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Abstract 

This paper addresses a variant of the shortest path problem with a particular type of 

uncertainty where the route that differs from the scheduled one might be traversed 

with certain probability. The shortest path problem with random rerouting is modeled 

as an optimization problem, where in a graph we are asked to obtain the policy that 

indicates the path selection at each node, such that the expected cost incurred in 

moving from the starting node to the destination node is minimal. A mixed-integer 

programming (MIP) model is constructed, and formulated into a MIP solver. With 

the increasing of the size of problem instances, the two-stage heuristics involved with 

a modified Dijkstra algorithm are designed to handle the instances where the MIP 

solver is failed to obtain the solution. Numerical experiments are implemented to 

illustrate the efficiency of the heuristics. 
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Chapter 1 

Introduction and Overview 

The Shortest Path Problem (SSP) is a classic problem that has been investigated 

extensively in the field of network optimization and transportation systems. Given a 

network with nodes and costs associated with edges connecting some pairs of nodes 

(the costs may take the form of distance or time) , the deterministic SSP aims at 

finding a path from an origin node to a destination node in the network, such that the 

sum of the costs along the path is minimized. Some efficient algorithms dealing with 

this problem in deterministic environments have been designed by Bellman (1958) ; 

Dijkstra (1959) ; Ford Jr (1956) ; Dreyfus (1969) ; Fredman and Tarjan (1987). 

1.1 Literature Reviews 

Due to the existence of uncertainties in real applications, however, it occurred natu

rally that the SSP variations were extended to uncertain environments. Research on 

the Stochastic Shortest Path Problem (SSPP) with different types of uncertainties 

involved has been paid much attention in the literature. Frank (1969) , Mirchandani 

(1976) , and Hassin and Zemel (1985) study the problem of determining the path 

between two given nodes in a network with minimal expected cost , where the costs 

on edges are defined as independent random variables with given continuous distri-
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Chapter 1 Literature Reviews 

butions. Mirchandani and Soroush (1985, 1986) assume that some utility (or cost) 

function defined on the path is applied to determine a traveler 's preference for differ

ent paths, and investigate the problem of finding a path that optimizes the expected 

utility. They offer an effective algorithm to determine the optimal path given the 

utility function is linear or exponential. However, in the case of quadratic utility 

functions , the algorithm turns out to be ineffective in the worst case where all the 

potential paths need to be enumerated as the size of the network grows. To extend 

their work, Bard and Bennett (1991) introduce a heuristic method for determining the 

path that optimizes the expected utility where a general , nonlinear utility function is 

used to valuate different paths. 

The SSPP with time involved has also attracted researchers attention. The most 

typical variation here is where the cost incurred in traversing a network is interpreted 

as the travel time. Hall (1986) investigates the problem of finding the least expected 

travel time path between two given nodes in a transportation network where the travel 

times are random and depend on the arrival time at a node. Fu and Rilett (1998) 

study the SSPP in a traffic network where the travel times follow a continuous-time 

stochastic process, and offer a heuristic method to find the expected shortest path of 

two given nodes. 

The SSPP can be modeled as a Markov decision problem, where a concept of 

system is introduced. A system consists of a set of states that correspond to nodes in 

a network, and a set of controls ( actions or choices) available at each state. The cost 

is incurred at the transitions where the system moves between states, as the controls 

are executed in those states. In this context , a policy ( a sequence of controls) instead 

of a path is to be determined to take the system from an origin state to a destination 

state, so as to optimize a certain objective. Bertsekas and Tsitsiklis (1991) analyze 

the SSPP by using the general theory of Markov decision processes with either all 

positive or all negative costs associated with transitions, and express the solution as a 

probability distribution over the set of successor states so as to reach the destination 
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Chapter 1 General Description 

at a minimum expected cost. Psaraftis and Tsitsiklis (1993) assume that the costs 

are known functions of certain environment variables defined for the system states, 

and each of those variables is governed by an independent Markov process. They 

develop several methods to find a policy that minimizes the total expected cost until 

the destination is reached. Polychronopoulos and Tsitsiklis (1996) extend the work 

of Psaraftis and Tsitsiklis (1993) to the case where link travel times in the system are 

either independent or dependent upon arrival times. Croucher (1978) examines the 

case where there exists a probability of the transition that system moves to another 

state instead, rather than the desired state that targeted to arrive at. He uses dynamic 

programming to obtain the optimal policy that has the smallest expected cost in the 

system with no loops and with strictly positive transition costs. We are motivated 

by the case studied by Croucher (1978) , and extend it into a more general situation 

where system allows to revisit the same states more than once. 

1.2 General Description 

This paper addresses a variant of the Shortest Path Problem with a particular type 

of uncertainty where random outcomes are associated with the controls. The control 

here is interpreted as the choice that determines the next arrival state. Assume 

that when a particular control out of the control set is selected to take the system 

to the desired state intentionally, a different state may be probabilistically reached 

instead. And a cost , described as the time consumed in state-to-state transitions, 

is incurred as the transition-dependent cost rather than the control-dependent cost. 

This situation could happen in a daily life, such as traveling from one place to another 

place, acquiring knowledge from one level to another level. For example, according 

to the news emerged on March 5 in 2019, a flight from Beijing to Los Angeles was 

diverted to Anadyr Airport (the capital of Russias Arctic region of Chukotka) due to 

fire alarm emergence occurred in the cargo hold ( scource: News in Flight). Imagine 
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Chapter 1 Chapter Outline 

the risk of landing at a different place is exaggerated, our problem then becomes more 

visible. 

This paper addresses the problem of finding a policy (a sequence of controls) so as 

to minimize the total expected cost occurred in eventually transitioning from an origin 

state to a destination state. This problem reduces to the deterministic shortest path 

problem if the control results in arriving at desired state without any randomness. 

The contribution of this paper are three-fold. First , a mixed-integer programming 

(MIP) are constructed to formulate our problem. Second, due to the fact that an 

exact algorithm (using CPLEX) is failed to solve MIP within reasonable period of 

time as the size of system grows, a heuristic approach is presented to effectively handle 

this problem in a large scale system. Third, we perform some numerical experiments 

to show the efficiency of our heuristics in solving intermediate and large problem 

instances. 

1.3 Chapter Outline 

The remainder of the paper is structured as follows. In Chapter 2, the technical 

approach is presented for modeling our problem. Chapter 3 provides the two-stage 

heuristics in solving this problem, as well as some terms and notations are intro

duced in executing the heuristics. Numerical experiments are conducted in chapter 

4 by using various approaches, and some insights can be gained from those methods 

performed. The conclusions are shown in chapter 5. 
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Chapter 2 

Model Construction 

2.1 Problem Statement 

We view our system as a discrete-time dynamic system with a set of states S = 

{1 , 2, ··· , n} and a set of controls U(i) at each state i ES. If a single control µi at 

state i is chosen from the set of available controls U (i) , then the transition from state 

i to some state j occurs with a given probability Pij(µi) and incurs a cost c(i , j). 

Note that in our case, it may be natural to model the cost incurred, when the system 

moves from state i to state j , as a scalar c(i , j) that is transition-dependent of two 

given states i and j. 

A sequence 1r = {µ 1 ,µ2 ,··· , µn} with µi EU(i) for all i ES is called a policy, that 

determines the specific control that should be taken at each state at any time when 

state i is visited. A family of all feasible policies in the system is denoted as 

II= {µlµ(i) E U(i) , i = 1, 2, ··· , n} , so that 1r E II. 

Let Pi(µi ) be the transition probability vector whose i-th element Pij(µi) contains 

the probability that the system moves from state i to state j under the control µi , 

Pi (µi) = [Pil (µ i ), Pi2 (µ i ), ··· ,Pin (µi)], satisfying L
n 

Pij (µi) = 1. 
j=l 
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Chapter 2 Problem Statement 

We also have a cost vector C(i) associated with the transitions from state i , 

C(i) = [c(i , 1) , c(i , 2) , ··· , c(i , n)JT , 

where each element c(i , j) is the cost incurred when the system moves from state 

i to j in an one-step transition. Note that Pi (µi) and C (i) are given parameters 

associated with our problem. 

Assume that the system involves periodically over time period t = 0, l , 2, ··· , the 

system might revisit some states on multiple occasions k = l , 2, ··· in transitions. Given 

that at time t the system finds itself in state i E S on occasion k and control l E U (i) 

is performed, let the random variable D( i , k, l) denote the state where the system will 

find itself at time t+ l. Note that including the occasion k into the definition of above 

random variable is not necessarily, however, doing so will be helpful in sampling 

procedures explained in section 3.1. Suppose that the system has one destination 

( absorbing) state d where once system reaches at d from other states, then the system 

never leaves it , i.e. D(d,k, l) = d with probability 1, V(k ,l). 

When the system starts at the state j and executes the policy 1r = {µ 1 ,µ2 , ···,µn} , 

we define a random walk Wj(1r) as a sequence of states that the system visits along 

the process in order of time period t , i.e., Wj(1r) = {Wj(1r , t) , t = 0, l, ···}. In the 

random walk, the element Wj (1r , t) is the state and defined as 

t = 0, 
(2.1) 

t '2. 1, 

where in D(i , k , l) , we have i = Wj(1r , t - l) , l = µi E 1r , and k records the k-th time 

when system visits the state i along the walk Wj(1r) , i.e., k = L~'=O ]( {Wj(1r , t') =i}) 

where ] is an indicator function that returns 1 if Wj (1r , t') =i holds; otherwise, returns 

0. Now we define a terminated random walk, where the walk will be stopped at time 

T as reaching the destination d for the first time. The stopping time T is a random 

variable and defined as T = inf{t '2. 0IWj(1r, t) = d}. 
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Chapter 2 Discrete Optimization Model 

For any state j ES, the expected cost x]d that system moves from state j to the 

destination state d under the policy 1r can be computed as 

T-1 

x]d = E[L c(Wj(1r ,t), Wj(1r ,t+ 1))], Vj ES, (2.2) 
t=O 

where Wj( 1r , t) is defined as in (2.1) , c(Wj(1r , t ) , Wj( 1r , t + 1))) is the cost that system 

moves from state Wj(1r , t) to Wj(1r , t + 1), and T = inf{t ~ 0IWj(1r , t) = d}. Then, we 

denote the vector of expected costs for any state j E S to d under the 1r as 

Therefore, our problem is asked to find a policy 1r* E II so that the expected cost 

x;;, incurred over all the transitions necessary to take the system starts at any state 

j E S to the destination state d E S, is minimal: 

(2.3) 

2.2 Discrete Optimization Model 

Assume the problem instance we are solving satisfies the feasibility, where there exist 

a policy 1r E II has the property that the expected value of T associated with the 

random walk W j(1r) for j ES is less than infinite, i.e. E(T) < oo. In this view, the 

expected cost x]d from j E S to d under policy 1r is also less than infinite. Given such a 

policy 1r , x]d can be computed by summing up two parts. The first part is the expected 

cost that the system moves from j to next states with one-step transition, and the 

second part is the expected cost that the system moves from those states shown in 

the first part to the destination d. Thus, we have x]d = P8 (µ 8 )C(s) +P8 (µ 8 )X(1r). In 

order to solve x]d , a system of interdependent equations with respect to any j E S are 

constructed below: 

(2.4) 
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Chapter 2 Discrete Optimization Model 

where each equation is linear in x]d , Vj ES. Note that at the destination stated, the 

equations (2.4) are still satisfied, as we set xdd = 0, C(d) = 0 and Pd(µd) = ed (ed is 

the vector with only one entry Pdd(µd) = 1 and all other components are 0). Then, 

the above system of equations has shown to have a unique solution Bertsekas and 

Tsitsiklis (2002). 

Without given any 1r , our problem aims at finding the optimal policy 1r* E II such 

that x;-; for j E S reaches the optimality. Rewrite the equation 2.3 as a mixed-integer 

problem: 

min 

s.t. x;-; ~ Pj(µj)C(j) + Pj(µj)X(1r*)- M · Yj(µj) , µj EU(j) , j ES, 
(2.5) 

L Yj(µj) = IUU)I - 1, j Es, 
µjEU(j) 

where Mis a sufficiently large number, IU(j)I is the total number of elements in U(i) 

and Yj (µj) is a binary variable that defined as below 

-{1, the control µj E U (j) is not taken in state j. 
Yj(µj) -

0, the control µj E U(j) is taken in state j. 

We say that x;; is dependent on x;-; if there is a chance for system moves from i to 

j when policy 1r* is executed. And then, both x;; and x;-; will reach the optimality. 

For any state j in the model , the second line in constraints imposes that exactly one 

constraint in the first line remains active on j (the one with Yj (µj) = 0). In other 

words, only one control at each state can be taken to form a policy. Then, the optimal 

policy 1r* can be written as 1r* = {µjlYj(µj) = O, j = 1, 2, ··· , n}. 
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Chapter 3 

Problem-Specific Heuristics 

Even though our problem can be cleanly formulated as the mixed-integer program 

(MIP) and many out-of-the-box MIP solvers are available, those solvers are heavily 

dependent of the size of the problem instance, and will be time-consuming as the 

scale of instance increases. Therefore, a heuristic approach is designed to deal with 

our problem in a large scale system. 

3.1 Notations Description 

Several terms and definitions are needed to describe before introducing the framework 

of the heuristic method. Recall the definition of random variable D(i , k, l) introduced 

in section 2.1. Define scenario as the set of random variables D = {D(i , k, l), Vi ES, k = 

1,2, ··· , l E U(i)}. A fixed realization of D that contains the set of d(n)(i , k, l) for any 

(i , k, l) is termed as n-th realized scenario (n = 1, 2, ··· ): 

n(n) = {d(n)(i k l) Vi ES k = 1 2 ... l EU(J.)} so that n(n) ED 
' ' ' ' ' ' ' ' ' 

where d(n)(i , k, l) is the realization of random variable D(i , k, l). The realized scenario 

deterministically specifies the states will be reached as a result of any control executed 

in each state on each occasion. Note that introducing k into D(i , k, l) is beneficial 
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Chapter 3 Notations Description 

to keep track of the result of realized d(n) (i , k, l) on different occasions. Given the 

n-th realized scenario where the state that will be reached are specified, and a policy 

1r = {µ 1 , µ 2 , ... , µn} that indicates any control selection at each state, the walk wt\1r) 

(the realized outcome of random walk W j ( 1r)) becomes deterministic that contains 

a sequence of states that system visited in time order. Therefore , we have wt)(1r) = 

{wt) (1r,t ) , t = 0, 1, ... }, where wt) (1r, t) is denoted as 

t=O 
(n)( ) {J,

wj 1r, t = 
d(n)(i , k, l) , t ~ 1, 

where j E S identifies the state where the system starts, d(n) (i , k, l) is the realized 

arrival state given i = wt)(1r,t- l) , l = µi and k = L~'=o]({wt)(1r,t') = i}) (] is an 

indicator function). The terminated walk will stop at the time T when it reaches 

the destination d for the first time, where T = inf{t ~ Olwt)(1r, t) = d}. Note that 

the walk may revisit some states more than once. And the walk wt)(1r) becomes 

deterministic once the scenario n , the policy 1r and the starting state j are all given. 

Continuing with the description of necessary terms. If a policy has a undecided 

control T/ at some states, then it becomes the partial policy 1r' which indicates that 

only partial states (not all states) are specified for decided control selections. Without 

loss of generality, we expand the available control set U (i) at state i into the general 

control set M(i) = U(i) u {TJ} such that the control selection for states can also be 

undecided. Therefore, the partial policy 1r' can be represented as 1r' = {µ 1 , µ2 , ... , µn} 

with µi E M (i) for all i E S. Furthermore, we expand the definition of a family of 

policies II into a group of policies II which contains all possible control selections for 

any state, i.e , 

II= {µlµ(i) E M(i) , i = 1, 2, .. ·, n} , so that 1r,1r' E II, and II c II. 

It is necessary to construct the partial policies as the heuristic is performed, since 

some states may never be reached along the process from the origin state to the 

destination. Also, the optimal partial policy has same control selections from the 
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Chapter 3 Two-stage Heuristic Algorithms 

optimal policy. A toll is described as the total cost incurred along the walk that 

system moves from the origin state to the state where system finds itself at thus far. 

Let us introduce the term exploration point (EP) to better clarify the heuristics in 

searching optimal solutions of given problem instances. The term EP will encompass: 

a partial policy 1r' that system is executing, the vector K = {k(i) , Vi E S} where 

k( i) describes the number of occasions when system visited at i , current state a the 

system finds itself at , and the toll 0 incurred as system moves. 

3.2 Two-stage Heuristic Algorithms 

With the introduced terms and notations , three heuristics will be constructed in 

this paper, and each of them incorporates two stages. First , under single scenario, 

obtain the optimal (partial) policy performed on the walk that has the minimal toll. 

Second, somehow aggregate those (partial) policies yielded from multiple scenarios 

into the single optimal policy. Therefore, the idea of the heuristics in dealing with 

our problem is to construct the optimal solution by viewing the actual solutions for 

different realized scenarios. More details are explained below. 

3.2.1 Stage I: Find an optimal (partial) policy in single see-
. 

nano 

Recall the definition that given a particular scenario, the result of executing any 

control at each state is deterministic. Under the scenario n , seeking the optimal 

policy can be represented as to find the minimum-toll walk (MTW) from j to d. To 

this point , the idea of Dijkstra (1959) algorithm is applied to obtaining the MTW. 

Thus, in the course of the construction of MTW, the fact is utilized where the control 

sections in the optimal partial solution is the same as in the optimal policy. And, 

the MTW on which the partial optimal policy executes is built in order of increasing 

cost until the destination d is reached. Different from the traditional shortest path 

11 



Chapter 3 Two-stage Heuristic Algorithms 

problem, the walk in the search space allows the different copies of the same states 

to appear. In this light , EPs are used here to distinguish the same states shown in 

the various occasions. Consider the fact that the number of created EPs may go to 

infinite and to explore all of them is impossible, we generate the EPs as the heuristic 

needs. 

Now, we aim to find the (partial) policy in an expanded solution space II that 

results in MTW from j to d. That is equivalent to say to find an EP denoted as E* 

with minimum toll 0* and current state d. 

To start with, let a set E include an initialized EP E0 , where E0 contains: a 

partial policy 1rb = {} as a null sequence (null means no value assigned); a 0 = j ; 

k0 (i) = 0, Vi ES, {a0 } , and k(a0 ) = 1; 00 = 0. Also, initialize the 0* as a very large 

number. Then, perform the following steps: 

Step 1: Select an EP with the minimum toll m E , and denote as Ecur, i.e , Ecur = 

arg minEkEE 0k. And build the control set L in such a way: if system is revisit

ing the current state acur (that is, kcur (acur) ~ 2) , then the certain control in 

that state will be exclusively included, i.e , L = {1r~ur(acur)}; Otherwise, L will 

encompass every available control in U(acur) , i.e , L = U(acur)-

Note that 'lr~ur(acur ) defines as the control in 7r~ with acur-th position. 

Step 2: For l EL, add new EPs denoted as Enew to E in the following manner: 

anew = d(n) (acur, kcur (acur) , l) ; 

For each loop, if anew is the destination d and 0* ~ 0new, then let E* = Enew· 

(Note that: (1) The {l}acur is defined as a partial policy that contains the 

specified control l in state acur , and undefined controls for rest of states. (2) 
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Chapter 3 Two-stage Heuristic Algorithms 

7r~ew = 'lr~ur + { l}°'cur is defined as the merge operation that the elements at the 

same position of two same-length sequences are merged into new one in such a 

way: if both elements are same (or null) , keep one of them; if one is null and 

another is not , keep the one is not null.) 

Step 3: Remove E cur from set E . Also remove those EPs from set E that have a larger 

or equal toll than 0*. Repeat Step 1 and Step 2, until set E is empty. 

The inputs of the above algorithm in stage I are, the origin state j that the system 

starts at , the destination d that the system targets to go, and the scenario n. The 

output is the best exploration point E* with the current state d and the minimal toll 

0*. 

Note that the Dijkstra algorithm can be also performed by defining EPs without 

taking K into consideration. Thus, the time complexity of executing in the first stage 

is O(ILl2 ) where ILi is the total number of EPs created. This approach in finding the 

MTW will become quite efficient once the first E* is found , then the other EPs whose 

have the larger toll than 0* will be removed from the list E . Due to the feasibility 

of our problem, the first E* can be guaranteed to be found in the finite steps. The 

pseudo-code for stage one in more details is exhibited in algorithm 1. 
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Chapter 3 Two-stage Heuristic Algorithms 

Algorithm 1 Find the Minimum-toll Walk (MTW) 

1: function MTW(j ,d,n) I> MTW returns the E * with minimum toll associated 
with the walk from j to d under n-scenario 

2: Initialization: E = {E0 } , where E 0 encompasses: 1rb = {} , a 0 = j , k0 (i ) = 0, Vi E 

S, {a 0 } , k(a 0 ) = 1 and 00 = 0. And new =0, E * with very large number 0*. 
3: while E!=0 do 

4: Ecur - arg minEk EE 0k 
5: L= 0 

6: if kcur (acur ) ~ 2 then 
7: L = {'lr~ur (acur)} I> L will contain the only one control that has been 

executed as system visited as first time at st ate acur 
8: else 

9: L = U( acur ) 

10: for l E L do 
11: n ew = new + 1 

12: E =EU {Enew } 

13: 'lr~ew = 'lr~ur + { l}O<cur 

14: anew =d(n) (acur, kcur (acur ), l) 
15: knew (anew ) = kcur (anew ) + 1, and knew (i ) = kcur (i ) , Vi ES" {anew } 

16: 0new = 0cur + c(acur, anew ) 
17: if anew == d then 
18: if 0* ~ 0new then 
19: E * = Enew 

20: E = E " { Ecur } 
21: for k E E do I> Remove those Ek that have larger toll t han incumbent 0* 
22: if 0k ~ 0* then 
23: E = E , { Ed 
24: return E * 
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Chapter 3 Two-stage Heuristic Algorithms 

3.2.2 Stage II: Aggregate into one optimal policy over see-
. 

nanos 

Now we are considering the multiple scenarios defined on the set N = {1, 2, ··· , n}. 

By conducting the algorithm in first stage for each scenario n (n E N) , the best 

exploration point E~ for n EN will be obtained. Also, affiliated with E~ for n EN, 

we will get the toll 0~ and optimal (partial) policy 1r~*- Under the scenario n and the 

optimal (partial) policy 1r~* , the walk wt)(1r~*) will be uniquely determined. Then, 

some techniques are utilized to aggregate the set of solutions {1r~* }mN into the one 

optimal policy. 

Note that , if there exist a particular state that has an undecided control in the 

optimal (partial) policy over all N scenarios, the single optimal policy aggregated over 

the set {1r~* }mN may still be the partial policy. For example, imagine an extreme 

possible instance where the state k E S is separated from other states i E S , { k} 

(i.e , no such a path leading from any i to k) , and for any state j E S we have 

E(T) < oo (satisfying the feasibility as we discussed in section 2.2). In this instance, 

if we start at the state i E S , {k} , the state k will never be reached, and then the 

best control at state k still be blank in any single optimal (partial) solution. For 

the sake of consistency, we target to get a full optimal policy from the heuristics so 

that each state is specified best control to conduct in. Also, the full optimal policies 

that obtained from heuristics and MIP solver can be compared and computed the 

expected cost (more details are shown in chapter 4). In this view, the objective in the 

second stage of heuristics is, not only to aggregate a set of optimal (partial) solutions 

into the single one, but also to make sure that the full complete policy ( each state 

specifies the particular control to be executed on) can be obtained. 

Heuristic 1: Maximize the number of controls in MTWs (Max-Num) 

Given that system starts at the origin state j E S, by running the first stage under 

different scenarios n , the executed control µj = 1r~*(j) in optimal (partial) policy 
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n~* (j) may be various over scenarios. And the execution of a particular control in 

state j may yield the minimum toll of the MTW in the majority of scenarios. In this 

view, the idea of this heuristic is to find the best control in each state such that by 

conducting it will result in minimal toll in most scenarios. 

Let a function N (µj) denote the total number of control µj E U(j) performed 

in the optimal (partial) policies that yielded from the stage I over N scenarios. For 

example, we execute the first stage in 10 scenarios and N (µi) = 6 (the first control 

at state 1 is constructed in the optimal (partial) policies associated with 6 scenarios 

out of 10) , and N(µi) =4 (the second control at state 1 is constructed in the optimal 

(partial) policies associated with 4 scenarios out of 10). Then, based on the idea of 

Max-Num, the best control at state 1 is the first control. More generally, the best 

control µ; for any j E S can be denoted as: 

N 

µJ =argmax{N(µj)IN(µj) = L ]({µj =n~*(j)} )}. 
µjEU(j) n=l 

where ] is an indicator function that returns 1 if µj = n~* (j) holds, otherwise returns 

0. 

Then, the optimal policy can be established by: n* = {µJ , Vj E S}. 

Algorithm 2 Max-Num Heuristic 

1: function MAx-NuM(S, d) I> S is the set of states and d is the destination 
2: N = 100 I> N is the predetermined iteration times 
3: for j ES do 
4: for n - 1 to N do 
5: E~ = MTW(j,d,n) I> Recall the first stage 
6: N (n~* (j)) = N (n~* (j)) + 1 

7: µJ = argmaxµJEU(j){N(µj)} 

8: n*(j) = µJ I> The state j 's best control is µJin the optimal policy n*. 

9: return n* 

16 



Chapter 3 Two-stage Heuristic Algorithms 

Heuristic 2: Maximize the probability of controls in MTWs (Max-Prob) 

Considering t he chance t hat optimal (part ial) solut ion is obtained in each scenario 

is not equally likely, given the system st arts at st at e j , we let Pr(1r~* ) denote the 

probability of opt imal (partial) policy 1r~* occurred in scenario n. And given the 

scenario n and 1r~* , we also have t he determined walk wt) ( 1r~* ). Therefore, Pr(1r~*) 

is calculated as 
T -1 

Pr(1r~* ) = f1Pik (1r~* (i )) , 
t =O 

where Pik (1r~* (i )) is one-step transit ion probability when system moves from i to 

k under the control 1r' * (i ) i = w(n ) (1r'* t) k = w (n) (1r'* t + 1) and T = inf{t >n , J n , , J n , , -

Olwt\ 1r~* , t) = d}. 

Then, we have an inclination for knowing how much cont ribut ion denoted by 

h2 (µ j , n) of conducting t he cont rol µj at the st ate j leading to t he wt)(1r~*) in the 

scenario n . And we have 

µj = 7r~* (j) 

µj * 7r~* (j) 

Therefore, t he best cont rol µJ can be selected by: 

N 

µJ = arg max{L h2 (µ j ,n)} . 
µ jE U ( j) n =l 

And t he opt imal policy is: 1r* = {µJ, \:/ j E S} . 

Heuristic 3: Minimize the tolls in MTWs (Min-Toll) 

This heuristic aims to find t he cont rol at given state performed on t he opt imal (par

t ial) policy t hat results in t he minimal toll among all scenarios. More specifically, 

given st ate j as the st arting st ate, first ly, we execute the first st age N times to gen

erate N scenarios; t hen we choose one opt imal (part ial) policy out of N scenarios, 

such that this optimal (partial) policy leads to the minimal toll over those scenarios; 
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Algorithm 3 Max-Prob Heuristic 

1: function MAX-PROB(S, d) I> S is the set of states and d is the destination 

2: N = 100 I> N is the iteration times 
3: for j ES do 
4: for n - 1 to N do 
5: E~ = MTW(j,d,n) 
6: h2(1r~*(j) , n) = TTL,/ Pik(1r~*(i)) 

7: µ; = arg maxµjEU(j) o=: =1 h2(µj ,n)} 

8: 1r*(j) =µ; 
9: return 1r* 

lastly, simply select the control executed at state j shown in the optimal (partial) 

policy as the best control. Therefore, we have 

µj * = 1rn''*(J.) , where n ' = arg mm. 0*n. 
m[l,N] 

And the optimal policy is: 1r* = {µ; , Vj E S}. 

Algorithm 4 Min-Toll Heuristic 

1: function MIN-TOLL(S, d) I> S is the set of states and d is the destination 

2: N = 100 I> N is the iteration times 
3: for j ES do 

4: for n - 1 to N do 
5: E~ = MTW(j,d,n) 

I • 0*6: n = arg mmm[l ,N] n 

7: µ; = 7r~~(j) 

8: 1r*(j) =µ; 
9: return 1r* 
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Chapter 4 

Numerical Experiments 

This section presents computational results for solving our problem. Without loss 

of generality, synthetic data are simulated by computer and the problem instances 

are generated. Then, based on the different size of the instances, the MIP solver 

can only be working in the small instance and will fail to run in the large instance. 

Therefore, in small instances, MIP solver and heuristics are implemented to examine 

the goodness of different heuristic approaches. Lastly, heuristics are conducted in the 

intermediate and large instances. 

4.1 Data Description 

Let ISi denote the number of states in set S where each element is sequentially ordered 

from 1 ton. The set of controls at state i is U(i) , where the number of controls in 

that set is denoted as IU(i) I, and each control µi E U(i) indicates that system starts 

at the current state i and performs the control µi. The IU(i) I is uniformly generated 

from the predetermined range of integers. Let the control µi be in the form of 2-

tuple (i.e, µi = (a, b)) , indicating that under the execution of control µi at state i , the 

system reaches either at state (target state) a or state b (alternative state) with certain 

probabilities Pi(µi)- For example, state a has two controls (IU(a) I = 2): µ!: (b ,c) and 

19 
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µ;: (d,a) with probability (0.6 ,0.4) and (0.8 ,0.2) respectively, where by executing the 

control µ! at state a, system will end at state b with probability 0.6 , or state c with 

probability 0.4; and similar to control µ'?,. Also, the cost vector C(i) for any i E S is 

made of random positive integers generated by computer. Given all predetermined 

information above, the problem instance I = (S , U (i) , Pi (µi) , C (i)) for any i E S is 

produced. For the convenience, we simply set the last element in S as the destination 

state. From the simulation perspective, the data including controls , probabilities 

and costs are generated with uniform distribution from the predetermined range of 

numbers. 

Based on the number of states and the number of controls in the problem instances 

we generated, we classify the problems into small instances (ISi < 50) with less than 

50 states in the system, intermediate instances (50 ~ ISi ~ 100) , large instances (ISi > 

100). Then, the instances are shown in the table 4.1. 

Table 4.1: Problem Instances Overview 

ISi Control Range Can MIP Solver run? Scale 

Instance 1 20 [1,20] Yes Small 

Instance 2 50 [1,50] No Intermediate 

Instance 3 100 [1,100] No Large 

In table 4.1 , the basic information of three generated instances are listed. ISi 
indicates the number of states in the instance. The third column named " control 

range" is the cardinality ( the cardinality is used to measure the number of elements 

of the set) of each control set. The cardinality of every control set is randomly created 

from the given range. The fourth column conveys whether the MIP solver can run 

the instance or not. And the scale of the instance is labeled in the last column. 
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4.2 Computational Results with Small Instances 

This section provides the results from the MIP solver and the heuristic approaches 

in solving the small problem instance 1. We implement some methods (MIP solver 

and three heuristics) to tackle the instance 1, and examine the performances of those 

methods. For the MIP solver, we use the Python API of CPLEX (part of IBM ILOG 

CPLEX Optimization Studio) to solve the MIP model. And three heuristics are 

described in the previous chapter. All experiments have been executed on a laptop 

with an Inter Core i7 2.6 GHz processor, 64-bit operating system and 16 GB RAM. 

Instance 1 has 20 states and each state has a set of controls , and the cardinality 

of each control set is ranged from [1 , 20]. In addition, the possible number of control 

selections in policy is approximately 2 x 1016 in instance 1. By conducting the experi

ments, the results yielded from MIP solver and heuristics are the total expected cost, 

which is the sum of expected costs from any state in S to the destination d. The MIP 

solver reaches the global optimal solution to the small problem instances within the 

reasonable time period, and we can use it to make comparisons with other solutions 

obtained by the heuristics. By running on different number of scenarios, the solutions 

are exhibited in the graph 4.1. 

In the Figure 4.1 , the horizontal black solid line indicates the global optimal 

solution obtained by the MIP solver, and other lines represent the solutions from 

different heuristics. And we can observe that with the increasing of scenarios, the 

solutions for heuristic 1 & 2 are getting better and closing to the optimum. However, 

the heuristic 3 becomes slightly worse and unstable, that is because the walk that 

has the minimum toll yet with small probability might be found as the growth of 

scenarios, then the heuristic 3 blandly selects the control out of that walk, which 

yields to the large expected cost due to the small probabilities. 

In order to compare the goodness of optimal solutions obtained from the heuristics 

and the global optimum, the "gap" is calculated to measure the difference between 

local optimum and global optimum in solving our problem instances. The "gap" is 
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Figure 4.1: The results of solving instance 1 via different methods 

computed as: 

local optimum - global optimum 
gap = . x 100%, (for minimization problem)

local optimum 

Therefore, for the instance 1, the gap shown in table 4.2 indicates that the heuristic 2 

converges to local optimum within the approximate 1% gap in few scenarios (N = 50) , 

which is better than the heuristic 1. The heuristic 1 and 2 are both able to converge to 

the global optimal within roughly 1 %gap when the number of scenarios are increasing 

to 1000. 

Table 4.2: Gap of heuristics in instance 1 (%) 

N = 1 N = 3 N =lO N = 50 N = 500 N = 1000 

Heuristic 1: 85.3 17.21 3.91 3.1 3.1 1.03 

Heuristic 2: 85.3 13.15 9.16 1.03 1.03 1.03 

Heuristic 3: 85.3 11.74 15.44 16.47 10.19 24.67 
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4.3 Computational Results with Intermediate & 

Large Instances 

In instance 2 and 3, the potential number of control selections in policy is approxi

mately 9 x 1058 and 1.5 x 10152 . Also the number of constraints and decision variables 

in MIP model will increase exponentially. In this view, the MIP solver is fai led to run 

the program in instance 2 and 3, due to the scale of the instances exceeds the its ca

pacity. Therefore, we employ the heuristics to tackle the instances in an intermediate 

and large scale in this section. 

Based on the computational results executed in the small instance in previous 

section, the heuristic 1 and heuristic 2 yield the comparative good outcomes within 

small gap to the global optimal, as the increasing number of scenarios executed in. 

And the heuristic 3 becomes unstable when the number of scenarios are growing. 

Therefore, heuristics 1 and heuristic 2 are selected to conduct the experiments in 

instance 2 and instance 3. 
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(lJ 
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-~ 4000 
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~ 3800 
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" 2 3600 
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Q. 
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..........----------------~ 0 20 40 60 80 100 

number of scenarios 

Figure 4.2: The results of solving instance 2 via heuristics 

The computational results in solving the intermediate and large problem instance 

are shown in the figure 4.2 and 4.3 respectively. It is natural to observe that the 
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solutions drop down sharply when it is executed on few scenarios (< 10) , and then 

decline slowly with increasing number of scenarios created. Also, when only one 

scenario is created, it is actually reduced to the first stage of heuristic and no stage two 

involved. Thus, the solutions obtained from heuristic 1 and heuristic 2 are the same. 

With the growing number of scenarios that heuristics conduct on, the modification of 

solutions tends to be smaller and the solutions become convergent. In this view, we 

may stop running the heuristics from more scenarios and obtain the optimal solution. 
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Figure 4.3: The results of solving instance 3 via heuristics 

Table 4.3: Running time for heuristics in solving intermediate and large instances 

1s1 Control range N Running time Scale 

50 ~0.2h 
50 [1,50] intermediate 

100 ~0.4h 

50 ~4.2h 
100 [1,100] large 

100 ~9.5h 

In addition, we give the approximate the running time, based on the number of 

scenarios generated, shown in the table 4.3, where N indicates the number of scenarios 
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generated. Note that the running time of heuristic 1 and heuristic 2 are roughly same 

because the stage 1 and stage 2 are both performed on those two heuristics, which 

occupy most of running time. 
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Chapter 5 

Conclusion 

This paper addresses the issue in the context of transportation system, where an 

optimal policy that specifies to execute a particular control at each state is asked to 

be found , such that the traveling cost incurred from the origin state to the destination 

is minimal. Also, under the execution of the particular control , an alternative state 

will probabilistically arrive at, rather than the target state. We introduce the random 

walk to characterize the stochastic process inherent to our problem, and we assume 

that this process can be complete in finite steps for the sake of the feasibility of this 

problem. 

A mixed-integer programming (MIP) model is formulated to cleanly and clearly 

illustrate our problem. Then, a framework of heuristics is designed to crack our 

problem into two stages. The stage one is constructed based on a modified Dijkstra 

algorithm to find the walk that has minimal cost incurred along the process moves 

from the start state to the destination in the single realized scenario. The idea in 

stage one that differs from the Dijkstra algorithm is that the walk can repeat some 

states more than once and can be constructed as the information is required from the 

scenario, where an infinite number of random variables are existent. Stage two aims 

to aggregate a set of solutions that yielded from the stage one performed in different 

scenarios into a single optimal solution. And some techniques are built to incorporate 
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Chapter 5 Conclusion 

solutions by employing various decision rules in the stage two. 

The last part in our paper is conducting numerical experiments in different scale 

of problem instances. In small problem instance, the MIP solver (CPLEX) is able 

to obtain the global optimal solution, and some heuristics can get the local optimum 

within 1.03% gap. However, conducting in intermediate and large instances, the MIP 

solver is fail to solve the problem due to the capacity limits, and the heuristics are 

able to deal with this type of problem instances within an reasonable time to illustrate 

the effectiveness of the heuristics we formulated. 
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