Silva et al. (2016) put forward a clustering method that uses genetic algorithms to find the 

decision boundary. The method also includes a concentric hypersphere algorithm which estimates 

the optimum number of clusters. The method was validated and compared with other unsupervised 

learning approaches such as Gaussian mixture models and MSD-based outlier analysis using data 

sets from two bridges: The Z-24 Bridge and the Tamar Bridge. Results showed that the proposed 

method performs better in terms of accuracy than alternative methods. 
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 Figueiredo, Park, et al. (2011) provided a comparison between four different machine 

learning algorithms based on auto-associative neural networks (AANN), factor analysis (FA), 

MSD-based outlier analysis, and singular value decomposition (SVD). The comparison was done 

through a laboratory three-story frame structure, mass and stiffness were altered during tests to 

represent environmental and operational conditions. Additionally, AR models’ parameters were 

used as damage-sensitive features. Results showed that FA and SVD tend to produce lower false 

positives at the expense of higher false negatives and are thus suitable for applications with 

economic issues driving the SHM. AANN and MSD-based outlier analysis minimizes false-

negatives and thus are more suitable for applications where life-safety is the main motive. In 

general, it was showed that MSD-based outlier analysis outperforms the three other machine 

learning techniques. 

 Santos et al. (2016) proposed four kernel-based damage detection algorithms based on one-

class support vector machine (SVM), support vector data description (SVDD), kernel principal 

component analysis (KPCA) and greedy kernel principal component analysis (GKPCA). All four 

methods in addition to the four methods described in Figueiredo, Park, et al. (2011) were applied 

to the same laboratory structure in the previous study for testing the new approaches and 

comparing between them and the other four methods. Results showed that all proposed approaches 

performed better than the older ones. Out of all results, GKPCA performed the better in terms of 

damage detection accuracy. 

 Cha and Wang (2018) proposed a nonparametric unsupervised learning method using 

density peaks-based fast clustering algorithm. The damage-sensitive features are extracted using 

wavelet transforms. It is mentioned that this method is capable of locating damage. The method 

was tested on a laboratory-scale steel structure fitted with accelerometers. Results showed that the 
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proposed method is capable of localizing damage in case of multi-story and multi-bay structures. 

However, this method was found to be computationally expensive and the authors provided 

recommendations for increasing the computational efficiency. 

 Oh and Sohn (2009) put forward an unsupervised learning approach that reduces the 

adverse effects of environmental and operation variations on damage detection. The method 

(called kernel principal component) is nonlinear principal component analysis based on 

unsupervised support vector machine incorporated with a time series model (AR-ARX) and a 

hypothesis test for data normalization. This method finds the nonlinear relation between the 

damage-sensitive features and the environmental and operational parameters. The method was 

tested experimentally on an eight degrees of freedom system consisting of eight masses connected 

in series with springs and was compared with another nonlinear PCA that uses AANN. Results 

showed that the proposed method performs better than the other one even if the training data size 

is smaller. 
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CHAPTER 3 

DAMAGE-SENSITIVE FEATURES EXTRACTION 

3.1 Introduction 

The damage-sensitive feature contains information about the presence or the absences of damage. 

This quantity is extracted from the system response measurements (e.g. time series). Damage 

features for structural health monitoring can be either static-based or dynamic (vibration)-based 

(Yan et al., 2007). Static-based damage features are those who are based on strain or deflection.  

They require large amount of data for training in addition to finite-element models (Qiao, 2009) 

and are widely used for structural health monitoring of bridges and tunnels. 

Vibration-based health monitoring has gained popularity in the recent years, a review on 

vibration-based methods can be seen in Doebling et al. (1996); and Sohn, Farrar, et al. (2002). 

Vibration-based features can be divided into modal features and signal features. Modal features 

are based on modal properties of the structure such as modal frequencies and mode shapes. The 

structural health monitoring method that employs modal features usually relies on measuring the 

change in the dynamical properties of the system. On the other hand, the structural health 

monitoring method employing signal features rely on detecting changes in measured time histories. 

Signal-based features consist of time domain features, frequency domain features and time-

frequency domain features (Ahmadi & Daneshjoo, 2012). Time domain features are extracted 

directly from the time history response. Auto-Regressive (AR) models, Auto-Regressive Moving 

Average (ARMA) models and Cumulative Absolute Velocity (CAV) are good examples. 
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For frequency domain features, transform functions are used to transform the time histories 

from the time domain into the frequency domain and extract the features from the results. Some 

good examples for such features are Fourier transform (FT), Power Spectral Density (PSD), 

Frequency Response Functions (FRF), and Impulse Response Functions (IRF) (Farrar & Worden, 

2013). Finally, time-frequency domain features use time-frequency domain representations such 

as Short-Time Fourier Transform and Wavelet Transform (Hlawatsch & Boudreaux-Bartels, 1992; 

Neild et al., 2003). 

It is of great importance to properly select a damage feature which one expects will be 

sensitive to the damage type in question. In this study, four damage-sensitive feature types are 

examined, two time domain features: The Cumulative Absolute Velocity (CAV) and time-series 

models’ coefficients, another two features extracted from the frequency domain which are the 

modal frequencies and Discrete Fourier Transform (DFT). Figure 3.1 shows the damage features 

used in this study with their respective classification. 

 

Figure 3.1: Classification of Damage Features 
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3.2 Features Extracted from Time Domain 

3.2.1 Cumulative Absolute Velocity 

The Cumulative Absolute Velocity (CAV) was first introduced by the Electric Power Research 

Institute as a damage-related ground motion intensity measure (Reed et al., 1988). Several studies 

modified and correlated the CAV from ground motion instruments to the level of structural damage 

(CabaÑAs et al., 1997; Campbell & Bozorgnia, 2010, 2012). Muin and Mosalam (2017) 

investigated the use of CAV as a local damage indicator in structural health monitoring 

applications. They showed that CAV can be used to identify and locate damage that occurred due 

to an earthquake by constructing CAV trends using the acceleration measurements during the 

ground motion excitation. In this study, CAV effectiveness in indicating damage under ambient 

vibration will be investigated. 

The CAV is defined as follows: 

 𝐶𝐴𝑉 = ∫ |�̈�(𝑡)|
𝑇

0

𝑑𝑡 (3.1) 

where T is the total duration of the record, and ü(t) is the acceleration at time t. For novelty 

detection, the Relative CAV is used which is CAV normalized with the ground motion input. It is 

defined as follows 

 𝑅𝐶𝐴𝑉𝑖 =
𝐶𝐴𝑉𝑖
𝐶𝐴𝑉𝑔

 (3.2) 

where 𝐶𝐴𝑉𝑖 and 𝐶𝐴𝑉𝑔 are the CAV evaluated for the ith story and the ground respectively. 
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3.2.2 Time series models 

The linear system theory states that the output response to a linear combination of inputs is the 

same linear combination of the output responses of the individual inputs (Lu & Gao, 2005). For 

output yi at the ith , input xi , and residual error εi , the following equation holds: 

 𝑦𝑖 +∑𝑎𝑗𝑦𝑖−𝑗

𝑝

𝑗=1

=∑𝑐𝑗𝑥𝑖−𝑗+1

𝑟+1

𝑗=1

+ 휀𝑖 +∑𝑏𝑗휀𝑖−𝑗

𝑞

𝑗=1

 (3.3) 

where aj, bj, and cj are model coefficients (or parameters). If r = q = 0 , the model is an Auto-

Regressive (AR) model of pth order. While if p = r = 0, it is a Moving Average (MA) model of qth 

order. A combination of the two can occur if r = 0 called Auto-Regressive Moving Average 

(ARMA) model. If q = 0, then it is an Auto-Regressive with eXogenous input (ARX). Finally, an 

(ARMAX) model represents the equation above with all components present. 

There are several studies that show the effectiveness of time series models (Fassois & 

Sakellariou, 2007; Gul & Necati Catbas, 2009; Lu & Gao, 2005; Nair et al., 2006; Neild et al., 

2003; Noh et al., 2009; Omenzetter & William Brownjohn, 2006; Worden & Manson, 2007; Zheng 

& Mita, 2009). It should be noted however that these models are valid for linear systems; even if 

the structure is damaged, it is assumed that the structural behavior is still linear at the damaged 

state. It is also assumed that the system is stationary during the time that the time series used are 

acquired. 

The damage-sensitive features are the model parameters. A time series model is fitted to 

the measured response from the undamaged monitored system. Changes in the model parameters 

can indicate the presence of damage or other deviations in the system response such as 

environmental or operational variations. Additionally, the residual error term (εi) can be also used 
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as a damage feature. In this study, Auto-Regressive (AR) models and Auto-Regressive with 

exogenous input (ARX) are considered for the applications in Chapter 7. 

Auto-Regressive (AR) models are time-series models in the form: 

 𝑦𝑖 =∑𝑎𝑗𝑦𝑖−𝑗

𝑝

𝑗=1

+ 휀𝑖 (3.4) 

where yi is the current response value, yi-j is the jth previous response value, 휀𝑖 is the error term, aj 

are the autoregression coefficients, and p is the model order. The damage feature is a vector of the 

autoregression coefficients (𝑎1, 𝑎2, . . . , 𝑎𝑝). Expanding the summation in (3.4), the AR model of 

the pth order (denoted as AR(p)) would be: 

 𝑦𝑖 = 𝑎1𝑦𝑖−1 + 𝑎2𝑦𝑖−2 +⋯+ 𝑎𝑝𝑦𝑖−𝑝 + 휀𝑖 (3.5) 

For a time series of length N, Equation (3.5) in a vector-matrix notation would become as follows 

 {

𝑦𝑝+1
𝑦𝑝+2
⋮
𝑦𝑁

} = [

𝑦𝑝 𝑦𝑝−1 ⋯ 𝑦1
𝑦𝑝+1 𝑦𝑝 ⋯ 𝑦2
⋮ ⋮ ⋱ ⋮

𝑦𝑁−1 𝑦𝑁−2 ⋯ 𝑦𝑁−𝑝

]{

𝑎1
𝑎2
⋮
𝑎𝑝

} + {

휀1
휀2
⋮
휀𝑝

} (3.6) 

This is a linear regression problem in the form of {𝑌} = [𝑋]{𝛽} + 𝜺. The least square estimate is 

used to estimate the regression coefficients aj as follows 

 {𝛽} = ([𝑋]𝑇[𝑋])−1[𝑋]𝑇{𝑌} (3.7) 

 The ARX(p,r) model additional terms ∑ 𝑐𝑗𝑥𝑖−𝑗+1
𝑟+1
𝑗=1  to the AR(p) model such that 

 𝑦𝑖 =∑𝑎𝑗𝑦𝑖−𝑗

𝑝

𝑗=1

+∑𝑐𝑗𝑥𝑖−𝑗+1

𝑟+1

𝑗=1

+ 휀𝑖 (3.8) 



21 

 

The ARX model represents a discrete-time solution for general linear Multi-Degrees of 

Freedom (MDOF) system. To illustrate this, suppose that we have a linear Single-Degree of 

Freedom (SDOF) system of m mass, c damping and k spring stiffness with y(t) response and x(t) 

input, the following equation of an SDOF system holds 

 𝑚�̈� + 𝑐�̇� + 𝑘𝑦 = 𝑥(𝑡) (3.9) 

If we are interested in a discrete-time solution, for a time step (sampling interval) Δt, and a time 

sequence 𝑡𝑖 = (𝑖 − 1)Δ𝑡, the derivatives of y can be approximated by the following equations 

 �̇�(𝑡𝑖) = �̇�𝑖 ≈
𝑦𝑖 − 𝑦𝑖−1

Δ𝑡
 (3.10) 

 �̈�(𝑡𝑖) = �̈�𝑖 ≈
𝑦𝑖+1 − 2𝑦𝑖 + 𝑦𝑖−1

Δ𝑡2
 (3.11) 

Substituting these approximations into Equation (3.8) will result in 

 𝑦𝑖 = (2 −
𝑐Δ𝑡

𝑚
−
𝑘Δ𝑡2

𝑚
)𝑦𝑖−1 + (

𝑐Δ𝑡

𝑚
− 1) 𝑦𝑖−2 +

Δ𝑡2

𝑚
𝑥𝑖−1 (3.12) 

or 

 𝑦𝑖 = 𝑎1𝑦𝑖−1 + 𝑎2𝑦𝑖−2 + 𝑐1𝑥𝑖−1 (3.13) 

where 𝑎1, 𝑎2 𝑎𝑛𝑑 𝑐1 are given in Equation (3.12). It is clear that Equation (3.13) represents an 

ARX(2,1) model. It is also noted that the time-series models’ coefficients contain information 

about stiffness, damping and mass of the structure, thus their suitability for being a damage 

indicator. 

To fit a time-series model, the order of the model (p,q and/or r) needs to be chosen first. 

The problem lies in the fact that a low model order will not be able to capture the response 

accurately. On the other hand, a high model order tends to overfit the training data in addition to 
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being more complex and computationally expensive. There are multiple ways to assess the choice 

of model order most of which take into account the regression accuracy, as well as the model 

simplicity such as Akaike’s information criterion (AIC), or root, mean square error (RMS). These 

methods and more can be found in (Bishop et al., 1995; Box et al., 2015; Figueiredo, Figueiras, et 

al., 2011). In this report, R2 statistic is used for model order choice assessment.  

3.3 Features Extracted from Frequency Domain 

3.3.1 Modal Frequencies 

The presence of damage in a structure results in alteration of the dynamic properties of the 

structure, this may include a change in the modal frequencies of some of its vibration modes. The 

idea behind using the modal frequencies as damage indicators is that damage may cause a change 

in stiffness (most likely a reduction in stiffness) which is directly in relation with the modal 

frequencies. This can be illustrated in a mass-spring system of which the natural frequency is 

represented by the following expression  

 𝜔𝑛 = √
𝑘

𝑚
 (3.14) 

where ωn is the natural frequency of the structure, m is the mass and k is the spring stiffness.  

This concept is not new, there are many studies which investigated the use of modal 

frequencies as a damage indicator, one of the earliest investigations was done by Cawley and 

Adams (1979) where they provided a damage detection and localization approach using the 

frequencies as damage features and by implementing a FEM model. Using modal frequencies as a 

damage indicator, however, have significant limitations. One of the drawbacks is that localized 
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damage will more likely alter higher modes which are challenging to detect from the time-series 

and are usually obscured by the noise in the data (Farrar & Worden, 2013). This damage feature 

is suitable for the structures that are simple to some extent and are more likely to experience global 

damage.  

Furthermore, the modal frequencies may change due to reasons other than stiffness, this 

change could happen due to a change in environmental and operational conditions (Salawu, 1997). 

Temperature, for example, affects the modulus of elasticity of the structural material thus changing 

the stiffness and consequently the frequencies. Changes in frequencies due to changes in 

temperature have been observed within a single day (Aktan et al., 1994; Xia et al., 2006).  

3.3.2 Fourier Transforms 

The concept of using Fourier transforms for damage detection is very similar to the previously 

discussed modal frequencies. When the structure exhibits non-linear behavior, there will be 

alteration in the spring stiffness (most probably reduced) and thus the frequency domain response 

will change, and one can observe shifting in the peaks of the transfer function.  

The earliest work using frequency domain for damage detection is by McFadden and Smith 

(1985) for detecting defects in helicopter gearboxes. In this report, the frequency spectrum of the 

signal is examined for any change in the spectral line at one particular frequency associated with 

particular faults. It is no wonder that using the frequency domain as damage feature had 

applications in structural health monitoring. In both (Worden et al., 2003; Worden et al., 2000), 

frequency response functions (FRF) were used as damage features which normalize the cross-

spectrum density by the auto spectrum density of the input and thus provides a normalized 

frequency domain damage feature or “transmissibility”. 
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In this study, the Discrete Fourier Transform (DFT) normalized with the ground input will 

be used as a damage feature. The DFT can be described as the following: 

 𝑋(𝑘) =  ∑𝑥(𝑛)𝑒−𝑖
2πk
𝑁
𝑛

𝑁−1

𝑛=0

 , 𝑘 = 0,1, … ,𝑁 − 1 (3.15) 

However, finding the discrete Fourier transform directly from this equation is very slow. The Fast 

Fourier Transform (FFT) algorithm is often used for transforming the time series into the 

frequency domain since it reduces the computation time of Equation (3.15) significantly. There 

are many FFT algorithms, the first and the most commonly used is the algorithm presented by 

Cooley and Tukey (1965) which was based on the algorithm invented by Carl Friedrich Gauss.  

 There are limitations for using DFT as a damage-sensitive feature. First, the dimensionality 

of the feature vector is usually very high (3 or 4 orders of magnitude). To overcome this problem, 

a damage reduction is done by singling out the peak corresponding to the mode that is suspected 

to be affected the most due to the studied damage. This will reduce the dimensions to at least 2 

orders of magnitude which is still relatively high compared to other types of damage features. 

While this might not be a significant problem for detection methods that relies on a parametric 

probability density function (PDF) if large enough data is available, the non-parametric PDF 

suffers from the curse of dimensionality and may need huge set of training data to accurately 

estimate the PDF which makes this damage feature not practical for non-parametric methods. 

Another drawback is that due to the dimension reduction mention earlier in this paragraph, the 

feature vector will contain only a small part of the DFT which has the peak that is most likely 

going to shift due to damage. The problem is that if the damage is high enough, the peak could 

escape from the feature vector and may result in False Negatives (Type II error). Furthermore, the 
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Fourier transform feature vector is frequency domain feature and have some of the shortcomings 

of the modal frequency feature discussed in Section 3.3.1 including being affected by the 

environmental variations and change in operational conditions. 
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CHAPTER 4 

OUTLIER ANALYSIS: A PARAMETRIC APPROACH 

4.1 Introduction 

An outlier is a data point that is significantly different or abnormal from the remaining data. The 

idea behind outlier analysis (also known as novelty detection) is simple. If one is in possession of 

data describing the normal condition where the quantity of data is very large such that normality 

may be accurately modelled, then a model can be constructed using this data as training data. New 

points are then tested for conformity with the model. If the test point deviates in some respect from 

the data in the model, then it is classified as “novel” data or “outlier” (Figure 4.1). The novelty 

detection technique may be seen as “one-class classifier”. 

 

Figure 4.1: Outlier Analysis. 

 Outlier analysis is a density-based clustering technique, the training data is fitted to a 

probability density function, typically a Gaussian distribution. A discordancy measure for any new 

data point is then calculated and compared with a threshold; if the measure exceeds the threshold 
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the data is flagged as an outlier (Worden et al., 2000). In this study, the discordancy measure used 

is the deviation statistic (or Z-score) for one-dimensional data (univariate distribution), and the 

Mahalanobis squared-distance for higher dimensional data (multivariate distribution). It is worth 

mentioning that those measures are not limited to Gaussian distributions, they are simply a scale 

measure and may work in other unimodal distributions (Farrar & Worden, 2013).  

 This method is tailored to Gaussian distribution and depends on the assumption that the 

data follow the Gaussian distribution and are fitted by estimating the mean and standard deviation 

(or covariance matrix), thus, this method is a parametric method. One of the limitations of this 

approach is that the probability distribution of the data is not known and may or may not be 

Gaussian. 

 For the unidimensional damage features, the Z-score is used as a discordancy measure, it 

is defined as follows: 

 𝑍𝜁 =
|𝑥𝜁 − �̅�|

𝑠
 (4.1) 

where 𝑥𝜁 is the potential outlier, �̅� and s are the mean and standard deviation of the training data. 

The Mahalanobis squared distance is used as a discordancy measure for the multi-dimensional 

damage features, it is given by: 

 𝐷𝜁 = (𝒙𝜁 − �̅�)
T
𝑺−1(𝒙𝜁 − �̅�) (4.2) 

 where 𝒙𝜁  is the multivariate potential outlier, �̅�  and 𝑺  are the mean vector and the 

covariance matrix of the training data. 
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4.2 Threshold Estimation 

The threshold estimation described in this section is purely based on the Gaussianity assumption, 

if the data does not follow the Gaussianity assumption closely or for example has a bimodal 

distribution, the estimated threshold will not be accurate, or in some cases, invalid. The threshold 

for univariate data is simply the confidence interval from a standard normal distribution based on 

a selected confidence level (Typical values are 95%, 99%, 99.9%). This confidence interval 

represents the z-values corresponding to the chosen percentile. The threshold for multi-

dimensional features can be estimated using a Monte-Carlo simulation as described by Worden et 

al (Worden et al., 2000) and is summarized as follows: 

(1) Construct a (p x n) (number of dimensions x number of observations) matrix with each 

element being a randomly generated number from a zero mean and unit standard 

deviation normal distribution 

(2) Calculate Mahalanobis squared distances for all the observations where the mean and the 

covariance are inclusive measures and store the largest value.  

(3) The Process is repeated for a large number of trials whereupon the array containing all 

the largest Mahalanobis squared distances then ordered in terms of magnitude. The 

critical values for 5 and 1% tests of discordancy for a p-dimensional sample of n 

observations are then given by the Mahalanobis squared distances in the array above 

which 5% and 1% of the trials occur (depending on the selected significance level). 

(4) The exclusive threshold can be calculated using the formula: 

 𝑇𝑒𝑥𝑐 =
(𝑛 − 1)(𝑛 + 1)2𝑇𝑖𝑛𝑐
𝑛(𝑛2 − (𝑛 + 1)𝑇𝑖𝑛𝑐)

 (4.3) 
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𝑇𝑒𝑥𝑐 and 𝑇𝑖𝑛𝑐 are the exclusive and inclusive thresholds respectively. The advantages of using the 

Monte-Carlo simulation is that the threshold estimation doesn’t only depend on the confidence 

level but also on the size of the data and the feature dimension. For example, the threshold will 

increase if the size of the data or if the dimension of the feature vector is increased indicating that 

we are more confident of the model we currently have. However, the threshold estimation using 

this technique is only accurate if the normality assumption holds. A more accurate approach is to 

estimate the threshold using extreme value statistics by fitting the training data to one of the three 

distributions described by extreme value theory which will be discussed in the next section. 

 In general, selecting a threshold is not an easy problem, sometimes a slight change in the 

threshold value may have a drastic effect on the model accuracy. If the threshold is low, there 

would be many false positives (Type I errors). On the other hand, if it is high, the damaged data 

may not be detected and false negatives (Type II errors) will appear which are more hazardous 

when compared to false positives. It is very difficult to predict the optimum threshold since the 

damaged data is not present.  

4.3 Extreme Value Statistics 

In order to estimate the threshold for outlier analysis in the previous section, the data was assumed 

to follow a Gaussian distribution which cannot be validated. There are many ways to assess 

Gaussianity in the data, one of the easiest methods is to simply plot the empirical CDF in a 

Gaussian probability paper. if the data points follow a straight line closely, this indicates that the 

data is in fact Gaussian. On the other hand, if there is a curvature to the right or the left, this 

indicates that the data is not perfectly Gaussian and also that the threshold calculated according to 

the Gaussian assumption is inaccurate. 



30 

 

 If the data fails the Gaussianity test, this indicates that one should use another distribution 

that better describes the data, more importantly, the tails which are used for threshold estimation. 

In a similar fashion where the central limit theorem provides an approximation of sample means 

distribution using the normal distribution. The extreme value theory focuses on extreme or rare 

events and provides limits for extrema of samples.  

 For a sequence 𝑌1, 𝑌2, . . . , 𝑌𝑛  of independent random variables collected through a 

stochastic process, we are interested in the distribution of  

 𝑀𝑛 = max[𝑌1, 𝑌2, . . . , 𝑌𝑛] (4.4) 

The distribution of 𝑀𝑛 can be given by 

 

𝑃𝑟[𝑀𝑛 ≤ 𝑥] = 𝑃𝑟[𝑌1 ≤ 𝑥, 𝑌2 ≤ 𝑥, . . . , 𝑌𝑛 ≤ 𝑥]

 = 𝑃𝑟[𝑌1 ≤ 𝑥]𝑃𝑟[𝑌2 ≤ 𝑥]⋯𝑃𝑟[𝑌𝑛 ≤ 𝑥]

 = [𝐹(𝑥)]𝑛

 (4.5) 

By examining the behavior of 𝐹𝑛 as 𝑛 → ∞, the distribution is 

 𝐹𝑛(𝑥) = {  
1        𝐹𝑛(𝑥) = 1

0        𝐹𝑛(𝑥) < 1
 (4.6) 

It is clear that as 𝑛 → ∞, the distribution of 𝑀𝑛 degenerates at the upper bound point. To avoid 

this discontinuity, the variable 𝑀𝑛 is normalized by parameters 𝜆𝑛 and 𝛿𝑛 such that 

 𝑀𝑛
∗ = (

𝑀𝑛 − 𝜆𝑛
𝛿𝑛

) (4.7) 

we then look for the distribution of the new variable 𝑀𝑛
∗ . 

 The extreme value theorem, (also known as Fisher-Tippet-Gnedenko theorem or extremal 

types theorem, (Fisher & H.C. Tippett, 1928; Gnedenko, 1943)) provides a range of all possible 
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limit distributions for the normalized variable. It comprises two theorems, Theorem I for maxima 

𝑀𝑛
+, and Thorem II for minima 𝑀𝑛

−. They read as follows (Coles et al., 2001; Farrar & Worden, 

2013) 

Theorem 4.1. Feasible limit distributions for maxima 

If there exist sequences of constants {𝜆𝑛
+} and {𝛿𝑛

+ > 0} such that 

𝑃𝑟 [(
𝑀𝑛
+ − 𝜆𝑛

+

𝛿𝑛
+ ) ≤ 𝑥] → 𝐻(𝑥)  as    𝑛 → ∞ 

where 𝐻(𝑥) is a non-degenerate distribution function, then 𝐻(𝑥) belongs to one of the following 

families of distributions: 

  FRECHET:      𝐻1,𝛽(𝑋) = {  

0,    𝑥 < 𝜆

exp [−(
𝑥−𝜆

𝛿
)
−𝛽

] ,    𝑥 ≥ 𝜆
   (4.8) 

  WEIBULL:      𝐻2,𝛽(𝑥) = {  
exp [− (−

𝑥−𝜆

𝛿
)
𝛽

] , 𝑥 < 𝜆

1, 𝑥 ≥ 𝜆

   (4.9) 

  GUMBEL:      𝐻3,0(𝑥) = exp [−exp(−
𝑥−𝜆

𝛿
)] , −∞ < 𝑥 < ∞  (4.10) 

for parameters 𝜆, 𝛿 > 0, and in case of 𝐻1,𝛽 and 𝐻2,𝛽, 𝛽 > 0.  

Theorem 4.2. Feasible limit distributions for minima 

If there exist sequences of constants {𝜆𝑛
−} and {𝛿𝑛

− > 0} such that 

𝑃𝑟 [(
𝑀𝑛
− − 𝜆𝑛

−

𝛿𝑛−
) ≤ 𝑥] → 𝐿(𝑥)  as    𝑛 → ∞ 
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where 𝐿(𝑥) is a non-degenerate distribution function, then 𝐿(𝑥) belongs to one of the following 

families of distributions: 

  FRECHET:      𝐿1,𝛽(𝑋) = {  
1 − exp [−(−

𝑥−𝜆

𝛿
)
−𝛽

] , 𝑥 ≤ 𝜆

1, 𝑥 > 𝜆
  (4.11) 

  WEIBULL:      𝐿2,𝛽(𝑥) = {  
0,        𝑥 ≤ 𝜆

1 − exp [− (
𝑥−𝜆

𝛿
)
𝛽

] ,        𝑥 > 𝜆
  (4.12) 

  GUMBEL:      𝐿3,0(𝑥) = 1 − exp [−exp (
𝑥−𝜆

𝛿
)] ,      −∞ < 𝑥 < ∞ (4.13) 

for parameters 𝜆, 𝛿 > 0, and in case of 𝐿1,𝛽 and 𝐿2,𝛽, 𝛽 > 0.  

where λ, δ, and β are location parameter, scale parameter and shape parameter respectively and are 

estimated from the data. These two theorems are only for data extrema obtained through block 

maxima method. In this method, the entire data sample is divided into non-overlapping segments 

and the maximum and the minimum values from each segment is obtained to create a sample of 

maxima and another sample of minima. Each of the two samples has one of the three distributions 

of Theorem 4.1 & 4.2 and they do not have to have the same limit distribution. To estimate the 

parameters, there are many methods for estimating the parameters including graphical-based 

techniques, moment-based techniques, likelihood methods, and the least square probability 

relative error (LSPRE) the most common method would be the maximum likelihood fit,). These 

methods can be found in detail in Castillo (1988) and Coles et al. (2001).  

 Extreme value theory for multivariate distributions is not straightforward like in the 

univariate case and many issues arise when attempting to apply extreme value statistics on a 

multivariate distribution. First, there is no clear way to define the extreme events for a multi-
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dimensional random variable using sample data. An extreme event could be defined as the event 

at which one of the dimensions passes a certain threshold for example. Another definition would 

be the event at which all dimensions are extreme. Sometimes the extremes of each of the 

dimensions do not physically occur at the same time. Another issue is that it is not clear how to 

apply order statistics to the multidimensional features, while in the univariate case, the 

observations are ordered using their numerical value and the empirical CDF is easily obtained 

(Beirlant et al., 2004). Furthermore, unlike the univariate extreme value theory where there are 

limit distributions fully prescribed in Theory 4.1 and 4.2 and they only need a maximum of three 

parameters to be found, the limit distributions for the multivariate extreme values contain an 

unknown function in addition to the unknown parameters which must satisfy certain constraints 

(Beirlant et al., 2004; Coles et al., 2001).  
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CHAPTER 5 

NON-PARAMETRIC METHODS 

5.1 Introduction 

The previously described method is a parametric method as the learning process involves fitting 

the training data to a predefined model by estimating a number of parameters. The predefined 

model was the Gaussian distribution PDF and the parameters were the mean and either the standard 

deviation or the covariance matrix depending on the dimensionality of the feature vector. The 

threshold selected for the outlier analysis is based on this assumption. However, rarely does the 

data follow exactly such distribution (Farrar & Worden, 2013), in some cases it deviates drastically 

(e.g. the true distribution is bimodal (Figure 5.1)). As a result, outlier analysis may fail. There are 

many other predefined forms of distributions, but the true density form of the data of interest is 

unknown. Typically, the form of distribution is assumed so that the parameters of this predefined 

distribution can be estimated. Another alternative is to adopt a nonparametric method which does 

not make an implicit assumption for the true form of the probability distribution.  

 

Figure 5.1: Outliers in unimodal PDF vs multimodal PDF 
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The simplest nonparametric approach is the Histogram. To construct a histogram, two 

parameters need to be defined: the bin width, and the starting position of the first bin. The 

histogram is then constructed by assigning each observation to one of the bins. The ordinate 

represents the frequency or the relative frequency of the observations. The histogram may give a 

general idea about the form of the distribution. However, there are two problems with the 

histogram (Farrar & Worden, 2013), any additional observation must fall in one of the bins, this 

may hinder the novelty detection scheme since any data that does not fall in the bins will be labeled 

as a novel without estimating the probability of occurrence for this data. Another problem with the 

histogram is that it is discontinuous at the bin boundaries.  

In this chapter, two non-parametric PDF estimation methods will be examined. The Kernel 

Density Estimation method and the generalized Kernel Density Maximum Entropy method. While 

both differ in how they reconstruct the PDF from a sample, both rely on kernels to represent the 

probability distribution. The first one, the traditional Kernel Density Estimation (KDE), 

approximates the probability distribution directly from the observations, and the kernels are 

centered at each observation; while the Generalized Kernel Density Maximum Entropy (GKDME) 

method uses the sample moments as the primary source of information taken from the observations 

to approximate the distribution. Additionally, the multivariate versions of this non-parametric 

methods will be discussed. Finally, a non-parametric novelty detection approach utilizing the 

estimated non-parametric PDF will be proposed. 

5.2 Kernel Density Estimation 

The Kernel Density Estimation (KDE) approach is a more robust method for estimating the PDF 

of the data compared to the histogram. The general idea of this approach is that every observation 
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generates a kernel of probability which is a predefined function that usually has at least one 

hyperparameter (h) describing the width of the kernel, with its mean coinciding with that 

observation. If the selected function is smooth, the final PDF will be also smooth. It is clear that 

the regions that have a high frequency of observations will accumulate more kernels which will, 

in turn, generate a peak for the overall PDF, and in the same manner, the PDF will have low values 

at regions with a low frequency of observations. 

The kernel density estimator is 

 𝑓(𝒙) =
1

𝑁ℎ𝑑
∑𝐾(

𝒙 − 𝒙𝐢
ℎ

)

𝑁

𝑖=1

= 
1

𝑁
∑𝐾ℎ(𝒙 − 𝒙𝐢)

𝑁

𝑖=1

 (5.1) 

where𝑓(𝒙) is the PDF estimation of the true PDF 𝑓(𝒙), K is the non-negative kernel function, 𝒙𝐢 

is the ith sample point (or vector in a multivariate data), N is the size of the sample data, d is the 

number of dimensions of the random variable. and h is the smoothing parameter which controls 

the width of the kernel and d is the number of dimensions. Kh is termed the “scaled kernel” and is 

defined as: 𝐾ℎ(𝒕) =
1

ℎ𝑑
𝐾(𝑡 ℎ⁄ ). The kernel function “K(t)” can be any function satisfying two 

conditions:  

 𝐾(𝑡) ≥ 0 (5.2) 

 ∫ 𝐾(𝑡)𝑑𝑡
∞

−∞

= 1 (5.3) 

 

The basic form of a kernel is the Parzen kernel (named after Emanuel Parzen): 

 𝐾(𝑡) = {
1    |𝑡𝑖| < 1/2 , 𝑖 =  1,2, . . , 𝑝
0     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                          

 (5.4) 
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where p is the number of dimensions/predictors. This kernel function checks if the sample points 

fall within a hypercube of “h” length and p dimensions with the estimation point “x” in the center 

of the hypercube. The kernel is equal to 1 if the sample point is in the hypercube and zero 

otherwise. However, this kernel has drawbacks: First, it does not result in a smooth density 

estimate; and second, all sample points within the hypercube contributes equally to the density 

regardless of their distances to the estimation point x (Bishop et al., 1995). A more commonly used 

kernel which eliminates those drawbacks is the Gaussian kernel: 

 𝐾(𝒕) =
1

(2π)𝑑 2⁄
exp (−

1

2
𝒕𝑇𝒕) (5.5) 

There are many other kernel functions to choose from, other kernel functions can be found in 

Silverman (1986). 

5.2.1 Choosing the smoothing parameter 

It is well established that the density estimation is majorly affected by the smoothing parameter 

and only minorly affected by the kernel shape (Scott, 1992; Silverman, 1986). If the smoothing 

parameter is too small, the distribution may contain false localized distributions and peaks. If the 

smoothing parameter is too large, the distribution will be oversmoothed and the decay rate of the 

random variable (predictors) will be underestimated (Farrar & Worden, 2013) which will hinder 

the novelty detection process and may yield false negatives. It is thus advised to choose the 

smoothing parameter with caution. 

There are multiple methods for choosing the smoothing parameter h some of which can be 

found in Silverman (1986). One of these methods is choosing the smoothing parameter 

“subjectively” using some prior knowledge of the distribution. However, from a machine learning 
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perspective, an automated process for choosing h will prove beneficial. Least-Squares Cross-

Validation is an automated method for finding optimum smoothing parameter h described by 

Silverman (1986). It is based on finding the optimum h that minimizes the integrated square error 

defined as 

 𝑅(𝑓) = ∫ {𝑓(𝑥) − 𝑓(𝑥)}
2
𝑑𝑥 (5.6) 

where 𝑓(𝑥)  is the estimator of the density 𝑓(𝑥) . Since the true density 𝑓(𝑥)  is unknown, 

Silverman (1986) showed that under certain conditions, the optimum smoothing parameter h can 

be obtained from a sample of size n through the minimization of the following function 

 𝑀1(ℎ) =
1

𝑛2ℎ𝑑
 ∑  

𝑖

∑𝐾∗

𝑗

(
𝑋𝑖 − 𝑋𝑗

ℎ
) +

2

𝑛ℎ𝑑
𝐾(0) (5.7) 

which was found to also minimizes the Mean Integrated Square Error (MISE), 

 𝐾∗(𝑡) = 𝐾(2)(𝑡) − 2𝐾(𝑡) (5.8) 

and 𝐾(2) is defined as the convolution of the kernel with itself such that 

 𝐾(2)(𝑡) = ∫ 𝐾(𝑥 − 𝑡) 𝐾(𝑡)𝑑𝑡 (5.9) 

The initial value of h directly affects the quality of the optimization procedure. In 

Silverman (1986), formulas for estimating a smoothing parameter h based on assuming a normal 

distribution is developed. These formulas give a good initial value h0 which may significantly 

increase the effectiveness of the cross-validation process. h0 for univariate may be given by 

 ℎ0 = 0.9𝐴𝑛
−1/5 (5.10) 

where  
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 A = min ( standard deviation , interquartile range / 1.34 ) (5.11) 

For multivariate distributions, h0 may be given by 

 ℎ0 = 𝐴𝑛−1 (𝑑+4)⁄  (5.12) 

where  

 𝐴 = {

1,                            

(
4

𝑑 + 2
)
1 (𝑑+4)⁄

  ,    

𝑑 = 2
 

𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 (5.13) 

One of the shortcomings of the classical KDE is suffering from the curse of dimensionality, 

in other words, for every additional predictor, the amount of training data required to accurately 

estimate the PDF grows explosively (Silverman, 1986). If the training data is not large enough, the 

reconstruction of the tails will be very poor which directly affects the quality of the novelty 

detection. Principal Component Analysis (PCA) can be utilized as a dimension reduction technique 

by discarding the principal components that have an insignificant contribution to the variance. 

5.3 Generalized Kernel Density Maximum Entropy Method 

Traditionally, the parametric methods for estimating the population distribution involves assuming 

a certain distribution type and then estimate the parameters using the method of moments. This will 

approximate the PDF of the random variable by evaluating two, three or four parameters through 

the knowledge of the first two, three or four population moments usually assumed to be equal to 

the sample moments. However, if higher moments are considered, a better approximation for the 

true PDF will be obtained, especially, providing a more accurate representation of the distribution 

tails which are of great significance to novelty detection. 
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Every probability distribution has a moment sequence that can be obtained. However, the 

inverse mapping in which one desires to obtain a distribution given its moment sequence is not 

straight forward and is called the Moment Problem (MP). There are three types of classical moment 

problems: The Hamburger moment problem for distribution with unbounded support 𝛺 ≡

(−∞,∞) (Hamburger, 1919, 1920a, 1920b), the Stieltjes moment problem for a distribution with 

semi-bounded support 𝛺 ≡ [0,∞) (Stieltjes, 1894, 1895). And the Hausdorff moment problem for 

a distribution with bounded support 𝛺 ≡ [𝑎, 𝑏] (Hausdorff, 1921a, 1921b), which can be reduced 

through simple linear transformation to 𝛺 ≡ [0,1] with no loss of generality. First, the existence 

of a solution for the moment problem depends on the sequence of real numbers used as moments. 

A sequence of real numbers (𝑚1, 𝑚2, . . . , 𝑚𝑛;  𝑚0 = 1) is a sequence of moments of distribution 

if and only if a certain positivity condition is met involving Hankel matrices (Kapur & Kesavan, 

1992), and consequently, a solution exists. Furthermore, if a solution exists, both the Stieltjes MP 

and the Hamburger MP does not yield a unique solution. Only the Hausdorff MP gives a unique 

distribution given a valid moment sequence. However, in practice, it is extremely difficult to obtain 

the entire sequence of moments from the sample data, rather only the first k moments are known. 

This is called the truncated moment problem. The issue is that many distributions can match the 

first few “k” known moments.  

There are many attempts to solve the moment problem. Jaynes (1957) presented a solution 

for the moment problem from the Information Theory based on the principle of Maximum Entropy 

(ME). It was shown that using the available information as constraints, maximizing the entropy 

results in the least biased estimate of the PDF. However, the numerical procedure presented by 

Jaynes is challenging. Athanassoulis and Gavriliadis (2002) provided an attractive and simple 

approach for solving the moment problem called the kernel density element method (KDEM). This 
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approach has simplified the solution of the classical MP by providing a numerical procedure that 

requires the solution of a simple non-negative linear least-square problem. However, it is only 

applicable to PDFs with finite support, and it assumes that high-order moments (10th – 20th 

moments) are known. Since the population moments are assumed to be equal to the sample 

moments, high order sample moments do not accurately represent the population moments of the 

same order because it suffers from increased variance. 

Recently, Alibrandi and Mosalam (2018); Alibrandi and Ricciardi (2008) developed the 

Kernel Density Maximum Entropy (KDME) method. This method reconstructs the true pdf 

through a superposition of kernel densities through non-negative coefficients which sum up to one. 

These coefficients are basically the probabilities of the discretized version of the random variable 

of interest, they are acquired through the use of discrete Maximum Entropy approach. This 

approach has some benefits: first, approximates the PDF accurately using a lower number of 

moments unlike KDEM method. And even though the discretized ME approach is used, which 

requires a lesser computational effort, the result PDF still converges towards a continuous ME 

distribution without performing numerical evaluation of complicated integrals. The theoretical and 

numerical examples presented in these studies show that the proposed approach provides a good 

approximation for the true unknown PDF. It is for these reasons that the KDME method will be 

utilized for novelty detection. 

5.3.1 Entropy 

The entropy is a measure of the “randomness” of the random variable, it is larger when the random 

variable is more random and less predictable. The entropy for the probability distribution of a 

discrete random variable X can be estimated through Shannon’s entropy functional (Jaynes, 1957; 

Rosenkrantz, 1989) as follows 



42 

 

 𝐻(𝒑) = 𝐻(𝑝1, 𝑝2, . . . , 𝑝𝑁) = −∑𝑝𝑖log(𝑝𝑖)

𝑁

𝑖=1

 (5.14) 

where pi is the probability evaluated at xi, i = 1,2,..,N.  

For continuous random variables “X” with PDF fx(x), the differential entropy is defined as 

 𝐻(𝑓) = −∫𝑓𝑥(𝑥)log[𝑓𝑥(𝑥)]𝑑𝑥
𝑥

 (5.15) 

Unfortunately, unlike Shannon’s entropy, the quantity shown in Equation (5.14) lacks invariance 

under a change of variables (Jaynes, 1968) and may assume negative values. Thus, it is not a 

correct information measure for continuous random variables. An alternative to the differential 

entropy is the one presented by Jaynes: 

 𝐻𝑐(𝑓) = −∫𝑓𝑥(𝑥)log [
𝑓𝑥(𝑥)

𝑚(𝑥)
] 𝑑𝑥

𝑥

 (5.16) 

where m(x) is an “invariant measure” well behaved continuous function, Since f (x) and m(x) 

transform in the same manner under a change of variables, it follows that Hc( f ) is invariant. It 

follows that if the invariant measure, m(x), is replaced with another continuous PDF f2(x), the 

quantity in Equation (5.16) will become the Kullback-Leibler (KL) divergence of two PDFs as 

follows 

 𝐷(𝑓1, 𝑓2) = ∫ 𝑓1(𝑥)log [
𝑓1(𝑥)

𝑓2(𝑥)
] 𝑑𝑥 (5.17) 

Additionally, the KL divergence measures the entropy difference between two PDFs and can be 

considered a measure of distance between two distributions as shown below 
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 𝐷(𝑓1, 𝑓2) = ∫ 𝑓1(𝑥)log[𝑓1(𝑥)]𝑑𝑥 − ∫ 𝑓1(𝑥)log[𝑓2(𝑥)]𝑑𝑥 = 𝐻(𝑓1, 𝑓2) − 𝐻(𝑓1) (5.18) 

The KL divergence 𝐷(𝑓1, 𝑓2) is always nonnegative for any 𝑓1(𝑥) and 𝑓2(𝑥), and 𝐷(𝑓1, 𝑓2) = 0 

only when 𝑓1(𝑥) ≡ 𝑓2(𝑥). 

5.3.2 Maximum Entropy probability distribution 

In the last section, the entropies for both discrete and continuous random variables have been 

presented. For this approach, more focus is given to the discrete ME method since, as mentioned 

earlier, the probabilities of the discretized random variable will be used as coefficients for the 

kernels that will reconstruct the unknown PDF. Thus, only the discrete ME method will be 

presented in this study. 

Given a discrete random variable X having a probability distribution given by pi evaluated 

at xi, i = 1,2,..,N. The only information available is the M number of generalized expectations 

𝐸[𝑔𝑘(𝑋)] = ∑ 𝑝𝑖 · 𝑔𝑘(𝑥𝑖)
𝑁
𝑖=1 , k = 1,2,..,M. and the normalization condition ∑ 𝑝𝑖 = 1

𝑁
𝑖=1 . To find 

pi , one needs additional (N-2) conditions. However, according to Jaynes (1957), one can use the 

principle of Maximum Entropy to get the least biased estimate of pi given the available information 

(constraints). For a discrete random variable, the Shannon’s entropy should be maximized as 

follows: 

 

{
 
 
 

 
 
 
    max

𝒑
 𝐻(𝒑)

    ∑𝑝𝑖 = 1

𝑁

𝑖=1

    𝐸[𝑔𝑘(𝑋)] =∑𝑝𝑖 · 𝑔𝑘(𝑥𝑖) ,

𝑁

𝑖=1

 𝑘 = 1,2, . . . , 𝑀

 (5.19) 
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And thus, the ME probability distribution ignores no possibility for the random variable X unless 

it is absolutely excluded by the available information. Using the method of Lagrange multipliers 

and the available constraints, the ME probabilities is 

 𝑝𝑖
𝑀𝐸(𝜆1, 𝜆2, . . . , 𝜆𝑀) = 𝑁0(𝜆1, 𝜆2, . . . , 𝜆𝑀)exp(−∑𝜆𝑘𝑔𝑘(𝑥𝑖)

𝑀

𝑘=1

) , 𝑖 = 1,2, . . . , 𝑁 (5.20) 

where 𝜆1, 𝜆2, . . . , 𝜆𝑀 are the Lagrange multipliers, and N0 = exp(-λ0) is a normalization constant. 

The ME probabilities 𝑝𝑖
𝑀𝐸 can be obtained either by substituting  𝑝𝑖

𝑀𝐸 using the Expression (5.20) 

into Equation (5.19) and solving the M system of nonlinear equations, or a more efficient way by 

substituting the expression of 𝑝𝑖
𝑀𝐸 into the Shannon’s entropy given by (5.15) and from here, the 

Lagrange multipliers can be obtained through the minimization of the following convex functional 

(Alibrandi & Ricciardi, 2008; Kapur & Kesavan, 1992): 

 𝛤𝑀𝐸(𝜆1, 𝜆2, . . . , 𝜆𝑀) = 𝜆0(𝜆1, 𝜆2, . . . , 𝜆𝑀) +∑𝜆𝑘𝐺𝑘

𝑀

𝑘=1

 (5.21) 

where 

 𝜆0(𝜆1, 𝜆2, . . . , 𝜆𝑀) = log [∑𝑒𝑥𝑝 (−∑𝜆𝑘𝑔𝑘(𝑥𝑖)

𝑀

𝑘=1

)

𝑁

𝑖=1

] (5.22) 

5.3.3 Acquiring information from a sample 

The information available depicted in population moments are essential for ME PDF estimation. 

However, in practical applications, the true population moments are not known but given samples 

of data, the sample moments can be are assumed to approximate the true moments. However, 

caution should be taken when using the sample moments. First, the goodness of this assumption 
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depends on the size of the sample data, the sample must be large enough to estimate the population 

moments using the sample moments. Moreover, high-order sample moments do not accurately 

represent the corresponding population moments due to statistical errors and increased variance 

(Alibrandi & Mosalam, 2018). The high-order moments are essential for accurate tails modelling 

which is, as previously mentioned, of uttermost importance for novelty detection as the method 

deals directly with extreme values. An example for the sample moments mk is the power (integer) 

moments for a sample of size ns which are defined as 

 𝐸(𝑥) ≅ 𝑚𝑘 =
1

𝑛𝑠
∑𝑥𝑗

𝑘

𝑛𝑠

𝑗=1

 , 𝑘 =  1,2, . . . , 𝑀 (5.23) 

5.3.4 The Kernel Density Representation 

There are differences between the traditional Kernel Density Estimation (KDE) and the Kernel 

Density Representation, the latter uses the population moments (or the approximation of these 

moments from the sample) instead of directly using the sample data. Additionally, in the traditional 

KDE, each kernel has a uniform probability pi = 1/N where N is the total number of kernels (sample 

data size), but in KDR, the probability of each kernel is given by the principle of maximum entropy 

by solving a system of non-linear equations subject to previously mentioned constraints. 

The KDR which was introduced by Athanassoulis and Gavriliadis (2002), provides the 

least biased reconstruction of a continuous PDF given the distribution moments while preserving 

the positivity of the mentioned PDF. The PDF is expressed as a superposition of Kernel Density 

Functions (KDFs) as follows 
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 𝑓(𝑥; 𝒑) =∑𝑝𝑖𝐾(𝑥; 𝑥𝑖 , ℎ)

𝑁

𝑖=1

 (5.24) 

where 𝐾(𝑥; 𝑥𝑖 , ℎ) are the KDFs centered at points 𝑥𝑖 (location parameter) belonging to the sample 

space of the random variable X. h is the smoothing parameter or bandwidth as described earlier in 

this chapter. Pi is the probability at point xi. p is an N-vector collecting probabilities p1,p2,…,pN. As 

mentioned by (Farrar & Worden, 2013), the KDR method is flexible, and may be tailored to suit 

the problem at hand, there are multiple options of KDFs as discussed in Section 5.2, Additionally, 

Alibrandi and Mosalam (2018) discusses different choices of KDFs for different cases of supports. 

the central points can be adaptively distributed and also the bandwidth may be variable for each 

central point. If the KDF is chosen to be Gaussian which is suitable for unbounded target 

distributions, then Equation (5.24) will be as follows 

 𝑓(𝑥; 𝒑) =∑𝑝𝑖𝐾(𝑥; 𝑥𝑖 , ℎ)

𝑁

𝑖=1

=∑𝑝𝑖

𝑁

𝑖=1

1

ℎ√2π
exp {−

1

2
(
𝑥 − 𝑥𝑖
ℎ

)
2

} (5.25) 

The method used in this project is described by Alibrandi and Mosalam (2018), it focuses 

on reconstructing the distribution from the knowledge of a sample data using the maximum 

entropy principle. Traditional KDE is not accurate in predicting unseen data and usually have 

difficulties in properly modelling the tails unless very large sample data is available. Furthermore, 

the tails modelling in the moment-based kernel density based methods (such as KDR) is affected 

by the choice of the KDF in addition to assuming that the first 10 – 20 population moments are 

known, but for most sample data, only the first few sample moments can be estimated with 

reasonable accuracy. It was shown by Alibrandi and Ricciardi (2008) that this approach 

approximates the target PDF converging towards a continuous ME distribution. Additionally, it is 



47 

 

computationally less expensive since constructing the discretized ME distribution does not require 

numerical evaluation of complicated integrals. 

Given a random variable X with a support that is either bounded, 𝛺 ≡ [𝑎, 𝑏], semibounded, 

𝛺 ≡ [0,∞), or unbounded, 𝛺 ≡ (−∞,∞). If the support is bounded, then the window of analysis 

is chosen to be equivalent to the random variable support. However, if the X has a semibounded 

or unbounded support, the window of analysis �̂� must be chosen by selecting a maximum and 

minimum value �̂� ≡ [𝑥𝑚𝑖𝑛 , 𝑥𝑚𝑎𝑥]  such that �̂� ⊆ 𝛺  and should be large enough so that the 

normalization condition is satisfied such that the target PDF should be zero if x is close to infinity, 

lim
𝑥→±∞

𝑓𝑥(𝑥) = 0. For a better numerical stability, the interval �̂� ≡ [𝑥𝑚𝑖𝑛, 𝑥𝑚𝑎𝑥] is normalized to 

be �̂�𝑧 ≡ [0,1] through a linear transformation by introducing another random variable Z as follows 

 𝑧 =
 𝑥 − 𝑥𝑚𝑖𝑛
𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛

 (5.26) 

 To specify the location parameters 𝑧𝑖, 𝑖 = 1,2, . . . , 𝑁 , where N is the number of points 

whose support is �̂�𝑧 ≡ [0,1], a simplified way is to define a constant step 𝛥𝑧 = 𝑧𝑖+1 − 𝑧𝑖, 𝑖 =

1,2, . . . , 𝑁 − 1 . Additionally, a bandwidth is selected such that 0 < ℎ < 𝛥𝑧 , unlike in the 

traditional KDE where the bandwidth is a hyperparameter that directly affects the estimated 

distribution and requires a cross-validation technique to properly select this value, in KDME, the 

bandwidth h does not greatly affect the estimated distribution as long as it remains less than the 

step size 𝛥𝑧 . Alibrandi and Ricciardi (2008) suggests choosing ℎ =
2

3
𝛥𝑧 . While the order of 

moments known M affects the accuracy of the distribution, the number of central points N directly 

affects the resolution of the estimated PDF. Additionally, N must be chosen as a very high number 
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(e.g. N > 100) such that 𝑁 →  ∞, ℎ → 0 and 𝐾(𝑧; 𝑧𝑖 , ℎ) → 𝛿(𝑧 − 𝑧𝑖) and thus, the choice of the 

KDF does not significantly affect the PDF estimation. 

5.4 Kernel Density Maximum Entropy with Fractional Moment 

This method uses the Generalized KDME procedure outlined in the previous section by replacing 

the generalized moments with fractional moments defined as powers of real numbers and not only 

integers (Novi Inverardi & Tagliani, 2003; Taufer et al., 2009; Zhang & Pandey, 2013). It was 

shown that a reduced number of fractional moments compared to integer moments can accurately 

model the probability distribution (Alibrandi & Mosalam, 2018; Gzyl & Tagliani, 2010; Zhang & 

Pandey, 2013), this includes a better modelling for the tails which is essential for improved novelty 

detection. Additionally, since for given α, there is an infinite sequence of fractional moments of 

orders less than α that characterizes the PDF of interest, this means that a PDF can be reconstructed 

with a smaller sample data and maintain accuracy. 

Fractional moments are only proven to exist for positive random variables (Lin, 1992). To 

estimate the PDF using this method for random variables that has non-positive values, a coordinate 

transformation is required as done in the last section to cast the random variable into a new 

bounded space which only takes positive values.  

The fractional moment of a positive continuous random variable X is defined as 

 𝜇𝛼 =  𝐸[𝑥
𝛼] = ∫ 𝑥𝛼𝑓𝑥(𝑥)𝑑𝑥 (5.31) 

where fx(x) is the true PDF, and α is a real number. The fractional moment for discrete positive 

random variable X is defined as 
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 𝜇𝛼 =  𝐸[𝑥𝛼] =∑𝑥𝑖
𝛼 · 𝑝𝑖

𝑁

𝑖=1

 (5.32) 

Since this method follows the GKDME procedure described earlier this chapter, the focus will be 

on the discrete form of fractional moments. For a given M number of real numbers 𝛼𝑘 , 𝑘 =

 1,2, . . . , 𝑀 Setting 𝑔𝑘(𝑥) = 𝑥
𝛼𝑘  in Equation (5.20) the discrete ME distribution is given by: 

 𝑝𝑖
𝑀𝐸(𝝀, 𝜶) = 𝑁0𝑒𝑥𝑝 (−∑𝜆𝑘𝑥𝑖

𝛼𝑘

𝑀

𝑘=1

) (5.33) 

The normalization coefficient N0 = exp(-λ0) where λ0  is given by: 

 𝜆0(𝝀, 𝜶) = log [∑𝑒𝑥𝑝 (−∑𝜆𝑘𝑥𝑖
𝛼𝑘

𝑀

𝑘=1

)

𝑁

𝑖=1

] (5.34) 

If 𝛼𝑘  =  𝑘, 𝑘 =  1,2, . . 𝑀, this approach will turn into KDME with integer moments described in 

the previous section 

5.4.1 Convergence 

The convergence of 𝒑𝑀𝐸  to 𝒑 by using a set of fractional moments relies upon two theorems by 

Lin (1992) and Novi Inverardi and Tagliani (2003) which guarantees convergence of 𝒑𝑀𝐸  to 𝒑 

given an infinite sequence of fractional moments. The theorems read as follows 

Theorem 5.1 (Lin, 1992). Let p be a distribution obeyed by a positive random variable Y with 

E[Yα]<∞ for some α>0. Let αk , k = 1,2,…,∞ be a sequence of positive and distinct numbers 

converging to some point αk∈ (0,α). Then the sequence of moments 𝐸[𝑌𝛼𝑘] , 𝑘 = 1,2, . . . , ∞ 

characterizes p 
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Theorem 5.2 (Novi Inverardi & Tagliani, 2003) Let Y be a random variable having density f(x), 

[𝑌𝛼𝑘] , 𝑘 = 1,2, … ,𝑀, 𝛼𝑘 =
𝑘

𝑀
𝛼 for some α > 0, its M fractional moments, and pME a ME density 

constrained by same M fractional moments. Then pME converges in entropy to the underlying 

unknown density p, when M → ∞. 

Furthermore, a reduced number of fractional moments can give the same information about a larger 

number of integer moments. This can be shown by Taylor series expansion of 𝑥𝛼 about a real 

constant C and taking the expectation of both sides (Alibrandi & Mosalam, 2018; Zhang & Pandey, 

2013) 

 𝐸[𝑋𝛼] =∑ 

∞

𝑖=0

∑(−1)𝑖−𝑘
𝑖

𝑘=0

(
𝛼
𝑖
) (
𝑖
𝑘
) 𝐶𝛼−𝑘𝐸[𝑋𝑘] (5.35) 

The Taylor series expansion shows that the αth fractional moment contains information about a 

large number of integer power moments (Gzyl & Tagliani, 2010). 

In literature, the parameters λ and α are evaluated by minimizing the Kullback-Leibler 

divergence between the true distribution p and the estimated Maximum Entropy distribution 

pME(𝝀, 𝜶). The KL divergence between the two distributions is 

 𝐷(𝒑, 𝒑𝑀𝐸) =∑𝑝𝑖

𝑁

𝑖=1

log (
𝑝𝑖

𝑝𝑖
𝑀𝐸) = 𝐻(𝒑

𝑀𝐸) − 𝐻(𝒑) ≥ 0 (5.36) 

The distribution is then obtained by minimizing the KL divergence in Equation (5.36) which 

results in a nested optimization procedure as follows 

 min
𝒑,𝒑𝑀𝐸

 𝐷(𝒑, 𝒑𝑀𝐸) = min
𝝀,𝜶
 𝐻[𝒑𝑀𝐸(𝛌, 𝛂)] = min

𝜶
{min

𝝀
 𝛤𝛼
𝑀𝐸(𝝀, 𝜶)} (5.37) 
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where 𝛌 𝐚𝐧𝐝 𝛂 are M-vectors collecting the Lagrange multipliers (𝜆1, 𝜆2, . . . , 𝜆𝑀), and the real 

moment orders (𝛼1, 𝛼2, . . . , 𝛼𝑀), and 𝛤𝛼
𝑀𝐸(𝝀, 𝜶) is an unconstrained functional defined as 

 𝛤𝛼
𝑀𝐸(𝝀, 𝜶)  =  log [∑𝑒𝑥𝑝

𝑁

𝑖=1

(−∑𝜆𝑘𝑥𝑖
𝛼𝑘

𝑀

𝑘=1

)] +∑𝜆𝑘

𝑀

𝑘=1

𝐸(𝑋𝛼𝑘) (5.38) 

It is also noted that 𝐻(𝒑) was dropped from the optimization process since it is a constant and only 

the other term 𝐻(𝒑𝑀𝐸)  affects the minimization process. The fractional moments can be 

approximated from a given sample data of ns sample points by: 

 𝜇𝛼𝑘 ≅
1

𝑛𝑠
∑(𝑥𝑗)

𝛼𝑘

𝑛𝑠

𝑗=1

 (5.39) 

One of the shortcomings of the KDME with fractional moments is that process of finding 

the parameters 𝝀, 𝑎𝑛𝑑 𝜶 is involved. Even though the functional is convex and the solution is 

unique with respect to 𝝀, the solution is not unique with respect to 𝜶 and different solutions arise 

from different initial conditions. Additionally, the nested optimization procedure is 

computationally expensive. 

5.4.2 Simplified Procedure 

To avoid the nested optimization presented earlier for obtaining the parameters 𝝀, 𝑎𝑛𝑑 𝜶 , a 

simplified procedure was presented by Tagliani (2011) and Alibrandi and Mosalam (2018). This 

simplified procedure provides a way to linearly estimate λ parameters given α which will reduce 

the two layers minimization to a single layer minimization and potentially reducing computational 

cost. 
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 For a random variable Z with the support 𝛺𝑧 ≡ [0,1]  having a Maximum Entropy 

distribution 𝑓𝑀𝐸(𝑧). Taking into account the facts listed in [REF 38], and given that 

 𝑓𝑀𝐸(𝑧) = exp(−𝜆0)𝑒𝑥𝑝(−∑𝜆𝑗𝑧𝑖
𝛼𝑗

𝑀

𝑗=1

) = exp(−∑𝜆𝑗

𝑀

𝑗=0

𝑧𝛼𝑗) (5.40) 

and 

 𝐸(𝑧𝛼𝑗) = ∫ 𝑧αj
1

0

· 𝑓𝑀(𝑥), 𝑗 = 0,1, . . . , 𝑀 (5.41) 

where 𝛼0 = 0. By integrating Equation (5.41) by parts, we get the following system of linear 

equations 

 𝚯(𝜶)𝝀 = 𝝆(𝜶) (5.42) 

where 

 Θ𝑗𝑘(𝜶) = 𝛼𝑘𝐸[𝑍
𝛼𝑘+𝛼𝑗], (5.43) 

 𝜌𝑗(𝛼) = (𝛼𝑗 + 1)𝐸[𝑍
𝛼𝑗], (5.44) 

with  𝑗 = 0,1, … ,𝑀 − 1;  𝑘 = 1,2, . . . , 𝑀. Therefore, for a given vector 𝜶, the Lagrange multipliers 

can be linearly obtained from the solution of Equation (5.42). Consequently, this reduced the two 

layers optimization problem of Equation (5.38) into  

 min
𝛼1,𝛼2,...,𝛼𝑀

{ log [∑𝑒𝑥𝑝

𝑁

𝑖=1

(−∑𝜆𝑘𝑧𝑖
𝛼𝑘

𝑀

𝑘=1

)] +∑𝜆𝑘

𝑀

𝑘=1

𝐸(𝑍𝛼𝑘)} (5.45) 
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5.4.3 Choosing the Correct Number of Fractional Moments 

The final question to be answered in finding the ME distribution that most approximate the true 

distribution is finding the optimum order of the model, M. This is a problem of how many fractional 

moments need to be considered for a better estimation of the distribution. Since M is an integer of 

[1,∞), one can perform the optimization procedure multiple times for an array of M values, this 

will have a little change to the optimization problem in Equation (5.38) to make it a three-layers 

optimization problem 

 min
𝑀
 {min

𝜶
{min

𝝀
 𝛤𝛼
𝑀𝐸(𝑀, 𝝀, 𝜶)}}  (5.46) 

In theory, increasing M will reduce the KL-divergence, at a certain M the KL-divergence 

will stabilize at which increasing the value of M may have a negligible effect on the accuracy of 

the estimated PDF and provides little additional information at the cost of a significant increase in 

the computational expenses. Additionally, at high values of M, an increase of M may not stabilize 

but rather results in an oscillating 𝛤𝛼
𝑀𝐸(𝑀, 𝝀, 𝜶)  which is possibly due to increased sample 

variation and numerical instability especially at at high moment orders (Taufer et al., 2009). Using 

this fact, the iteration process may start with a small number of fractional moments (M = 2) and 

keep adding new fractional moments until a certain tolerance for 𝛤𝛼
𝑀𝐸(𝑀, 𝝀, 𝜶) is reached. Taufer 

et al. (2009) suggested using a probabilistic approach discussed by Vuong (1989) that proposes a 

test statistic of a ratio of likelihoods between two densities obtained using two different values of 

M which tests the hypothesis that the two densities are equivalent, this is true when M adds 

negligible information to the distribution. 



54 

 

Another approach suggested by (Alibrandi & Mosalam, 2018; Baker, 1990; Novi Inverardi 

& Tagliani, 2003) minimizes the KL divergence between the target PDF in Z coordinates 𝑓𝑍(𝑧) 

and its KDME approximation 𝑓𝐾𝐷𝑀𝐸(𝑧;𝑀, 𝜆, 𝛼) as follows 

 

𝐷(𝑓Z, 𝑓KDME) = ∫ 𝑓𝑍
𝛺𝑧

(𝑧)log[𝑓𝑍(𝑧)] − ∫ 𝑓𝑍
𝛺𝑧

(𝑧)log[𝑓𝐾𝐷𝑀𝐸(𝑧;𝑀, 𝝀, 𝜶)]  

=  𝐻(𝑓𝑍) − 𝐸{log[𝑓𝐾𝐷𝑀𝐸(𝑧;𝑀, 𝝀, 𝜶)] } 

(5.47) 

where the term 𝐻(𝑓𝑍) is constant and the term  𝐸{log[𝑓𝐾𝐷𝑀𝐸(𝑧;𝑀, 𝝀, 𝜶)] } =  𝐿(𝑀, 𝝀, 𝜶) can be 

estimated from a sample of size ns as follows  

�̂�(𝑀, 𝝀, 𝜶) =
1

𝑛𝑠
∑log

𝑛𝑠

𝑗=1

[𝑓𝐾𝐷𝑀𝐸(𝑧𝑗;𝑀, 𝜶, 𝝀)] =
1

𝑛𝑠
∑log

𝑛𝑠

𝑗=1

[∑𝑝𝑖

𝑁

𝑖=1

(𝑀, 𝜶, 𝝀) 𝑓𝑍
𝐾(𝑧𝑗; 𝑧𝑖, ℎ)] 

  (5.48) 

where �̂�(𝑀, 𝝀, 𝜶)  is an estimate of 𝐿(𝑀, 𝝀, 𝜶) , 𝑝𝑖  is the probability at 𝑧𝑖  estimated for given 

𝑀,𝜶 𝑎𝑛𝑑 𝝀 , 𝑓𝑍
𝐾(𝑧𝑗; 𝑧𝑖, ℎ)  is the KDF value at sample point 𝑧𝑗  estimated at center 𝑧𝑖  with 

bandwidth h. The term �̂�(𝑀, 𝝀, 𝜶) is equivalent to the logarithmic likelihood of 𝑓𝐾𝐷𝑀𝐸 , thus the 

minimum distance between the two distributions is equivalent to the maximum likelihood of 

𝑓𝐾𝐷𝑀𝐸 .  Following the Akaike’s Information Criterion (AIC) (Akaike, 1973), Equation (5.48) is 

reformulated into 

 �̂�∗(𝑀, 𝝀, 𝜶)  =  �̂�(𝑀, 𝝀, 𝜶) −
𝑀

𝑛𝑠
 (5.49) 

where M/ns can be interpreted in Akaike’s philosophy as a “penalty term” to discourage the model 

complexity. It also serves to make the likelihood �̂�∗(𝑀) concave in M meaning that there is an M 

value which results in the maximum value of �̂�∗(𝑀)  unlike the original functional 
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𝛤𝛼
𝑀𝐸(𝑀) 𝑜𝑟 �̂�(𝑀) which stabilizes and possibly oscillates at high values of M. Finally, if the 

simplified procedure described in Section 5.4.2 is used, the likelihood �̂�∗(𝑀, 𝝀, 𝜶) will be just 

�̂�∗(𝑀, 𝜶) as 𝝀 is estimated directly for given 𝜶. Finally, using this approach, the parameters can 

be obtained through maximizing the modified likelihood as follows 

 max
𝑀
 {max

𝜶
{ �̂�∗(𝑀, 𝜶)}} (5.50) 

5.4.4 Bayesian Optimization 

One of the steps for evaluating the ME probabilities using fractional moments is the minimization 

of the KL divergence 𝛤𝛼
𝑀𝐸(𝝀, 𝜶) of the true PDF and the KDME PDF (or the maximization of the 

likelihood �̂�∗ ). However, the convexity of this function in 𝜶 is not guaranteed even though it is 

convex in 𝝀. The function may contain multiple local minima and the final 𝜶 is very sensitive to 

the initial guess used in the first iteration. Thus, the use of gradient methods may not be feasible.  

Bayesian Optimization is a robust technique for attempting to find a global maximum. It 

offers a good tradeoff between exploration and exploitation of the search space and can find 

extrema of nonconvex functions with relatively few iterations. The method makes this possible by 

performing more computations in order to determine the next point to evaluate through 

incorporating prior belief about the objective function (Brochu et al., 2010). The prior distribution 

is used in the Bayesian optimization to come up with a posterior distribution. Although there are 

multiple models which can be used as a prior distribution, the Gaussian Process (GP) has been 

commonly used for this task. The framework for the GP prior was set by Mockus (1994).  

The optimization task here is to find the maximum of the objective function which in this 

case is the modified likelihood �̂�∗(𝑀, 𝝀, 𝜶) given in Equation (5.49) by changing the variables 
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𝜶 =  𝛼1, 𝛼2, . . . , 𝛼𝑀  while keeping M constant and the Lagrange multipliers linearly estimated 

using Equation (5.42). Initially, a Gaussian Process model for the likelihood function is 

established. For an initial seed of randomly generated vectors 𝜶1, 𝜶2, . . . , 𝜶𝑡, their corresponding 

likelihood estimates �̂�∗(𝜶1), �̂�
∗(𝜶2), . . . . , �̂�

∗(𝜶𝑡) have a joint multivariate Gaussian distribution 

such that 

 �̂�1:𝑡
∗ ~𝒩( 𝟎, K) (5.51) 

where �̂�1:𝑡
∗ = �̂�∗(𝜶1:𝑡) and K is the kernel matrix and is given by: 

 𝐊 = [
𝜅(𝜶1, 𝜶1) ⋯ 𝜅(𝜶1, 𝜶𝑡)

⋮ ⋱ ⋮
𝜅(𝜶𝑡, 𝜶1) ⋯ 𝜅(𝜶𝑡, 𝜶𝑡)

] (5.52) 

where 𝜅(𝜶𝑖 , 𝜶𝑗) is the covariance function which determines the smoothness properties of samples 

drawn from the GP. The covariance function is typically chosen as the squared exponential kernel. 

However, this kernel results in objective functions which are unrealistically smooth for practical 

optimization problems. (Liang, 2019; Snoek et al., 2012). The covariance function used in this 

study is the Automatic Relevance Determination (ARD) Matérn 5/2 kernel (Snoek et al., 2012) 

which is defined as: 

 𝜅(𝜶𝑖 , 𝜶𝑗) = 𝜃0 (1 + √5𝑟2(𝜶𝑖, 𝜶𝑗) +
5

3
𝑟2(𝜶𝑖, 𝜶𝑗)) exp {−√5r2(𝛂i, 𝛂j)} (5.52) 

where  

 𝑟2(𝜶𝑖, 𝜶𝑗) = ∑(𝜶𝑖,𝑑 − 𝜶𝑗,𝑑)
2

𝑀

𝑑=1

/𝜃𝑑
2 (5.53) 

This kernel contains the following hyperparameters: the covariance length 𝜃0, and length scales 

and 𝜃𝑑  = 𝜃1, 𝜃2, . . . , 𝜃𝑀  for each component in the vector 𝛂. Given the observations from the 
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previous distribution 𝐃1:𝑡 = {𝜶1:𝑡, 𝑳1:𝑡
∗ }, the Likelihood 𝐿𝑡+1

∗  evaluated at the next point 𝜶𝑡+1 and 

𝑳1:𝑡
∗  are jointly Gaussian and the posterior distribution for 𝐿𝑡+1

∗  is as follows (Rasmussen, 2004): 

 𝐿𝑡+1
∗ |𝐃1:𝑡~𝒩(𝜇(𝜶𝑡+1), 𝜎

2(𝜶𝑡+1)) (5.54) 

 

where  

 𝜇(𝜶𝑡+1) = 𝒌𝑇𝐊−1𝑳1:𝑡
∗  (5.55) 

 𝜎2(𝜶𝑡+1) = 𝑘(𝜶𝑡+1, 𝜶𝑡+1) − 𝒌
𝑇𝐊−1𝒌 (5.56) 

 𝒌 = [𝜅(𝜶𝑡+1, 𝜶1) 𝜅(𝜶𝑡+1, 𝜶1) ⋯ 𝜅(𝜶𝑡+1, 𝜶𝑡)] (5.57) 

The predicted mean 𝜇(𝜶𝑡+1) , and the variance 𝜎2(𝜶𝑡+1)  are sufficient to characterize the 

posterior distribution. It should be mentioned that typically there is an additional term incorporated 

into the calculation for the posterior distribution mean and variance which is the variance for the 

noise in the observations. However, the objective function has a known closed form given in 

Equation (5.49) and thus there is no noise in the seed observations 𝐃1:𝑡, thus the term was omitted. 

The previous paragraph described how the distribution for 𝐿𝑡+1
∗ |𝐃1:𝑡 of new point 𝜶𝑡+1 is 

constructed, the remaining problem is which point 𝜶𝑡+1 should be considered for the next iteration. 

To answer this question, Bayesian Optimization utilizes an acquisition function. This function is 

defined such that high acquisition corresponds to potentially high values of the objective function 

(Brochu et al., 2010) either due to high predicted value for the objective function (exploitation) or 

due to high uncertainty in the prediction (exploration). This is where the tradeoff between 

exploitation and exploration is achieved. The acquisition function used in this study is the Expected 

Improvement over the maximum likelihood 𝐿𝑚𝑎𝑥
∗ = max

𝛂
 {𝑳1:𝑡

∗ } which is constructed using the 
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posterior mean and variance estimated earlier using Equations (5.55), (5.56). The Expected 

Improvement can be evaluated as follows (Jones et al., 1998; Mockus, 1974) 

 EI(𝜶𝑡+1) = {
  (𝜇(𝜶𝑡+1) − 𝐿𝑚𝑎𝑥

∗ )Φ(𝑍) + 𝜎(𝜶𝑡+1)𝜙(𝑍), if 𝜎(𝜶𝑡+1) > 0

  0,                                                                                 if 𝜎(𝜶𝑡+1) = 0
 (5.58) 

where 

 𝑍 =
𝜇(𝛼𝑡+1) − 𝐿𝑚𝑎𝑥

∗

𝜎(𝛼𝑡+1)
 (5.59) 

The next point to be evaluated maximizes the acquisition function EI(𝛼𝑡+1), this is done 

using a heuristic proposed by Lizotte (2008). First, EI is evaluated at a small number of uniform 

random domain points (e.g. 1000 points), then for the best of these points (e.g. 50 points), a direct 

search method (or a Quasi-Newton method) is run. The point corresponding to the highest EI value 

is the next observation (𝜶𝑡+1). The likelihood of the new observation is estimated, and the pair is 

then augmented to the original data. The GP is then updated, and the process is repeated until 

stopping criteria is achieved. 

5.4.5 Summary of KDME with fractional moments procedure. 

As described in the Generalized KDME procedure, an analysis window must be initially chosen 

for unbounded or semi-bounded supports of the random variable X which comes from a probability 

distribution f (x). Additionally, the KDME with fractional moments method is only applicable for 

positive random variables, thus, a coordinate transformation is necessary to transform the random 

variable X into a new random variable Z with a support �̂�𝑧 ≡ [0,1]. This support is necessary to 

ensure that the random variable is always positive and also the chosen standard support is an 

essential assumption used for deriving the simplified procedure of evaluating the Lagrange 

multipliers as described earlier. 
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For the optimization procedure, a domain for α is chosen such that αk ∈ [0, αmax]. Caution 

should be taken when deciding on the value of αmax because for high αmax, numerical instability 

may occur as mentioned previously (Novi Inverardi & Tagliani, 2003). It is recommended that an 

initial αmax is selected small (e.g. αmax = 2), and if the optimum set of α has multiple values close 

to αmax, then αmax should be increased. It is suggested by Alibrandi and Mosalam (2018) that αmax 

< 4. 

After deciding on a KDF to be used in the KDME PDF estimation, and for an initial array 

of M values, the modified likelihood �̂�∗(𝑀, 𝝀, 𝜶) is maximized with respect to α using the Bayesian 

Optimization described in Section 5.4.4 while the Lagrange multipliers 𝝀 are linearly estimated 

from Equation (5.42). After finding the parameters 𝑀, 𝝀, 𝜶, the ME probabilities are evaluated 

using Equation (5.33). If the likelihood was still increasing with the increase of M, keep adding 

moments until an optimum M is found. From here, the KDME PDF for random variable Z is 

estimated through the generalized procedure. The final KDME PDF of the random variable X is 

then estimated by an inverse coordinate transformation from Z to X. The following is a summary 

to the KDME with fractional moments method. 

Algorithm 5.1 

1- Choose an array of initial M values. 

2- Choose an analysis window  �̂� ≡ [𝑥𝑚𝑖𝑛, 𝑥𝑚𝑎𝑥] such that 𝑓(𝑥𝑚𝑖𝑛) ≈ 𝑓(𝑥𝑚𝑎𝑥) ≈ 0 

3- Perform coordinate transformation for the sample data by defining  𝑧 =
 𝑥−𝑥𝑚𝑖𝑛

𝑥𝑚𝑎𝑥−𝑥𝑚𝑖𝑛
, 𝑧 ∈

[0,1] 

4- Discretize the support of Z, �̂�𝑧 ≡ [0,1], by choosing a constant step 𝑧 = 𝑧𝑖+1 − 𝑧𝑖, 𝑖 =

1,2, . . . , 𝑁 − 1.  
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5- Choose αmax such that αk ∈ (0, αmax]. A value from 2 to 4 is recommended as higher order 

moments may not be accurately estimated from the sample. 

6- Choose a suitable KDF and ℎ ∈ [0, 𝛥𝑧]. 

7- Perform a Bayesian Optimization to maximize the modified likelihood �̂�∗(𝑀, 𝝀, 𝜶) to find 

the parameters  𝛼1, 𝛼2, . . . , 𝛼𝑀  utilizing the sample moments as an approximate for the 

population fractional moments in addition to using the simplified procedure in Equation 

5.42 to linearly estimate 𝜆1, 𝜆2, . . . , 𝜆𝑀 . Check if αmax needs adjustment, if 𝜶  contain 

multiple values close to αmax, increase αmax. 

8- Estimate the maximum likelihood �̂�∗(𝑀) for the different M in the array. if maximum 

�̂�∗(𝑀) was found to be of the maximum M value in the array, keep adding increments of 

one to M until �̂�∗(𝑀)  decrease and use the optimum M that results in the maximum 

likelihood.  If not, use the M value that produces the maximum likelihood �̂�∗(𝑀). 

9- Using the estimated parameters, get the discrete ME probabilities  𝑝𝑖
𝑀𝐸(𝝀, 𝜶) =

𝑁0𝑒𝑥𝑝(−∑ 𝜆𝑘𝑥𝑖
𝛼𝑘𝑀

𝑘=1 ) , 𝑖 = 1,2, . . . , 𝑁  of the discrete Z random variable and 

subsequently, obtain the KDME PDF 𝑓𝐾𝐷𝑀𝐸(𝑧). 

10- Perform an inverse coordinate transformation from z to x to obtain 𝑓𝐾𝐷𝑀𝐸(𝑥)  ≅  𝑓(𝑥). 

11- Check if the analysis window needs adjustments by checking the final distribution. 

5.5 Kernel Density Maximum Entropy for Multivariate Distributions 

The KDME method described in Section 5.3 is established for one-dimensional random variables. 

However, most of the damage features used in SHM are of higher dimension. A work around this 

problem is to perform Independent Component Analysis (ICA) for the damage feature vector 

which will result in new independent random variables. The marginal KDME PDF is then 
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estimated for each component and the joint PDF is simply the multiplication of all marginal PDFs. 

However, the obtained PDF is in different space and thus when testing new observations, they 

must be transformed into this new space first before performing the damage detection algorithm. 

Assume that every component of the feature vector is some weighted linear combination of the 

independent components all of which are random variables in their own rights, this is called a 

linear mixture problem. In vector-matrix notation, for a feature vector 𝒙  and independent 

components vector 𝒔, the mixing model is written as 

 𝒙 = 𝐀𝒔 (5.60) 

where A is called the mixing matrix. In ICA, we are interested in knowing the independent 

components s while x is known. Thus, the inverse linear transformation is 

 �̂� = 𝐖𝒙 (5.61) 

where �̂� is an estimate of the s, and W = A-1. The goal of ICA is to solve linear mixture problems 

by attempting to find the inverse mixing matrix W.  

For data sample x drawn from unknown distribution f(x), the first thing to do before 

performing ICA on the feature vector is to subtract the mean vector from the sample, this is a 

preprocessing step called centering, it results in a new centered random variable defined as 

 𝒙𝑐 = 𝒙 − 𝒙 (5.62) 

The Singular Value Decomposition (SVD) technique is utilized to split A into simpler pieces as 

follows 

 𝐀 = 𝐔𝚺𝐕𝑇 (5.63) 
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where V is a rotation matrix, 𝚺 is a stretch matrix along the axes, 𝐔 is a final rotation matrix. This 

makes the finding of A simpler because each of these matrices now has fewer parameters to 

estimate rather than trying to obtain each individual element. The inverse of the expression in 

(5.63) defines W as follows 

 𝐖 = 𝐕𝚺−𝟏𝐔𝑇 (5.64) 

The rotation U and stretch 𝚺 can be found by whitening the data. The term whitening means to 

make the covariance matrix equal to the identity matrix. It is assumed that the independent 

components are whitened, or having an identity covariance matrix E[ssT] = I. Using this 

assumption, and knowing that the covariance is defined as the expectation of the outer product 

Cov(x) = E[xxT], by substituting the expression in (5.63) in E[xxT], the result is as shown below 

 E[𝒙𝒙𝑇]  =  𝐔𝚺𝟐𝐔𝑇 (5.65) 

It is observed from the previous equation that 𝚺, a diagonal matrix, is multiplied from both sides 

by U which is an orthogonal matrix is equivalent to the eigen decomposition of the covariance 

matrix E[𝒙𝒙𝑇]. The eigen decomposition of E[𝒙𝒙𝑇] is defined as 

 E[𝒙𝒙𝑇]  =  𝐄𝐃𝐄𝑇 (5.66) 

where E contains the eigenvectors in its columns, and D has the eigenvalues as its diagonal 

elements. Comparing Equation (5.66) with Equation (5.65) we come at the following conclusion 

 𝐖 = 𝐕𝐃−
𝟏
𝟐𝐄𝑇 (5.67) 

Thus, the matrices 𝚺 and U are found through the eigenvalue decomposition of the covariance 

matrix of the centered sample xc. This produces new whitened random variable xw defined as 

 𝒙𝑤 = 𝐃−
1
2𝐄𝑇𝒙 (5.67) 
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The covariance of 𝒙𝑤 at this point is the identity matrix I. Only the rotation V is left to be estimated 

which is obtained through an optimization procedure. Even though the optimization could have 

been done for matrix W (or A), there would have been d2 parameters (elements) to estimate where 

d is the dimension of the random variable x. The whitening process reduces the optimization 

parameters from d2 to d(d-1)/2 because the remaining matrix V is a rotation matrix defined by d(d-

1)/2 angles. For a two-dimensional feature vector x, the rotation V is defined as 

 𝐕 = [
cos(𝜃) −sin(𝜃)

sin(𝜃) cos(𝜃)
] (5.68) 

The goal is to find the angle 𝜃 that results in a statistically independent component. There are 

multiple methods for performing this task (Hyvärinen & Oja, 2000). In this study, the optimization 

will be done through information theory using the mutual information measure. The mutual 

information measures the statistical dependency of multiple distributions. Thus, minimizing the 

mutual information will result in a rotation V that will possibly make �̂� statistically independent. 

The mutual information for m random variables 𝑦1, 𝑦2, . . . , 𝑦𝑚 is defined as 

 𝑰(𝑦1, 𝑦2, . . . , 𝑦𝑚) =∑𝐻

𝑚

𝑖=1

(𝑦𝑖) − 𝐻(𝒚) (5.69) 

where H is the entropy defined in Equations (5.14) and (5.15). It is noted that the mutual 

information is equivalent to the Kullback-Leibler (KL) divergence between the joint density f (y) 

and the multiplication of the marginal densities f (yi). Given that  �̂� = 𝑽𝒙𝑤, the mutual information 

of �̂� is as follows 

 𝑰(�̂�) =∑𝐻

𝑑

𝑖=1

(𝐕𝑥𝑤,𝑖) − 𝐻(𝐕𝒙𝑤) (5.70) 
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where 𝐻(𝐕𝒙𝑤)  =  𝐻(𝒙𝑤)  +  𝑙𝑜𝑔|𝐕| is a constant since 𝐻(𝒙𝑤) is not affect by the change of V 

and |V| = 1. Thus, V can be obtained with the following optimization procedure 

 𝐕 =  min
𝐕
∑𝐻

𝑑

𝑖=1

(𝐕𝑥𝑤,𝑖) (5.71) 

The Bayesian optimization technique is used to get the d(d-1)/2 angles that define the 

optimum rotation V. However, since a Bayesian optimization is required to maximize the 

likelihood �̂�∗(𝑀, 𝝀, 𝜶) as a part of finding the distribution for each predictor and thus finding the 

entropy H (𝐕𝑥𝑤,𝑖), the result is a two-layers Bayesian optimization procedure. Once the optimum 

V is found, the W matrix is evaluated using Equation (5.67) and the estimate of the independent 

components �̂�  can be found using Equation (5.61) after centering the feature vector x. The 

marginal PDF f(�̂�i) for each component is found using the KDME with fractional moments method 

described in this chapter. The joint PDF f(�̂�) is as follows 

 𝑓(�̂�) =∏𝑓

𝑑

𝑖=1

(�̂�𝑖) (5.72) 

Since this method is formulated for SHM, no need to transform the joint PDF of �̂� back to the 

original space of x. For testing new observations, the observations need to be transformed to the 

space of �̂� before attempting any damage detection algorithm. This is simply done using Equation 

(5.61) using the matrices evaluated for the ICA. Algorithm 5.2 shows a summary of estimating a 

multidimensional KDME PDF to be used in SHM given sample x of d dimensions. 

Algorithm 5.2 

1 – Center x by subtracting the mean from each dimension. 
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2- Whiten the data using Equation 6.67 and using the matrices obtained from an eigenvalue 

decomposition of the covariance of the centered data xc. 

3- Obtain parameters θ1:d  which defines the final rotation V through a two-layer Bayesian 

optimization which minimizes the mutual information of the whitened random variables (Equation 

(5.71)), where d is the number of dimensions of the feature vector. 

4- Evaluate the estimate of the independent components �̂� = 𝐕𝒙𝑤.  

5- Evaluate the marginal KDME PDF of each component of  �̂� using Algorithm 5.1 

6- Estimate the joint PDF of �̂� by taking the product of all marginal PDFs. 

7- Transform new observations to the space of �̂� before testing using Equation (5.61). 

5.6 Novelty Detection Using Nonparametric Probability Distribution 

In the previous chapter, the outlier analysis was used for detecting anomalies. The method featured 

a threshold calculated based on the assumption that the damage feature vectors come from a 

Gaussian distribution. In this chapter, however, the non-parametric distribution is estimated which 

does not have to be Gaussian. In fact, it rarely is. For this reason, another approach though similar 

in concept is presented here. 

 In this approach, the probability of occurrence of a new observation or a more extreme 

observation 𝑝𝑡 is evaluated and is compared with a critical probability 𝑝𝑐𝑟 (e.g. 0.01) chosen based 

on the confidence in the data. If the probability 𝑝𝑡   less than the critical value 𝑝𝑐𝑟 , the new 

observation is labeled as an anomaly and possibly representing a damaged condition. One simple 

method to calculate these probabilities is to evaluate the Cumulative Distribution Function CDF 

which is defined for d-dimensional feature vector as 
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𝐹𝑋1,𝑋2,...,𝑋𝑑(𝑥1, 𝑥2, . . . , 𝑥𝑑) = ∫  
𝑥1

−∞

∫  
𝑥2

−∞

⋯∫ 𝑓𝑋1,𝑋2,...,𝑋𝑑

𝑥𝑑

−∞

(𝑥1, 𝑥2, . . . , 𝑥𝑑)d𝑥1d𝑥2⋯d𝑥𝑑 

  (5.73) 

Two 𝑝𝑡 values are estimated and compared with  𝑝𝑐𝑟 . The observation is labeled as normal if and 

only if both 𝑝𝑡 values exceeds the critical value  𝑝𝑐𝑟 as follows 

 𝑝𝑡−𝑛𝑜𝑟𝑚𝑎𝑙(𝒙) = {
𝐹𝑿(𝒙)       ≥ 𝑝𝑐𝑟

1 − 𝐹𝑿(𝒙)       ≥ 𝑝𝑐𝑟

 (5.74) 

The drawback of this method is that it is formulated on the assumption that the PDF is unimodal. 

If the PDF is multimodal, this method is no longer valid as there is a possibility of outliers in 

between the peaks. For features of one or two dimensions, it is easy to examine the PDF graphically 

to validate whether it is unimodal or not. However, this is difficult for higher dimensional features.  
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CHAPTER 6 

Case Study I: Numerical three-story reinforced concrete building 

6.1 Introduction 

In this chapter, the first case study is setup for testing the unsupervised learning methods discussed 

earlier. It is an analytical model of a three-story reinforced concrete shear building subject to 100 

ground motions at different scales. In this analytical experiment, four different damage sensitive 

features are examined in addition to three different novelty detection methods which are: outlier 

analysis, kernel density estimation (KDE), and kernel density maximum entropy method (KDME). 

Both the damage sensitive features and the different learning models are compared.  

6.2 Model Construction 

The structure used in the simulation process is a three-story, one-bay in each direction reinforced 

concrete frame. The structure is modelled using OpenSEES with nonlinearity introduced and 

FiberSection objects are utilized in all frame elements with total of 560 fibers for each cross-

section. The columns and beams lengths are 12 ft. and 20 ft. respectively, the columns cross-

sections are 28 in. × 28 in. with reinforcement of 22 bars #9, while the beams are 24 in. × 18 in. 

with reinforcement of 14 #9. All elements have 5 Gauss integration points for nonlinear curvature 

distribution. All column supports are fixed. The concrete material model used is Concrete02 with 

concrete compressive strength of 4 ksi. The steel material model is Steel02 with a yield stress of 

66.8 ksi and a strain-hardening ratio of 0.01. A sketch for the structure is shown in Figure 6.1. The 

gravity loads on the structure consist of dead load only of all elements  self-weight  
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Figure 6.1: Structure dimensions. 
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in addition to 6 in. thick reinforced concrete slab at each floor, these weights are used to estimate 

nodal masses at each node. Gravity loads are applied to the model using a load control integrator. 

Ground motions are applied using a Newmark integrator (γ = 0.5, β = 0.25) and a convergence 

tolerance of 1E-8. Both accelerations and displacements at each floor are recorded in addition to 

base reaction.  

6.3 Training and Testing Data Acquisition 

Acceleration time series are extracted from the structure under ambient vibration to be used as raw 

data for the algorithm. To simulate ambient vibration in OpenSEES, white Gaussian noise with 

zero mean, 1E-8 variance and a sampling rate of 100Hz is applied to the model. To gather the 

training data, the white noise is applied for 30,000 seconds after the application of gravity loads. 

The gathered acceleration time series is then split into intervals of 30 seconds which produce 1000 

training data points. To gather the testing data, an earthquake record is applied after the application 

of gravity loads. The earthquake records are selected from PEER NGA2-West database following 

criteria set forward for ground motions selection based on magnitude, source-to-site distance, and 

soil classification as follows: 

a. Magnitude: 6.5 < Mw < 8.0 

b. Joyner-Boore distance: 0 km < R_JB < 30 km 

c. Soil Class D: 183 m/s < Vs30 < 365 m/s 

 Initially, 100 ground motions follow these criteria were applied with no scaling, but after 

realizing that there is a lack of testing points of higher peak interstory drift ratio, 50 of the ground 

motions were applied one more time using a scale factor of 4.0. All ground motions are applied 

for a total of 100 seconds even when most of the records have a shorter duration, but this allows 
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the structure to stabilize and the vibration to damp away before acceleration time series of the 

white noise are applied. The ground motions are then followed by 600 seconds of the randomly 

generated white noise with the same properties used for generating the training data which is zero 

mean, 1E-8 variance and a sampling rate of 100Hz. This would produce 20 testing points of 30 

seconds intervals. All points generated from each ground motion will be considered as a single 

group used to assess whether the earthquake caused the structure response to deviate from the 

normal condition such that if half or more of these points are classified as novel, then the structure 

is labeled as damaged. The two horizontal components of each ground motion are applied 

separately and thus the total number of testing points will be 300 points.  

6.4 Damage Definition 

Defining the damage is essential for labeling the testing points. This damage definition will be 

used to assess the unsupervised learning SHM methods applied to this structure. The structure is 

labelled as damaged at the onset of yielding of any of its elements. It was found out that in most 

simulations, the ground floor columns are the first to yield due to flexure. This was also observed 

in a static pushover analysis performed on the structure. It was found that the reinforcement of the 

ground floor columns yields at an interstory drift ratio of 0.58% of the first floor in a static 

pushover analysis. As a result, it was decided that the damage will be defined at 0.5% first floor 

interstory drift ratio. 

 According to ASCE 41-13 (2014) and FEMA-356 (2000), the structure is in Immediate 

Occupancy (IO) performance level at 0.5% drift ratio and would still have extra 0.005 radians of 

plastic rotation to move out of the IO performance level into Life Safety (LS) level. One may argue 

that damage should be defined as the moment the structure shifts into the (LS) performance level 
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which is at an interstory drift ratio of approximately 1.00%. However, the unsupervised learning 

algorithm is trained to detect deviations from normal conditions even if this deviation can be 

considered minor or negligible damage, this kind of deviation could be attributed to non-linearity 

(or yielding). Additionally, unsupervised learning can only detect the existence of damage and not 

the extent of damage, and as such cannot distinguish between Collapse Prevention (CP), Life 

Safety (LS), or Immediate Occupancy (IO) and detects all simply as “damaged”. This is why in 

this study, an interstory drift ratio of 0.5% is set as a threshold for labeling the structure as truly 

damaged. The classification of the testing data set can be seen in Figure 6.2. There are 70 points 

classified as damaged while the other 230 points are classified as undamaged.  

 

Figure 6.2: True class of the testing dataset. 

6.5 Methodology 

Four different damage features are applied to the structure: CAV, time series models: AR models’ 

coefficients and ARX models’ coefficients, modal frequencies, and DFT spectrum. These features 

are used in different novelty detection methods such as the MSD-based outlier analysis, and the 

non-parametric KDE and KDME novelty detection methods. All algorithms are coded and run 

using MATLAB R2019a. Results from different features using the same novelty detection method 
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are compared. Additionally, results from different novelty detection methods and learning models 

are compared. All damage-sensitive feature types are used in a traditional outlier analysis. Only 

CAV, modal frequencies, and AR(3) are used in the KDME and KDE methods due to difficulties 

in optimizing KDME for feature dimensions higher than 10 and also KDE would require a huge 

amount of training data to generate an accurate PDF for such high dimensions as described earlier 

in Section 5.2. The comparisons are done based on 4 measures: accuracy, precision, recall, and F1 

score, they are defined as follows: 

 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 =  
𝑇𝑁 + 𝑇𝑃

𝑇𝑁 + 𝑇𝑃 + 𝐹𝑁 + 𝐹𝑃
× 100 (6.1) 

 𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 =  
𝑇𝑃

𝑇𝑃 + 𝐹𝑃
× 100 (6.2) 

 𝑅𝑒𝑐𝑎𝑙𝑙 =  
𝑇𝑃

𝑇𝑃 + 𝐹𝑁
× 100 (6.3) 

 𝐹1 − 𝑠𝑐𝑜𝑟𝑒 =  2 ×
𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 × 𝑅𝑒𝑐𝑎𝑙𝑙

𝑃𝑟𝑒𝑐𝑖𝑠𝑖𝑜𝑛 + 𝑅𝑒𝑐𝑎𝑙𝑙
 (6.4) 

where TN is the number of true negatives, TP is the number of true positives, FP is the number of 

false positives (Type I errors) and FN is the number of false negatives (Type II errors). 

Additionally, plots of the distance measure versus the drift ratio are shown. The idea behind using 

these metrics is that accuracy by itself is not always a very good measure, an imbalanced testing 

data such as the one at hand would result in an accuracy that is not well representative to the model 

performance. The recall measure how many of the damaged data is “recalled”, while the precision 

provides a measure of how “precise” the recall is. A good model offers a good trade-off between 

the two measures, the F1-score is used for that task. It is defined as the “harmonic mean” of those 

two measures. 
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6.6 Results 

6.6.1 Outlier Analysis 

CAV was calculated for every training point and fitted into a Gaussian PDF by estimating the 

mean and standard deviation. Discordancy tests were then made for CAV of each testing point and 

the resulting discordancy measures plotted against the corresponding peak drift ratios are seen in 

Figure 6.3. The plot also includes the threshold of a z-value of 2.807 estimated for a confidence 

level of 99.5% in addition to the true decision boundary for damage corresponding to 0.5% peak 

drift ratio. In this plot, there are four distinctive quarters. The top left quarter and the bottom right 

quarter correspond to the false positive (FP) and false negative (FN) errors respectively, while the 

bottom left, and the top right quarters correspond to the true negatives (TN) and true positives (TP) 

respectively. This method resulted in the highest accuracies at 92.67% but also the lowest recall 

out of all tested features at 74.29% due to a high number of false negatives. 

 For the autoregressive model, the first step in building the model is to decide on a model 

order. In this project, the R2 statistic was used to assess the model order choice. R2 statistic was 

calculated for model orders of 1 to 30 (Figure 6.3). From the figure, it can be observed that there 

is a substantial increase in R2 value at AR(10), and thus, AR(10) was selected. Additionally, AR(3) 

was also selected to compare with the results of AR(10). The R2 value for AR(10) was found to 

be 0.79, while R2 for AR(3) was 0.64. The AR models’ coefficients were used as a feature vector 

for each training or testing point. The feature distribution for AR(3) coefficients is shown in Figure 

6.3 which shows how testing points deviate from the normal condition. For both AR(3) and 

AR(10), the training data set was fitted into a multivariate Gaussian  distribution  

 



74 

 

 

Figure 6.3: z-score vs peak drift ratio (CAV). 

and the mean and the covariance matrix were calculated. The Mahalanobis squared distances were 

estimated for each testing point and compared with a threshold generated using a Monte-Carlo 

simulation with 99.5% confidence interval and found to be at MSD of 25.34 for AR(3) and 40.07 

for AR(10).  The feature distribution for AR(3) coefficients can be seen in Figure 6.5. AR(3) 

showed high accuracy and recall of 89.67% and 98.57% respectively while maintaining a precision 

of 69.7%. This model showed less sensitivity to deviation when compared with AR(10) which has 

perfect recall of 100% but a much lower accuracy at 48% and 30.7% precision due to a large 

number of false positives. Both AR(3) and AR(10) are shown in Figure 6.6. 

 The same procedure described in the last paragraph was done for autoregressive models 

with exogenous input. Two ARX models were considered: ARX(2,1) and ARX(6,4) both have a 

one-time-step input delay. MSD versus drift ratio plots are shown in Figure 6.6. As seen in the 

plots, the ARX models provide similar results to the AR models. However, ARX models perform 

better in terms of accurate damage detection while having the same number of dimensions in each 

feature vectors. ARX(2,1) has the accuracy, recall, and precision of 91.33%, 100%, and 72.92% 

FP  TP 

 

 

 

TN  FN 
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Figure 6.4: R2-statistic vs model order. 

 

 

Figure 6.5: feature distribution of AR(3) coefficients. 
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Figure 6.6: MSD vs peak drift ratios of time series models. 

respectively which are all higher than the AR(3) model. Also, ARX(6,4), similar to AR(10) but 

with a slightly better performance, has 50.33% accuracy and 31.96% precision. Again, ARX(6,4) 

model show deviations from the normal condition at lower drift ratios than ARX(2,1). These 

results indicate that for this example, the ARX models provide more accurate results because of 

the additional information offered by the external input term even though both models have the 

same order in total. One of the reasons of the AR(10) and ARX(6,4) having such a high number 

of false positives is that it may be overfitting the data due to the relatively high dimensionality of 

the features compared to the available training data such that any small change in the data can be 

labeled as outliers. 

AR(3) 

 

AR(10) 

 

ARX(2,1) 

 

ARX(6,4) 
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 For modal frequencies damage feature, frequency response functions were estimated for 

every 60 seconds segment in the undamaged structure using a Hanning window of 45 seconds and 

50% overlap. The frequencies corresponding to the first two peaks (first two modes) were selected 

and stacked in a two-dimensional vector to create 500 damage feature vectors. The same was done 

for the testing data to generate 10 feature vectors for every ground motion. It is evident in the 

feature distribution plot seen in Figure 6.7 that the first two modal frequencies of the testing points 

deviate from the normal condition with the increase of damage. 

 

Figure 6.7: Feature distribution of the first two modal frequencies. 

 The training data set was fitted into a multivariate Gaussian distribution and the mean and 

the covariance matrix were calculated. The Mahalanobis squared distances were estimated for 

each testing point and compared with a threshold generated using a Monte-Carlo simulation and 

99.5% confidence interval and found to be at MSD of 21.77. The results can be seen in Figure 6.8. 

The results show a low accuracy and precision of 57% and 35.18% respectively but a high recall 

of 100% which is all due to a large number of false positives just like the AR(10) and ARX(6,4) 

models. Only this time, this is not a high dimensional feature vector. Looking back at Figure 6.7, 
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Figure 6.8: Mahalanobis Squared Distance vs peak drift ratio (modal frequencies). 

it is noticed that the two modal frequencies do not change much in the training phase, while any 

form of nonlinearity may alter any of the two frequencies. The true damage threshold chosen at 

0.5% represents the yielding of the steel reinforcements in the lower columns. However, the 

concrete cracking that occurs before that may also change the frequencies, and due to the low 

variance of the training data, this resulted in a large number of false positives. 

 The discrete Fourier transforms were calculated for the 30 seconds intervals using fast 

Fourier Transform (FFT) resulting in 3000 spectral lines for each training point. The reason behind 

choosing the 30 seconds intervals is that it will provide double the number of training points to 

counter the high dimensionality of this feature and to avoid overfitting. Since feature vectors of 

3000 dimensions will suffer from the curse of dimensionality, a dimension reduction was 

necessary. It is expected that variations will be evident in the peaks of the Fourier transform, thus 

the peak of the first mode was singled out by only using the spectral lines from 101 to 140 to 

extract the feature vector and thus dimension is reduced to 40 dimensions. Feature vectors were 

extracted for the training data set and again fitted to a multivariate Gaussian distribution. MSD 
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was calculated for each of the testing points and compared with the threshold estimated using a 

Monte-Carlo simulation using a 99.5% confidence interval. Interestingly, there was a peak in the 

deviation at about 0.18% drift ratio after which the deviation dropped drastically having an 

accuracy of 54.67% but with an alarming 0% recall and precision. It was unable to identify any 

damaged structure from the testing data (Figure 6.9). This was a result of the peak escaping the 

range specified earlier for the feature extraction (Figure 6.10). As a result, another trial was made 

using a feature vector ranging from the spectral lines 81 to 120 as it was expected that the peak 

will shift to lower frequencies as the stiffness reduces with damage. Accuracy slightly decreased 

to 54.33% but with 100% recall, the error composed entirely of false positives (Figure 6.11) which 

is a more reasonable result (33.82% precision). Yet again it can be observed that after a drift ratio 

of 0.45%, MSD decreases with an increase of drift ratio. This yields the Fourier transform feature 

vector in this case as a non-reliable damage feature because it is challenging to know where the 

peak will land after the structure gets damaged by an earthquake, such assumption invalidates the 

unsupervised learning concept. Alternatively, one may seek other ways for extracting the feature 

vector from the Fourier transform to avoid this problem such as using a sliding window that covers 

the entire range of the spectra and then perform the outlier analysis for each window for 

assessment. This was done for the case at hand using a sliding window of 40 dimensions with no 

overlap, 50% overlap, 75% overlap and 87.5% overlap. Outlier analysis was performed for each 

window in each of the four cases and the number of windows detecting the test point as an outlier 

is stored and plotted against the drift ratio (Figure 6.12). However, there was no clear efficient way 

for estimating the thresholds in this case and the optimum threshold shown in the plots are not 

estimated from an unsupervised learning approach but rather through maximizing the F1-score 
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and are only shown for demonstration. It is shown that the optimum threshold is 21.42% of the 

total number of windows on average.   

 

Figure 6.9: Mahalanobis Squared Distance vs peak drift ratio (FFT). 

 

 

Figure 6.10: Average Fourier transforms magnitudes (normal condition is in black). 
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Figure 6.11: Mahalanobis Squared Distance vs peak drift ratio (FFT, 2nd trial). 

 The previous outlier analysis results are all summarized in Table 6.1 with all comparison 

metrics including the F1-score. The ARX(2,1) is the best model from the tested feature types for 

the available data and for this example. Even though it doesn’t have the highest accuracy out of 

all the features, it has a perfect recall accompanied by high accuracy and precision which all result 

in the highest F1-score out of all features. The CAV feature comes second in terms of the F1-

score. However, for this example, due to the low recall percentage, the ARX(2,1) model is more 

preferred as the false negatives may have life-threatening consequences when compared to false 

positives. It was also found that the discrete Fourier transform feature is not reliable due to the 

large number of dimensions and the necessity of dimension reduction. The dimension reduction 

policy considered here gives favorable results only when the chosen peak remains in the selected 

window and such constraint cannot be guaranteed in unsupervised learning. An additional 

observation is that models using AR(10), ARX(6,4), modal frequencies or FFT features result in 

a large number of false positives and no false negatives. This could have two interpretations. First, 

the feature is more sensitive to damage and can detect deviations from the normal condition more 
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  Window size: 40, overlap: 0%   Window size: 40, overlap: 50%  

 

  F1-score = 0.927      F1-score = 0.933 

 Threshold at 9 / 23.68% of windows   Threshold at 16 / 21.33% of windows 

 

 Window size: 40, overlap: 75%   Window size: 40, overlap: 87.5%  

 

  F1-score = 0.886     F1-score = 0.95 

 Threshold at 30 / 20% of windows   Threshold at 62 / 20.67% of windows 

Figure 6.12: Outlier analysis results using windowed FFT feature 

easily. Such an issue can be mitigated in a supervised learning approach. However, as mentioned 

in previous chapters, the unsupervised learning approach cannot detect the extent of damage, or 

in other words, does not comprehend whether this deviation can be considered damage or not. For 
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Table 6.1: Comparison between different features for outlier analysis. 

Feature type 
Feature 

dimension 
Accuracy Precision Recall F1-score 

CAV 1 92.67% 92.86% 74.29% 0.8254 

AR(3) 3 89.67% 69.7% 98.57% 0.8167 

ARX(2,1) 3 91.33% 72.92% 100% 0.8434 

AR(10) 10 47.33% 30.7% 100% 0.4698 

ARX(6,4) 10 50.33% 31.96% 100% 0.4844 

Frequencies 3 57% 35.18% 100% 0.5205 

FFT 40 54.3% 33.82% 100% 0.5054 

example, the concrete tension cracking is not considered as damage in this case, but since the 

model does not have damaged training points, the model may flag this as damage anyways. In 

novelty detection, the decision making of the outlier analysis is directly related to the chosen 

threshold and the confidence level that the threshold is based on. This confidence level is purely 

subjective and is based on prior experience and confidence in the available data. The second 

interpretation is that the model is overfitting the training data, this may be true for the relatively 

high dimensional features such as AR(10), ARX(6,4), and FFT. 

6.6.2 Nonparametric methods 

The nonparametric methods of KDE and KDME described in Chapter 5 were applied for three 

feature types: CAV, modal frequencies and AR(3) model’s coefficients. CAV, being a one-

dimensional feature, required no preprocessing before applying KDME. For maximizing the 

likelihood of Equation (5.49), The following parameters were chosen: 𝛼𝑚𝑎𝑥 = 2;  𝑀 = 2,3,4. The 

support was selected such that the maximum and minimum observed values are increased and 

decreased by 10% respectively (the opposite is performed for any negative extreme value). The 
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KDF used is a Gaussian kernel as described in Chapter 5. Out of the three values of M, M = 2 gave 

the KDME PDF with the maximum likelihood value. After performing the Bayesian optimization, 

the result KDME PDF has the following parameters: 𝛼1 = 0.029; 𝛼2 = 0.631. The maximum and 

minimum threshold were estimated such that they make an area (probability) of 0.0025 to the right 

and to the left respectively which, together, would make a significance level of 0.5%. The 

thresholds are 2.407 and 3.44 for minimum and maximum respectively. However, only the 

minimum threshold is used in this experiment since RCAV tends to decrease with the increase of 

damage. KDE was also done in a straightforward fashion using a Gaussian kernel and a smoothing 

parameter h = 0.0547. The thresholds for KDE were found to be 2.374 and 3.474 for minimum 

and maximum respectively. The two PDFs along with the Gaussian PDF used for the outlier 

analysis in Section 6.6.1 are shown in Figure 6.13 with two vertical lines corresponding to the 

maximum and minimum threshold estimated using the KDME PDF. The first thing to be observed 

from the PDF plot is that the PDF is in fact unimodal which validates both the threshold estimation 

done this section and the outlier analysis performed in Section 6.6.1. Also, it is observed that the 

true density function is not Gaussian and is right skewed. Which emphasizes the necessity of non-

parametric methods when computationally feasible. Another observation can be made is the 

pseudo-peaks or bumps appearing near the tails of the KDE distribution, these inaccuracies occur 

due to the sparsity of the sample data in the tails, this is avoided in KDME as it relies on the method 

of moments to find the densities. 

 Results of KDME show that even though the accuracy decreased to 88%, the recall 

increased to 98.57% as a result of a significant decrease in false negatives. On the other hand, false 

positives increased, which is overall a satisfactory result considering the hazardous effect of having 

false negatives. The KDE results are very similar to KDME as the thresholds estimated for each 
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are very close due to the similarity of the two estimated PDFs (both are right-skewed), unlike the 

Gaussian PDF. The only difference is that KDE has a slightly higher accuracy at 89.67%. The 

results for both KDME and KDE are presented in Figure 6.14.  

 

Figure 6.13: Comparison between KDME, KDE and Gaussian densities for CAV.  

  

Figure 6.14: RCAV vs Drift ratio – Threshold estimated using KDME (left) and KDE (right). 

 The modal frequencies feature is a two-dimensional feature, and thus to get the PDF 

estimate using KDME, an ICA is performed for the feature. Two KDME PDFs are then estimated 

for the independent components using 𝛼𝑚𝑎𝑥 = 4,𝑀 = 4, Gaussian kernel and supports which 
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were chosen in the same way for the CAV feature. M was chosen to be 4 as it results in the highest 

maximum likelihood value out of the three options [2,3,4]. The joint CDF was evaluated based on 

the assumption that the joint PDF is unimodal, the CDF will be directly used for novelty detection 

as described in Section 5.6. For novelty detection, the testing point is first transformed to the 

independent components space by centering, whitening and rotating using the same mean and 

matrices used for the training data, the CDF value corresponding to the transformed testing point 

is then evaluated and compared with the minimum and maximum thresholds of 0.0025 and 0.9975 

respectively which is equivalent to a significance level of 0.5%. KDE was also evaluated in the 

independent components space even though it could have been done in the original space. This is 

simply for the sake of comparison with the KDME method. A multivariate Gaussian kernel was 

used with a smoothing parameter h = 0.355. The CDF was evaluated for the KDE and the same 

novelty detection approach for KDME is used. Contour maps of the joint PDF of both methods 

are plotted in Figure 6.15, they show that the density indeed has one peak which makes the novelty 

detection approach used valid. Novelty detection results for both KDME and KDE are shown in 

Figure 6.16. There is no change in precision in both when compared to the results from the outlier 

analysis in Section 6.6.1. However, there is a slight decrease in accuracy due to an increase in false 

positives for both KDME and KDE compared to the outlier analysis method. The accuracy is 

48.67% and 49.67% for KDME and KDE respectively. It is also noticed that both KDME and 

KDE produce very similar results. 

 The AR(3) model produces a three-dimensional feature, this means that one should be 

cautious when trying to apply the novelty detection methods of Chapter 7 to this feature. This is 

because it is very difficult to confirm that the joint density is unimodal. However, for the sake of 

exploring this method in a three-dimensional feature, it is assumed that the density is  
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Figure 6.15: Modal frequencies independent components densities – left: KDME, right: KDE. 

 

Figure 6.16: CDF vs drift ratio for modal frequency independent components – left: KDME, 

right: KDE. 

unimodal. ICA is performed for the sample feature vectors and three KDME PDFs were optimized 

for the independent components using 𝛼𝑚𝑎𝑥 = 4 𝑎𝑛𝑑 𝑀 = 2 feature. M was chosen to be 2 as it 

results in the highest maximum likelihood value out of the three options [2,3,4] for all three 

components. For KDE, a Gaussian kernel and a smoothing parameter h = 0.398 were used. Other 

than that, the procedure is nearly the same for both KDME and KDE as in the modal frequencies 

feature only this time it is in three dimensions. This means that the joint CDF for example is a 3D 
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matrix. Unfortunately, the unimodality of the joint PDF was not validated and thus the novelty 

method used here cannot be guaranteed. Results for both KDME and KDE shows a precision of 

100% which means that the single false negative is now detected as a positive. However, there was 

an increase in false positives which resulted in reducing the accuracy to 63.67% for KDME and 

71% for KDE. Plots of CDF vs drift ratios are shown in Figure 6.17. A metrics summary for the 

results obtained using the nonparametric approaches is shown in Table 6.2. Confusion matrices 

for all novelty detection results are presented in Figure 6.18. The rows represent the actual labels 

for the test points while the columns represent how the algorithm predicts them. 

 

Figure 6.17: AR(3) coefficients independent components densities – left: KDME, right: KDE. 

 

Table 6.2: Comparison between nonparametric approach results (Case I). 

PDF 

Type 
Feature type 

Feature 

dimension 
Accuracy Precision Recall F1-score 

K
D

M
E

 CAV 1 88% 66.35% 98.57% 0.7931 

Frequencies 2 48.67% 31.25% 100% 0.4762 

AR(3) 3 63.67% 39.11% 100% 0.5612 

K
D

E
 

CAV 1 89.67% 69.7% 98.57% 0.8166 

Frequencies 2 49.67% 31.67% 100% 0.4811 

AR(3) 3 71% 44.59% 100% 0.6168 
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Figure 6.18: Confusion matrices for all Case I diagnostic results. 
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CHAPTER 7 

CASE STUDY II: A SHAKE TABLE TEST OF THREE-STORY RC 

FRAME WITH INFILL WALLS 

7.1 Introduction 

This chapter discusses the second case study which is based on a previous experimental study 

conducted by Stavridis (2009). It is a three-story reinforced concrete frame with infill walls 

subjected to ground motions of different scales. Two damage features types are used along with 

the MSD-based outlier analysis. The effects of augmenting multiple sensors from different floors 

into a single feature are examined. Additionally, A comparison is made between using ambient 

vibration and white noise for extracting the damage-sensitive features is made and another 

comparison is made between CAV results using training data of different root-mean-square 

amplitude such that the effect of signal amplitude on the quality of CAV results is studied. 

7.2 The Specimen 

The structure is a 2/3 scaled three-story, two-bay, nonductile reinforced concrete frame with 

unreinforced masonry infill walls which is designed by Stavridis (2009) Figure 7.1. The concrete 

used has a compressive strength of 3000 psi, the reinforcement is of Grade 60. The columns have 

16 in. × 16 in. cross-section with 1% reinforcement ratio in all floors. The frames are infilled with 

three-wythe brick masonry walls using cement-line mortar with ASTM C270 Type N properties. 

The west bays have solid infills, while the east bays had window openings. A full design of the 

structure can be found in Stavridis (2009).  
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Figure 7.1: Test specimen (Stavridis, 2009). 

 

Figure 7.2: Location and direction of accelerometers on each floor (Stavridis, 2009). 

 The specimen is fitted with many different sensors and gages, most importantly for this 

study, 13 uniaxial accelerometers fitted in each floor (Figure 7.2). Out of these accelerometers, 

there are three in the main direction of excitation (x-direction) in each floor. The ones that are in 

the middle are used for training and testing in this study including the ground floor accelerometer.  

The specimen is subjected to 14 earthquake ground motions and 15 white-noise tests. In addition, 

there are 15 recordings of ambient vibration. The ground motions are made of Gilroy 3 station 



92 

 

recording of the 1989 Loma Prieta earthquake with different scales (10%, 20%, 40%, 67%, 83%, 

91%, 100%, and 120%), while the final earthquake test is 250% El Centro recording of  

the 1940 Imperial Valley earthquake. The design earthquake (DE) and the maximum considered 

earthquake (MCE) for this specimen correspond to 67% Gilroy 3 and 100% Gilroy 3 respectively. 

Structural ambient vibration is recorded at the start and end of each test day and white noise 

excitation with root mean square (RMS) amplitude of 0.03g and 0.04g are applied to the structure 

before and after each earthquake test. A table of all ground motion recordings is presented in Table 

7.1. 

7.3 Training and Testing Dataset and Damage Definition 

Since there are ambient vibration recordings as well as white noise recordings, both are used for 

extracting the damage sensitive features individually and results of both are compared. It is also 

observed that the recordings are of 10 minutes intervals for the ambient vibration and 5 minutes 

for the white noise recordings, thus a sliding window is used to reduce the effect of data sparsity. 

For the ambient vibration, the training data is extracted from test no. 3 divided into 60 seconds 

segments with a sliding window of 55 seconds overlap, this results in 327 segments. The ambient 

vibration testing data consists of tests no. 10, 14, 15, 24, 30, 31, 37, 38, 42 and 44 which will be 

divided into 60 seconds segments with no overlap resulting in a total of 24 undamaged conditions 

and 73 damaged condition test points. For white noise, the training data is extracted from test no. 

5 divided into 60 seconds segments with a sliding window of 59 seconds overlap resulting in 294 

segments, while the training data are made of tests no. 7, 9, 13, 22, 29, 34, 36 and  
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Table 7.1: Test protocol (Stavridis, 2009). 

 

Date Test no. Test

1  Free vibration

2  Free vibration 

3  10 min ambient vibration

4  10 min ambient vibration

5  5 minutes “white” noise 0.3-25Hz RMS=0.03g

6  10% of GILROY 3

7  5 minutes “white” noise 0.3-25Hz RMS=0.03g

8  20% of GILROY 3

9  5 minutes “white” noise 0.3-25Hz RMS=0.03g

10  10 min ambient vibration

11  10 min ambient vibration

12  40% of GILROY 3

13  5 minutes “white” noise 0.3-25Hz RMS=0.03g

14  10 min ambient vibration

15  10 min ambient vibration

16  20% of GILROY 3

17  5 minutes “white” noise 0.3-25Hz RMS=0.04g

18  20% of GILROY 3

19  40% of GILROY 3

20  5 minutes “white” noise 0.3-25Hz RMS=0.04g

21  67% of GILROY 3

22  5 minutes “white” noise 0.3-25Hz RMS=0.04g

23  20% of GILROY 3

24  10 min ambient vibration

25  5 minutes “white” noise 0.3-25Hz RMS=0.04g

26  67% of GILROY 3

27  5 minutes “white” noise 0.3-25Hz RMS=0.04g

28  83% of GILROY 3

29  5 minutes “white” noise 0.3-25Hz RMS=0.04g

30  10 min ambient vibration

31  10 min ambient vibration

32  5 minutes “white” noise 0.3-25Hz RMS=0.04g

33  91 % of GILROY 3

34  5 minutes “white” noise 0.3-25Hz RMS=0.04g

35  100% of GILROY 3

36  5 minutes “white” noise 0.3-25Hz RMS=0.04g

37  10 min ambient vibration

38  10 min ambient vibration

39  5 minutes “white” noise 0.3-25Hz RMS=0.04g

40  120% of GILROY 3

41  5 minutes “white” noise 0.3-25Hz RMS=0.04g

42  10 min ambient vibration

43  250% of ELCENTRO 1940

44  10 min ambient vibration

11/13/2008

11/12/2008

11/10/2008

11/6/2008

11/18/2008

10/31/2008

11/3/2008
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41. They are also divided into 60 seconds segments but with a window sliding of 35 seconds 

overlap resulting in 33 healthy test points and 57 damaged test points. The rationale behind the 

choice of sliding window overlap for the testing points is to provide approximately 10 data points 

per damage case. Additionally, for CAV, outlier analysis is performed using the data of test #17 

as training data as the RMS amplitude of this data is 0.04g, these results are compared with the 

ones obtained using test #5 (RMS = 0.03g) to examine the effects of signal amplitude on CAV 

results. All the time series segments are centered (by subtracting the mean from the data) before 

applying any algorithms as a simple attempt to eliminate obvious trends without losing much 

information. Visual inspection, system identification, and strain gages are all used to assess 

structural damage. The ambient vibration and white noise records have been specifically chosen 

to test different levels of damage. Records 7, 9, 10, 13,  14, and 15 are considered undamaged as 

per Stavridis et al. (2012). The level of damage corresponding to each record is presented in Table 

7.2. 

Table 7.2: Damage levels for each testing data case. 

 

7.4 Methodology 

Two damage features are used for this experiment: CAV and AR(3) model. The reason that some 

other features discussed in this study are not used is that the data from the sensors is augmented 

Ambient 

vibration test

White 

noise test

Damage 

level
Visual Description

10,14,15 7,9,13 - -

24 22 Minor Minor cracks in infill.

30,31 29,34 Mild Cracks in infill, minor cracks in west & middle columns top.

37,38 36 Serious Diagonal cracks in exterior columns, horizontal cracks in middle column.

42 41 Severe Severe shear cracks in all columns, failure of middle column.

44 Collapse Infill collapse, shear failure of all columns, structure supported by steel tower.
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into a single feature vector thus producing a dimension three times that of the original feature. 

Other features like higher AR models or ARX models may suffer greatly from the sparsity of the 

data given that the available training data is limited. Two comparisons are made in this study: First, 

an investigation is made on the effect of augmenting multiple sensors from different floors into a 

single feature vector, a model having damage features extracted from the third floor, the upper two 

floors or all floors are constructed. Furthermore, a comparison is made between extracting the 

features from white noise records and the ambient vibration records. It is known that the white 

noise is a stationary signal same as used in the previous case study, the ambient vibration, however, 

may contain non-stationary elements and may be suitable to environmental and operational 

variations and are of much lower amplitude, thus it is of interest to examine if these time-domain 

based damage features can be affected by any of these differences. In total, 12 tests are performed 

in this case study. 

7.5 Results 

Results are shown in Figures 7.3 to 7.7. The red vertical line represents the true threshold for 

damaged conditions or “True Positives”, while the green line represents the estimated threshold 

using the Monte-Carlo numerical simulation. The vertical grey dashed lines separate between 

records and damage levels starting from the left as per Section 7.3. Similar to the previous case 

study, each plot has four boxes at each corner representing from the bottom left and going 

clockwise: TN, FP, TP, and FN. Confusion matrices corresponding to these plots are seen in Figure 

7.8. Additionally, Table 7.3 shows the accuracy, precision, recall, and F1-score of each result. 

 In general, results have shown good performance in terms of accurate damage detection 

for the CAV damage-sensitive feature compared to the AR(3) model. The AR(3) model, on the 
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other hand, suffers greatly from false positives possibly due to overfitting of the data as the training 

data is limited, or because the model requires a higher order or an additional term in the time series 

model like the input or a moving average (MA) term, this, however, may make the model much 

more susceptible to overfitting as the feature dimensions increase while the training data is still 

limited (327 points). From the results, it is observed that removing the first-floor sensor and using 

only the upper two does not significantly affect the results. In fact, it sometimes slightly improves 

the results like in the CAV results in both ambient and white noise records. This could be possible 

because the available acceleration time series data for the first floor have relatively high noise and 

are usually of lower amplitudes. It could also mean that the first floor contains less useful 

information than the other sensors. When removing both the 2nd floor and the 1st-floor sensor, the 

results change drastically for the ambient vibration data containing a high number of false 

negatives and failing to detect damage at all levels except for few points. The reason for this 

phenomenon was found to be due to noise in the acceleration time series training data (test #3) in 

the third floor (Figure 7.9) which, for CAV for example, caused the result RCAV having a large 

variance that could sometimes cover the RCAV resulted from the damaged conditions Figure 7.10. 

This indicates that the second-floor feature helped to mitigate the errors that may arise from using 

the third-floor sensor data which emphasizes the importance of augmenting multiple sensors to 

gather as much information as possible. Additionally, this may give a hint that CAV is vulnerable 

to data noise as poor results are retrieved from using either first floor or third floor ambient 

vibration data while on the other hand, AR(3) did not result in a comparable poor results from 

using first floor data even though there was a considerable number of false negatives. Thus, a 

robust filtering method is needed to avoid such errors from using the CAV feature.  
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 When comparing the results acquired from the ambient vibrations and the white noise, it is 

found that there is not a significant difference between the two except for the case with the third 

floor only results which was discussed earlier. It is observed that the variance of the data is lower 

in the white noise case which is understandable due to the stationary nature of the signal and also 

the higher amplitude which makes the signal clearer as it is easy for the sensor to detect. 

Furthermore, when CAV results using training data of 0.03g and 0.04g RMS are compared 

(Figures 7.5 and 7.6), it was found out that there is no significant difference in the quality of results 

in terms of accuracy and F1-score. However, when comparison is made between CAV results 

obtained using white noise records to the ones obtained using ambient vibration records which 

have an RMS amplitude of 0.0018g, it is clear that the white noise data produce more accurate 

results. The significantly higher signal amplitude of the white noise (and thus better resolution of 

the signal) could be one of the reasons of this finding. It is recommended to perform another study 

where there are training records of wide array of RMS amplitude to validate the conclusions 

regarding CAV amplitude dependency. A comparison between the F1-score of the three cases of 

RMS amplitude is shown in Table 7.4. 
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Figure 7.3: Outlier analysis results using ambient vibration data (CAV) 
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Figure 7.4: Outlier analysis results using ambient vibration data (AR(3)) 
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Figure 7.5: Outlier analysis results using white noise data (CAV, training: test #5 / RMS = 0.03g) 
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Figure 7.6: Outlier analysis results using white noise data (CAV, training: test #17 / RMS = 

0.04g) 
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Figure 7.7: Outlier analysis results using white noise data (AR(3)) 
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Figure 7.8: Confusion matrices for Case II outlier analysis results – left: ambient vibration data, 

right: white noise data. 

 

 

Sensors:

N P N P

N 17 7 N 3 21

P 15 58 P 7 66

N P N P

N 17 7 N 7 17

P 16 57 P 10 63

N P N P

N 18 6 N 3 21

P 15 58 P 9 64

N P N P

N 21 3 N 9 15

P 56 17 P 30 43

N P N P

N 20 4 N 24 0

P 62 11 P 73 0

N P N P

N 18 6 N 7 17

P 15 58 P 9 64

N P N P

N 24 0 N 11 13

P 61 12 P 30 43

1st Floor

Predicted Predicted

A
ct
ua
l

A
ct
ua
l

2nd Floor

Predicted Predicted

A
ct
ua
l

A
ct
ua
l

3rd Floor

Predicted Predicted

A
ct
ua
l

A
ct
ua
l

3rd & 1st

Floors

Predicted Predicted

A
ct
ua
l

A
ct
ua
l

CAV AR(3)

A
ct
ua
l

PredictedPredicted

A
ct
ua
l

A
ct
ua
l

A
ct
ua
l

PredictedPredicted

Predicted Predicted

2nd & 1st

Floor

3rd & 2nd

Floors

3rd, 2nd &

1st Floors

A
ct
ua
l

A
ct
ua
l

Sensors:

N P N P

N 25 8 N 0 33

P 0 57 P 0 57

N P N P

N 26 7 N 1 32

P 0 57 P 0 57

N P N P

N 28 5 N 1 32

P 0 57 P 0 57

N P N P

N 21 12 N 3 30

P 0 57 P 0 57

N P N P
N 25 8 N 8 25

P 1 56 P 0 57

N P N P

N 28 5 N 10 23

P 0 57 P 0 57

N P N P

N 22 11 N 27 6

P 22 35 P 0 57

1st Floor

Predicted Predicted

A
ct
ua
l

A
ct
ua
l

2nd Floor

Predicted Predicted

A
ct
ua
l

A
ct
ua
l

3rd Floor

Predicted Predicted
A
ct
ua
l

A
ct
ua
l

3rd & 1st

Floors

Predicted Predicted

A
ct
ua
l

A
ct
ua
l

CAV AR(3)

A
ct
ua
l

PredictedPredicted

A
ct
ua
l

A
ct
ua
l

A
ct
ua
l

PredictedPredicted

Predicted Predicted

2nd & 1st

Floor

3rd & 2nd

Floors

3rd, 2nd &

1st Floors

A
ct
ua
l

A
ct
ua
l



104 

 

Table 7.3: Comparison of outlier analysis results (Case II) 

Data 

source 
Feature type Sensors Accuracy Precision Recall F1-score 

A
m

b
ie

n
t 

V
ib

ra
ti

o
n

 

CAV 

3,2,1 75.56% 87.93% 77.27% 0.8226 

3,2 74.44% 87.72% 75.76% 0.813 

2,1 76.67% 89.47% 77.27% 0.8293 

3,1 34.44% 76.92% 15.15% 0.2532 

3 26.67% 50% 6.06% 0.1081 

2 76.67% 89.47% 77.27% 0.8293 

1 32.22% 100% 7.58% 0.1409 

AR(3) 

3,2,1 71.13% 75.86%  90.41% 0.825 

3,2 72.17% 78.75% 86.30% 0.82353 

2,1 69.07% 75.29% 87.67% 0.8101 

3,1 53.61% 74.14% 58.9% 0.6565 

3 24.74% - 0% - 

2 73.2% 79.01% 87.67% 0.8312 

1 55.67% 76.79% 58.9% 0.6667 

W
h

it
e 

N
o
is

e 

CAV 

3,2,1 91.11% 87.69% 100% 0.9344 

3,2 92.22% 89.06% 100% 0.9422 

2,1 94.44% 91.94% 100% 0.958 

3,1 86.67% 82.61% 100% 0.9048 

3 90% 87.5% 98.25% 0.9256 

2 94.44% 91.94% 100% 0.958 

1 63.33% 76.09% 61.4% 0.6796 

AR(3) 

3,2,1 63.33% 63.33% 100% 0.7755 

3,2 64.44% 64.04% 100% 0.7808 

2,1 64.44% 64.04% 100% 0.7808 

3,1 66.67% 65.52% 100% 0.7917 

3 72.22% 69.51% 100% 0.8201 

2 74.44% 71.25% 100% 0.8321 

1 93.33% 90.48% 100% 0.95 
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Figure 7.9: Ambient vibration training data – 3rd floor sensor. 

 

 

Figure 7.10: RCAV values of ambient vibration data – left: 2nd-floor sensor, right: 3rd-floor 

sensor. 

Table 7.4: Comparison between CAV outlier analysis results for different RMS amplitude values. 

Sensors (floor) 3,2,1 3,2 2,1 3,1 3 2 1 

RMS = 0.0018g 0.8226 0.813 0.8293 0.2532 0.1081 0.8293 0.1409 

RMS = 0.03g 0.9344 0.9422 0.958 0.9048 0.9256 0.958 0.6796 

RMS = 0.04g 0.9369 0.9464 0.8833 0.8644 0.9245 0.9541 0.5275 
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CHAPTER 8 

SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS FOR 

FUTURE WORK 

In this thesis, parametric and nonparametric unsupervised learning procedures for structural health 

monitoring were described. Two case studies of a numerical simulation of a three-story RC 

structure and a three-story RC frame with masonry infill were examined where ground motions of 

different scales were applied to both structures to simulate damage in extreme scenarios and the 

ambient vibration after each earthquake was recorded. The parametric approach used was MSD-

based outlier analysis. Case I was studied using four different types of damage features and 

comparison between them was presented. The damage features were cumulative absolute velocity 

(CAV), coefficients of time series models for both autoregressive (AR) models and autoregressive 

with exogenous input (ARX) models with different orders, modal frequencies, and Fourier 

transforms. Additionally, The nonparametric approaches presented and used in Case I included the 

classical kernel density estimation (KDE) and kernel density maximum entropy (KDME) method. 

For the nonparametric methods, three damage sensitive feature types were used which are CAV, 

modal frequencies, and AR(3) model. In case II, outlier analysis was performed using CAV and 

AR(3) as damage-sensitive features. Results obtained from building a feature vector that comprises 

data from 3rd-floor sensor, 3rd, and 2nd floors sensors and all floors sensors were compared. 

Additionally, diagnostics results of using ambient vibration recordings were compared with the 

results obtained from using white noise recordings. The sensitivity of CAV results to the RMS 

amplitude of the signals is also examined. The following conclusions are made: 
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1. Outlier analysis is an effective unsupervised learning method in detecting deviations from 

the training data. However, the normality assumption may not always be valid and this may 

lead to hazardous type II errors as seen in the CAV outlier analysis results of Case I. 

Additionally, it lacks a proper definition of damage since the training set is not representative 

of all undamaged (normal) conditions as all unsupervised learning methods. (i.e. 

Nonlinearity arising from less than 0.5% drift in Case I). 

2. ARX models offered slightly better performance than AR models in Case I in terms of quality 

of detection. This is attributed to the additional external input term as it may have offered 

additional information that resulted in a more accurate prediction even though both AR and 

ARX models have the same number of dimensions in total. 

3. The ARX(2,1) model provides the damage-sensitive features that provided the best results 

in all tested features for Case I even though CAV parametric model has higher accuracy. The 

perfect recall for the ARX(2,1) along with high accuracy and precision, all lead to the highest 

F1-score out of all tested features. 

4. The CAV damage feature has the potential to be one of the prominent features to be used, it 

was applied successfully to both Case I and Case II. However, it was observed that CAV is 

highly sensitive to noise in the raw data in Case II. This means that in order to properly use 

this feature, preprocessing techniques that do not cause a loss of important information 

should be performed for the raw data as an initial step before feature extraction. 

5. According to the performed numerical simulation (Case I), CAV is more accurate than 

others, but it is not necessarily the best feature for outlier analysis as it also results in a high 
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ratio of false negatives. A more attractive approach for assessing the quality of the 

unsupervised learning model is to use recall, precision, and F1-score measures. 

6. It is not feasible to use the Fourier transform damage feature presented in this report because 

of the high dimensionality which may cause overfitting, proper dimension reduction 

techniques such as windowing should be utilized for this feature to be efficient. 

7. High dimensional feature vectors such as AR(10), ARX(6,4) and FFT resulted in a high 

number of false positives which could indicate that these features are overfitting the training 

data and are too complex for the amount of data available. On the other hand, the modal 

frequencies are more sensitive to damage and can detect small deviations from the normal 

conditions that may not be considered as “damaged” state by our standards even though it 

could represent minor or negligible damage. 

8. Nonparametric approaches significantly increased the recall for the CAV feature in Case I at 

the expense of reduced precision. It was found that the distribution for CAV training data 

was not Gaussian but a right-skewed distribution which resulted in an overestimation of the 

threshold. This demonstrates the necessity of nonparametric approaches given that the true 

distribution of the training data is unknown. 

9. The newly proposed multivariate KDME novelty detection approach was successfully 

applied to Case I with reasonable results. However, the obtained thresholds are only valid if 

the density is unimodal and the method may need adjustment to be extendable to higher 

dimension vectors. 

10. The process of choosing the confidence level (and thus the threshold) is not clear. Efforts 

have been made to explain the selected confidence level (such as flagging 2 points out of the 
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500 points as outliers in Case I) but it remains a subjective measure. There is no theoretical 

basis for choosing a certain confidence level. Unfortunately, this sometimes has a significant 

effect on the decision making of the algorithm as it represents a deterministic decision 

boundary for the obtained one-cluster model.  

 There remain some topics that need addressing and was not discussed in detail in this study. 

The damage investigated in the numerical study was mainly global damage caused by earthquakes 

in both cases, it is expected that localized damage may result in some complications especially for 

the modal frequencies damage feature, it will only affect higher modes which are challenging to 

detect from ambient vibrations. It is also observed that the testing data points are imbalanced and 

not well representative in Case I as they lack damaged class points (23.3% of testing points are 

classified as damaged). It is recommended that in future studies, a higher ratio of damaged class 

points is included. Future studies will examine the effectiveness of the proposed methods for 

structural damage due to service or long-term operation rather than extreme scenarios. This could 

result in material degradation such as steel rust. Future studies will also investigate environmental 

and operational variations effects on structural vibration characteristics and consequently the 

structural health monitoring system. In the numerical study, this could be implemented by applying 

non-stationary noise to the white noise record and also implementing temperature-dependent 

material models. Attempts will be made to extend the proposed KDME novelty detection method 

to higher dimensions and implementing a novelty detection approach that also works for 

multimodal distributions. Additionally, Extreme Value Statistics will be examined as a mean for 

selecting a more accurate threshold in outlier analysis. Finally, a sensitivity analysis will be 

performed to find out to what extent does change in threshold impacts the results. 
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