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Abstract 

Bayesian networks (BNs) are probabilistic graphical models often used in big 

data analytics to capture conditional relationships among a set of random vari-

ables. They are critical class of models that are capable to represent both as-

sociation and causation, and hence are indispensable in building AI systems. 

Over the years, BNs have been successfully applied in many domains including 

diagnostic systems, clinical decision support, systems biology, and genomics. 

However, the problem of learning structure of BNs from data, which is a typ-

ical starting point in BNs applications, is known to be NP-hard. To date, both 

heuristics and exact learning algorithms have been proposed to tackle the prob-

lem. While heuristics are widespread in real-life applications, exact algorithms 

are believed to learn better networks at the much higher computational cost. 

In this work, we frst show that compared to heuristics the exact structure 

learning algorithms are delivering measurably better structures in terms of Struc-

tural Hamming Distance, and enable more accurate inferences, measured through 

the Kullback-Leiber divergence between the actual and inferred probability dis-

tributions. Then, we propose high performance strategies to address computa-

tional challenges of exact structure learning algorithms. 
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The problem of learning exact BN structure is a data-driven optimization 

problem that involves three key subproblems: (i) counting queries, to evalu-

ate objective function, (ii) parent sets identifcation to establish local dependen-

cies between variables, and (iii) structure search, to combine locally optimal 

solutions into globally optimal structure. In this work, we propose effcient ap-

proach for each subproblem. Specifcally, we design programming abstraction 

and algorithmic realizations for fast counting in machine learning applications, 

which offers order or magnitude higher throughput of counting queries than 

the existing techniques. We then introduce a new shared and distributed mem-

ory approach for the exact parent sets assignment problem. To achieve scala-

bility, we derive theoretical bounds to constrain the search space when MDL 

scoring function is used, and we reorganize the underlying dynamic program-

ming problem such that the computational density is increased and fne-grain 

synchronization is eliminated. We demonstrate that the resulting method main-

tains strong scalability on large Apache Spark clusters, and it can be used to 

effciently process data sets with over 70 variables, far beyond the reach of the 

currently available solutions. To address the structure search problem, we re-

duce it to a single source shortest path problem in partial order lattices. Because 

the resulting graphs grow exponentially with the number of input variables, we 

introduce a new approach that exploits partial relationships between variables 

to constrain the number of ways in paths in the graph can be extended, while 

remaining provably optimal. Via experimental results, we demonstrate that the 

method provides up to three times improvement in runtime, and orders of mag-

nitude reduction in memory consumption over the current best algorithms. The 

xii 



proposed algorithms are implemented in the open source SABNA package – a 

high-quality software package that can be used by researchers and practitioners 

to analyze complex data sets, leveraging parallelism of modern shared-memory 

multi-core processors. 
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Chapter 1 
Introduction 

Bayesian networks (BNs) are a class of probabilistic graphical models that cap-

ture conditional relationships among a set of random variables. In BNs, the re-

lationship between variables is qualitatively described by conditional indepen-

dencies, and quantitatively assessed by conditional probability distributions. 

BNs serve as a powerful tool for structuring probabilistic information and hence 

are an ideal framework for complex inferences including predictive, diagnostic 

and explanatory reasoning [1]. 

In many real-world applications, BNs outperform more sophisticated ma-

chine learning methods (including deep learning) [2, 3, 4, 5, 6, 7], or are desired 

because they are generative, support speculative queries, and are relatively easy 

to interpret. For instance, in system biology, BNs are built from gene expression 

data and are directly used to analyze potential regulatory interactions between 

genes. This is because BN structure explicitly and with high accuracy represent 

gene interactions. In clinical decision support systems, BNs are frequently con-

structed from the Electronic Health Records (EHRs) to obtain the most likely di-
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agnosis and prognosis of patients. This is possible as BNs support explanatory 

and speculative queries and uniquely incorporate prior knowledge. In banking, 

BNs are used for fraud detection and are favored for the transparency and clar-

ity in representing the reasoning chain that led to fagging given transaction as 

fraudulent. 

BNs are especially important tool in biomedical informatics. Searching for 

term Bayesian Network in just PubMed (the primary aggregator of publications 

in life sciences), reveals over 2,700 publications in the last fve years alone. In 

the overwhelming majority of these publications, probabilistic Bayesian model-

ing has directly infuenced research fndings. This is not surprising, considering 

the growing importance of data-driven reasoning in medicine, and life sciences 

in general [8]. As more data becomes available, the need to reliably organize it 

for reasoning will be growing, and hence high quality Bayesian models will be 

essential. The same argument holds true for much broader spectrum of applica-

tion domains. For example, companies like AgenaRisk [9], Bayesia [10], Bayes 

Server [11] or HuginExpert [12], along with many others, created solid enter-

prises around Bayesian networks in areas of risk assessment, strategic planning 

and fraud detection. In all these cases, high quality Bayesian models have been 

the key to success. 

Currently, the state of the art AI systems operate in a pure statistical, or 

model-free, mode. They rely only on symmetric associations between variables, 

are in the essence are able to capture (sometimes extremely complex) correla-

tions, but are not designed to tackle causation. Yet, the ability to express causa-

tion is the key to perform in silico interventions, which in turn enable retrospec-

tions [13]. And, as argued by Judea Pearl [13] (father of Bayesian networks), 

retrospections are the pillars for building a system having human-level intel-
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ligence. Such a system should be developed based on the three-layer casual 

hierarchy: (i) Association (ii) Intervention and (iii) Counterfactual. 

In the association layer, the simpler asymmetric relationships are learned 

and expressed in the format of P(y|x) = p stating that: the probability of event 

Y = y given that we observed event X = x is equal to p. Such relationships can 

be learned from the observed data. Intervention layer which is built upon asso-

ciation layer provides more richer expression in the form P(y|do(x), z), which 

denotes the probability of event Y = y given that we intervene and set the value 

of X to x and subsequently observe event Z = z. To learn such relationships, 

one has to deploy causal Bayesian networks [14] or randomized trials (which 

are typically impossible to perform). Counterfactuals [13] are the highest level 

in the causal hierarchy. In this layer, expressions have the characteristics of be-

ing imaginative and retrospective, involving queries like Why? and Was it X that 

caused Y ?. Thus to build a true AI system, we must be able to construct causal 

networks on top of the basic associations in the data. But a causal network is in 

the essence a high quality Bayesian network in which edges are trusted to rep-

resent truly causal relationships. By defnition of causality, such network will 

always be encoding human understanding of the physical world. However, in 

complex systems, capturing such causal effects will usually require to frst or-

ganize the probabilistic information about its components (i.e., variables). 

While BNs are recognized as a powerful method for structuring probabilistic 

information and are the platform of choice in situations where complex infer-

ences have to be performed [1], they face a signifcant challenge. This is because 

the critical components in BNs modeling, i.e., structure learning from data, and 

inference (see Figure 2.1), are both known to be NP-hard [15, 16, 17, 18, 19, 20]. 

Consequently, the current state of the art depends on heuristics [21, 22, 23, 24, 



4 

25, 26, 27, 28, 29, 30, 31, 32]. However, by their nature, heuristics do not pro-

vide any guarantees about the quality of the structures they fnd or precision 

of inferences they make [33, 34, 35, 36, 37]. When network structure is learned 

from relatively small data, heuristics easily fall into local optima resulting in 

sub-optimal or incorrect models. When large or big data is available, the prob-

lem persists, since typically with more available data more variables are added 

to the model. This weakness of heuristics percolates to ensemble learning and 

model averaging [38, 39], where multiple models are combined into a (poten-

tially) better single model. Here the uncertainty of the component networks 

contributes to the uncertainty of the fnal model. As a result, the uncertainty 

due to the data cannot be separated from the uncertainty of the learning and in-

ference algorithms [1, 40]. Finally and most importantly, heuristics often involve 

stochastic processes and are sensitive to the choice of model-unrelated param-

eters. Consequently, they impact reproducibility since different executions of 

the same heuristic may lead to signifcantly different outcomes. This is a critical 

issue taking into account the fundamental role of reproducibility in science and 

engineering [41, 42]. The above shortcomings are addressable if heuristics are 

replaced by exact, i.e., provably optimal, approaches. 

In this thesis, we decompose the problem of exact Bayesian network struc-

ture learning (BNSL) into three core sub-problems: (i) effcient data access, (ii) 

parent set assignment, and (iii) structure search. To make the BNSL workfow 

scalable, we address each of the sub-problems separately by developing new 

algorithms and data representation techniques, tailored for modern parallel ar-

chitecture. 

The organization of the thesis is as follows: Chapter 2, provides the nota-

tions, terminology which we use across the thesis. Chapter 3, presents a princi-
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pled and systematic approach to evaluate exact methods against heuristic meth-

ods. In Chapter 4, we provide two new effcient counting query approaches 

tailored for machine learning (ML) applications, including BNSL. In Chapter 

5, we present a scalable approach for parents sets assignment, that has nearly 

linear speedup of distributed memory and shared memory systems. Chapter 6 

presents the structure search procedure along with a new optimization allow-

ing to realize exact solutions for some of the largest networks for which no exact 

solution exists. 



Chapter 2 
Preliminaries 

2.1 Notation and Terminology 

Formally, BN over a set of n random variables X = {X1, X2, . . . , Xn} is a pair 

N = (G, θ), where G is a directed acyclic graph (DAG) encoding conditional 

independencies between X with respect to the probability θ that factorizes over 

G. Figure 2.1 is a depiction of different stages involved when working with BNs. 

X Y ZW

Input Data
X Y

W

Z

Structure

parameter learning

Parameters
P (X)
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P (W |X, Y )
<latexit sha1_base64="iE1Sx2adjr80evS7t53aPAXh4ZM=">AAAB73icbVBNSwMxEJ31s9avqkc9BItQQcquCHosePFYwbYr7VKyabYNTbJrkhXK2j/hxYMiXv073vw3pu0etPXBwOO9GWbmhQln2rjut7O0vLK6tl7YKG5ube/slvb2mzpOFaENEvNY+SHWlDNJG4YZTv1EUSxCTlvh8Hritx6p0iyWd2aU0EDgvmQRI9hYya9XWk/+2f1pt1R2q+4UaJF4OSlDjnq39NXpxSQVVBrCsdZtz01MkGFlGOF0XOykmiaYDHGfti2VWFAdZNN7x+jEKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTXQUZk0lqqCSzRVHKkYnR5HnUY4oSw0eWYKKYvRWRAVaYGBtR0Ybgzb+8SJrnVc+tercX5dpRHkcBDuEYKuDBJdTgBurQAAIcnuEV3pwH58V5dz5mrUtOPnMAf+B8/gCyzY71</latexit><latexit sha1_base64="iE1Sx2adjr80evS7t53aPAXh4ZM=">AAAB73icbVBNSwMxEJ31s9avqkc9BItQQcquCHosePFYwbYr7VKyabYNTbJrkhXK2j/hxYMiXv073vw3pu0etPXBwOO9GWbmhQln2rjut7O0vLK6tl7YKG5ube/slvb2mzpOFaENEvNY+SHWlDNJG4YZTv1EUSxCTlvh8Hritx6p0iyWd2aU0EDgvmQRI9hYya9XWk/+2f1pt1R2q+4UaJF4OSlDjnq39NXpxSQVVBrCsdZtz01MkGFlGOF0XOykmiaYDHGfti2VWFAdZNN7x+jEKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTXQUZk0lqqCSzRVHKkYnR5HnUY4oSw0eWYKKYvRWRAVaYGBtR0Ybgzb+8SJrnVc+tercX5dpRHkcBDuEYKuDBJdTgBurQAAIcnuEV3pwH58V5dz5mrUtOPnMAf+B8/gCyzY71</latexit><latexit sha1_base64="iE1Sx2adjr80evS7t53aPAXh4ZM=">AAAB73icbVBNSwMxEJ31s9avqkc9BItQQcquCHosePFYwbYr7VKyabYNTbJrkhXK2j/hxYMiXv073vw3pu0etPXBwOO9GWbmhQln2rjut7O0vLK6tl7YKG5ube/slvb2mzpOFaENEvNY+SHWlDNJG4YZTv1EUSxCTlvh8Hritx6p0iyWd2aU0EDgvmQRI9hYya9XWk/+2f1pt1R2q+4UaJF4OSlDjnq39NXpxSQVVBrCsdZtz01MkGFlGOF0XOykmiaYDHGfti2VWFAdZNN7x+jEKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTXQUZk0lqqCSzRVHKkYnR5HnUY4oSw0eWYKKYvRWRAVaYGBtR0Ybgzb+8SJrnVc+tercX5dpRHkcBDuEYKuDBJdTgBurQAAIcnuEV3pwH58V5dz5mrUtOPnMAf+B8/gCyzY71</latexit><latexit sha1_base64="iE1Sx2adjr80evS7t53aPAXh4ZM=">AAAB73icbVBNSwMxEJ31s9avqkc9BItQQcquCHosePFYwbYr7VKyabYNTbJrkhXK2j/hxYMiXv073vw3pu0etPXBwOO9GWbmhQln2rjut7O0vLK6tl7YKG5ube/slvb2mzpOFaENEvNY+SHWlDNJG4YZTv1EUSxCTlvh8Hritx6p0iyWd2aU0EDgvmQRI9hYya9XWk/+2f1pt1R2q+4UaJF4OSlDjnq39NXpxSQVVBrCsdZtz01MkGFlGOF0XOykmiaYDHGfti2VWFAdZNN7x+jEKj0UxcqWNGiq/p7IsNB6JELbKbAZ6HlvIv7ntVMTXQUZk0lqqCSzRVHKkYnR5HnUY4oSw0eWYKKYvRWRAVaYGBtR0Ybgzb+8SJrnVc+tercX5dpRHkcBDuEYKuDBJdTgBurQAAIcnuEV3pwH58V5dz5mrUtOPnMAf+B8/gCyzY71</latexit>

P (Z|W )
<latexit sha1_base64="JycaTvCoNf2Vs7TF+4y+1QaECj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEeim7Iuix4MXjCvYD26Vk02wbm02WJCuUtf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hrqtx6p0kyKOzNOaBDjgWARI9hYqelX759aZ71yxa25M6Bl4uWkAjn8Xvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gU6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXSPK95bs27vajUj/M4inAEJ1AFDy6hDjfgQwMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBnmWOXg==</latexit><latexit sha1_base64="JycaTvCoNf2Vs7TF+4y+1QaECj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEeim7Iuix4MXjCvYD26Vk02wbm02WJCuUtf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hrqtx6p0kyKOzNOaBDjgWARI9hYqelX759aZ71yxa25M6Bl4uWkAjn8Xvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gU6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXSPK95bs27vajUj/M4inAEJ1AFDy6hDjfgQwMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBnmWOXg==</latexit><latexit sha1_base64="JycaTvCoNf2Vs7TF+4y+1QaECj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEeim7Iuix4MXjCvYD26Vk02wbm02WJCuUtf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hrqtx6p0kyKOzNOaBDjgWARI9hYqelX759aZ71yxa25M6Bl4uWkAjn8Xvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gU6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXSPK95bs27vajUj/M4inAEJ1AFDy6hDjfgQwMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBnmWOXg==</latexit><latexit sha1_base64="JycaTvCoNf2Vs7TF+4y+1QaECj8=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEeim7Iuix4MXjCvYD26Vk02wbm02WJCuUtf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmlqmitAGkVyqdog15UzQhmGG03aiKI5DTlvh6Hrqtx6p0kyKOzNOaBDjgWARI9hYqelX759aZ71yxa25M6Bl4uWkAjn8Xvmr25ckjakwhGOtO56bmCDDyjDC6aTUTTVNMBnhAe1YKnBMdZDNrp2gU6v0USSVLWHQTP09keFY63Ec2s4Ym6Fe9Kbif14nNdFVkDGRpIYKMl8UpRwZiaavoz5TlBg+tgQTxeytiAyxwsTYgEo2BG/x5WXSPK95bs27vajUj/M4inAEJ1AFDy6hDjfgQwMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBnmWOXg==</latexit>

inference

Queries

marginal:
conditional:

P (y, z)
<latexit sha1_base64="sFHFdq5vgF8gtR8DW03TDDmQr8s=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEClJ2RdBjwYvHCvYD2qVk02wbm02WJCusS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8c3Ubz9SpZkU9yaNqR/hoWAhI9hYqdWopudPZ/1yxa25M6Bl4uWkAjka/fJXbyBJElFhCMdadz03Nn6GlWGE00mpl2gaYzLGQ9q1VOCIaj+bXTtBp1YZoFAqW8Kgmfp7IsOR1mkU2M4Im5Fe9Kbif143MeG1nzERJ4YKMl8UJhwZiaavowFTlBieWoKJYvZWREZYYWJsQCUbgrf48jJpXdQ8t+bdXVbqx3kcRTiCE6iCB1dQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBiQ2OUA==</latexit><latexit sha1_base64="sFHFdq5vgF8gtR8DW03TDDmQr8s=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEClJ2RdBjwYvHCvYD2qVk02wbm02WJCusS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8c3Ubz9SpZkU9yaNqR/hoWAhI9hYqdWopudPZ/1yxa25M6Bl4uWkAjka/fJXbyBJElFhCMdadz03Nn6GlWGE00mpl2gaYzLGQ9q1VOCIaj+bXTtBp1YZoFAqW8Kgmfp7IsOR1mkU2M4Im5Fe9Kbif143MeG1nzERJ4YKMl8UJhwZiaavowFTlBieWoKJYvZWREZYYWJsQCUbgrf48jJpXdQ8t+bdXVbqx3kcRTiCE6iCB1dQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBiQ2OUA==</latexit><latexit sha1_base64="sFHFdq5vgF8gtR8DW03TDDmQr8s=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEClJ2RdBjwYvHCvYD2qVk02wbm02WJCusS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8c3Ubz9SpZkU9yaNqR/hoWAhI9hYqdWopudPZ/1yxa25M6Bl4uWkAjka/fJXbyBJElFhCMdadz03Nn6GlWGE00mpl2gaYzLGQ9q1VOCIaj+bXTtBp1YZoFAqW8Kgmfp7IsOR1mkU2M4Im5Fe9Kbif143MeG1nzERJ4YKMl8UJhwZiaavowFTlBieWoKJYvZWREZYYWJsQCUbgrf48jJpXdQ8t+bdXVbqx3kcRTiCE6iCB1dQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBiQ2OUA==</latexit><latexit sha1_base64="sFHFdq5vgF8gtR8DW03TDDmQr8s=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEClJ2RdBjwYvHCvYD2qVk02wbm02WJCusS/+DFw+KePX/ePPfmLZ70NYHA4/3ZpiZF8ScaeO6305hZXVtfaO4Wdra3tndK+8ftLRMFKFNIrlUnQBrypmgTcMMp51YURwFnLaD8c3Ubz9SpZkU9yaNqR/hoWAhI9hYqdWopudPZ/1yxa25M6Bl4uWkAjka/fJXbyBJElFhCMdadz03Nn6GlWGE00mpl2gaYzLGQ9q1VOCIaj+bXTtBp1YZoFAqW8Kgmfp7IsOR1mkU2M4Im5Fe9Kbif143MeG1nzERJ4YKMl8UJhwZiaavowFTlBieWoKJYvZWREZYYWJsQCUbgrf48jJpXdQ8t+bdXVbqx3kcRTiCE6iCB1dQh1toQBMIPMAzvMKbI50X5935mLcWnHzmEP7A+fwBiQ2OUA==</latexit>

P (y|x)
<latexit sha1_base64="wCQf+pahhjfRypbixLJ1i+mMx0k=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEeim7Iuix4MVjBfsB7VKyabaNzSZLkhWXtf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hrqtx+o0kyKO5PG1I/wULCQEWys1GpU06fHs3654tbcGdAy8XJSgRyNfvmrN5AkiagwhGOtu54bGz/DyjDC6aTUSzSNMRnjIe1aKnBEtZ/Nrp2gU6sMUCiVLWHQTP09keFI6zQKbGeEzUgvelPxP6+bmPDKz5iIE0MFmS8KE46MRNPX0YApSgxPLcFEMXsrIiOsMDE2oJINwVt8eZm0zmueW/NuLyr14zyOIhzBCVTBg0uoww00oAkE7uEZXuHNkc6L8+58zFsLTj5zCH/gfP4A/+OOng==</latexit><latexit sha1_base64="wCQf+pahhjfRypbixLJ1i+mMx0k=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEeim7Iuix4MVjBfsB7VKyabaNzSZLkhWXtf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hrqtx+o0kyKO5PG1I/wULCQEWys1GpU06fHs3654tbcGdAy8XJSgRyNfvmrN5AkiagwhGOtu54bGz/DyjDC6aTUSzSNMRnjIe1aKnBEtZ/Nrp2gU6sMUCiVLWHQTP09keFI6zQKbGeEzUgvelPxP6+bmPDKz5iIE0MFmS8KE46MRNPX0YApSgxPLcFEMXsrIiOsMDE2oJINwVt8eZm0zmueW/NuLyr14zyOIhzBCVTBg0uoww00oAkE7uEZXuHNkc6L8+58zFsLTj5zCH/gfP4A/+OOng==</latexit><latexit sha1_base64="wCQf+pahhjfRypbixLJ1i+mMx0k=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEeim7Iuix4MVjBfsB7VKyabaNzSZLkhWXtf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hrqtx+o0kyKO5PG1I/wULCQEWys1GpU06fHs3654tbcGdAy8XJSgRyNfvmrN5AkiagwhGOtu54bGz/DyjDC6aTUSzSNMRnjIe1aKnBEtZ/Nrp2gU6sMUCiVLWHQTP09keFI6zQKbGeEzUgvelPxP6+bmPDKz5iIE0MFmS8KE46MRNPX0YApSgxPLcFEMXsrIiOsMDE2oJINwVt8eZm0zmueW/NuLyr14zyOIhzBCVTBg0uoww00oAkE7uEZXuHNkc6L8+58zFsLTj5zCH/gfP4A/+OOng==</latexit><latexit sha1_base64="wCQf+pahhjfRypbixLJ1i+mMx0k=">AAAB7XicbVBNSwMxEJ2tX7V+VT3qIViEeim7Iuix4MVjBfsB7VKyabaNzSZLkhWXtf/BiwdFvPp/vPlvTNs9aOuDgcd7M8zMC2LOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlomitAmkVyqToA15UzQpmGG006sKI4CTtvB+Hrqtx+o0kyKO5PG1I/wULCQEWys1GpU06fHs3654tbcGdAy8XJSgRyNfvmrN5AkiagwhGOtu54bGz/DyjDC6aTUSzSNMRnjIe1aKnBEtZ/Nrp2gU6sMUCiVLWHQTP09keFI6zQKbGeEzUgvelPxP6+bmPDKz5iIE0MFmS8KE46MRNPX0YApSgxPLcFEMXsrIiOsMDE2oJINwVt8eZm0zmueW/NuLyr14zyOIhzBCVTBg0uoww00oAkE7uEZXuHNkc6L8+58zFsLTj5zCH/gfP4A/+OOng==</latexit>

MAP: argmaxx,yP (x, y|z)
<latexit sha1_base64="QtpgewDdO3/1WV0/Obj0w7Oee2c=">AAACB3icbVDLSgMxFM3UV62vUZeKBItQQWRGBF0W3LisYB/QDkMmTdvQZGZI7kjrODs3/oobF4q49Rfc+Temj4W2Hgg5nHPvTe4JYsE1OM63lVtYXFpeya8W1tY3Nrfs7Z2ajhJFWZVGIlKNgGgmeMiqwEGwRqwYkYFg9aB/NfLrd0xpHoW3MIyZJ0k35B1OCRjJtw9awAagZEpUV5JB5qeDk2GGKyVzPdwf+3bROXXGwPPEnZIimqLi21+tdkQTyUKggmjddJ0YPDMdOBUsK7QSzWJC+6TLmoaGRDLtpeM9MnxklDbuRMqcEPBY/d2REqn1UAamUhLo6VlvJP7nNRPoXHopD+MEWEgnD3USgSHCo1BwmytGQQwNIVRx81dMe0QRCia6ggnBnV15ntTOTl3Db86L5f1pHHm0hw5RCbnoApXRNaqgKqLoET2jV/RmPVkv1rv1MSnNWdOeXfQH1ucPU6mZcQ==</latexit><latexit sha1_base64="QtpgewDdO3/1WV0/Obj0w7Oee2c=">AAACB3icbVDLSgMxFM3UV62vUZeKBItQQWRGBF0W3LisYB/QDkMmTdvQZGZI7kjrODs3/oobF4q49Rfc+Temj4W2Hgg5nHPvTe4JYsE1OM63lVtYXFpeya8W1tY3Nrfs7Z2ajhJFWZVGIlKNgGgmeMiqwEGwRqwYkYFg9aB/NfLrd0xpHoW3MIyZJ0k35B1OCRjJtw9awAagZEpUV5JB5qeDk2GGKyVzPdwf+3bROXXGwPPEnZIimqLi21+tdkQTyUKggmjddJ0YPDMdOBUsK7QSzWJC+6TLmoaGRDLtpeM9MnxklDbuRMqcEPBY/d2REqn1UAamUhLo6VlvJP7nNRPoXHopD+MEWEgnD3USgSHCo1BwmytGQQwNIVRx81dMe0QRCia6ggnBnV15ntTOTl3Db86L5f1pHHm0hw5RCbnoApXRNaqgKqLoET2jV/RmPVkv1rv1MSnNWdOeXfQH1ucPU6mZcQ==</latexit><latexit sha1_base64="QtpgewDdO3/1WV0/Obj0w7Oee2c=">AAACB3icbVDLSgMxFM3UV62vUZeKBItQQWRGBF0W3LisYB/QDkMmTdvQZGZI7kjrODs3/oobF4q49Rfc+Temj4W2Hgg5nHPvTe4JYsE1OM63lVtYXFpeya8W1tY3Nrfs7Z2ajhJFWZVGIlKNgGgmeMiqwEGwRqwYkYFg9aB/NfLrd0xpHoW3MIyZJ0k35B1OCRjJtw9awAagZEpUV5JB5qeDk2GGKyVzPdwf+3bROXXGwPPEnZIimqLi21+tdkQTyUKggmjddJ0YPDMdOBUsK7QSzWJC+6TLmoaGRDLtpeM9MnxklDbuRMqcEPBY/d2REqn1UAamUhLo6VlvJP7nNRPoXHopD+MEWEgnD3USgSHCo1BwmytGQQwNIVRx81dMe0QRCia6ggnBnV15ntTOTl3Db86L5f1pHHm0hw5RCbnoApXRNaqgKqLoET2jV/RmPVkv1rv1MSnNWdOeXfQH1ucPU6mZcQ==</latexit><latexit sha1_base64="QtpgewDdO3/1WV0/Obj0w7Oee2c=">AAACB3icbVDLSgMxFM3UV62vUZeKBItQQWRGBF0W3LisYB/QDkMmTdvQZGZI7kjrODs3/oobF4q49Rfc+Temj4W2Hgg5nHPvTe4JYsE1OM63lVtYXFpeya8W1tY3Nrfs7Z2ajhJFWZVGIlKNgGgmeMiqwEGwRqwYkYFg9aB/NfLrd0xpHoW3MIyZJ0k35B1OCRjJtw9awAagZEpUV5JB5qeDk2GGKyVzPdwf+3bROXXGwPPEnZIimqLi21+tdkQTyUKggmjddJ0YPDMdOBUsK7QSzWJC+6TLmoaGRDLtpeM9MnxklDbuRMqcEPBY/d2REqn1UAamUhLo6VlvJP7nNRPoXHopD+MEWEgnD3USgSHCo1BwmytGQQwNIVRx81dMe0QRCia6ggnBnV15ntTOTl3Db86L5f1pHHm0hw5RCbnoApXRNaqgKqLoET2jV/RmPVkv1rv1MSnNWdOeXfQH1ucPU6mZcQ==</latexit>

intervention: P (z|do(w))
<latexit sha1_base64="uSWipS3NRjf0jrXhaApFdxXyMQE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlLoJFaDclEUGXBTcuK9gLtKFMJpN26GQSZk7UGOuruHGhiFsfxJ1v47TNQlt/GPj4zzmcM78Xc6bAtr+Nwsrq2vpGcbO0tb2zu2fuH7RVlEhCWyTikex6WFHOBG0BA067saQ49DjteOPLab1zS6VikbiBNKZuiIeCBYxg0NbALDerD499oPcgw8yPJtW7Wm1gVuy6PZO1DE4OFZSrOTC/+n5EkpAKIBwr1XPsGNwMS2CE00mpnygaYzLGQ9rTKHBIlZvNjp9YJ9rxrSCS+gmwZu7viQyHSqWhpztDDCO1WJua/9V6CQQXbsZEnAAVZL4oSLgFkTVNwvKZpAR4qgETyfStFhlhiQnovEo6BGfxy8vQPq07mq/PKo2jPI4iOkTHqIocdI4a6Ao1UQsRlKJn9IrejCfjxXg3PuatBSOfKaM/Mj5/AFYjlG0=</latexit><latexit sha1_base64="uSWipS3NRjf0jrXhaApFdxXyMQE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlLoJFaDclEUGXBTcuK9gLtKFMJpN26GQSZk7UGOuruHGhiFsfxJ1v47TNQlt/GPj4zzmcM78Xc6bAtr+Nwsrq2vpGcbO0tb2zu2fuH7RVlEhCWyTikex6WFHOBG0BA067saQ49DjteOPLab1zS6VikbiBNKZuiIeCBYxg0NbALDerD499oPcgw8yPJtW7Wm1gVuy6PZO1DE4OFZSrOTC/+n5EkpAKIBwr1XPsGNwMS2CE00mpnygaYzLGQ9rTKHBIlZvNjp9YJ9rxrSCS+gmwZu7viQyHSqWhpztDDCO1WJua/9V6CQQXbsZEnAAVZL4oSLgFkTVNwvKZpAR4qgETyfStFhlhiQnovEo6BGfxy8vQPq07mq/PKo2jPI4iOkTHqIocdI4a6Ao1UQsRlKJn9IrejCfjxXg3PuatBSOfKaM/Mj5/AFYjlG0=</latexit><latexit sha1_base64="uSWipS3NRjf0jrXhaApFdxXyMQE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlLoJFaDclEUGXBTcuK9gLtKFMJpN26GQSZk7UGOuruHGhiFsfxJ1v47TNQlt/GPj4zzmcM78Xc6bAtr+Nwsrq2vpGcbO0tb2zu2fuH7RVlEhCWyTikex6WFHOBG0BA067saQ49DjteOPLab1zS6VikbiBNKZuiIeCBYxg0NbALDerD499oPcgw8yPJtW7Wm1gVuy6PZO1DE4OFZSrOTC/+n5EkpAKIBwr1XPsGNwMS2CE00mpnygaYzLGQ9rTKHBIlZvNjp9YJ9rxrSCS+gmwZu7viQyHSqWhpztDDCO1WJua/9V6CQQXbsZEnAAVZL4oSLgFkTVNwvKZpAR4qgETyfStFhlhiQnovEo6BGfxy8vQPq07mq/PKo2jPI4iOkTHqIocdI4a6Ao1UQsRlKJn9IrejCfjxXg3PuatBSOfKaM/Mj5/AFYjlG0=</latexit><latexit sha1_base64="uSWipS3NRjf0jrXhaApFdxXyMQE=">AAAB/HicbZDLSsNAFIYn9VbrLdqlLoJFaDclEUGXBTcuK9gLtKFMJpN26GQSZk7UGOuruHGhiFsfxJ1v47TNQlt/GPj4zzmcM78Xc6bAtr+Nwsrq2vpGcbO0tb2zu2fuH7RVlEhCWyTikex6WFHOBG0BA067saQ49DjteOPLab1zS6VikbiBNKZuiIeCBYxg0NbALDerD499oPcgw8yPJtW7Wm1gVuy6PZO1DE4OFZSrOTC/+n5EkpAKIBwr1XPsGNwMS2CE00mpnygaYzLGQ9rTKHBIlZvNjp9YJ9rxrSCS+gmwZu7viQyHSqWhpztDDCO1WJua/9V6CQQXbsZEnAAVZL4oSLgFkTVNwvKZpAR4qgETyfStFhlhiQnovEo6BGfxy8vQPq07mq/PKo2jPI4iOkTHqIocdI4a6Ao1UQsRlKJn9IrejCfjxXg3PuatBSOfKaM/Mj5/AFYjlG0=</latexit>

W Z

Prior Information

structure learning

Figure 2.1: Simplifed representation of probabilistic modelling with BNs. 

We focus on the common case of BNs with categorical random variables 

where variable Xi take values xi from the domain Dom(Xi) of size ri. Domain 

of variable Xi is represented by states [xi1, . . . , xiri ]. Alternatively, we can think 

of Xi as a symbolic feature with arity ri, and for convenience we can represent 
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its states by integers [1, . . . , ri]. Let D = [D1, D2, . . . , Dn] be a complete database 

of instances of X , where Di, |Di| = m, records observed states of Xi as depicted 

in Figure 4.1. 

Since variables Xi are categorical, we assume that θ is a multinomial distri-

bution, and represent it via a set of local conditional probability tables. Specif-� � 
ically, table ΘXi|Pa(Xi) maintains conditional probabilities P(xi| xj ) = Xj∈Pa(Xi) 

θ for all ri possible confgurations of Xi, and qi = ∏ rj confg-xi|(xj)Xj∈Pa(Xi) Xj∈Pa(Xi) 

urations of its parents, Pa(Xi), in G. We will use |Θ| to denote the number of 

parameters in table Θ 

2.2 Learning Structure 

For the given D, we can learn a BN structure G directly from the data. Our 

focus is on score-based learning methods, in which structure learning amounts 

to optimizing a function that measures goodness of ft between G and D. 

Let Score(G:D) be a scoring function evaluating quality of the network struc-

ture G with respect to the input data D. Furthermore, let Score(G:D) be decom-

posable, that is: 

Score(G:D) = ∑ s(Xi, Pa(Xi)), 
Xi∈X 

where s(Xi, Pa(Xi)) is a score contribution of Xi when its parents are Pa(Xi). 

Examples of such scoring functions include popular BIC [43] and MDL [43] de-

rived from information theory or BD [44] and BDe [45] that implement Bayesian 

scoring criteria. Decomposability is commonly assumed to improve the search 

process as local changes to a network structure can be evaluated quickly. 
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2.2.1 Effcient Data Access 

To develop an effcient solver for the parent set assignment problem, its nec-

essary to compute the scoring functions effciently which in turn depends on 

the effciency of the counting queries. The counting query Count((Xi = xi) ∧ 

(Xj = xj) ∧ . . .) returns the size of the support in D for the specifc assignment 

[xi, xj, . . .] of variables [Xi, Xj, . . .] to do that it access dataset. For example, for 

the database in Figure 4.1, the query Count((X1 = 3) ∧ (X2 = 2) ∧ (X3 = 1)) 

would return 2, as there are 2 instances matching the query condition. We note 

that the above formulation of counting is a special and simple case of the gen-

eral counting problem in conjunctive queries, known from database theory [46] 

(we provide more details in Section 4.5). 

In the context of BNSL, computation of the scoring function s(Xi, Pa(Xi)) 

invokes counting queries as explained in Section 4.2. 

2.2.2 Parent Set Assignment Problem 

The parent set assignment problem is enumerate all possible local structure and 

enumerate them. Which is reduced to problem fnding the subset Pa(Xi) ⊆ 

X − {Xi} such that s(Xi, Pa(Xi)) is minimized. 

Let d(Xi, U), U ⊆ X − {Xi}, be the score of selecting optimal parent set of Xi 

from among variables in U, that is d(Xi, U) = min s(Xi, Pa(Xi)). We can 
Pa(Xi)⊆U 

effciently express d via the following recursion: 

⎧ ⎪⎨s(Xi, U), 
d(Xi, U) = min (2.1)⎪⎩min d(Xi, U − {Xj}). 

Xj∈U 
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To fnd an optimal parent set assignment of Xi we could solve the recursion 

in Equation 2.1 for U = X − {Xi} while recording the choice of parents we 

made in the process. 

2.2.3 Structure Search 

Any DAG with nodes X can be equivalently represented via one of its topolog-

ical orderings of X . A topological ordering implies that Xi is always preceded 

by Xj, written as Xj � Xi, if Xj is a parent of Xi, i.e. Xj ∈ Pa(Xi). Let π(U) 

denote a topological ordering over a set U ⊆ X . 

Then, we can defne Q(U, π) as: 

� � 
Q(U, π) = ∑ d Xi, {Xj|Xj � Xi in π(U)} (2.2) 

Xi∈U 

, where Q(U, π) is a score of an ordering(i.e. network) over U, {Xj|Xj � Xi in π(U)} 
is the set of the preceding variables in the given ordering. 

Using parent set assignment solver as a subroutine described in Section 6.2, 

allows effcient memoization of d. It also allows several opportunities for devel-

oping new optimizations and also abstracts away the choice of scoring function 

from the structure search module. 

2.3 Parameter Learning 

For the given network structure G and D, we obtain fnal BN model by esti-

mating probability θ from the input data D. Parameters θ can be xi|(xj)Xj∈Pa(Xi) 

directly obtained from D via Maximum Likelihood Estimation (MLE) or Max-

imum Posterior Approximation(MAP) [47]. Both MLE and MAP are easy to 
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perform provided that we have suffciently large D, and effcient mechanism to 

run counting queries over D. 

2.4 Equivalence Classes 

Two network structures are equivalent if they represent the same set of prob-

ability distributions. To represent equivalent networks, we can use a partially 

directed acyclic graph (PDAG), in which directed edges correspond to the edges 

that have the same orientation in every network in the same equivalence class, 

and undirected edges correspond to edges that may have different orientation in 

different networks in the same class [48]. Consequently, if pdag(Gi) = pdag(Gj), 

where pdag(G) denotes PDAG of structure G, then Gi and Gj belong to the same 

equivalence class and can be considered indistinguishable. 



Chapter 3 
Why Exact Structure Learning? 

Overview. Learning structure of BN from data is a common task in Ma-

chine Learning applications. The problem is known to be NP-hard, and 

both heuristics and exact learning algorithms have been proposed. While 

heuristics are widespread in real-life applications, exact algorithms are be-

lieved to learn better networks. In this chapter, we ask and answer the ques-

tion of whether exact learning algorithms offer practical advantage over 

popular heuristic used for BNSL. 

3.1 Introduction 

In many practical applications, for example in computational biology and biomed-

ical informatics [49], the structure of BN, is not known a priori and has to be 

learned from data. This task can be performed either by optimizing a scoring 

function that expresses quality of a structure given the data (score-based learn-

ing), or by assessing conditional independence constraints directly from the data 

(constraint-based learning) [50]. However, irrespective of the selected learning 
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strategy, the problem is known to be NP-hard, even under simplifying assump-

tions, like bounded in-degree of nodes in the structure [15, 51] (although we 

should note that variants that are not NP-hard do exist [52, 53]). Yet, in spite of 

this discouraging result, over the years multiple exact structure learning algo-

rithms have been proposed (see, e.g., [54, 55, 56, 57, 58, 59] to get a sample of the 

most recent developments). 

Exact algorithms are computationally and memory expensive, and inher-

ently limited to problems with at most several dozen variables (even when 

scaled using parallel computing [60, 61, 62]). Consequently, fast and easily ac-

cessible heuristics, like Tabu Search (TS) and Hill Climbing (HC), have been 

favored by practitioners in real-life applications [63]. Naturally, heuristics do 

not provide any guarantees about structures they fnd. In fact, the common ar-

gument motivating development of the exact structure learning algorithms is 

that optimal network structure leads to the better quality fnal model, and re-

duces model uncertainty, as compared to the structures learned using heuristics. 

But, to the best of our knowledge, this argument has been primarily based on 

anecdotal evidence. This leads us to the main question of the chapter: Do ex-

act learning algorithms offer practical advantage over popular heuristic used for BNs 

structure learning? 

In the recent study, Scutari et al. ask somewhat related question: “Who 

learns better BN structures?” [50], and compare score-based and constraint-

based methods. The study does an excellent job of rigorously separating struc-

ture search from structure evaluation across different learners. It also factors 

in the computational cost of structure learning, and considers a broad spec-

trum of test cases. However, the comparison does not include exact algorithms, 

and focuses solely on the qualitative description of recovered structures, ex-
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pressed as the fraction of correctly identifed edges with respect to the reference 

ground truth model. In that sense, the study is not conclusive: without exact 

algorithms, differences between score-based and constraint-based methods (re-

ported by Scutari et al.) cannot be attributed solely to structure scoring criteria, 

as they could result from the use of sub-optimal search strategies. Furthermore, 

without using learned BN in inference, it is diffcult to decide whether the struc-

ture is actually good (see, e.g., [64]). 

In this chapter, we approach the question of Where are exact methods preferred 

over heuristics?. We explicitly focus on score-based exact algorithms and heuris-

tics, and we look at structure learning both qualitatively, by assessing the ca-

pability of different learners to recover the underlying structure, and quantita-

tively, by checking how recovered structures affect the inference of posterior 

probabilities. The resulting benchmarking strategy aims to mimic the typi-

cal applications of BNs which typically involve reasoning through inferences. 

We then propose an intuitive experimental protocol based on exact inference 

method, which we follow to conduct an extensive empirical evaluation on mul-

tiple popular benchmark data. The use of exact inference [65] method makes it 

possible to compare different learners reliably, and it ensures the reproducibility 

of the protocol. 

This chapter is organized following the common convention. In Section 3.2 

we discuss the proposed testing criteria in detail. We describe the experiments 

and results in Section 3.3, and conclude the chapter with brief discussion in 

Section 3.4. 
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inference query Q  

parameter learning

inference query Q 

Ground Truth N⇤ = (G⇤,⇥⇤)
<latexit sha1_base64="o75n4ZtkNApSS0mEZ3FMxXmw82s=">AAACF3icbZDNSgMxFIUz/tb6V3XpJliEKlJmVNCNUHChK1FoVWhryaR3bGgmMyR3xDLUp3Djq7hxoYhb3fk2ZmoXWr0Q8nHOvST3+LEUBl330xkbn5icms7N5Gfn5hcWC0vL5yZKNIcaj2SkL31mQAoFNRQo4TLWwEJfwoXfPcz8ixvQRkSqir0YmiG7ViIQnKGVWoVyA+EWTZAe6ShRbVrVCXb6dydX6Wb/oHSUXVuNageQZbjRKhTdsjso+he8IRTJsE5bhY9GO+JJCAq5ZMbUPTfGZso0Ci6hn28kBmLGu+wa6hYVC8E008FefbpulTYNIm2PQjpQf06kLDSmF/q2M2TYMaNeJv7n1RMM9pupUHGCoPj3Q0EiKUY0C4m2hQaOsmeBcS3sXynvMM042ijzNgRvdOW/cL5d9nbK7tluseIO48iRVbJGSsQje6RCjskpqRFO7skjeSYvzoPz5Lw6b9+tY85wZoX8Kuf9C9lln54=</latexit>

Data D
<latexit sha1_base64="/75FFJHCJdkCnmLfXrkYn+GEHU4=">AAAB+HicbVBNS8NAEN34WetHox69BIvgqSQq6LFgDx4r2A9oQ5lsN+3SzSbsTsQa6h/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgkRwja77ba2srq1vbBa2its7u3sle/+gqeNUUdagsYhVOwDNBJesgRwFayeKQRQI1gpG11O/dc+U5rG8w3HC/AgGkoecAhqpZ5e6yB5Qh1kNECZPtZ5ddivuDM4y8XJSJjnqPfur249pGjGJVIDWHc9N0M9AIaeCTYrdVLME6AgGrGOohIhpP5sdPnFOjNJ3wliZkujM1N8TGURaj6PAdEaAQ73oTcX/vE6K4ZWfcZmkyCSdLwpT4WDsTFNw+lwximJsCFDFza0OHYICiiarognBW3x5mTTPKt55xb29KFfdPI4COSLH5JR45JJUyQ2pkwahJCXP5JW8WY/Wi/VufcxbV6x85pD8gfX5AzLAk18=</latexit>

Test Networks Ni
<latexit sha1_base64="AMLumQ4jMhHAHcjYbYpMQx5WelI=">AAACA3icbVDLSgNBEJyNrxhfUW96GQyCp7Crgh4DXjyFCHlBEsLspDcZMvtgplcNS8SLv+LFgyJe/Qlv/o2TZA+aWNBQVHXT3eVGUmi07W8rs7S8srqWXc9tbG5t7+R39+o6jBWHGg9lqJou0yBFADUUKKEZKWC+K6HhDq8mfuMWlBZhUMVRBB2f9QPhCc7QSN38QRvhHrWXVEEjLQPehWqoxw/lrujmC3bRnoIuEiclBZKi0s1/tXshj30IkEumdcuxI+wkTKHgEsa5dqwhYnzI+tAyNGA+6E4y/WFMj43So16oTAVIp+rviYT5Wo9813T6DAd63puI/3mtGL3LTiKCKEYI+GyRF0uKIZ0EQntCAUc5MoRxJcytlA+YYhxNbDkTgjP/8iKpnxads6J9c14o2WkcWXJIjsgJccgFKZFrUiE1wskjeSav5M16sl6sd+tj1pqx0pl98gfW5w/mfZhC</latexit>

Reference Network N 0 = (G⇤,⇥0)
<latexit sha1_base64="tnvtxBkB4cWIP2v+PA2B/5HkXOc=">AAACFHicbVC7SgNBFJ31bXxFLW0GgxgfhF0VtBEEC61CFBOFJIbZyd1kyOyDmbtqWOI/2PgrNhaK2FrY+TdOYgpNPDBwOOde7pzjRlJotO0va2R0bHxicmo6NTM7N7+QXlwq6TBWHIo8lKG6cpkGKQIookAJV5EC5rsSLt3Wcde/vAGlRRhcYDuCqs8agfAEZ2ikWnqrgnCH2kvOwQMFAQeaB7wNVatzn18/zJ5cb25XLpqAbH2jls7YObsHOkycPsmQPgq19GelHvLYhwC5ZFqXHTvCasIUCi6hk6rEGiLGW6wBZUMD5oOuJr1QHbpmlDr1QmVegLSn/t5ImK9123fNpM+wqQe9rvifV47RO6gmIohiNHl/DnmxpBjSbkO0LhRwlG1DGFfC/JXyJlOMo+kxZUpwBiMPk9JOztnN2Wd7mSO7X8cUWSGrJEscsk+OyCkpkCLh5IE8kRfyaj1az9ab9f4zOmL1d5bJH1gf35l9nck=</latexit>

Reference Distribution ⇥N 0
Q

<latexit sha1_base64="ubw9hoyDKUPe642EgDAUYqFBO9Q=">AAACGHicbVC7SgNBFJ31GeMramkzGESruKuCloIWVpJIEgNJDLOTu2Zw9sHMXTEs61/Y+Cs2ForYpvNvnE228HVg4HDOvdw5x42k0Gjbn9bU9Mzs3Hxhobi4tLyyWlpbb+owVhwaPJSharlMgxQBNFCghFakgPmuhCv39jTzr+5AaREGdRxG0PXZTSA8wRkaqVfa6yDco/aSS/BAQcCBnpmrSrhxNpA+dOoDQHadXOykvaSW9kplu2KPQf8SJydlkqPaK406/ZDHPgTIJdO67dgRdhOmUHAJabETa4gYv2U30DY0YD7objIOltJto/SpFyrzAqRj9ftGwnyth75rJn2GA/3by8T/vHaM3nE3EUEUo8k8OeTFkmJIs5ZoXyjgKIeGMK6E+SvlA6YYR9Nl0ZTg/I78lzT3K85Bxa4dlk/svI4C2SRbZJc45IickHNSJQ3CySN5Jq/kzXqyXqx362MyOmXlOxvkB6zRF6lRoVU=</latexit>

Test Distributions ⇥Ni

Q
<latexit sha1_base64="PP5RrYGMdw2bqNnYz4DsKvRa8zQ=">AAACFXicbVBNS8NAEN34WetX1KOXxSJ4kJKooMeCHjxJC60KbQyb7cQubj7YnYglxB/hxb/ixYMiXgVv/hs3tQe/Hgw83pthZl6QSqHRcT6sicmp6ZnZylx1fmFxadleWT3VSaY4dHgiE3UeMA1SxNBBgRLOUwUsCiScBVeHpX92DUqLJG7jMAUvYpexCAVnaCTf3u4h3KAO8zZopEdmoRJBVnq6uO21B4DsIj/xReHnrcK3a07dGYH+Je6Y1MgYTd9+7/UTnkUQI5dM667rpOjlTKHgEopqL9OQMn7FLqFraMwi0F4++qqgm0bp0zBRpmKkI/X7RM4irYdRYDojhgP92yvF/7xuhuGBl4s4zRBi/rUozCTFhJYR0b5QwFEODWFcCXMr5QOmGEcTZNWE4P5++S853am7u3WntVdrOOM4KmSdbJAt4pJ90iDHpEk6hJM78kCeyLN1bz1aL9brV+uENZ5ZIz9gvX0CuragXA==</latexit>

DKL(⇥Ni

Q ||⇥N 0
Q )

<latexit sha1_base64="P1ooLd33cKh4LUhq03w+Q/pVA84=">AAACDnicbVDLSgMxFM34rPU16tJNsBTrpsyooMuCLgRFWugL2nHIpJk2NJMZkoxQpv0CN/6KGxeKuHXtzr8xbQfR1gOBc8+5l5t7vIhRqSzry1hYXFpeWc2sZdc3Nre2zZ3dugxjgUkNhywUTQ9JwignNUUVI81IEBR4jDS8/sXYb9wTIWnIq2oQESdAXU59ipHSkmvmL93k+mZUaFd7RKG75NalI7cyHP7Uh7o8cs2cVbQmgPPETkkOpCi75me7E+I4IFxhhqRs2VaknAQJRTEjo2w7liRCuI+6pKUpRwGRTjI5ZwTzWulAPxT6cQUn6u+JBAVSDgJPdwZI9eSsNxb/81qx8s+dhPIoVoTj6SI/ZlCFcJwN7FBBsGIDTRAWVP8V4h4SCCudYFaHYM+ePE/qx0X7pGhVTnOlQhpHBuyDA1AANjgDJXAFyqAGMHgAT+AFvBqPxrPxZrxPWxeMdGYP/IHx8Q2aMJu7</latexit>

comparison

Figure 3.1: Overview of our testing workfow. 

3.2 Testing Protocol 

To quantify the performance of different learning methods, we designed the 

protocol outlined in Figure 3.1. We start with some benchmark BN, denoted by 

N∗ = (G∗ , Θ∗), which we use as a ground truth model to generate data, D, with 

respect to which we will be assessing learners. By sampling data from such 

reference distribution we are ensuring that the data can indeed be described 

by a BN, and that we know the actual structure, G∗ , of that network. When 
m

sampling, we will consider different ratios ρ = , where m is the number of |Θ∗| 
observations in D. This is to account for different use scenarios, where the input 

data can be considered scarce (ρ < 1) or abundant (ρ > 1). Here we anticipate 

that the data availability will directly affect learners performance. 

Once the data D is generated, we will use selected learners to obtain the 

test networks Ni = (Gi, Θi). For the comparisons, we selected three particular 

methods: two heuristics, Tabu Search and Hill Climbing, which both are clas-

sic optimization methods with effcient implementation in the popular bnlearn 

package [66], and one exact method, SABNA, which is high performance open 

source exact BN learning tool [58]. We opted for these particular methods by 
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assuming the end-user point of view: the considered methods are easily acces-

sible and have well documented software realizations. At the same time we 

recognize that other heuristics, e.g., [67], would be interesting to include in the 

comparison, but their corresponding software is currently not available. 

3.2.1 Data Fidelity 

For the given network N∗ = (G∗ , θ∗), ρ and the sample D quantify how faith-

fully the given sample captures the underlying signal (probability distribution) 

of the actual network. Quantifying the fdelity of the data helps in getting more 

insight in identifying the scenarios where specifc structure learning algorithms 

can be expected to perform well and where not. For samples with lower fdelity 

score, the structure learning is expected to be diffcult which should be refected 

via learners comparison criteria defned in Section 3.2.2. It is known that the 

sample size to faithfully represent the distribution increases as the underlying 

distribution becomes more sparse. 

Fidelity score of the data also allows verifying the hypothesis whether with 

larger sample size the data becomes more faithful or not. Also, whether the 

exact structure learning method becomes invariant to increment in the sample 

size or not, results and analysis for this are delegated to our repository https: 

//gitlab.com/SCoRe-Group/bn-sl-compare. 

To compute the fdelity score of D, we use the ground truth network struc-

ture G* and learn the parameters Θ0 from D. N0 = (G∗, θ0) is used as the refer-

ence network. Under the ideal condition, the network Ni learned from the given 

sample D is equivalent to N0 . We defne the fdelity of the data as: 

https://gitlab.com/SCoRe-Group/bn-sl-compare
https://gitlab.com/SCoRe-Group/bn-sl-compare
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� � 
∑Xi 

KLD Θ∗ ||Θ0 
Xi|Pa(Xi) Xi|Pa(Xi)f idelity(D, θ∗ , θ0) = (3.1)

n 

3.2.2 Learners Comparison Criteria 

When comparing our selected learners we will consider two main criteria. The 

frst is how close is the learned structure Gi to the reference structure G∗ . This is 

very common comparison criterion, and it is typically based on so called Struc-

tural Hamming Distance (SHD) [37]. In essence, SHD compares how many 

edges are different between pdag(G∗) and pdag(Gi). The use of PDAGs in-

stead of the actual structures is essential to eliminate statistically insignifcant 

differences between the structures. In our protocol, we take slightly more fne 

grained view of network structure, and differentiate between edges that are in-

correctly present and are incorrectly missing in Gi compared to G∗ . Let E(G) be 

a set of edges of graph G. We will consider precision, defned as: 

|E(pdag(G∗)) ∩ E(pdag(Gi))|precision(N∗ , Ni) = ,|E(pdag(Gi))| 

and recall, defned as: 

|E(pdag(G∗)) ∩ E(pdag(Gi))|recall(N∗ , Ni) = ,|E(pdag(G∗))| 

and we will summarize the two into a single statistics using F1 score, defned as: 

2 · precision(N∗ , Ni) · recall(N∗ , Ni)F1(N∗ , Ni) = .
precision(N∗ , Ni) + recall(N∗ , Ni) 

For the second criteria, we will be looking into the accuracy of inferences 
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performed on the resulting models. Let ΘQ
N denote the conditional probability 

table obtained by executing inference query Q over the network N. The query 

Q will be always clear from the context, and it will be characterized by the vari-

ables to be inferred. We compare two networks, Ni and Nj, by computing the 

Kullback-Leibler (KL) divergence from ΘQ
Ni to ΘQ

Nj , defned as: 

� � 
θ

Ni θx
Ni 

∑x x log Nj 
xDKL(ΘQ

Ni ||ΘQ
Nj ) = θ . 

n 

If Nj is a reference network (e.g., a known ground truth model), we can in-

terpret KL divergence as the information gain we could achieve if the inference 

was made over the reference model instead of Ni. Hence, we can intuitively 

expect that a good learning method will deliver networks with KL divergence 

close to zero when compared to the ground truth, across all queries of interest. 

3.3 Experimental Analysis 

We ran all our experiments on a server with two Intel Xeon E5 − 2650 2.30GHz 

10-core CPUs, and 64 GB of RAM. To perform experimental analysis we use the 

set of standard benchmark BNs available from [66]. In what follows, we will 

discuss only networks summarized in Table 3.1, and we refer reader to https: 

//gitlab.com/SCoRe-Group/bn-sl-compare where we provide results for other 

networks, together with a complete set of software tools to reproduce our tests. 

We specifcally assume the MDL scoring function [43] defned as Score(G:D) = � �n |ΘXi |∑ log(P(Xi|Pa(Xi)) − log(m) . This choice is motivated by practical 
2i=1 

considerations: MDL is arguably the most frequently used scoring function in 

real-world applications (see, for example, [68]), and it does not involve hyper-

https://gitlab.com/SCoRe-Group/bn-sl-compare
https://gitlab.com/SCoRe-Group/bn-sl-compare
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Table 3.1: Benchmark data used in experiments. 

Network n Range of ri Average of ri Categeory 

Child 20 25 230 small 
Alarm 37 46 509 medium 
Insurance 27 52 984 medium-large 

Table 3.2: Parameters of Benchmark BNs. 

Network n |E(G)| θ ρ 
0.5 0.75 1.5 3.0 6.0 

Child 20 25 230 115 173 345 690 1380 
Alarm 37 46 509 255 384 764 1527 3054 
Insurance 27 52 984 497 738 1476 2952 5904 

parameters (unlike, e.g., BD or BDeu functions [69]). This makes it more amenable 

to experimental analysis. Moreover, MDL has been demonstrated to correlate 

with G2 independence test, which is frequently used in constraint-based learn-

ing [50, 70] (hence, we can hope to generalize some of the fndings to constraint-

based methods, similar to [50]). Finally, to parameterize networks, we will be 

using the standard Maximum Likelihood Estimation approach (MLE), as we 

assume no prior knowledge about the distribution P. 

We use three real networks from the BN Repository [66]. We consider a 

suffciently large set of ρ values and for each fxed ρ, we consider 100 samples 

of D. Here, we present only the representative ρ values here. We describe the 

parameters of these networks in detail in Table 3.2. Further, in each sample for 

every (N∗ , ρ), we ensure that each state for every variable in G∗ is present. In 

other words, we reject samples that do not meet this criterion. We would like 

to mention here that is this is an accepted procedure [71]. We have hosted all 

of our results along with additional datasets to our repository https://gitlab. 

com/SCoRe-Group/bn-sl-compare 

https://gitlab.com/SCoRe-Group/bn-sl-compare
https://gitlab.com/SCoRe-Group/bn-sl-compare
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3.3.1 Fidelity 

Figure 3.2 summarizes the experiment as it shows that for lower ρ the data is 

less faithful and improves with increase in the sample size. For ”Insurance,” the 

fdelity score remained very low for ρ < 150. On evaluation, it was found that 

the probability distribution associated with it is much sparser as compared to 

other datasets. As a result, it requires relatively larger sample. 

Child Insurance Alarm 
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Figure 3.2: Box plot representing the distribution of the fdelity score for differ-
ent ρ. 

3.3.2 Inference Queries 

We restrict ourselves to variable marginals queries only. This decision comes 

from the fact that they are relatively cheaper to compute. They are also well-
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studied queries from the perspective of computational complexity. The refer-

ence network N0 may differ from the learned structure Ni, and as a result θ0 and 

θi may not be comparable via Equation 3.1. Intuitively, its expected that per-

formance of the inference queries for the data which with higher fdelity score 

should be better than the others. 

Figure 3.3 summarizes this experiment. As expected, DKL(ΘQ
N0 ||ΘQ

Ni ) as-

sociated with exact method are closer to zero as compared to heuristics. The 

performance difference is very much prominent for lower ρ values where the 

structure learning is expected to be diffcult, suggesting that heuristics are far 

less trustable when the sample size is small. Difference in performance is com-

pounded if the underlying distribution is less uniform and more sparse as de-

picted in the case of ”Insurance.” 

3.3.3 Structure recovery 

Our next of experiments concern structure recovery. Results of these experi-

ments are presented in Figure 3.4. It’s quite evident that exact method outper-

forms the other heuristic methods in recovering the actual edge relationships. 

Unlike in the results reported in Section 3.3.2, even in the presence of more data 

the heuristic fails to bridge the difference compared with the exact. From these 

results, we can confdently conclude that if the primary aim of using structure 

learning algorithm is to learn edge relationship among variables, then BN ob-

tained from heuristics are likely to be inferior than exact methods. 
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Figure 3.3: Comparison of SABNA, Tabu Search and Hill Climbing on sampled 
datasets. Scatter plots show as how the output of different structure learning 
methods affect the inference. Y-axis: DKL(ΘQ

N0 ||ΘQ
Ni ) where Q represent the vari-

able marginal queries. X-axis: Fidelity score of the corresponding sample. 
SABNA; TABU; Hill Climbing 

3.4 Conclusions 

Our results show that exact learning methods are more robust to the sample 

size, both in terms of recovering the underlying structure as well as the distri-

bution. They also indicate that the quality of posterior probability are less sus-

ceptible to the quality of the structure when suffcient data is available. Thus, 

our results have immediate practical value: in cases when the motive is inter-

preting the interaction among the variables via learned edge relationship or the 

sample size is small, heuristics should be avoided and slower but more robust 



22 

Child Insurance Alarm 

0.5 

 0

 0.5

 1

 0.1  0.5  1  1.3

 0

 0.5

 1

 5  8  11  14

 0

 0.5

 1

 0.7  2.1  3.5

0.75 

 0

 0.5

 1

 0.1  0.5  1  1.3

 0

 0.5

 1

 5  8  11  14

 0

 0.5

 1

 0.7  2.1  3.5

1.5 

 0

 0.5

 1

 0.1  0.5  1  1.3

 0

 0.5

 1

 5  8  11  14

 0

 0.5

 1

 0.7  2.1  3.5

3.0 

 0

 0.5

 1

 0.1  0.5  1  1.3

 0

 0.5

 1

 5  8  11  14

 0

 0.5

 1

 0.7  2.1  3.5

6.0 

 0

 0.5

 1

 0.1  0.5  1  1.3

 0

 0.5

 1

 5  8  11  14

 0

 0.5

 1

 0.7  2.1  3.5

Figure 3.4: Comparison of SABNA, Tabu Search and Hill Climbing on sampled 
datasets. Scatter plots shows the performance of different structure learning 
methods in recovering the underlying structure. Y-axis: 1 − F1(N∗ , Ni). X-axis: 
Fidelity score of the corresponding sample. 
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exact methods should be preferred. 



Chapter 4 
Efficient Data Access 

Overview. We propose scalable methods to execute counting queries in ma-

chine learning applications. To achieve memory and computational eff-

ciency, we abstract counting queries and their context such that the counts 

can be aggregated as a stream. We demonstrate performance and scalability 

of the resulting approach on random queries, and through extensive exper-

imentation using BNSL. Our methods signifcantly outperform commonly 

used ADtrees and hash tables, and are practical alternatives for processing 

large-scale data. 

4.1 Introduction 

Counting data records with instances that support some specifc confguration 

of the selected variables is one of the basic operations utilized by machine learn-

ing (ML) algorithms. However, here we will focus in its usage for BNSL, data 

counting is necessary to evaluate a scoring function, or to assess constraints 

(e.g., via mutual information) [1]. 
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While counting is typically viewed as a black-box procedure, and imple-

mented using simple and not necessarily effcient strategies, e.g., contingency 

tables, in many practical applications it accounts for over 90% of the total exe-

cution time (we show a practical case in Section 4.4). Consequently, improving 

performance of counting can directly translate into better both in terms of scal-

ability and runtime performance of BNSL. At the same time, popular special-

ized approaches based on data indexes, such as ADtrees [72], have limited ap-

plicability due to the signifcant preprocessing and memory overheads, which 

easily exceed the capability of current computational servers. This holds true 

for a broad spectrum of problem sizes and applications, with cases involving 

anywhere from tens to hundreds of variables, and thousands to millions of in-

stances. As the size of the data analyzed by ML codes increases, there is a clear 

need for easy-to-adopt, effcient and scalable counting strategies. 

In this dissertation , we address the above challenge by designing simple, 

yet fast and memory effcient counting strategies. Our methods are derived 

from the standard techniques like bitmap set representation and radix sorting, 

which can be effciently implemented in a software. We describe an intuitive 

and convenient programming interface that leverages properties of the opera-

tors used in ML to separate the counting process from how the counts are uti-

lized. This interface enables us to aggregate counts in a stream-like fashion. 

We encapsulate our methods in an open source software, and demonstrate its 

performance BNSL. Through extensive experiments on multiple popular bench-

mark datasets, we show that our strategies are orders of magnitude faster than 

the commonly used methods, such as ADtrees and hash tables. 

This chapter is organized following the common convention. In Section 4.2 

we discuss the standard approaches used till date for answering. We propose 
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different strategies for counting queries and discuss their pros and cons in Sec-

tion 4.3. Experimental setup along with the results are discussed in Section 4.4. 

We close the paper with a brief survey of related work in Section 4.5, and con-

cluding remarks in Section 4.6. 

4.2 Standard Approach 

In parent set assignment problem which is one of the core routines in BNSL, 

counting queries may account for over 90% of the total execution time and a 

group of consecutive queries is executed over the same set of variables (i.e., the 

queries share context). For instance, consider log-likelihood score frequently 

used in BNSL [73]: 

! 
qi ri 

L(Xi|Pa(Xi)) = ∑∑ Nijk log 
Nijk 

j=1 k=1 Nij 
, (4.1) 

where Pa(Xi) ⊆ X − {Xi} is a set of predictor variables for Xi, j enumerates 

all possible qi = ∏Xj∈Pa(Xi) rj states of variables in Pa(Xi), and Nij and Nijk are 

respectively the counts of instances in D such that variables in Pa(Xi) are in 

state j, and the counts of instances such that variables in Pa(Xi) are in state j 

and Xi is in state k. To compute L we require multiple counting queries over the 

same group of variables Pa(Xi) ∪ {Xi}, testing different confgurations of their 

states. Moreover, we care only about queries that return non-zero counts Nijk 

(note that non-zero Nijk implies non-zero Nij), since only those contribute to the 

fnal sum. 

The standard approach to handle queries that share context is to either di-

rectly scan the database D to construct ri × qi contingency table of counts (or its 
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high-dimensional variant such as data cube [74]), or to frst create an ADtree in-

dex to cache all suffcient statistics from D, and then to materialize contingency 

table on demand. Here materialization is done by retrieving the required counts 

via fast traversal over the index [72, 75]. However, both these approaches have 

signifcant limitations. 

To use a contingency table we have to either maintain a lookup table with 

ri · qi entries, or to use a dictionary (e.g., hash table) with keys over the states 

of Pa(Xi) and values being vectors of counts for the corresponding states of Xi. 

While lookup table may offer very fast memory accesses during construction 

and querying phases, it becomes computationally impractical, since usually it 

is very sparse. This is because even for large m, most of the time D will not 

contain all qi possible confgurations for the majority of sets Pa(Xi). Conse-

quently, lookup tables become a feasible choice only when we are dealing with 

a small number of variables, each with very small arity. Dictionaries address 

the problem of sparsity, as they store only confgurations that are observed in 

D. However, they impose non-trivial overheads owing to the cost of hashing 

in a hash table dictionary or traversing scattered memory in a search tree dic-

tionary. Moreover, when large number of high-arity variables are considered, 

a dictionary quickly becomes memory intensive easily exceeding capacity of a 

typical cache memory. 

The alternative approach is to use one of many published variants of the 

ADtree index, e.g., [72, 75, 76, 77]. Here the idea is to frst invest (signifcant) 

time and memory to enumerate and cache counts of all confgurations found 

in D, and then reference those counts to answer subsequent queries. However, 

even with various optimizations, the space complexity of ADtrees is exponen-

tial in the number of variables, and even for modestly sized D it may exceed 
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the available main memory. Moreover, by caching all counts indiscriminately, 

ADtrees often store entries that are never referenced in a given application, cre-

ating unnecessary memoization and searching overhead. Finally, ADtrees still 

require that a contingency table is materialized to deliver retrieved counts, and 

hence they pose a signifcant challenge in balancing memory and computations. 

4.3 Proposed Approach 

Given the database D, our goal is to provide memory and computationally ef-

fcient mechanism to answer counting queries with shared context. The mem-

ory effciency is critical, since parent set assignment problem already have sig-

nifcant memory constraints (see for example [54]). If the memory has to be 

devoted to handling queries instead of being used by the actual algorithm, it 

would clearly constrain the applicability of the algorithm. At this point it is 

worth noting that similar ML applications fall into a gray zone in terms of the 

size of the input data on which they typically operate. On the one hand, the size 

of the input is too small to beneft from many excellent optimizations known 

from database theory (some we review in Section 4.5), as those are targeting 

cases in which volume of the data necessitates concurrent use of both persistent 

and main memory. On the other hand, the data is too large to warrant effcient 

execution using direct techniques like simple contingency tables. 

To address this situation, we frst defne an intuitive programming interface 

to abstract the query context, including how counts are utilized by the target 

application. Then, we overlay the interface on top of two simple, yet very ef-

fcient, query execution strategies, where instead of storing counts we consume 

them in a stream-like fashion. 
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Figure 4.1: (a) Database D with three variables, and the corresponding bitmap 
representation of X1. (b) Example of executing Query(X2, {X1, X3}) over D us-
ing Bitmap strategy, and (c) Radix strategy. 

1 c l a s s L { 
2 p u b l i c : 
3 void o p e r a t o r ( ) ( i n t Nijk , i n t N i j ) { 
4 double p = 1 . 0 ∗ Nijk / N i j ; 
5 s c o r e += ( Nijk ∗ l o g 2 ( p ) ) ; 
6 } 
7 double s c o r e ( ) c o n s t { r e t u r n s c o r e ; } 
8 p r i v a t e : 
9 double s c o r e = 0 . 0 ; 

10 } ; 

Figure 4.2: Example C++ code packaging Equation 4.1 into our programming 
interface. 

4.3.1 Programming Interface 

In a typical application, counts provided by queries with shared context are iter-

atively aggregated via some associative and commutative operator. One simple 

example with the summation operator is given in Equation 4.1. A more complex 

example could be Dirichlet priors with the product of gamma functions [44]. 

From the computational point of view, this assumption is very helpful as it pro-

vides ample opportunities for optimization. We note also that while it may look 

very narrow, it actually accurately captures surprisingly many ML applications, 
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which primarily involve estimating conditional probabilities. Examples include 

classifers and regression, feature extraction, different variants of probabilistic 

graphical models, etc.. 

Let us consider a set of variables (Pa(Xi) ∪ {Xi}) ⊆ X and their correspond-

ing counts Nij and Nijk, for some specifc confguration j of Pa(Xi) and k of Xi. 

Here we are distinguishing between counts for (Pa(Xi) ∪ {Xi}) and Pa(Xi) to 

simplify computing conditional probabilities while maintaining generality – by 

passing Pa(Xi) = ∅ we can execute queries over single variable Xi, and by con-

sidering only Nijk we get joint queries Pa(Xi) ∪ {Xi}. The key observation is 

that we can leverage associativity and commutativity, and instead of frst gath-

ering all counts and then performing aggregation, we can create a stream of 

counts corresponding to all unique and relevant confgurations found in D, and 

perform the aggregation directly on the stream. This enables us to push compu-

tations to data, mitigating memory overheads due to counts caching. To achieve 

this, we abstract the computations via a function object (a concept supported by 

all modern programming languages), which is then repeatedly invoked over 

the stream. The example function object corresponding to Equation 4.1 is given 

in Figure 4.2. In the essence, the object receives Nijk and Nij via the function call 

operator (line 3), performs the required intermediate computations, and then 

aggregates the result into internal state. This internal state can be then inspected 

(line 7) to retrieve the fnal result of the aggregation. From the user perspective, 

the function call operator acts as an interface, and is directly invoked by a rou-

tine responsible for enumerating, and emitting, all unique confgurations for 

the variables of interest (see parameter F in Algorithms 1 and 2 in the following 

sections). Thus the interface provides a convenient encapsulation, and the end-

user who defnes the function object (e.g., implementing a scoring function in 
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BN learning) can focus solely on expressing computations (i.e., high-level logic 

and correctness), and does not have to worry about potentially complex logic 

of low-level details (e.g., how counts are enumerated). Additionally, because 

function object behaves like a function, but has the advantage of possessing an 

internal state, it is a convenient mechanism to express even the most demand-

ing computations. 

While the proposed interface stems from a relatively simple observation, it 

has several immediate advantages. First, by separating functionality (i.e., data 

traversing from computations) we gain fexibility to rapidly investigate differ-

ent data traversal schemes to extract counts, or even alternate between differ-

ent strategies depending on the query context (e.g., how many variables are in-

volved, their domain, etc.). Second, since counts are aggregated into an isolated 

state represented by a function object, and multiple objects can coexist indepen-

dently, multiple groups of queries, each group with individual context, can be 

executed concurrently and in parallel, e.g., by different threads. Collectively, 

this makes the proposed design extremely fexible, effcient and easy to use, as 

we demonstrate in the experimental results section. 

4.3.2 Bitmap Strategy 

For the specifc Xi and Pa(Xi) our task now is to enumerate counts Nij and Nijk 

for all confgurations j and k found in D, and then pass the counts to a func-

tion object for aggregation. The idea behind the Bitmap strategy is to represent 

each variable Xi via a set of ri bitmaps of size m, where each bitmap indicates 

instances for which Xi is in the corresponding state (see Figure 4.1a). Then, 

the entire process of enumerating counts can be reduced to performing logical 
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AND on bitmaps, equivalent of set intersection, and to bit counting, equivalent 

of computing set cardinality. This is summarized in Algorithm 1, with example 

in Figure 4.1b (for convenience, in the algorithm we use set notation instead of 

directly representing bitmaps). 

Algorithm 1 QUERY(Xi, Pa, F, b) 
1: if |Pa| = 0 then 
2: Nij ← |b| 
3: for v ∈ [1, . . . , ri] do 
4: bv ← {p | Di[ p ] = v} 
5: Nijk ← |b ∩ bv| 
6: if Nijk > 0 then 
7: F(Nijk, Nij) C emit new configuration 

8: else 
9: Xh ← HEAD(Pa) 

10: for v ∈ [1, . . . , rh] do 
11: bv ← {p | Dh[ p ] = v} 
12: if |b ∩ bv| > 0 then 
13: QUERY(Xi, TAIL(Pa), F, b ∩ bv) 

To execute counting queries for Xi and Pa(Xi) (abbreviated to Pa), and func-

tion object F, we perform Depth First Traversal (DFS) over the tree whose leaves 

represent all possible ri · qi states of interest (recall that qi = ∏Xj∈Pa(Xi) rj). The 

bottom layer of the tree is induced by the states of Xi, and the top layers corre-

spond to variables in Pa. When moving down the tree (lines 9-13), we compute 

intersection between the set of instances supporting variables’ confgurations 

seen thus far (in the algorithm denoted by b, which initially consists of all m 

instances), and the set of instances supporting current confguration of the con-

sidered variable from Pa (in the algorithm denoted by bv). We continue traversal 

only if the size of the intersection is greater than zero, implying non-zero count 

for given joint confguration of variables. Once we reach a leaf of the tree (lines 

1-7), we compute the fnal counts Nijk and Nij for the corresponding confgura-
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tions j and k, and emit those via call to F. 

The depth of the tree depends on the number of variables involved in the 

query, and the number of leaves is bounded by O(min(qi, m)), with each step 

in the traversal involving O(m) cost of computing intersection and cardinality. 

While the tree could potentially involve exponential (in the number of query 

variables) number of nodes, it is never explicitly stored in the memory, and even 

for D with large number of instances many confgurations have zero count, al-

lowing for their corresponding sub-trees to be pruned. To further leverage this 

property, we order Pa such that variables with lowest entropy estimated from D 

are at the top of the tree. Since variables with low entropy are likely to have con-

fgurations for which there will be only few supporting instances, they are more 

likely to trigger zero counts and hence lead to a smaller tree to traverse. For ex-

ample, consider executing Query(X2, {X1, X3}) outlined in Figure 4.1b. There 

are total of 7 confgurations which we should enumerate, and if we traverse the 

tree starting from variable X3, which has lower entropy than X1, then we will 

have to consider 6 intermediate states. If we were to start with variable X1, then 

this number would increase to 9. This optimization performs extremely well in 

practice, and, as we show in the experimental results section, for certain ranges 

of n and m, Bitmap outperforms other strategies. 

In the practical terms, the strategy can be effciently implemented using 

streaming extensions (SIMD) in current processors. Bitmaps for individual vari-

ables can be precomputed and laid out in the memory instead of D, with accept-

able memory overhead (i.e., m · ri vs. m · log2(ri) bits), and the relative ordering 

of variables in D, based on their entropy, can be established beforehand as well. 
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4.3.3 Radix Strategy 

While the Bitmap strategy is amenable to very effcient implementation, its scal-

ability may still suffer when datasets with very large number of instances are 

exercised by queries with many variables, or variables with high arity. This 

is because in such cases the DFS tree will have fewer nodes to prune, and the 

advantage of fast bit-wise operations will be offset by the poor asymptotic be-

havior. To address these cases, we consider an alternative approach, which we 

refer to as Radix strategy. The strategy is derived from the classic radix sort 

algorithm, and it involves recursively partitioning instances in D such that sin-

gle partition at given level captures all instances corresponding to one specifc 

confguration of the query variables. This approach is summarized in Algo-

rithms 2 and 3, with example in Figure 4.1c. 

Algorithm 2 QUERY(Xi, Pa, F) 
1: B ← [[1, . . . , m]] 
2: if |Pa| 6= 0 then 
3: B ← BUCKETS(HEAD(Pa), TAIL(Pa), HEAD(B)) 
4: for b ∈ B do 
5: Nij ← |b| 
6: if Nij > 0 then 
7: B0 ← BUCKETS(Xi, [], b) 
8: for b0 ∈ B0 do 
9: Nijk ← |b0| 

10: if Nijk > 0 then 
11: F(Nijk, Nij) C emit new configuration 

The algorithm follows the Most Signifcant Digit (MSD) radix, with the left 

most digits being states of individual variables in Pa, and the least signifcant 

digit representing states of Xi (Algorithm 2, line 3). At each level, the number of 

newly created partitions is proportional to the arity of the considered variable, 

and the size of the partition is the support in D for the particular confguration. 
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Algorithm 3 BUCKETS(Xp , Pa, b) 

1: B0 ← [] 
2: for q ∈ [1, . . . , |b|] do 
3: xp ← Dp[b[q]] 
4: B0[xp].APPEND(b[q]) 
5: if TAIL(Pa) = [] then 
6: return B0 

7: B00 ← [] 
8: for b0 ∈ B0 do 

B00 9: .APPEND(BUCKETS(HEAD(Pa), TAIL(Pa), b0)) 
10: return B00 

The order in which variables from Pa are processed is not signifcant, since the 

cost of identifying empty partitions does not induce overheads. Because the ac-

tual instances in D are not to be sorted, but only partitioned, it is suffcient that 

we maintain a list (in algorithms denoted by B) of partition descriptors contain-

ing indexes of the constituent instances and partition size (Algorithm 3, lines 

1-4). As soon as all partitions prescribed by Pa are identifed we can proceed to 

emitting counts (Algorithm 2, lines 4-11), which must be preceded by the fnal 

round of partitioning with respect to Xi (Algorithm 2, line 7). 

The algorithm requires that for each variable Xp ∈ Pa its corresponding data 

vector Dp is completely scanned, leading to the overall O(|Pa| · m) complexity. 

In practice, the entire method is effciently implemented by frst organizing the 

database D in the column-major format, and then maintaining a FIFO queue of 

partition descriptors, with O(m) auxiliary space to keep track of the assignment 

of indexes to partitions. Moreover, partitioning for individual variables can be 

precomputed in advance, further bootstrapping the frst step of the algorithm. 

To conclude the presentation, we note that both Bitmap and Radix strate-

gies can be further augmented such that instead of enumerating all counts (i.e., 

executing queries with shared context) they deliver counts just for the specifc 
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assignment of the query variables. To achieve this, it is suffcient to process 

only a single path from the root to the leaf with the target assignment in the 

DFS tree of the Bitmap strategy, and to fnd the partition corresponding to the 

assignment, instead of all partitions, in Radix. 

4.4 Experimental validation 

We implemented both proposed strategies as a C++ software library, which we 

complemented with Python bindings for the ease of use. At its core, the library 

uses standard SSE SIMD intrinsics to implement basic bitmap operations (i.e., 

logical AND, and bit counting), and it exposes all functionality via the interface 

described in Section 4.3.1. The resulting open source package, which we call 

SABNAtk, is available from: https://gitlab.com/SCoRe-Group/SABNAtk. 

We deployed SABNAtk on a server with two Intel Xeon E5-2650 2.30 GHz 10-

core CPUs, and 64 GB of RAM. To test the performance, we ran a series of exper-

iments using popular ML benchmark datasets (see data summary in Table 4.1). 

For reference, we used hash table from the C++ standard library, and the sparse 

ADtree data index [72]. The hash table represented contingency table created by 

directly scanning the input database, with keys encoding specifc assignment of 

variables in Pa(Xi), and values representing vectors of counts for specifc as-

signment of Xi. To maximize cache memory usage, the strategy operated on the 

database stored in the row-major order. Finally, to make the comparison fair 

and avoid biases due to the differences in programming languages, we devel-

oped an effcient ADtree implementation in C++. We note that other available 

implementations, for example [78], turned out to be substantially slower than 

our version. 

https://gitlab.com/SCoRe-Group/SABNAtk
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Table 4.1: Benchmark data used in experiments. 

Dataset Insur Mild Alarm 

Child 20 2-6 3 
Insur(ance) 27 2-5 3.3 
Mild(ew) 35 3-99 16.4 
Alarm 37 2-4 2.83 
Barley 46 3-67 9.02 
Hail(finder) 56 2-11 3.98 
Win95(pts) 74 2-2 2 
Path(finder) 104 2-63 4.2 

In the following, we discuss in detail several key results obtained using the 

above setup. More extensive results (including additional test cases), together 

with the data that can be used to reproduce our experiments, are available from: 

https://gitlab.com/SCoRe-Group/SABNAtk-Benchmarks. 

Before we proceed with the results discussion, we note that in order to use 

ADtree, the input database has to be frst indexed. In all our experiments, we 

considered only the query time with index already loaded into memory. More-

over, ADtree provides a hyper-parameter ` to confgure the size of the leaf-

lists [72]. We experimented with several values of the parameter, to fne-tune 

the trade-off between query performance and memory consumption, and we 

settled with ` = 16, which we use throughout the chapter. The results obtained 

for other ADtree confgurations exhibited similar patterns to those reported in 

the paper, and are available online. 

4.4.1 Queries in Bayesian Network Structure Learning (BNSL) 

Counting queries with shared context are the key operations performed in score-

based BNSL and Markov blankets discovery [1]. Both problems depend on the 

parent set assignment as a sub-routine [16], and for given Xi can be solved ex-

actly by traversing a lattice with n levels formed by the partial order set inclu-

https://gitlab.com/SCoRe-Group/SABNAtk-Benchmarks
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Figure 4.3: The total execution time of the parent set assignment solver with 
ADT, Hash, BMap and Rad strategies, normalized with respect to the fastest 
method. The solver was executed up to the level where |Pa| = 6. 

sion on the power set of X − {Xi}. For given X and D, queries of the form 

Query(Xi, Pa, F) are performed for each Xi, where Pa iterates over all possible 

subsets of X −{Xi}, starting from empty set. Hence, at level i = 0, . . . , n − 1 we 

have that |Pa| = i, and there are total (n−1) queries to execute, creating interest-i 

ing pattern of queries that grow in size as computations progress. The function 

object F implements decomposable scoring function, e.g., MDL [43], BDeu [44], 

etc., that evaluates the assignment of Pa as parents of Xi. Chapter 5 discusses 

parent set assignment problem in detail. 

We used all tested strategies to implement counting queries in the open 

source parent set assignment solver [79]. The solver uses MDL scoring func-

tion, deploys several optimizations to eliminate some of the queries based on 

the results seen thus far, and because it effectively explores large combinatorial 

search space it has signifcant memory requirements. It can also leverage Intel 

TBB tasks to execute multiple queries in parallel. As such, it serves as a practi-

cal benchmark for the query strategies. In our experiments, instead of consider-

ing all possible parent set sizes, as required by the exact solver, we limited the 

solver to |Pa| ≤ 6, to make tests computationally feasible. This corresponds to a 

heuristic in which we make an assumption that no variable in the fnal BN can 

have more than six parents. 



38 

Figure 4.3 shows the total execution time of the solver for different input 

databases and query strategies. From the plots, we can see that our proposed 

strategies signifcantly outperform ADtree and HashTable, across all benchmarks. 

In fact, for datasets with high-arity variables, i.e., Mildew and Barley, the Radix 

strategy is 100 times faster than ADtree. This is explained by very large num-

ber of states that are to be expected in such datasets (and are costly to manage 

by ADtree), and by the pattern of how queries are generated by the solver. Be-

cause the size of the queries and their number grow together, there are only a 

few small queries that beneft ADtree, and increasing number of queries that are 

easily handled by the Radix strategy. 

To illustrate how critical is the performance of counting queries for parent 

sets assignment, in Table 4.2 we report the total execution time of the solver, 

together with the fraction of the time taken by the queries, when running on 

databases with 100K instances. In all cases, the execution is dominated by 

database querying that accounts for 90%-99% of the total time. Interestingly, 

this fraction is smaller for ADtree than for other strategies, even though ADtree 

is slower (we observed this pattern in all test cases). We believe that this is be-

cause BMap and Rad are memory friendly, and have minimal effect on memory 

utilization by the solver, thus minimizing cache update overheads, which in 

turn could slow down the solver. This is not the case for ADtree, which requires 

gigabytes of memory to run, and hence infuences performance of the solver, 

affecting the ratio between the query and the solver time. 
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Table 4.2: Execution time of the parent set assignment. 

Insur Mild Alarm Barley 

ADT 

Hash 

BMap 

Rad 

35m20s 
90.2% 
26m26s 
98.2% 
17m28s 
98.8% 
4m41s 
99.9% 

– 

92m3s 
99.1% 
1107m57s 
99.8% 
37m28s 
99.9% 

119m 
98.2% 
190m47s 
99.4% 
100m55s 
99.9% 
43m4s 
99.9% 

– 

276m16s 
98.2% 

– 

156m32s 
99.9% 

4.5 Related work 

As we mentioned through out the chapter, counting queries in machine learn-

ing applications are often handled via some variant of the ADtree data index. 

The sparse ADtree [72, 75], which we used in our experiments, precomputes 

and caches counts for all possible variable confgurations. The counts are or-

ganized into a tree of vary nodes, encoding the choice of variables to facilitate 

fast searching, and AD nodes that store the actual query counts. To partially 

mitigate the excessive memory use, ADtrees do not explicitly represent most 

commonly occurring counts, and instead of creating AD nodes for counts lower 

than certain threshold, they resort to on-demand counting when such nodes 

are accessed. These base ideas have been extended by multiple researchers to 

account for dynamic data (i.e., updates to the database) [80], and to improve 

performance on high-arity data [76, 77]. However, as the core functionality in 

these data structures remains exactly the same, they suffer from the same limita-

tions that we demonstrated in our experiments (expensive preprocessing, large 

memory footprint, signifcant traversing overheads). 

Support for counting queries is a primary component in any database man-

agement system. In such systems, the query mechanism must support conjunc-

tive queries over multiple tables, and with a variety of possible query predi-
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cates [46]. Moreover, the queries are typically executed over tables that cannot 

be fully materialized in the main memory. Our Bitmap strategy can be viewed 

as a practical realization of the Leapfrog Trie Join [81] with an unary relation, 

under assumption that the entire database resides in the main memory. 

The idea of using bitmaps to represent sets and their operations (e.g., in-

tersection, cardinality, etc.) is frequent in software and databases design. This 

is because it allows to reduce memory, storage or network bandwidth, while 

maintaining the basic sets functionality [82]. In these applications, bitmaps 

are typically compressed following methods like for example RLE encoding or 

Roaring [83, 84]. The compressed bitmaps are orthogonal to our approach, and 

in fact we could use them to improve memory profle of our Bitmap strategy. 

However, as the compression induces computational overheads, and the size of 

the databases we consider practical is relatively small, currently we do not use 

compression. 

4.6 Conclusions 

In this paper, we describe effcient strategies for handling counting queries in 

machine learning applications. By combining convenient programming inter-

face with memory effcient data traversing algorithms we are able to scale to 

large data instances, which we confrm via extensive experiments. The pro-

posed solutions outperform and can substitute popular ADtree index. More-

over, to maintain best possible performance across different data instances, they 

can be selectively applied at the runtime depending on the properties of the 

queries. 

While our approach is presented as a method for static databases, we note 
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that it can be easily adopted to the cases where the input database expands with 

new instances during processing. This would amount to a simple update to 

the bitmaps in the Bitmap strategy, and is automatically handled in the Radix 

strategy. 



Chapter 5 
Parent Set Assignment Problem 

Overview. In Machine Learning, the parent set identifcation problem is 

to fnd a set of random variables that best explain selected variable given 

the data and some predefned scoring function. This problem is a critical 

component to structure learning of BNs and Markov blankets discovery. 

In this chapter, we introduce a new distributed memory approach to the 

exact parent sets assignment problem. To achieve scalability, we derive 

theoretical bounds to constraint the search space when MDL scoring func-

tion is used, and we reorganize the underlying dynamic programming such 

that the computational density is increased and fne-grain synchronization 

is eliminated. We then design effcient realization of our approach in the 

Apache Spark platform. Through experimental results, we demonstrate 

that the method maintains strong scalability on a 500-core standalone Spark 

cluster, and it can be used to effciently process data sets with 70 variables, 

far beyond the reach of the currently available solutions. 
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5.1 Introduction 

In Machine Learning, the parent set assignment problem is to fnd a set of ran-

dom variables that best explain a selected variable given input data and some 

predefned scoring criterion [16]. It is a prerequisite to the structure search rou-

tine in the BNSL pipeline, where it is solved for each variable to produce a list 

of potential predecessors of that variable in a fnal network, which reduces the 

number of structures that have to be considered [54, 29, 58]. It is also closely 

related to the feature selection problem, since it directly translates into Markov 

blankets discovery [85]. Because of these connections, the problem has many 

practical applications spanning clinical decision support systems, risk assess-

ment, strategic planning, fraud detection and many others [86, 87, 88, 89]. In 

all these applications, random variables model attributes of interest, their real-

izations are observed from data, and a model obtained by solving the parent 

set assignment provides insights into how different attributes depend on each 

other, including conditional dependencies. 

While the parent set identifcation is critical to building models like BNs, it is 

known to be formally hard for the most commonly used scoring functions. For 

instance, it is NP-complete for the Normalized Maximum Likelihood (NML) 

criterion [16]. Consequently, the current approaches, which we briefy review in 

Section 5.5, either depend on heuristics or deliver exact solutions but are limited 

in how large instances they can solve. In fact, the largest problems solved by 

exact algorithms do not contain more than 40 variables [28]. In contrast, the 

real-world systems that strongly depend on the high quality BNs often involve 

hundreds of variables. The available heuristics that can solve instances of that 

size, e.g. [29], do not provide any guarantees on the quality of the solutions they 
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fnd. This signifcantly impacts their usefulness, since the inherent uncertainty 

of the model due to the input data and the scoring function, cannot be separated 

from the defciencies of the learning algorithm [1]. Consequently, there is a gap 

between the quality and the size of the models that depend on the exact parent 

set identifcation and that can be effciently learned from the data. 

Responding to the above challenges, in this chapter, we propose a new dis-

tributed memory algorithm for the exact parent sets identifcation problem. Our 

goal is to push the limit on the scale of instances that can be solved in accept-

able time limits on a modestly sized parallel cluster. To this end, we make the 

following specifc contributions: 1) we propose a new strategy to constrain and 

reorganize dynamic programming computations in the parent set assignment 

problem such that computational grain is improved and fne-grained synchro-

nization is avoided, 2) we defne a simple mechanism that we use to change 

the mode of computations from BFS to DFS such that the main memory is pre-

served. To validate our approach, we provide an effcient implementation on 

the Apache Spark platform [90], and demonstrate its strong scalability across 

different ML test sets. We then show that on a 500-core cluster with 25 nodes, 

our system can process HEPAR II test data [91] in slightly over 20 hours. With 

70 variables and small variability, this data set is one of the most challenging 

benchmarks for BNSL, and it has no exact results available to date. 

This chapter is organized as following: in Section 5.2, we formally introduce 

how parent set assignment solver is used as a subroutine in BNSL. In Section 5.3, 

we introduce our proposed method, and we describe its experimental valida-

tion in Section 5.4. We summarize related work in Section 5.5, and conclude the 

paper in Section 5.6. 
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5.2 Bayesian Network Structure Learning (BNSL) 

In the context of BNSL, it is necessary to consider a slightly broader version of 

the parent set assignment problem. 

We will say that U ⊆ X − {Xi} is a maximal parent set of Xi if d(Xi, U) = 

s(Xi, U). From Equation 2.1 we have that if U is a maximal parent set then 

no subset of U has score better than d(Xi, U), i.e. ∀U0⊂Ud(Xi, U) < d(Xi, U0). 

Hence, by identifying all maximal parent sets of Xi and memoizing their corre-

sponding scores s, we can effciently answer queries about any optimal parent 

set of Xi. Specifcally, to answer query d(Xi, U0) for any U0 it is suffcient to 

check if U0 is one of the maximal parent sets of Xi. If it is, then all we have 

to do is to return the memoized score s of that maximal parent set. Otherwise, 

d(Xi, U0) must be equal to the smallest s among all maximal parent sets of Xi for 

which U0 is a superset. 

The above property of maximal parent sets has important practical implica-

tions. For example, to compute the score Q(X ) of an optimal BN over X , and 

thus fnd the network itself, we have to solve recursion 6.1 for Q∗(X ). Even with 

effcient algorithms such as [54, 58] this requires large and hard to predict num-

ber of queries for optimal parent sets, owing to the component d(Xi, U − {Xi}) 
in the recursion. As for a single variable Xi there are 2n−1 optimal parent sets, 

memoizing them all is impractical and often infeasible. In contrast, the set of all 

maximal parent sets is usually many orders of magnitude smaller as reported 

in Table 6.1, and hence using it instead, in the way we explained before, is the 

desired and viable alternative [54, 58, 29]. 

From the computational point of view, identifying maximal parent sets of Xi 

is the same as selecting its optimal parent set from X − {Xi}. The only differ-
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ence is extra steps required to test and store subsets that correspond to maximal 

parent sets. In practical settings, we wish to enumerate all maximal parent sets 

for all variables in X . 

5.3 Proposed Approach 

X2 X3X1 X4

X2 X3 X4

∅

X2,X3

X2,X3,X4

∅

X1 X3 X4

X2,X4 X3,X4 X1,X3

X1 X2 X4

∅ ∅

X1,X4 X3,X4

X1,X3,X4

X1,X2 X1,X4 X2,X4

X1,X2,X4
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(a) (b) 

X1,X3,X4 | X2X2,X3,X4 | X1 X1,X2,X4 | X3 X1,X2,X3 | X4

X3,X4 | X1,X2 X2,X4 | X1,X3 X3 | X1,X4 X1,X4 | X2,X3 X1,X3 | X2,X4 X1 | X3,X4

X3 | X1,X2,X4
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s(X2,{X1}), s(X3,{X1}), s(X4,{X1})
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(c) (d) 

Figure 5.1: (a) Example of the dynamic programming lattices for X = 
{X1, X2, X3, X4}. Processing node U in a lattice for variable Xi requires com-
puting s(Xi, U) and access to d(Xi, U0) for each predecessor U0 of U. (b) Ex-
ample constrained lattices, and (c) their corresponding “folded” representation. 
A node U in the compacted lattice requires that s is evaluated for several vari-
ables that share candidate parents U. This improves effciency of computing 
s, decreases memory requirements and increases computational density. (d) 
Precedence constraints after eliminating fne-grain synchronization within ev-
ery layer of the lattice in (c). Nodes processed by the same task if the DFS mode 
is initiated at layer l = 1 are outlined. Note that following how input variables 
are ordered, the nodes in the larger tasks are more likely to be pruned. 

Given a set of variables X , database of observations D, and a scoring func-

tion s, our goal is to enumerate all maximal parent sets for all Xi ∈ X . If we con-
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sider a single variable Xi, then we can directly apply recursion in Equation 2.1 

and starting from the empty set we can consider parent sets of growing size. 

This process can be though of as a top-down traversal of the dynamic program-

ming lattice with n levels formed by the partial order “set inclusion” on the 

power set of X − {Xi} (see Figure 5.1a). At the level l = 0 of the lattice we have 

empty set. Two nodes in the lattice, U0 and U, are connected only if U0 ⊂ U 

and |U| = |U0| + 1. Here we use U to denote both a subset of X − {Xi} and 

the corresponding node in the lattice. A node U represents a parent set of Xi. 

When it is discovered, we compute s(Xi, U), compare it with scores d passed by 

its predecessors to obtain d(Xi, U), and if U is a maximal parent set we store or 

report a tuple (Xi, U, s(Xi, U)). 

While the above strategy is clearly guaranteed to enumerate all maximal 

parent sets, it is both computationally and memory challenging. The computa-

tional complexity is due to the Θ(2n) invocations of s, and memory complexity 

is driven by how the dynamic programming lattice is traversed. For example, 

one way is to assume BFS traversal induced by the precedence constraints in the 

lattice. In such case, maximal parent sets are enumerated layer-by-layer with a 

synchronization point between any two consecutive layers. This strategy re-� � 
quires that both layers are stored in the memory, which implies O (n

n ) space
2 

complexity, irrespective of which parallel BFS realization we assume [92]. An-

other approach is to use some variant of DFS. With DFS we can beneft from 

techniques like hypercube pipelining, similar to [60], but this strategy requires 

that we store partial results and update them each time a node is discovered 

before its all predecessors are processed. As a result, the space complexity is 

O(2n) and we have to maintain potentially irregular memory updates to detect 

new maximal parent sets. Finally, while all variables in X can be processed in-
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dependently, the resulting embarrassing parallelism is highly limited. This is 

because the computational cost for a single variable is exponential in n, which 

effectively constraints the total number of variables we may hope to process. 

For example, if we assume n = 48 then the estimated memory requirements 

to process a single lattice, with O(2n) nodes and 16 B per node, is 4 PB with a 

modest 48-way parallelism. 

5.3.1 Constraining the Search Space 

To achieve a scalable strategy, we start from constraining the search space. This 

is necessary since the exponential cost of considering all optimal parent sets is 

prohibitive for realistic problem instances, irrespective of how effcient is our 

parallel exploration algorithm. 

For every variable Xi it is reasonable to expect that its optimal parent set 

will not contain all other variables. In other words, there is a limit on the depth 

to which we should be exploring the dynamic programming lattice of Xi. To 

maintain exactness guarantees, we have to ensure that the bound on the depth 

of exploration is no smaller than the unknown size of the optimal parent set. 

Here we provide such a bound for the information-theoretic MDL scoring func-

tion. We note that similar bounds can be derived for other functions, and in fact 

a signifcant work in this direction has been done, for example in [26]. 

The MDL score is defned as: 

s(Xi, U) = m · H(Xi|U) + NC(Xi, U), (5.1) 

where 
1 NC(Xi, U) = · log2(m) · qi · (ri − 1) (5.2)
2 
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is a network complexity term, H(Xi|U) is the estimated conditional entropy 

of Xi given U, and ri > 1 is the number of states of Xi, and qi = ∏ rj is 
j,Xj∈U 

the number of states that variables in U can assume (qi = 1 if U = ∅). The 

parameters ri and qi as well as the conditional entropy are directly assessed 

from D. In short, the MDL score of a pair (Xi, U) is the number of bits required 

to encode information about Xi and its parents U if we were to use Huffmann 

coding of D. 

To derive the bound we exploit the following observation. When U is empty, 

we have the maximal conditional entropy H(Xi|∅) = H(Xi) and the minimal 

network complexity NC(Xi, ∅) = 0.5 · log2(m) · (ri − 1). By increasing the size 

of U we can decrease conditional entropy of Xi, which has the theoretical limit 

of 0, at the expense of increasing network complexity. This follows from the 

basic properties of entropy and the defnition of the network complexity term. 

Once the network complexity NC(Xi, U) is greater than or equal to s(Xi, ∅) = 

m · H(Xi) + NC(Xi, ∅), irrespective of which variables we add to U, the score 

s(Xi, U) will always increase. This is the point at which network complexity 

outweighs any gains from the decreasing entropy of Xi. Consequently, if U 

satisfes 

Condition 1: NC(Xi, U) ≥ s(Xi, ∅), 

then any superset of U can be excluded from further consideration, since it will 

not admit new optimal or maximal parent sets for Xi. The effciency of Condition 

1 depends on the input data D. Nevertheless, it works extremely well in prac-

tice. For example, in our experiments, reported in Section 5.4, we found that for 

real-world data with n = 70 we never considered nodes with more than nine 

variables. 
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We can further extend our pruning strategy by using the following observa-

tion [93]. The lowest entropy we can achieve for Xi is H(Xi, X − {Xi}). Now 

consider the score d(Xi, U). Here we have that if 

Condition 2: d(Xi, U) ≤ m · H(Xi, X − {Xi}) + NC(Xi, U) 

holds, then no superset of U can improve the score d(Xi, U). This is because any 

superset of U has higher network complexity, and hence ∀U0⊃Um · H(Xi, X − 

{Xi}) + NC(Xi, U) ≤ H(Xi, X − {Xi}) + NC(Xi, U0). As previously stated, if 

U satisfes the condition we can exclude it from further considerations, since 

it will not admit new optimal or maximal parent sets. The example effect of 

applying our pruning conditions is shown in Figure 5.1b. 

Although both conditions achieve the same goal of pruning the search space, 

they differ in which information they require. To test Condition 1, we use only 

network complexity, which can be computed for any pair Xi and U indepen-

dently of other U0 ⊂ U, i.e. independently of predecessors of U in the dynamic 

programming lattice. On the other hand, Condition 2 provides a tighter bound 

but depends on the score d(Xi, U), which, as we explained earlier, requires ac-

cess to the maximal parent sets of Xi. 

5.3.2 Parallel Exploration 

Because of the memory and computational complexity, which remains challeng-

ing even when our pruning conditions are applied, we focus our parallel strat-

egy on the distributed memory systems, with the Apache Spark platform [90] 

serving as an execution vehicle. 

Recall that our goal is to traverse in the top-down fashion the dynamic pro-
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gramming lattices for all Xi. A node U in a lattice corresponds to a compu-

tational task that evaluates s(Xi, U), tests if U is a maximal parent set, and 

checks if supersets of U can admit new maximal parent sets. These tests are 

the source of precedence constraints between the tasks. The main idea of our 

parallel approach is as follows. We on-the-fy generate and “fold” the dynamic 

programming lattices for different Xi into a single lattice with lower memory 

requirement and denser computational load. We explore the resulting lattice in 

parallel, initially in the BFS mode, and switch to DFS when memory becomes 

a bottleneck. To store and access maximal parent sets discovered in the pro-

cess, we maintain a global state, which is synchronized via reduction between 

the layers. Finally, we reorder computations within each layer to eliminate fne-

grain synchronization between the tasks, that otherwise would be necessary to 

effectuate our pruning conditions. Below, we explain each element of our ap-

proach. 

5.3.2.1 Folding Lattices 

If we consider the dynamic programming lattice for variable Xi, then until our 

pruning conditions become effective we have to manage (n−1) tasks at the level l 

l of the lattice. Consequently, the memory required to represent the entire layer 

l is bounded by B1 = c1 · n · (n−1), assuming cost c1 to store a task. This easily l 

becomes problematic for larger problems as soon as l > 2. The problem per-

sists even when pruning takes place, since initially only some of the tasks are 

removed from consideration. However, we can “fold” the dynamic program-

ming lattices such that the tasks sharing the same set U across different lattices 

are represented by a single task (see Figure 5.1c). Let the memory taken by such 

combined task be c2. The memory requirement of the new lattice is B2 = c2 · (n
l ). 
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B1 c1This gives us = · (n − l) reduction in memory complexity. To store a task
B2 c2 

we can use a bitmap, where i-th bit indicates whether element i is in a set. In 

such case, c2 = 2 · c1, since in the compacted lattice we require one bitmap to 

represent all Xi for a task, and one bitmap to represent the actual U (v.s. storing 

only U in the original lattice). By using bitmaps we additionally reduce mem-

ory overhead, and we can realize basic operations, like testing set inclusion, 

with only few hardware instructions. The memory reduction becomes less sig-

nifcant as l increases. However, this is acceptable, since we expect that, thanks 

to the pruning conditions the search process will terminate early, which we con-

frm via experimental results. 

The main advantage of our “folding” step is signifcantly increased com-

putational density. To process a single task in the “folded” lattice, we have to 

perform multiple evaluations of s with the same parent set U. We note that by 

having the same parents in the consecutive invocations of s, we can precompute 

statistics about D induced by U, and reuse them from one invocation to another. 

Consequently, the cost of processing a task in the “folded” lattice is higher than 

the cost of processing an individual corresponding task in the original lattice, 

but it is lower than the total cost of processing all corresponding tasks from the 

original lattices, i.e. if X is a set of random variables sharing U we have that 

T(s(X, U)) < ∑Xi∈X T(s(Xi, U)), where T is the processing cost. 

By “folding” the lattices, we limit parallelism in the frst two stages of the lat-

tice. However, this has a negligible effect on the scalability, since even for large 

n the cost of processing these layers is minimal compared to the total processing 

time. Alternatively, we may decide to “fold” the lattices only after the desired 

level of parallelism is achieved. Finally, the computational cost of individual 
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tasks becomes non-uniform, but this is addressed by the dynamic scheduling at 

the run-time. 

5.3.2.2 Limiting Synchronization 

Consider the task for node U at the layer l, and suppose that Condition 1 or Con-

dition 2 holds for U. In such case, no task that corresponds to a superset of U 

should be generated and included in the layer l + 1, as it will not contribute new 

maximal parent sets. In other words, at given layer we should see only those 

tasks whose predecessors all did not satisfy the pruning conditions. However, 

to enforce this requirement we would need either complex synchronization be-

tween all tasks within the same layer, or a reduction operation on all possible 

tasks for the next layer, which effectively would defy the purpose of pruning. 

To address this problem, we can change the way in which tasks for the next 

layer are enumerated, such that synchronization is bypassed at the small cost of 

considering a few unnecessary tasks in the next layer. We frst order variables 

in X by the decreasing number of states they have in D, i.e. for any Xi and 

Xj, if i < j then ri ≥ rj, and we maintain this ordering for every node U. If two 

variables have the same number of states, we use H(Xi, X −{Xi}) < H(Xj, X − 

{Xj}) as a secondary condition. Then, when deciding whether a task should 

be considered in the next layer, instead of checking if any of its predecessors 

satisfed pruning condition, which would require synchronization, we check 

only one selected predecessor. Specifcally, let Xj ∈ U be the maximal element 

in U. To enumerate descendants of U, we consider only U0 = U ∪ {Xk} for all 

k > j. Thus, node U becomes a predecessor to n − j nodes (see Figure 5.1d). At 

the same time, from Equation 5.2 and Conditions 1 and 2, it follows that smaller 

the j the higher the probability that U will satisfy pruning conditions. To see 
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why, observe that the network complexity term grows as the product of the 

number of states that variables in U can assume. Because variables are ordered 

by the decreasing number of their states and the increasing entropy, we have 

that if |U| = |U00| and j < j00 , where Xj is the maximal element in U and Xj00 

is the maximal element in U00 , then NC(Xi, U) ≥ NC(Xi, U00). Consequently, 

nodes that are predecessors to the largest number of nodes in the next layer 

are most likely to meet the pruning conditions. While this approach does not 

guarantee that all tasks that should be pruned will not be generated, it works 

very well in practice. In fact, in our experiments we found that we remove no 

less than 97% of all tasks that should be pruned. The remaining 3% constitute 

an extra work of processing nodes that do not contribute maximal parent sets. 

Note that these nodes once processed never create successors and thus the extra 

work overhead does not propagate. 

To decide whether node U at layer l is a maximal parent set for Xi, we require 

optimal parent set scores, d(Xi, U0), for all subsets U0 ⊂ U from the layer l − 1. 

As we explained earlier, instead of maintaining a complete list of all optimal 

parent sets, to retrieve d(Xi, U) we depend only on the previously enumerated 

maximal parent sets. For each variable Xi, we store a list L(Xi) of its maximal 

parent sets represented by tuples (U, s(Xi, U)), and sorted by the score s(Xi, U). 

Then to extract all optimal parent set scores for Xi and U we require O(|L(Xi)|) 
scan of L(Xi). This is affordable, since even complete L(Xi) is very small for a 

typical input data (see Table 5.1 in Section 5.4). Each task at layer l may con-

tribute a new maximal parent set that must be available to all tasks for Xi in the 

subsequent layers. Consequently, we maintain all L(Xi) as a global state that 

is updated via all-to-all reduction, with list merging as an operator, after given 

layer is entirely processed. This step can be effciently executed considering a 
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small size of L(Xi). 

5.3.2.3 Changing Exploration Mode 

While our pruning conditions signifcantly constrain the search space, for large 

problems the number of the tasks generated in the later stages of the execution 

may still exceed the available main memory. This in turn would lead to the 

undesired out-of-core execution. After processing all tasks at layer l, we can 

estimate the number of tasks that layer l + 2 will have in the worst case. If that 

number exceeds the total available memory, it is reasonable to conclude that we 

have suffcient parallelism, and instead of creating new tasks we can change the 

mode of execution into a memory preserving DFS. Specifcally, for each node U 

at layer l + 1, instead of considering all supersets of U independently, we can 

process them sequentially following the DFS order (see Figure 5.1d). However, 

in such case we cannot assume that the global list of all maximal parent sets is 

consistent between different tasks. As a result, some tasks could end up generat-

ing incorrect maximal parent sets or could perform extra work because without 

the access to the complete list of maximal parent sets Condition 2 could unneces-

sarily fail. To mitigate this situation, we fag all maximal parent sets generated 

in the DFS mode that potentially could not be maximal in the global sense, i.e. 

when maximal parent sets from other tasks are taken into the account. These 

are maximal parent sets U whose at least one strict subset U0 ⊂ U has been pro-

cessed in a different task. Once all tasks are processed, we perform reduction to 

obtain the fnal global state for all L(Xi). Then, we proceed with checking if the 

fagged maximal parent sets remain maximal in the merged L(Xi). Let z f (Xi) 

be the total number of maximal parent sets fagged when running in the DFS 

mode. The cost of verifying these maximal parent sets is O(z f (Xi) · |L(xi)|). 
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This is because, in the worst case, for every fagged maximal parent set U, we 

have to check if none of the remaining elements in L(Xi) is a subset of U with a 

better score. However, it turns out that in the practical settings z f (Xi) is a very 

small number, and in fact frequently we have that z f (Xi) = 0. To understand 

why, consider the following. The memory requirements due to BFS grow expo-

nentially with the depth of the dynamic programming lattice. At the same time, 

because the network complexity term, NC, grows exponentially as well, the 

probability of enumerating new maximal parent sets decreases as we progress 

to the higher layers of the lattice. In our experiments, for all tested data sets we 

did not enumerate new maximal parent sets beyond layer l = 6. At the same 

time, if the available main memory is limited, and we are forced to switch to the 

DFS mode early, then we can expect that the majority of the maximal parent sets 

tested by a single task will not be depending on the maximal parent sets discov-

ered in other tasks. This is a direct consequence of the precedence constraints 

within the lattice. 

When switching to the DFS mode, we can expect an increased computa-

tional imbalance between the tasks. However, the largest tasks which could be 

the source of the most signifcant imbalance are the ones which are the most 

likely to be pruned. At the same time, the number of the DFS tasks will remain 

suffcient to provide room for load balancing at the run-time, which we confrm 

by experiments. 

5.3.3 Apache Spark Implementation 

We implemented our parallel approach using the Apache Spark platform. The 

reason we use Spark is purely pragmatic: the platform supports locality-aware 
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dynamic task scheduling, which we directly beneft from, since our computa-

tional tasks can be heterogeneous owing to the lattice “folding” and the poten-

tial use of the DFS mode. Additionally, Spark API makes expressing iterative 

BSP-style programs extremely productive. While it is clear that using one of 

the traditional HPC models, e.g. MPI or UPC, we could probably achieve faster 

implementation, we believe that the scalability would remain comparable. 

The high level exploration components of our method are implemented in 

Python, and the computationally intensive parts, specifcally evaluations of func-

tion s, are offoaded to the effcient, SIMD-parallel C++ kernel derived from our 

SABNA package [58, 79]. Apache Spark is usually regarded as a platform for the 

data intensive computing. In our case, the input data is typically very small (i.e. 

at the order of MB), however, it quickly generates massive new data represent-

ing individual tasks of the dynamic programming lattice. Below we provide 

details of the implementation assuming that reader is familiar with the basics of 

the Apache Spark interface [94]. 

We follow the standard BSP model realized via iterative transformations on 

a sequence of Spark Resilient Distributed Datasets (RDDs), where RDDi rep-

resents layer i of the compacted dynamic programming lattice. To represent 

a node in the lattice, RDD stores a tuple (X, U), where both X and U are ex-

pressed via bitmaps, and X keeps variables that share U. To obtain RDDi, we 

initialize and parallelize RDD0 on Spark driver, since this is very inexpensive 

operation. Then, we iteratively apply the following transformations: RDDi = 

RDDi−1.repartition(p).mapPartitions(M), where p is a small multiple, usually 

four (as suggested in several Apache Spark best practices), of the total num-

ber of cores that Spark executors can use, and M is the mapping function that: 

1) evaluates function s for all variables in X, and identifes potential maximal 
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parent sets, 2) checks the conditions to constraint the search space, and 3) ac-

cordingly yields nodes for the next layer to explore. The repartitioning transfor-

mation is to ensure good load balancing between executors since the number of 

tasks grows from one RDD to the next. Here we depend on the default Spark 

scheduler. We use mapPartitions, instead of a more natural map, to enable in-

dexing of the data D when map M is initialized. By indexing D we signifcantly 

accelerate computations of s, and by doing so only once per partition we avoid 

unnecessary overheads. At the end of every iteration we materialize RDD by 

invoking Spark’s count action. Based on the resulting size of RDD, we assess 

the memory requirement for the subsequent iterations, and decide whether we 

should be switching to the DFS mode. Finally, at any point of the execution we 

make sure that the last two RDDs are cached and remain in the main memory 

to avoid expensive RDD recomputing or restoring from the secondary storage. 

The mapping function M makes use of the information about maximal par-

ent sets from previous iterations, i.e. L(Xi) for all Xi. To maintain this global 

state we use a combination of Spark accumulator and broadcast variables, since 

the memory cost of representing maximal parent sets is very small. In a given 

iteration, newly discovered maximal parent sets are added by each executor to 

a customized Spark accumulator to form an update to the global list of all max-

imal parent sets. As this could lead to potential duplicate entries in L(Xi) when 

a task fails or speculative execution is enabled, we make sure that only unique 

entries are considered. After the count action at the end of the iteration is per-

formed, the accumulator is reduced an the global list managed by the Spark 

driver is updated and broadcast back to the executors. Together with the count 

and repartition step, these operations represent communication and synchro-

nization stages in the BSP model. 
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In the DFS mode, instead of generating RDD for the next layer, which would 

exceed the available main memory, we apply another transformation to the cur-

rent RDD, where we explore each partition as described in Section 5.3.2.3. As we 

explained earlier, this increases the computational cost of every task and makes 

tasks more heterogeneous. However, at this stage the number of RDD partitions 

and the distribution of their computational load is such that the Spark run-time 

can easily maintain load balance. 

5.4 Experimental Results 

To understand performance characteristics of our approach, we performed a set 

of experiments on a standalone Apache Spark cluster with 25 nodes and GbE in-

terconnect. Each node in the cluster is equipped with 20-core dual-socket Intel 

Xeon E5v3 2.3 GHz processor, 64 GB of RAM and a standard SATA hard drive. 

The shared fle system is run under GPFS, however, this is of minor importance 

considering that the input data is very small, even for the largest considered 

problems, and it is accessed only once at the very beginning of the computa-

tions. In all tests, Spark driver runs with the default parameters, and since it is a 

very light-weight process, it is collocated with one of the executors. We allocate 

one Spark executor per node using the default confguration for the number of 

cores, i.e. each executor uses all available cores in a node. All executors are 

confgured to use 58GB out of the available 64GB, with the remaining mem-

ory available to the operating system and Python interpreter. We note that we 

tested different confgurations of executor-to-core ratios, across different data 

sets, without noticeable difference in performance. 

We used several popular benchmark data sets from the UCI Machine Learn-
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Table 5.1: Data sets used in experiments. 

Name n m ri z |L(Xi)| 
AL-4K 37 4,000 2/4 2,654 1/281 
AL-10K 37 10,000 2/4 5,636 1/648 
HF-10K 56 10,000 2/11 3,941 4/353 
USCD 56 10,000 2/18 44,804 3/3857 
HEPAR II 70 4,000 2/4 1,714 1/381 

ing Repository [95], including Alarm (AL), Hail Finder (HF), the US Census 

Data (UCSD) and HEPAR II. These are commonly considered too challenging 

to be solved exactly using sequential techniques, and are among the most de-

manding tests for the parent set assignment. The properties of all data sets are 

provided in Table 5.1, including: ri – the number of states (arity) that the vari-

ables in the set can assume, z – the total number of generated maximal parent 

sets, and the properties of the output collection of the maximal parent sets L(Xi). 

5.4.1 Scalability Tests 

In the frst set of experiments, we analyzed scalability of the platform depend-

ing on the number of input variables n and the number of observations m. We 

executed our Spark software on the varying number of nodes and we recorded 

wall time, as well as: lmax – the deepest processed layer in the dynamic program-

ming lattice, lz – the last layer at which we found new maximal parent sets, and 

the amount of extra work we had to perform due to removed synchronization 

(Section 5.3.2.2). The results of this experiment are summarized in Tables 5.2-5.3 

and Figure 5.2. Here we report only relative speedup computed with respect 

to the time obtained on two nodes, since, except of AL-4K, we were not able to 

process the test data sets using sequential software. 



61 

Table 5.2: Execution time in minutes. 

Name 2 4 
Compute Nodes 
8 12 16 20 24 

AL-4K 
AL-10K 
HF-10K 
USCD 

27.1 
241.4 
425.4 
995.7 

14.3 
123.4 
214 
496.5 

7 
61 
107.5 
249.2 

4.8 
41.5 
71.8 
167.6 

4.8 
31.3 
54.2 
127.1 

3.1 
25.11 
43.4 
101.8 

2.9 
20.9 
36.6 
85.4 

Table 5.3: Effect of reorganizing the search space. 

Name lmax lz 
Nodes 
Processed Extra work 

AL-4K 9 4 4.6 × 107 1.68% 
AL-10K 10 5 1.6 × 108 1.72% 
HF-10K 7 4 3.1 × 107 3.2% 
USCD 8 6 2.1 × 108 1.23% 

We start the analysis by frst looking at the execution time and the speedup of 

our method. From Table 5.2 and Figure 5.2 we can see that, with the exception 

of AL-4K, the software achieves very good scalability on up to 24 nodes (480 

cores). In all test cases, the required main memory never exceeds 84 GB, which 

enables us to run completely in the BFS mode. The slightly weaker scalability 

for AL-4K can be attributed to the overall size of the problem. With small n 

and relatively small number of observations the problem can be solved in a 

few minutes on 12 nodes. Beyond that point, the overhead of synchronization 

between layers becomes signifcant compared to the optimized compute time 

on the collapsed dynamic programming lattice. As the number of observations 

for this data set increases (data set AL-10K), computational time increases and 

expectedly scalability improves. 

Because of the relatively small size, we were able to process AL-4K using 

a sequential code in 2,435 minutes. The sequential code is written entirely in 
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Figure 5.2: Relative speedup computed with respect to the execution time on 
two nodes. 

C++, is optimized for memory usage and provides the same lattice constraining 

techniques as the parallel version. It also uses the same computational kernel 

to compute s. While this result suggests outstanding super-linear performance 

of our parallel code, we should keep in mind that the comparison is not com-

pletely fair, since the sequential version has signifcant overheads due to mem-

ory management (to avoid enumerating unnecessary tasks). Nevertheless, the 

result shows that even “small” problems can take more than a day to process 

sequentially, and this time can be easily reduced to minutes by using a cluster 

with a few nodes. 

Next we consider the effectiveness of our approach in terms of removing 

synchronization and constraining the search space. Table 5.3 shows that in the 

worst case we have to perform only 3.2% of extra work compared to the com-

pletely synchronized version in which no unnecessary tasks are generated. At 

the same time, the total number of processed nodes is a small fraction of what 

we would have to process without constraining the search space. For exam-
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ple, for the USCD benchmark the total number of tasks up to layer lmax = 8 is 

1,689,096,333 when no pruning is applied, and it is reduced to approximately 

12% of that when the pruning is enabled. Even then however, the total number 

of tasks to process is of the order of 108, which demonstrates complexity of the 

problem and the need for parallel approach. The same pattern holds true for 

other tested data sets. 

The last layer at which we enumerate new maximal parent sets, lz, is always 

much smaller than lmax. This suggests that there is a room to tighten the pruning 

conditions. At the same time, it confrms that switching to the DFS at the higher 

levels of the dynamic programming lattice will not trigger any signifcant work 

due to how we manage the global state with all maximal parent sets. Finally, 

by looking at the results for AL-4 and AL-10 data sets, we can see that both lmax 

and lz are increasing when the number of observations increases. This is because 

with the growing m the network complexity term increases logarithmically for 

any variable Xi, but s(Xi, ∅) grows linearly. Consequently, the effectiveness of 

the pruning conditions decreases. Nevertheless, the overall performance of the 

method remains reasonable. 

5.4.2 Hepar II Test 

In our second experiment, we focused on the HEPAR II test data. This bench-

mark comes from one of the early clinical decision support systems for multiple-

disorder diagnosis of liver that involved a complex BN [91]. As we already 

mentioned, the parent set assignment problem plays a critical role in the exact 

BNSL, and hence directly translates into our ability to build high quality models 

for critical applications. This makes the benchmark interesting from the practi-
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cal point of view. The benchmark is also challenging as it contains 70 variables, 

and all variables assume only few states, making it hard to identify variables 

that should be pruned. 

To process HEPAR II we used all 25 nodes of our cluster. The experiment 

took 20 hours and 17 minutes to complete, with lmax = 8 and lz = 4. To the best 

of our knowledge, this is the frst time exact results for HEPAR II are reported. 

The peak memory consumption was 327 GB, and the execution involved the 

total of 10,770,519,474 tasks. Because the total memory available in our cluster 

is 1.6 TB, we again were able to process this benchmark completely in the BFS 

mode. However, to see how turning into the DFS mode affects the performance, 

we limited the available memory to 4 GB per node or 100 GB total memory. In 

this case, at layer l = 7 we had to switch to the DFS mode to process the remain-

ing 9,427,586,763 tasks. This had the minor impact on the performance, and we 

were able to complete the entire execution in 20 hours and 28 minutes. Here we 

should keep in mind that because lz = 4 there were no new maximal parent sets 

discovered when running in the DFS mode. However, we believe that even with 

new parent sets discovered the performance would not be drastically changed. 

5.5 Related Work 

Because of its importance, the parent assignment problem has been considered 

as a standalone question [16, 29] and in the relation to the structure learning of 

BNs [54, 58]. In [16], Koivisto provides several hardness results that suggest that 

the parent assignment for a single variable most likely has no polynomial-time 

solution. This motivates our parallel approach as there is a practical need to 

push the size of the problems that can be solved exactly in realistic time limits. 
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In [54, 58], multiple authors discuss the application of maximal parent sets in 

exact BNs structure learning. However, in each case maximal parent sets are 

assumed to be given and no details of how that is achieved are provided. In 

this paper, we provide the actual scalable algorithm for maximal parent sets 

enumeration, which in fact can be combined with any BN structure learning 

strategy. There is a signifcant body of work on solving maximal parent sets 

enumeration while discovering BN structure [96, 97, 98], including parallel al-

gorithms [60, 99]. However, when both problems are coupled many optimiza-

tions specifc to the parent sets enumeration become infeasible. As a result, 

these combined approaches do not scale and are limited to the instances with 

30 to 40 variables, even when using thousands of cores and provably optimal 

MPI-based realizations [60, 99]. Finally, recently Scanagatta et al. [29] proposed 

a greedy heuristic that depends on a fast approximation of the actual scoring 

function to constraint the number of explored parent sets. While this approach 

can be used to solve problems larger than what we report, it does not provide 

any quality guarantees. In contrast, our method is guaranteed to provide the 

exact solution. 

5.6 Conclusions 

The exact parent set identifcation is a challenging problem with important ap-

plications in the exact structure learning of BNs. In this paper, we proposed a 

new scalable distributed memory approach to the problem, and we used it to ef-

fciently process HEPAR II data set. This experiment clearly demonstrated that 

our method can handle even the most challenging data sets and using only lim-

ited hardware resources. This in turn opens new possibilities for exact learning 
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of large BNs, as with some effort our method can be combined with the already 

existing solvers, e.g. [58]. Our approach is scalable and we believe can be gener-

alized to other popular scoring functions including AIC and BDeu. Since the ef-

fciency of constraining the search space for these functions is currently unclear, 

the ability of our solution to adopt to heavy workloads provides a signifcant 

advantage. 



Chapter 6 
Optimal Path Extension 

Overview. The problem of exact BNSL is known to be NP-hard and the ex-

isting methods are both computationally and memory intensive. Via this 

work, we introduce a new approach for exact structure learning that lever-

ages relationship between a partial network structure and the remaining 

variables to constrain the number of ways in which the partial network can 

be optimally extended. Via experimental results, we show that the method 

provides up to three times improvement in runtime, and orders of magni-

tude reduction in memory consumption over the current best algorithms. 

6.1 Introduction 

While BNs offer multiple advantages in how they represent probabilities and 

how they explicitly handle uncertainty, they also pose challenges. This is be-

cause both structure learning and probabilistic inference in BNs have been demon-

strated to be NP-complete [15, 100]. The computational complexity of discov-

ering BN structure becomes prohibitive for large data and exact learning algo-
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rithms have to be replaced by approximations or heuristics [1] which may not 

acceptable in some scenairos due to reasons explained in Chapter 3. These al-

gorithms do not provide guarantees on the quality of the structures they fnd. 

At the same time, in many real-life scenarios fnding the optimal BN structure 

is a necessity, for example to make different models (e.g. BNs learned under 

different statistical criteria) comparable, or to allow for precise reasoning about 

models’ performance. 

To address this challenge, we introduce a new method to accelerate a scoring-

based exact structure learning of BNs. Our method, which we call optimal path 

extension, leverages shortest-path formulation of the BN structure learning. It 

takes advantage of the relationship between a partial network structure and 

the remaining variables to constraint the number of ways in which the partial 

network can be optimally extended. This has the effect of “compacting” the 

dynamic programming lattice explored during the structure search, thus practi-

cally reducing computational and memory complexity. The technique is general 

and can be combined with various BN search strategies, such as BFS or differ-

ent variants of the A-star algorithm. Through experimental results, we show 

that the method provides up to three times improvement in runtime, and or-

ders of magnitude reduction in the memory consumption over the current best 

algorithms. Thus, our approach signifcantly expands the range of applications 

in which the exact BN structure learning can be applied, including for big data 

analytics. 

In this dissertation work, we are considering the exact score-based structure 

learning problem, which is to fnd an optimal1 structure G given a scoring func-

1We consistently use “an optimal” and not “the optimal” as multiple optimal solutions may 
exist. 
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tion Score(G:D). 

The remainder of this chapter is organized as follows: in Section 6.2 we in-

troduce our proposed method, and we demonstrate its experimental validation 

in Section 6.3. We conclude the chapter in Section 6.4. 

6.2 Proposed Method 

The starting point for solving our optimization problem are recurrences in Equa-

tions 2.1 and 6.1. The standard dynamic programming approach involves mem-

oization of both Q∗ and d. If we imagine dynamic programming as progress-

ing in the top-down manner over the lattice L, then the memory complexity of � � 
memoization is Θ (n

n ) , which is the number of nodes in the largest layer of 
2 

L. This quickly becomes prohibitive for any but small number of variables. On 

the computational side, dynamic programming requires that all edges in the lat-

tice are visited, which implies Θ (n · 2n) steps. By casting the problem into the 

shortest path formulation we gain the fexibility of considering both recurrences 

independently, such that the memory and time complexity are reduced. 

To address the complexity of computing and storing d, we use the concept 

of parent graph [54]. To construct parent graph, we use the parent set assign-

ment solver as a sub-routine which enumerates all maximal parent sets. For 

each Xi we maintain an ordered vector of tuples (U, s(Xi, U)) (see example in 

Figure 6.1b) obtained from the invoked parent set assignment solver. Tuples 

are sorted in the ascending order of s, and we use binary encoding to represent 

U. The binary representation allows for O(1) set containment and set equality 

checking as long as the number of variables does not exceed the word size of 

the executing hardware (e.g. n ≤ 64 on a 64-bit architecture). By keeping vec-
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tors ordered, we can get the optimal choice of parents, and the corresponding 

score, for Xi in O(1), and we can answer arbitrary query d(Xi, U) in O(l), where 

l is the size of the vector for Xi. This is because for a given Xi its optimal par-

ents set will be stored as the frst entry of the corresponding sorted vector, and 

to answer d(Xi, U) we have to fnd the frst maximal parents set that is a sub-

set of U. Thereby, after constructing parent graph we can answer effciently all 

queries d(Xi, U00) for any U00 ⊇ U. If U00 is one of the maximal parents sets of 

Xi we simply return stored s(Xi, U00). Otherwise, d(Xi, U00) must be equal to the 

smallest s among all maximal parents sets for which U00 is a superset. Because 

the number of all maximal parents sets is much smaller than the entire dynamic 

programming lattice. Depending on the scoring function and the input data 

the reduction might be by orders of magnitude (see for example Table 6.1 in 

Section 6.3). 

6.2.1 Optimization Problem 

For the given set of random variables X and a scoring function Score(G:D) that 

we want to minimize. The search space of all potential network structures is 

super-exponential and consists of 

� �n n
C(n) = ∑(−1)(i+1) 2i(n−i)C(n − i)

ii=1 

DAGs with n nodes. 

Because relative ordering of parents of Xi is irrelevant and the scoring func-

tion is decomposable, we can leverage dynamic programming to constraint the 

search space. This general idea has been exploited in different variants, for ex-

ample in [96, 60, 97, 98], and works as follows. Because any DAG must have at 
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least one sink node (i.e. a node without descendants), we can frst identify an 

optimal sink and fnd its optimal parents assignment (i.e. its optimal parents 

set). Then, we can continue with the remaining nodes recursively organizing 

them into an optimal structure. Because we know that a sink node has no suc-

cessors, it can be placed at the end of the topological order we are building. 

Then, the optimal choice of a sink minimizes the sum of scores of sub-networks 

consisting of the sink and the remaining nodes. If we denote an optimal score 

of a network over U ⊆ X by Q∗(U), then we have: 

Q∗ (U) = min(d(Xi, U − {Xi}) + Q∗ (U − {Xi})), (6.1)
Xi∈U 

and by using dynamic programming to compute Q∗(X ) we can construct an 

optimal ordering π∗(X ). 

The dynamic programming algorithm can be visualized as operating on the 

lattice L with n + 1 levels formed by the partial order “set inclusion” on the 

power set of X [60, 97, 54] (see Figure 6.1a). Two nodes in the lattice, U0 and U, 

are connected only if U0 ⊂ U and |U| = |U0| + 1. Here we use U to denote both 

a subset of X and the corresponding node in the lattice L. An important prop-

erty of the lattice is that any path from its root to one of its nodes is equivalent 

to a specifc ordering of variables in that node. Moreover, an edge (U0 , U) corre-

sponds to evaluating d(U − U0 , U0). For instance, the path marked in Figure 6.1a 

represents ordering π(X ) = [X3, X2, X4, X1], and edge ({X3}, {X2, X3}) means 

computing d(X2, {X3}). In [54] Yuan et al. observed that fnding an optimal 

ordering (i.e. an optimal network structure) is equivalent to fnding a shortest 

path from the root to the sink in the dynamic programming lattice (which they 

call an order graph). Because this formulation gives a signifcant fexibility in the 
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X1 X2 X4

X1, X3 X1, X4 X2, X4 X3, X4X1, X2
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X3 X1, X4 ∅X1 X4
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∅X3 X1

X1
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X3

X4

s(X1|X3, X4)

X3, X4

(a) (b) 

X1, X2, X4 X1, X3, X4

X1, X3 X1, X4 X3, X4

X1, X2, X3

X3

X2, X3

X1, X2, X3, X4

X2, X3, X4

∅

X1, X2

X1 X2 X4

X2, X4

(c) 

Figure 6.1: (a) Dynamic programming lattice for the problem with four vari-
ables, (b) example parent graph structure where for each variable Xi an ordered 
vector of tuples (U, s(Xi, U)) is stored, and (c) the constrained lattice created via 
our optimal path extension technique as prescribed by the parent graph in (b). 
Let path marked in bold be the optimal solution. By constraining the dynamic 
programming lattice, after discovering node {X3} a search algorithm can follow 
directly to the fnal node. 

design of search algorithms we decided to adopt it in our approach. 

6.2.2 Optimal Path Extension 

With the parent graph available we can focus now on the second recursion, 

Equation 6.1, to fnd an optimal network score and hence optimal network struc-

ture. As we already explained, the problem is equivalent to fnding a shortest 

path from the root to the sink of the corresponding dynamic programming lat-

tice L. As previously, the challenge is due to the immense size of L. 
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Let Q(U, π), defned as: 

� � 
Q(U, π) = ∑ d Xi, {Xj|Xj � Xi in π(U)} , 

Xi∈U 

be the score of a network over set U ⊆ X prescribed by the topological ordering 

π(U). From Equation 2.2, equivalently, Q(U, π) is the length of the path from 

the root of the lattice L to the node U that yields ordering π(U) (recall that we 

use U to denote both a subset of X and a node in L). To fnd the desired shortest 

path in L, and hence Q∗ and π∗ , we could use any shortest path solver ranging 

from BFS to A-star and its variants (e.g. Iterative Deepening Search). However, 

in all cases memory constraint becomes a limiting factor. For example, in BFS 

at least two consecutive layers of L have to be maintained in memory, and in 

A-star open and closed lists may grow excessively depending on the quality 

of the heuristic function used. Consequently, to scale up it is critical to further 

constraint the search space, i.e. reduce the number of nodes that have to be 

considered in the dynamic programming lattice. To achieve this, we introduce 

the optimal path extension technique. 

Consider a node U at the level k in the lattice L (the root of the lattice is 

at level k = 0). This node has k incoming edges and n − k outgoing edges. 

Each of the outgoing edges corresponds to one particular way in which U, and 

thus any of its corresponding orderings/paths can be extended. However, in 

many cases we can immediately identify the only extensions that can lead to the 

optimal path from U to the sink of the lattice. Since other extensions of U will 

be suboptimal, we can safely remove them from consideration as they cannot 

be a part of the fnal shortest path. To identify a node that can be optimally 

extended we use the following observation. If U is a superset of the optimal 
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parents set of Xi, then by defnition of d no variable can be added to U such that 

the score d(Xi, U) is improved. Moreover, to maintain topological ordering, Xi 

must be preceded by all variables in U. Consequently, any optimal path from U 

to the sink of the lattice must include edge from U to U ∪ {Xi}. This intuition is 

captured in the following theorem: 

Theorem 1 (Optimal Path Extension). Let U be a superset of the optimal parents 

set for Xi ∈ X − {Xi}. Then, in the optimal path from U to the sink of the dynamic 

programming lattice U must be followed by U ∪ {Xi}. 

Proof. Let π1(X ) = π(U)_Xi_Xj_π(V) and π2(X ) = π(U)_Xj_Xi_π(V), 

where V = X − U − {Xi, Xj}, represent two possible paths from the source to 

the sink of the dynamic programming lattice. We have that 

Q(X , π1) = Q(U, π) + d(Xi, U) + d(Xj, U ∪ {Xi}) + R 

and 

Q(X , π2) = Q(U, π) + d(Xj, U) + d(Xi, U ∪ {Xj}) + R, 

where R is the length of the shortest path from U ∪ {Xi, Xj} to the sink of the 

lattice. Because U is the superset of the optimal parents set for Xi we have 

d(Xi, U ∪ {Xj}) = d(Xi, U). Now we consider two cases. If U is not optimal 

parents set for Xj, we have d(Xj, U) ≥ d(Xj, U ∪ {Xi}) and it follows that: 

Q(X , π2) ≥ Q(U, π) + d(Xj, U ∪ {Xi}) + d(Xi, U) + R 

≥ Q(X , π1), 

and hence π2 is not optimal. If U is the optimal parents set for Xj, then both 
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paths become equivalent and optimal. 

To better illustrate the optimal path extension idea, consider example dy-

namic programming lattice and parent graph presented in Figure 6.1b. The op-

timal parent set of X2 and X4 consists of X3 only. Now take node U = {X3}. 

Since U is a superset of the optimal parent set of X2 and X4, from Theorem 1 to 

extend U it is suffcient to consider one of only these two variables. Suppose that 

we extend U by adding X2. The new node {X2, X3} with the ordering [X3, X2] 

remains the superset of the optimal parent set of X4. Thus, we can further ex-

tend {X2, X3} by adding X4 with the corresponding ordering [X3, X2, X4]. In the 

fnal step, we can extend one more time by adding X1, hence reaching the sink 

of the lattice. In a similar way, we can extend {X1, X4} by including X3 and then 

X2. In some cases extension will not be possible. For example, nodes {X1} and 

{X1, X2} cannot be extended as no variable has optimal parents set that would 

be a subset of either of them. If we consider all possible path extensions, then 

the fnal compacted lattice will be reduced by one node and seven edges (see 

Figure 6.1c). 

By applying our path extension technique we can signifcantly reduce the 

number of nodes and edges that have to be considered in the dynamic pro-

gramming lattice. The extent to which reduction can be performed depends on 

the size of the optimal parents set of each variable – smaller the optimal parents 

set, higher the chance that the optimal path extension can be applied. More-

over, the effectiveness of our method will be higher for larger problems (i.e. 

problems with larger X ) because the dynamic programming lattice will include 

more nodes with a potential to extend. While at this moment we do not have 

complete theoretical bound on the expected number of nodes and edges that 
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can be removed via the path extension technique, our experimental results in 

Section 6.3 show excellent performance in practice. 

6.2.3 Searching via Optimal Path Extension 

The net effect of using our optimal path extension technique is compaction of 

the dynamic programming lattice. However, it would be counterproductive to 

frst build the lattice and then apply the technique. Instead, the optimal path 

extension can be effciently combined with any shortest path solver. To show 

how, we use the classic A-star search with a simple heuristic function. The 

function relaxes the BN acyclicity constraint and assumes that all variables not 

included in the currently explored node form a network by selecting optimal 

parents from among all other variables. Formally, the heuristic function is de-

fned as h(U) = ∑Xi∈X −U d(Xi, X − Xi). The function is easy to implement and 

it is known to be consistent [54]. 

The resulting A-star procedure is outlined in Algorithm 4. To represent a 

search state we use simple structure with attribute .g storing the exact distance 

from the root to the current node in the lattice and .h storing the estimated dis-

tance from the current node to the sink of the lattice (as given by function h). For 

convenience, we store also . f , which is the sum of .g and .h. The correspond-

ing set of variables for a given state (i.e. the actual lattice node) is stored in 

attribute .set using binary encoding as explained earlier. Finally, to reconstruct 

the optimal path and hence ordering we store also parent node information in 

attribute .p. We note that the fnal optimal network structure can be easily re-

constructed from the parent graph and the shortest path information. 

The algorithm follows the classic A-star pattern with Q representing open 
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list implemented as Fibonacci heap, and C maintaining a closed list imple-

mented as a simple hash table. The search states corresponding to the explored 

lattice nodes are generated on the fy in the loop in line 14. In lines 4, 15 and 16 

we use the parent graph structure to extract values d. Recall that this requires 

a linear scan to obtain d(Xi, v.set), and O(1) to obtain d(Xi, X − {Xi}), which is 

the score of the optimal parents set for Xi. The cost of the linear scan in line 16 

is in general negligible. This is because as the algorithm progresses the v.set be-

comes larger and hence the probability of fnding a relevant subset in the parent 

graph increases. The key element of the algorithm is the path extension pro-

cedure invoked in line 20. The procedure, outlined in Algorithm 5, returns a 

search state that can be reached directly from the current state via application of 

our path extension technique (so for example, for the node {X3} in Figure 6.1 it 

would return node {X1, X2, X3, X4}). 

The path extension procedure iteratively applies Theorem 1 to the input 

node represented by u.set. First, it tests each variable Xi to see whether the 

input node is a superset of the Xi’s optimal parents set (line 4). In practice, this 

requires one set containment check between u.set and the set of variables stored 

in the frst entry of the parent graph for Xi. If optimal path extension can be 

applied, state u is updated and the process continues until no extension is pos-

sible. The fnal node is returned back to the main A-star procedure that follows 

without any changes. 

From the computational complexity perspective, our approach includes a 

minimal overhead (e.g. a O(n) linear scan in Algorithm 5) at the beneft of 

signifcantly constraining the number of nodes that have to be considered and 

stored in Q and C. From the implementation perspective, only one small proce-

dure has to be added to the A-star core. This holds true for other search algo-
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Algorithm 4 A-STAR WITH OPTIMAL PATH EXTENSION 

1: s.g ← 0 
2: s.h ← 0 
3: for Xi ∈ X do 
4: s.h ← s.h + d(Xi, X − {Xi}) 
5: s. f ← s.h 
6: s.set ← φ 
7: s.p ← φ 
8: Q.push(s) 
9: while Q 6= φ do 

10: v ← Q.pop() 
11: C.push(v) 
12: if v.set = X then 
13: return BACKTRACK(v, C) 
14: for Xi ∈ X − v.set do 
15: u.g ← v.g + d(Xi, v.set) 
16: u.h ← v.h − d(Xi, X − {Xi}) 
17: u. f ← u.g + u.h 
18: u.set ← u.set ∪ {Xi} 
19: u.p ← v.set 
20: u ← PATHEXTENSION(u) 
21: if u ∈/ C then 
22: if u ∈ Q then 
23: pu ← Q.handle(u) 
24: if pu. f > u. f then 
25: pu ← u 
26: Q.update(pu) 
27: else 
28: Q.push(u) 

Algorithm 5 PATHEXTENSION 

1: repeat 
2: extended ← f alse 
3: for Xi ∈ X − u.set do 
4: if d(Xi, u.set) = d(Xi, X − {Xi}) then 
5: u.g ← u.g + d(Xi, X − {Xi}) 
6: u.h ← u.h − d(Xi, X − {Xi}) 
7: u.set ← u.set ∪ {Xi} 
8: extended ← true 
9: until not extended 

10: return u 
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Algorithm 6 BFS WITH OPTIMAL PATH EXTENSION 

1: s.g ← 0 
2: s.set ← φ 
3: s.p ← φ 
4: N ← φ 
5: N.insert(s) 
6: C ← emptylist 
7: for i ∈ {1 . . . n} do 
8: C.swap(N) 
9: N.clear() 

10: for v ∈ C do 
11: for Xi ∈ X − v.set do 
12: u.g ← v.g + d(Xi, v.set) 
13: u.set ← v.set ∪ {Xi} 
14: u.p ← v.p 
15: u.p.append(Xi) 
16: u ← PATHEXTENSION(u) 
17: if u 6∈ N then 
18: N.insert(u) 
19: else 
20: pu ← N.handle(u) 
21: if pu. f > u. f then 
22: pu ← u 
23: return N.top() 

rithms as well. For example, in case of BFS the path extension procedure could 

be invoked for every node before that node is pushed into the FIFO queue. Fi-

nally, the method does not confict but rather complements other possible op-

timizations such as exploring independencies between variables, which we do 

not discuss or consider in this work. 

6.3 Experimental Results 

We implemented our proposed method in the SABNA toolkit (Scalable Acceler-

ated BN Analytics). Currently, the toolkit supports effcient parent graph con-
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struction for all popular scoring functions like MDL, AIC, and BIC from any 

categorical data, and different optimal search strategies. It is written in C++14 

and is available under the MIT License from the GitLab repository 

(https://gitlab.com/SCoRe-Group/SABNA-Release). 

To understand the performance characteristics of our approach, we com-

pared it with a top-down Breadth First Search (BFS) and the A-star search as 

implemented in the URLearning package version from 2016-05-17 [101]. We de-

cided to use URLearning as this software provides some of the most advanced 

A-star search heuristics, and has been demonstrated to outperform other meth-

ods [54]. All tools were compiled using GCC 4.9.2 with standard optimization 

fags. To perform our tests we used a dedicated Linux compute server running 

in the exclusive mode under the Simple Linux Utility for Resource Manage-

ment (SLURM). The server has dual 10-core Intel Xeon E5v3 2.3GHz processor 

and 64GB of RAM. However, in all tests only a single core was used to run the 

tested code with the remaining cores left to the operating system. 

6.3.1 Test Data and Experimental Setup 

To perform our tests we used a collection of standard benchmark datasets sum-

marized in Table 6.1 [101]. To ensure that the results are comparable between 

SABNA and URLearning we used the following protocol. Because URLearning sup-

ports only binary variables, all datasets had been transformed into the {0, 1} 
domain, with 0 assigned to every value below the mean for a given variable and 

1 if the value was above the mean. The parent graph for each dataset had been 

constructed using the URLearning tool with default parameters, and all methods 

ran with the same parent graph. In Table 6.1, we report the size of each parent 

https://gitlab.com/SCoRe-Group/SABNA-Release
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Table 6.1: Datasets used in the experiments. 

Dataset n m PG size PG size reduction 

Mushroom 23 8,124 375,609 2.6 × 102 

Autos 26 159 2,391 3.6 × 105 

Insurance 27 1,000 1,518 1.2 × 106 

Water 32 1,000 328 2.1 × 108 

Soybean 36 266 5,926 2.1 × 108 

Alarm 37 1,000 672 3.8 × 109 

Bands 39 277 887 1.2 × 1010 

Table 6.2: Runtime comparison of different methods. 

Dataset BFS URLearning SABNA 

Mushroom 2m12s 1m29s 1m 
Autos 3m54s 37s 13s 
Insurance 8m14s 7m25s 2m28s 
Water M M 2m8s 
Soybean 
Alarm 

M 
M 

M 
T 

1h36m 
1h3m 

Bands M T 1h10m 

M – program ran out of memory. T – program ran out of time. 

graph (PG) together with how its size is reduced compared to storing all val-

ues d. Finally, all tools were limited to the 64GB of RAM (i.e. no swap memory) 

and were terminated if they exceeded two hours runtime limit. In Tables 6.2–6.4 

we summarize obtained results, with the runtime and memory usage averaged 

over 10 executions with a negligible variance. The runtime was measured via 

the system wall-clock, and approximate memory usage is based on the SLURM 

reports. 
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Table 6.3: Number of nodes visited by method (×106). 

Dataset Lattice size URLearning SABNA 

Mushroom 8.38 2.50 2.72 
Autos 67.10 4.70 1.84 
Insurance 134.21 57 13.52 
Water 4.29 × 103 – 13.03 
Soybean 6.87 × 104 – 330.50 
Alarm 1.37 × 105 – 217.37 
Bands 5.49 × 105 – 233.80 

BFS has to visit all 2n nodes in the lattice. 

Table 6.4: Memory usage for different methods (in GB). 

Dataset BFS URLearning SABNA 

Mushroom 0.23 0.57 0.21 
Autos 1.50 1.84 0.001 
Insurance 2.99 10.67 1.07 
Water – – 1.03 
Soybean – – 27.16 
Alarm – – 17.23 
Bands – – 20.53 

6.3.2 Results Discussion 

We start the analysis by looking at the runtime of all three methods. Table 6.2 

shows that SABNA is able to process all test datasets and it outperforms both 

BFS and the A-star strategy of URLearning, irrespective of the input dataset. As 

the number of variables increases, the performance difference becomes more 

pronounced, and for the largest dataset successfully processed by all meth-

ods (i.e. “Insurance”) SABNA is over three times faster than the other methods. 

Both SABNA and URLearning use the A-star search strategy. However, SABNA im-

plements the most basic heuristic while URLearning employs a provably tighter 

heuristic with pattern database [54, 102]. In spite of this, SABNA explores signif-
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icantly fewer states of the dynamic programming lattice, as shown in Table 6.3. 

This implies that the effciency of SABNA should be attributed solely to our path 

extension technique. In fact, in additional tests not reported here, the basic A-

star search performed only slightly better than BFS that visits all nodes in the 

lattice. This is signifcant considering how heuristic-sensitive is A-star. For ex-

ample, because the URLearning heuristic is not well tuned to the data in “Wa-

ter” and “Soybean” datasets, the open and closed lists of A-star explode and 

the method runs out of memory. By contrast, for the same datasets SABNA re-

quires only 1GB and 27GB respectively (see Table 6.4). What is more, even for 

the largest datasets for which BFS and URLearning failed, SABNA consumed no 

more than 28GB of memory. This is well explained by the results in Table 6.3. 

With one exception, SABNA visits several times fewer nodes in the dynamic pro-

gramming lattice than URLearning. This directly translates into a small memory 

footprint and clearly demonstrates the effectiveness of our approach. For the 

“Mushroom” dataset SABNA explores more nodes, yet it remains faster. This 

can be attributed to the overhead due to the pattern database construction in 

URLearning. At the same time, the overhead of our method is minimal. Because 

the “Mushroom” dataset is relatively small the overhead becomes the major 

component of the overall runtime. To summarize, presented experimental re-

sults consistently demonstrate that our path extension technique signifcantly 

reduces the number of states that have to be explored during the search pro-

cess. This has the effect of reducing both memory and computational complex-

ity such that much larger data can be processed. 
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6.4 Conclusions 

In this chapter, we presented a new approach to accelerate the exact structure 

learning of BNs. Our experimental results demonstrated that the method per-

forms extremely well in practice, even though it does not improve the worst 

case complexity. Our method is fexible and can be seamlessly combined with 

different search strategies. One of the main challenges in fnding optimal BN 

structures is exponentially growing space complexity. While our method par-

tially addresses this challenge, it can be further improved by expanding into 

distributed memory architectures (e.g. similar to our previous work [60]). This 

could open new range of applications for exact structure learning, including 

in clinical decision support systems or in genetics where problems with large 

number of variables are common. 



Chapter 7 
Conclusions and Open Problems 

7.1 Conclusions 

Learning high-quality large BNs is the key to developing causal BNs, and hence 

to building an AI system capable of human-level intelligence. The proposed 

methods advance that vision, by pushing the scale of exact BNs. 

All of the proposed methods in the dissertation are made available as a part 

of the high-performance and well-documented software package SABNA (Scal-

able Accelerated Bayesian Network Analytics) that supports end-to-end BN 

analysis. The tool is accessible to both reserchers and practitioners interested 

in using BNs in their projects. For example, currently SABNA is being used 

for medical data analysis, by the Department of Veteran Affairs (digital tumor 

board) and Jacobs School of Medicine and Biomedical Sciences to study opioids 

addiction. 

Effcient implementation of the proposed scalable solutions in SABNA, en-

abled realization of exact structure learning for medium-large sized BN without 

resorting to distributed memory or expensive computing machines as depicted 
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in Figure 7.1. SABNA effectively pushes the boundary of what is feasible in 

exact BN structure learning. 

Number of variables

Feasible using classic
exact algorithms
(implementations missing) Enabled by SABNA!

Currently only feasible
using heuristics

~30 ~64

state-of-the-art

Figure 7.1: Problem space in exact Bayesian networks modeling. Currently, the 
entire domain of problem sizes is feasible using only our methods - SABNA. 

7.2 Open Problems 

The proposed solutions not only extend the boundary in BN analytics, but also 

open several interesting research questions. Specifcally: 

• Better bounds on scoring functions in parent set assignment problem: Prun-

ning of the search space in the parent sets assignment problem depends on 

tight bounds for the scoring functions. For example, experimental evidence 

suggests that there is signifcant room to improve bounds on MDL, by looking 

into pairwise relationships between variables. 

• Inclusion of mixed variables and latent variables: In the current form, SABNA 

works under the assumption of complete categorical data and no latent vari-

ables. This is somewhat idealized scenario, as in the many practical applica-

tions the data may be incomplete. Incorporating support for (known) hidden 

variables poses exciting computational problems and hence is good target for 

modern parallel computers. 
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• Using exact algorithms to certify the quality of heuristics: Even though the 

proposed solutions are scalable, the theoretical computational complexity still 

catches up (see Figure 7.1). In such cases, heuristics are the only viable srat-

egy. However, the is an open question of whether we could use small exact 

Bayesian networks as a tool to certify (or assess) the quality of a solution de-

livered by heuristics. 

• Reinforcement structure learning with inference: Reinforcement learning pro-

vides the means to get causal insights about local interactions between vari-

ables. Combining reinforcement learning with exact structure learning could 

provide BNs with closer to causal networks. 

• Use BNs to act as a meta-ML method for other methods: Other ML models, 

especially popular deep-learning methods, which are excellent at identifying 

association but terrible at expressing causation, could be combined with BN, 

with the goal of taking best of two worlds. BNs can provide insights or ex-

planation into why deep model performed this and not that way, while deep 

models could potentially guide construction of BNs. 
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