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Abstract 

In the field of diagnostic studies, ROC curve and related summary measures are com

monly used for the purpose of biomarker evaluation under binary classification. In prac

tice, many disease processes naturally involve more than two classes and there exist many 

possible orderings among these disease classes. Let Y1, Y2, · · · , YK denote the marker 

values for independent disease classes 1, 2, • • • , K. In this dissertation, we aim at de

veloping diagnostic measures to better evaluate biomarkers under tree or umbrella or

dering (Y1 j (Y2, · · · , YK) or Y1 '.'.:: (Y2, · · · , YK)), extended tree or umbrella ordering 

((Y1, · · · , YK1 ) j (YK1+1, · · · , YK) or (Y1, · · · , YK1 ) '.'.:: (YK1+1, · · · , YK)), and multi-ordinal 

stages (Y1 j Y2 j · · · j YK)- This dissertation mainly has three components regarding 

above multi-classes. 

The first part mainly focuses on promoting the using the integrated false negative 

rate under tree ordering (ITFNR), an important yet neglected characteristic about tree or 

umbrella ordering, as an additional diagnostic measure besides the existing measure, area 

under a ROC curve for tree or umbrella ordering (TAUC), and proposing the idea of using 

(TAUC, ITFNR) instead of TAUC to provide a better evaluation of the discriminatory 

ability of biomarkers or diagnostic tests under tree or umbrella ordering. Parametric and 

non-parametric approaches for constructing joint confidence region of (TAUC, ITFNR) 

Xll 



are proposed. Simulation studies under a variety of settings are carried out to assess and 

compare the performance of these methods and a published microarray lung cancer data 

set is analyzed. 

The second part considers the problem of measuring diagnostic ability of a biomarker 

under extended tree ordering. In clinical field, it is common to measure the diagnostic 

ability of a biomarker for distinguishing one major group (Y1, · · · , YK1 ) from the other 

major group (YK1+1, · · · , YK), e.g. (healthy, benign) vs. (early, late) cases in cancer studies. 

Traditionally, researchers often first pool Y1, · · · , YK1 as one major class and YK1+1, · · · , YK 

as the other, then estimate area under ROC curve (AUC) and associated characteristics 

under binary classification. However, the validity and implication of such pooling strat

egy in biomarker evaluation have never been carefully inspected. The purpose of this 

part is two-fold: 1) to investigate the misuse of pooling strategy on biomarker evaluation; 

2) to present new diagnostic framework as appropriate accuracy measures to differentiate 

two major groups. Several confidence interval estimation methods are studied for new 

measures. Simulation studies are carried out to assess the performance of the proposed 

methods and an ovarian cancer data set is analyzed and compared under pooling strategy 

and new proposed measures. 

The third part investigates certain distinctively different biomarkers for which the ex

isting measures fail to capture their difference. Therefore, to overcome the shortcomings 

possessed by existing diagnostic measures, this thesis research proposes a novel idea for 

developing diagnostic accuracy measures by partitioning the whole classification prob

lem into K - 1 steps under the assumption of K ordinal stages. This idea leads to two new 

diagnostic accuracy measures, namely, the weighted aggregated extended tree area under 

curve (AETAUCw) and the weighted aggregated extended tree Youden index (AETYiw)-

Xlll 



Compared to existing diagnostic measures, the proposed ones have the flexibility accom

modating weights at each step of classification, hence enabling differentiation among cer

tain biomarkers for which the existing measures fail to tell the difference. Three optimal 

cut-points selection criteria for ordered multiple-class diseases based on this idea are pro

posed, by allowing each cut-point being determined at each step of the procedure. The 

performance of proposed measures and cut-point selection methods are studied via sim

ulation studies. In the end, an ovarian cancer data set is analyzed. 
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Introduction 

A diagnostic test is a medical procedure performed to detect and diagnose diseases, and 

the accuracy of a diagnostic test is crucial for patients to get timely and effective treat

ment decision made by physicians. The test can be conducted via a variety of tools, e.g. a 

drug test, screen test, or biomarkers examination. In this thesis research, we mainly focus 

on the study of the diagnostic test based on the biomarkers examination. Biomarkers are 

measurable indicators of some biological state or condition, they are often measured and 

evaluated to examine normal biological processes, pathogenic processes, or pharmaco

logic responses to a therapeutic intervention (Group et al., 2001). For example, alanine 

aminotransferase (ALT) is a serum biomarker which can detect liver disease, a measure

ment larger than 40U/L could be considered that abnormal liver activity exists and fur

ther medical test should be examined. In order to evaluate the discriminatory ability of 

certain candidate biomarkers, the appropriate diagnostic accuracy measures and related 

characteristics should be conducted. This chapter presents a review of existing diagnostic 

accuracy measures and optimal cut off points selection criteria under binary classification 

and multi-classes classifications. The aim and organization of this dissertation will be 
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explained at the end. 

1.1 Binary classification 

In the field of diagnostic studies, ROC curve and related summary measures are com

monly used for the purpose of biomarker evaluation under binary classification. In the 

following, the key concepts related to such measures will be introduced. 

1.1.1 ROC curve and AUC 

Under binary classification, a subject can be categorized either as healthy or diseased 

status according to the diagnostic test results. One can call an accurate diagnostic test 

ideal if it can perfectly identify the true status of each subject, i.e., all diseased subjects are 

diagnosed as diseased and all healthy subjects are diagnosed as non-diseased. In reality, 

a marker which can completely distinguish two classes rarely exist, causing four types 

of groups given a threshold value c: true negative (TN), true positive (TP), false negative 

(FN) and false positive (FP) . The latter two errors happen when a diseased subject is 

classified as non-diseased and a healthy subject is classified as diseased, respectively. Let 

Y1 and Y2 be the random variables for healthy and diseased groups, respectively, and F1 

and F2 be the corresponding distribution functions. We assume Y1 < Y2 without loss of 

generality. Sensitivity (Se) and specificity (Sp), which are referred as rate of true positives 

(TPR) and rate of true negatives (TNR) respectively, are two paramount performance 

characteristic in a diagnostic study. At the given threshold c, sensitivity and specificity 

are 

Se(c ) = P(Y2 > c) = TP I (TP + FN ), (1.1) 
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and 

Sp(c) = P(Y1 ::; c) = TN/(TN +FP). (1.2) 

Both Se and Sp should be provided for describing a test performance as the increase in 

one characteristic usually results the decrease in the other characteristic. In other words, 

a comprehensive picture depicting both Se and Sp regarding the trade-off thresholds is 

needed. 

The Receiver Operating Characteristic (ROC) curve, i.e. a plot of sensitivity(c) vs. 1-

specificity(c) across for all the possible values of cut-point or decision threshold c, serves 

as a standard statistical tool for evaluating the diagnostic properties of biomarkers or 

diagnostic tests under binary classification. 
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Figure 1.1: Healthy population is distributed as Normal(O, 1) and diseased population is 
Normal(2, 1). The green dot in (b) corresponds to threshold value c = 0.5 (green dashed 

line) in (a); while orange dot in (b) corresponds to threshold value c = 1.5 (orange 
dashed line) in (a). 

Figure 1.1 illustrates how varying values of sensitivity and specificity construct the 
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ROC curve across all possible threshold values. When the thresholds move from left to 

right, specificity and sensitivity are monotonically increasing and decreasing respectively. 

The ROC curve generally starts from point (0,0) (i.e. Se= 0 and Sp = 1) and ends up at 

point (1,1) (i.e. Se = 1 and Sp = 0). A biomarker is more preferable if its ROC curve 

bends more towards the point of perfection (0,1) (i.e. Se= 1 and Sp = 1). 

The ROC curve can either express as 

(1- F1 (c)) vs. (1- F2(c)),c E (-00,00), (1.3) 

or 

(1.4) 

The area under the ROC curve (AUC) is the most widely used statistic in diagnostic 

study. It is obtained as 

(1.5) 
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Figure 1.2: Area under the ROC curve (AUC) 
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It is easy to show that AUC equals to P(Y1 < Y2), i.e. the probability of a random 

marker value Y1 selected from non-diseased population is smaller than a random marker 

value Y2 selected from diseased population. Therefore, the larger the AUC is, the better 

the diagnostic ability of a biomarker is. When a biomarker can perfectly distinguish the 

diseased from non-diseased, AUC equals to 1; when a biomarker has no discriminatory 

ability at all, i.e. two distributions are overlapped completely, AUC equals to 0.5, and 
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ROC curve becomes the diagonal line in Figure 1.2. When Y1 and Y2 follow normal dis-

tributions, i.e. N(µ1, cr1 ) and N(µ2, cr2 ) respectively, AUC equals to <I>( µ~-µD- Statistical 
(Tl + cr2 

inference methods for a variety of diagnostic measures within ROC framework have been 

extensively studied and reviewed (Shapiro, 1999; Pepe, 2003; Zou et al., 2011; Zhou et al., 

2009). 

1.1.2 Optimal threshold selection for disease under binary classifica

tion 

Once a desired biomarker is selected for the practically clinical field, for the purpose of 

making diagnosis, a cut-off value is required, i.e. the diagnostic status is either non

diseased or diseased. As there exists trade-off between sensitivity and specificity across 

the possible cut-points, one should be very careful about selecting the cut-point to bal

ance these correct classification rates. In this section, three optimal diagnostic cut-point 

selection criteria in the framework of ROC for two-class classification will be introduced, 

i.e. the Youden index method, the northwest comer and the max area method. 

Let Y1 and Y2 stand for the variables of marker values (or test measurements) for a 

healthy subject and a diseased subject respectively. Let F1 (x) and F2 (x) stand for the 

distribution functions of Y1 and Y2 respectively. 

Figure 1.3 illustrates the geometric interpretation of these optimal threshold selection 

methods. Note that p(. ) and q(. ) stand for specificity and sensitivity respectively. 
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Figure 1.3: Illustration of the Youden Index, Northwest Comer and Max Area methods 
for binary classification where Y1 ~ N(0, 1) and Y2 ~ N(l,0.5). The three points with 
coordinates (1 - p(),q()) correspond to three selection methods where p(.) and q(.) 

stand for specificity and sensitivity respectively, and CJ, cv, CA stand for the cut-points by 
Youden Index (red), Northwest Corner (green) and Max Area (purple) respectively. 
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1.1.2.1 The Youden index (YI) method 

Youden index (YI), first introduced by Youden (1950), is one of the most commonly used 

measures for overall diagnostic accuracy (Fluss et al., 2005; Lai et al., 2012; Schisterman 
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and Perkins, 2007; Schisterman et al., 2005). The Youden index method selects the thresh-

old CJ which yields the maximum of overall correct classification rate as follows: 

J maxc[Sp(c) + Se(c) -1] 

maxc[F1(c) - F2(c)]. 

The optimal statistic J, i.e. YI, ranges from Oto 1, with O indicating no diagnostic abil

ity at all and 1 perfect diagnostic accuracy. In Figure 1.3, the point with coordinates 

(1 - p(q),q(q)) on ROC curve where p(.) and q(.) stand for specificity and sensitiv

ity respectively correspond the optimal cut-point by the YI method, and Jis the length of 

the vertical solid line (color red) from the point (1 - p(q),q(cJ)) to the diagonal chance 

line. From another perspective, the Youden index method is equivalent to minimizing the 

total misclassification rate; i.e. minimizing 

(1- Sp(c)) + (1- Se(c)). (1.6) 

Although the Youden index method provides cut-point CJ at which the maximum overall 

correct classification rate is reached, the unbalance between sensitivity and specificity can 

be a serious issue for some scenarios. 

1.1.2.2 The northwest comer (NWC) method 

The northwest comer (or closest to perfection) approach is another popular method for 

threshold selection in two-class setting (Fawcett, 2006; Let6n and Molanes, 2009; Perkins 

and Schisterman, 2006). It selects the threshold CD that corresponds to the point closest 

to the perfection point (0, 1) on the ROC curve, i.e. where both sensitivity and specificity 

equal to 1. The minimum distance (D) from the perfection point (0, 1) to (1 - Sp( c ), Se(c)) 
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can be written as 

The values of D ranges from Oto Jo.s, where 0 corresponds to the scenario with perfect 

diagnostic ability and Jo.s no discriminating power. 

The northwest comer method gained its recognition mainly due to its geometric ap

peal. The above function can be expanded and rewritten as 

minc[(l - Sp(c )) + (1- Se(c )) + 0.5(Sp2 (c) + Se2 (c)) ]. (1.7) 

This criterion minimizes the total misclassification rates and a third term, i.e the average 

of squared correct classification rates. Comparing (1.7) and (1.6), it is easy to see that 

the NWC method provides better balance between sensitivity and specificity at optimal 

cut-point than the YI method does. Therefore, although D does not have a statistical 

interpretation, the approach has gained its popularity in practice due to its relatively good 

performance compared to its competitors. 

In Figure 1.3, the point with coordinates ( 1 - p(cD), q(cD)) on ROC curve corresponds 

the optimal cut-point by the NWC method, and the Dis the length of the line (color green) 

from the perfection point (0, 1) to the point (1 - p(CD ), q(CD )) . 

1.1.2.3 The max area (MA) method 

The max area method, introduced by Liu (2012), maximizes the area of rectangle (A) with 

height and width as specificity Sp(c ) and sensitivity Se(c ) respectively: 

A maxc[Sp(c ) * Se(c)] 

maxc[F1(c) - F1(c) * F2(c)]. 
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The optimal statistic A takes values between 0.25 and 1, with 0.25 corresponding to the 

completely uninformative case where both sensitivity and specificity are 0.5 and 1 the case 

having perfect discriminatory power. Let cA denote the optimal cut-point which yields A. 

This method promotes simultaneous maximization of sensitivity and specificity, hence it 

can provide more balance between sensitivity and specificity. From another perspective, 

the function Sp(c) * Se(c) stand for the probability of an event in which a randomly se

lected subject from diseased group and a randomly selected subject from healthy group 

are simultaneously correctly classified. Thus the max area A is equivalent to the maxi

mum probability of such event. Consequently the overall correct classification rate at CA, 

i.e. Sp(cA) + Se(cA), should not be too small although this method does not maximize 

Sp(c) + Se(c) directly. 

In Figure 1.3, the point with coordinates (1 - p(cA), q(cA)) on ROC curve corresponds 

the optimal cut-point by the MA method, and the A is the area of purple shaded area. 

1.2 Tree-ordering classification 

In practice, many diseases can be classified into multiple K (K > 2) classes. Let Y1, Y2, · · · , YK 

be the marker values for independent disease classes 1, 2, • • • , K, respectively. 

There exist many possible orderings for Y1, Y2, · · · , YK among which simple order

ing (Y1 j Y2 · · · j YK) and tree or umbrella ordering (Y1 j (Y2, Y3, · · · , YK) or Y1 '.'.:: 

(Y2, Y3, · · · , YK)) are most widely studied in statistical literature. This subsection focuses 

on tree or umbrella ordering. Note that" j" means "stochastically smaller" and there do 

not exists clearly defined orderings among the variables placed inside a parenthesis. 

Tree and umbrella ordering have important clinical applications, especially in molec

ular diagnostics of cancer subtypes. Take lymphomas diagnosis as an example. Lym

phomas are a group of hematological malignancies that are derived from lymphocytes 
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and occur predominantly in lymph nodes or other lymphoid structures. Non-Hodgkin 

lymphomas (NHL) is one of the major categories of lymphomas and B-cell lymphoma 

accounts for about 90% of NHL. Subtypes of B-cell lymphoma include diffuse large B-cell 

lymphoma (DLBCL), follicular lymphoma, primary mediastinal large B-cell lymphoma 

(PMBL), Burkitt lymphoma and etc. One of the immunohistochemical biomarkers that 

are of diagnostic value for B-cell lymphomas is BCL6. For evaluating the diagnostic ac

curacy of BCL6, the classification problem of distinguishing B-cell lymphoma vs. healthy 

class falls in the framework of tree or umbrella ordering. As another example, lung can

cer is classified as non-small cell lung cancer (NSCLC) and small cell lung cancer (SCLC) 

based on immunohistological morphology and tumor cell histological, and NSCLC con

sists of three subtypes (adenocarcinoma, squamous-cell carcinoma, and large cell carci

noma) among which there are no clearly defined orderings. As a result, discriminating 

NSCLC from healthy class or from SCLC involves tree or umbrella ordering. There ex

ist some research about diagnostic measures under tree or umbrella ordering, e.g. the 

umbrella volume (UV) proposed by Nakas and Alonzo (2007). Most recently, Wang et al. 

(2016) proposed a TROC (ROC for tree-ordering) framework for K-class tree ordering and 

the area under TROC curve (TAUC) as an appropriate diagnostic measure. 

1.2.1 TROC curve and TAUC 

Define Z = min(Y2, ... , YK)- At a given cut-point c, the sensitivity (TSe) and specificity 

(TSp) under tree ordering are defined as 

K 

TSe(c) = P(Z > c) = fl (1 - Fk(c) ), 
k=2 (1.8) 
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where Fk (.) stands for the cdf of Yk for k = 1, 2, ... , K. Similarly as ROC curve for binary 

classification, the ROC curve for tree ordering (TROC) can be obtained by plotting TSe( c) 

vs 1 - TSp(c) over all possible c; i.e. 

K 

TROC(F1,F2, ...,FK) = (1- TSp(c), TSe(c)) = (l -F1(c), fl(l -Fk(c))). (1.9) 
k=2 

The area under TROC (TAUC) was shown to be 

(1.10) 

Note that TAUC ranges from 1 / K to 1. One of the important differences between TROC 

and ROC is the chance curve (line) is TSe = (1 - TSp)k-l under tree ordering while the 

diagonal line for binary case. More information can be found in the paper by Wang et al. 

(2016). 

1.2.2 Existing optimal threshold selections for biomarkers under tree 

ordering 

Wang et al. (2019) proposed several threshold selection methods under tree ordering in

cluding two Youden index type methods, a maximum area type method and a northwest 

corner type method. These methods are based on the TROC framework and related con

cepts. Figure 1.4 illustrates the threshold selection methods for tree ordering by present

ing the optimal cut-point and the corresponding objective function on the graph. Note 

that p(.) and q(.) stand for specificity and sensitivity for tree ordering respectively. 
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Figure 1.4: Illustration of the Youden Index, extended Youden Index, Northwest Comer 
and Max Area methods for tree ordering Y1 < (Y2, Y3) where Y1 ~ N(O, 1), Y2 ~ N(2, 1), 

and Y3 ~ N(3,1). Thefourpointswithcoordinates (1- p(),q()) correspond to four 
selection methods where p(.) and q(.) stand for specificity and sensitivity for tree 

ordering respectively, and CJT, CfTe, CDT, CAT stand for the cut-points by Youden Index 
(red), extended Youden Index (green), Northwest Corner (purple) and Max Area (light 

blue) respectively. 
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1.2.2.1 The Youden index under tree ordering (YIT) method 

Youden index under tree ordering (YIT) is defined as the maximum of the sum of the 

tree sensitivity (TSe) and tree specificity (TSp) minus 1 over all possible cut-points c for 

-oo < c < oo as 

JT maxc[TSe(c) + TSp(c) - 1], (1.11) 

where JT is the optimal statistic, TSe(c) and TSp(c) are defined in (1.8). JT can be further 

expressed as 

JT maxc [fl
K 

(1 - Fk (c)) - (1 - F1 (c))]. (1.12) 
k=2 

The maximum of JT is 1 corresponding to the case with perfect discrimination between 
K- 1 1

Y1 and (Y2, Y3, ... , Yk)- The minimum of JT equals to (K -1)- K - 2 - (K - 1)- K - 2 (K 2: 3), 

occurring on chance curve when 1 - TSp(c) equals to (K -1)-K-
1 

2 • For example, when 

K = 3, minimum of JT (i.e. 1/4) occurs at TSp = 1/2 and TSe = 1/4 on chance curve. 

When K = 2, JT is the same as J for binary classification. 

Denote the optimal cut-point as C/T which yields JT. Similar to the YI Method for 

binary classification, the YIT method for tree-ordering is equivalent to minimize the total 

incorrect classification rates as follows: 

minc[(l - TSe(c)) + (1- TSp(c))]. 

In Figure 1.4, the point with coordinates ( 1 - p(CJT), q(CJT)) on TROC curve corre

sponds to the optimal cut-point by the YIT method, and JT is the length of the vertical 

line ( color red) from the point ( 1 - p(cJT), q(CJT)) to the diagonal line. 
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1.2.2.2 The extended Youden index under tree ordering (YITe) method 

Instead of maximizing the vertical distance from the TROC curve to the diagonal line as 

the YIT method does, the extended Youden index (YITe) method maximizes the vertical 

distance from the TROC curve to the chance curve for tree ordering. The optimal statistics 

f Te is defined as: 

JTe maxc[TSe(c) - (1- TSp(c)l- 1
] 

K 

maxc[f1(1- Fk(c)) - (1- F1(c)l- 1]. 
k=2 

It measures the maximum difference between sensitivity TSe(c) and that of the com

pletely non-informative case (i.e. all the F/s are the same) at c, over all possible cut-point 

c. JTe ranges from Oto 1, where 0 corresponds to the case with no difference between 

sensitivity and that of non-informative case, and 1 corresponds to the case with perfect 

discriminating power, i.e. TSe(c) = 1 and TSp(c) = 1. The CJTe is the optimal cut-off 

which yields JTe. Note that when K = 2, just as JT, JTe is the same as J for binary classifi

cation. 

In Figure 1.4, the point with coordinates ( 1 - p(CfTe), q(CfTe)) on TROC curve corre

sponds to the optimal cut-point by the Y ITe method, and JTe is the length of the vertical 

line ( color green) from the point ( 1 - p(cJTJ , q(cJTe)) to the chance curve. 

1.2.2.3 The northwest comer under tree ordering (NWCT) method 

The NWCT method minimizes the distance from the perfection point (0, 1) to (1 - TS p (c), 

TSe(c)) on TROC graph. The optimal threshold(cDT) can be calculated numerically using 

the following definition: 

DT minc[J(l- TSp(c)) 2 + (1- TSe(c)) 2] 
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K 

mine[ (l-Fy1 (c)))2+(1-fl(l-Fk(c))) 2]. (1.13) 
k=2 

Similar to the distance D defined in the two-class setting, the optimal statistics DT for K 

classes tree ordering has geometric appeal. DT stands for the shortest distance from the 

perfection point (0, 1) to the TROC curve for tree ordering. The DT with value 0 indicates 

perfect discrimination while increasing DT indicates weaker ability of discrimination be

tween the healthy and diseased classes. The maximum of DT occurs at the middle point 

on the chance curve. Similar to the NWC method for binary classification, the NWCT 

method has geometric appeals and is expected to have better balance between the correct 

classification rates, i.e. TSe(c) and TSp(c). When K = 2, the NWCT method is the same 

as the NWC method for binary classification. 

In Figure 1.4, the point with coordinates (1 - p(cDT),q(cDT)) on TROC curve where 

p(.) and q(.) stand for specificity and sensitivity respectively corresponds the optimal cut

point by the NWCT method, and DT is the length of the vertical line (color purple) from 

the point (0, 1) to (1- p(cDT),q(cDT)). 

1.2.2.4 The max area under tree ordering (MAT) method 

The max area under tree ordering (denoted as AT) is defined as the maximum of the 

product of TSe and TSp; i.e. the area of rectangle within the TROC curve with TSp as the 

length and TSe as the width. The optimal threshold determined by this method, denoted 

as CAT, can be obtained by the following criterion: 

AT maxc[TSp(c) * TSe(c)] (1.14) 
K 

maxc[F1(c) * fl(l -Fk(c))]. 
k=2 
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Note CAT can also be obtained by the following: 

minc[log(TSp(c )) + log(TSe(c )) ]. 

Comparing to the YIT Method, any changes in TSp(c ) and TSe(c ) may cause larger im

pact on AT in (1.14) than on JT in (1.11). Therefore, the MAT method provides better 

balance between TSp(c ) and TSe(c ) than the YIT Method does. The maximum of the 

optimal statistic AT is 1 corresponding to the case with perfect discriminating power. 

The minimum of AT equals to (1 - ¼?-1 * ¼corresponding to a non-informative case 

with TSp = 1/K on the chance curve. The MAT method becomes the MA method when 

K=2. 

In Figure 1.4, the point with coordinates (1 - p(cAT),q(cAT)) on TROC curve corre

sponds to the optimal cut-point by the MAT method, and AT is the light blue shaded 

area. 

For the above presented threshold selection methods, the objective functions JT, JTe 

DT, and AT can be considered as global measures of discriminatory ability of a biomarker 

or a diagnostic test. However, while JT, JTe, and AT have some probability interpretation, 

DT has only geometric meaning. 

1.3 Multi-ordinal classification 

Multi-ordinal ordering, i.e. Y1 ::::; Y2 ::::; · · · , ::::; YK as K 2 3 often exists in practice. With

out loss of generality, let higher value indicates worse status. For example, in pancreatic 

cancer diagnosis (Leichtle et al., 2013), the result could be "healthy", "pancreatitis", or 

"pancreatic carcinoma". For ovarian cancer diagnosis (Partheen et al., 2011), the subjects 

might be diagnosed as "benign", "borderline", or "malignant." Another well-known ex-
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ample is Alzheimer's disease which generally follows ordinal trichotomous classification: 

non-diseased, early diseased and fully diseased (Scinto and Daffner, 2000; Morris et al., 

2001). 

There exist many diagnostic accuracy measures for ordinal multi-classes diseases and 

many of them have been studied extensively. Scurfield (1996, 1998) defined the concept 

of hypervolume under the manifold (HUM) of which AUC is a special case for binary 

classification. Under normality and K = 3, Xiong et al. (2006) extended the ROC curve to 

ROC surface and studied the inference methods for the volume under the ROC surface 

(VUS). Li and Fine (2008) also provided inferential procedures to overcome the limitation 

of HUM practical utility. As an extension of Youden index (Youden, 1950; Fluss et al., 

2005), the generalized Youden index (GYl), defined as the maximum of the total correct 

classification rates, was first introduced by Nakas et al. (2010) for three ordinal classes, 

and was further extended to the disease with general K ordinal stages (Nakas et al., 2013). 

Recently, Dong et al. (2017) proposed a new diagnostic measure, namely the maximum 

absolute determinant (MADET) for diseases with more than two stages which has an 

appealing geometric justification and fully utilizes all the classification information. There 

exist lots of research on diagnostic accuracy measures VUS, HUM and GYI (Mossman, 

1999; Dreiseitl et al., 2000; Heckerling, 2001; Nakas and Yiannoutsos, 2004; Coolen-Maturi 

et al., 2013; Luo and Xiong, 2013; Tian et al., 2011; Kang and Tian, 2013). 

Furthermore, to make a diagnosis for a disease with K ordinal classes, K -1 cut-points 

are needed. Both diagnostic accuracy measures GYI and MADET can serve as criteria for 

optimal cut-point selection. Attwood et al. (2014) suggested two more methods for three

class threshold selection: the closest to perfection (an extension of the northwest comer 

method for binary classification and the max volume method (an extension of the two

class max area method, and both methods have been adapted to general cases with K 

ordinal stages by Dong et al. (2017). 
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We will present a review of existing diagnostic accuracy measures and cut-points se-

lection criteria in the following. The generalized Youden index (GYl) and maximum 

absolute determinant (MAD ET) are diagnostic measures as well as cut-point selection 

methods; the hypervolume under manifold (HUM) serves only as the former; and the 

closet-to-perfection/minimum distance method (MD) and the maximum volume method 

(MV) only as the latter. 

For a disease that can be classified into K ordinal classes, define Pi,j as the conditional 

probability of a classification where i ( i = 1, 2, • • • , K) stands for the true disease status 

and j (j = 1, 2, • • • , K) stands for the disease status of diagnosis. Thus Pi,i denotes the 

probability that a subject from class i is diagnosed correctly and Pi,j (i -1- j) the probability 

that a subject from class i is diagnosed incorrectly as class j. To make a diagnosis, cut

points c1, c2, · · · , CK- 1 where c1 < c2, · · · , < CK- 1 are needed for a disease with K stages. 

1.3.1 Hypervolume under the manifold (HUM) 

Consider a K-dimensional space spanned by correct classification rates Pi,/s (i = 1, ... , K). 

As K > 3, we have ROC hyper-surface instead of ROC curve (K = 2) or ROC surface 

(K = 3). Define ti as the correct classification rate for the ith disease class, i.e. Pi,i· The 

definition of hypervolume under the manifold (HUM) is given by Scurfield (1996, 1998) 

as 

(1.15) 

where fi - 1's are the recursive equations defined as ti= fi - 1(t1, ... ti- 1), i = 2, ...,K. For 

more details, see the paper by Li and Fine (2008) . Note that AUC and VUS are special 

cases of HUM for K = 2 and K = 3 respectively. Similar to AUC and VUS, HUM serves 

as an overall diagnostic measure, but cannot be used to determine the optimal cut-off 

points. 
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1.3.2 Generalized Youden index (GYI) 

The generalized Youden index (GYI) proposed by Nakas et al. (2010) is defined as 

(1.16) 

The optimal cut-points determined by this method are the set of cut-points c = (c1, c2, ... , cK- 1) 

that maximizes the total correct classification rate, i.e. P1,1 + · · · + PK,K· It has been shown 

(Dong et al., 2017; Attwood et al., 2014) that this method often has poor balances among 

correct classification rates P1,1, P2,2, ... , PKK; e.g. as K = 3, it provides low correct classifi

cation rate for the early stage. 

Note that (1.16) can also be expressed as I:f=11maxc; {Fi(ci) - Fi+1(ci)}, indicating the 

cut-points estimated by GYI method only involves two adjacent stage at that specific cut

point. 

1.3.3 Maximum absolute determinant (MADET) 

Let Pi = (Pi,1, ..., Pi,Kl denote the vector of K classification rates for ith class. Define 

P = (P1, ..., PK) T, the K x K square probability matrix for all K classes. The maximum 

absolute determinant (MADET) defined by Dong et al. (2017) is 

Since ldet(P) Iequals to the volume of the K-dimensional parallelotope spanned by P1, P2, 

... , PK, it directly measures how far apart the vectors P/s are in this K-dimensional space. 

The further apart the P/s are, the larger the difference among these K disease classes. As 

MADET stands for the maximum volume of the K-dimensional parallelotope, it can serve 

as a measure of diagnostic accuracy. The optimal cut-points determined by MADET are 
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the set of c = (c1, c2, ... , cK-1) that maximizes ldet(P ) I-

1.3.4 Minimum distance method (MD) 

The minimum distance method, also called the closest-to-perfection or northwest comer 

method (Perkins and Schisterman, 2006), is a popular cut-point selection method for bi

nary classification. This method was extended to cases with three ordinal stages (Attwood 

et al., 2014) by searching the shortest distance from the perfection point where all correct 

classification rates Pi,i = 1 (i = 1, 2, 3) to the ROC surface. Similarly, this method can 

be extended to K > 3 classes. The perfection point is defined as the point at which all 

Pi,/s equal to 1 for i = l, ... ,K, i.e. the point with coordinates (1,1, ... ,1 ) in this K

dimensional space. Geometrically, this method seeks c = (c1,c2, ... ,cK- 1) which has the 

shortest distance from the perfection point to the ROC hyper-surface written as 

This method is appealing for its geometric appeal as well as its decent performance. 

1.3.5 Maximum volume method (MV) 

For three ordinal classes, the maximum volume (MV) approach proposed by Attwood 

et al. (2014), a generalization of the two-class maximum area method by Liu (2012), uses 

an objective function defined as the product of three correct classification rates, i.e. P1,1 * 

P2,2 * P3,3. The MV method can be easily extended to the cases with K ordinal stages with 

objective function defined as 

(1.19) 
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Geometrically, this method seeks c = (c1, c2, ... , cK- 1) that builds the largest hypervol-

ume box within the K-dimensional manifold. This method aims simultaneous maximiza

tion of all correct classification rates, hence it might be able to provide better balance 

among Pi,/s. 

1.4 Genomic data 

In this thesis study, datasets from lung and ovarian cancer studies are analyzed for the 

purpose of illustrating our proposed measures and methods. 

1.4.1 Lung cancer 

The deaths caused by lung cancers account for more than that by breast, prostate and 

colon cancer combined (Jemal et al., 2011). Non-small cell lung cancer (NSCLC) is the 

most common type of lung cancer accounting for more than 80 percent of lung cancers. 

The NSCLC can be further broken down into lung adenocarcinoma (ADC), squamous 

cell carcinoma of the lungs (SCC), and large cell lung cancers (LCC). As the first step 

of diagnosis, some biomarkers are used in identification of NSCLC from normal tissues, 

while further step of classification involves different markers for distinguishing among 

subtypes. We are concerned about evaluating the biomarkers used in the first step of 

diagnosis, that is, the identification of NSCLC from normal tissues. These biomarkers, 

while useful in identification of NSCLC from normal tissues, do not possess the charac

teristics for distinguishing among subtypes. That is, there is no clearly defined stochastic 

order among the measurements of the subtypes. As a result, for the purpose of evaluating 

such biomarkers, as NSCLC is a collective term of three subtypes, the problem of distin

guishing normal from NSCLC falls in the category of tree ordering or umbrella ordering. 
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In this dissertation we will use a public available data set generated by Affymetrix 

Human Genome U133 Plus 2.0 Array to evaluate the diagnostic accuracy of 12 novel 

genetic biomarker candidates (ANXA3, CXCL2, CD55, TPD52, DUSP6, DNAJC12, CCT2, 

APL6IP5, FGF14, TRAMl, RGSl, RABlA), as reported in a recent review Gantus-Lewintre 

et al., 2012). The full description of the experiment design can be obtained in the GEO 

DATA base at http://www.ncbi.nlm.nih.gov/geo/ (accession number GSE6044). This 

data set contains 65 normal healthy lung tissues and 91 NSCLC tumor tissues including 

27 sec, 45 ADC, and 19 LCC, see Table 1 in Wang, Attwood and Tian. 

Table 1.1: Descriptive statistics for gene expression values from the microarray data of 
lung specimens. This data contains 65 normal healthy lung tissues and 91 NSCLC tumor 

tissues including 27 sec, 45 ADC, and 19 LCC. 

Biomarker Mean Standard Deviation 

Normal sec ADC LCC Normal sec ADC LCC 

CD55 -0.943 1.095 -0.335 1.217 0.511 0.622 1.044 0.551 

RGSl -0.144 0.203 0.531 -0.317 1.401 0.930 1.191 1.035 

TPD52 -1.004 0.367 0.603 0.711 0.901 0.974 1.153 1.105 

CXCL2 -0.768 0.682 0.214 0.513 1.204 0.318 0.755 0.213 

DUSP6 -0.764 0.930 -0.124 0.864 0.544 0.808 1.130 0.713 

CCT2 -0.626 0.108 0.240 0.786 0.743 0.865 0.860 0.617 

ANXA3 -1.585 1.182 0.193 1.914 0.921 1.075 1.341 0.990 

FGF14 -0.089 0.330 0.318 -0.516 0.612 0.250 0.337 1.508 

DNAJC12 -1.308 -0.857 1.280 1.322 0.743 0.604 2.063 1.632 

RABlA -0.092 -0.065 0.218 -0.044 0.630 0.806 0.803 0.675 

TRAMl -0.157 0.293 -0.276 0.314 0.267 0.290 0.442 0.438 

ARL6IP5 -0.340 0.519 -0.258 0.470 0.447 0.505 0.605 0.440 

1.4.2 Ovarian cancer 

Ovarian cancer is the 5th leading cause of cancer death among women in developed coun

tries (Chudecka-Glaz, 2015). It generally presents in advanced stages with high case fa

tality ratio (CFR) but has favorable survival if diagnosed earlier. However, clinical symp-

http://www.ncbi.nlm.nih.gov/geo
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toms are not well manifested in early stages of the disease, resulting in late diagnosis and 

poor prognosis. The Prostate, Lung, Colorectal and Ovarian (PLCO) (Cramer et al., 2011) 

cancer study is a randomized trial evaluating the effect of screening on cancer mortality. 

Women assigned to the ovarian screening arm received annual transvaginal ultrasound 

and CA125 testing. Serum samples were also collected and banked for scientific study. 

Four sites initiated a phase II study under the early detection research network using 

the pre-saved samples which included 480 healthy controls, 160 benign cases, 75 early 

stage cases, and 82 late stage cases. This data set can be downloaded from public por

tal at https:/ /edrn.nci.nih.gov, and the results have been published by many researchers 

(Cramer et al., 2011; Zhu et al., 2011). The descriptive statistics for 13 biomarkers includ

ing two well studied biomarkers for ovarian cancer, i.e. cancer antigen 125 (CA125) and 

human epididymis protein 4 (HE4), are presented in Table 1.2. 

Table 1.2: Descriptive statistics for 13 biomarkers for ovarian cancer data set. This data 
contains 480 healthy controls, 160 benign cases, 75 early stage cases, and 82 late stage 

cases. 

Biomarkers Mean Standard Deviation 

General Benign Early Late General Benign Early Late 

CA125 29.71 39.65 565.63 1556.41 136.29 73.57 2549.78 3740.10 

CA153 17.77 21.10 38.47 147.35 11.13 25.45 56.04 299.66 

CA199 16.96 31.92 161.82 37.82 31.50 139.69 553.99 106.78 

KLK6 3.73 3.66 4.21 9.99 1.45 1.22 2.62 10.09 

CA724 2.29 2.05 37.40 39.74 3.70 2.59 148.76 84.35 

DD.O110 129.11 137.86 481.12 1033.12 127.93 283.46 979.62 1267.45 

DD.C248 0.62 0.66 0.60 0.75 0.76 0.83 0.48 0.54 

DD.P108 38.23 39.68 47.24 69.03 23.78 25.11 23.57 38.45 

DD.X065 0.63 0.81 1.09 1.64 0.76 1.24 1.81 1.95 

HE4 61.04 72.07 185.24 496.20 69.56 105.47 253.23 347.50 

SMRP 0.86 0.94 0.97 4.46 0.81 1.38 0.76 7.41 

YKL40 82.87 103.13 121.25 205.86 65.22 71.77 100.14 117.97 

IGF2 1919.53 1852.88 1642.18 1208.97 441.74 488.05 417.98 456.66 

https://edrn.nci.nih.gov


25
1.5 Aim and organization of the dissertation 

This dissertation aims to develop new statistical tools to evaluate biomarkers under multi

classes with applications in the clinical diagnosis such as lung & ovarian cancer. 

In chapter 2, firstly we illustrate that the complete picture of the diagnostic ability of 

biomarkers for tree or umbrella ordering has not been well established despite all the ex

isting methods. To fill the gap, this chapter presents a newly discovered hidden feature of 

tree or umbrella ordering and introduces a new index to capture this feature, namely the 

integrated false negative rate under tree ordering (ITFNR), and paired it with the existing 

TAUC to provide a better evaluation of the discriminatory ability of biomarkers or diag

nostic tests under tree or umbrella ordering. Parametric and non-parametric approaches 

for constructing joint confidence region of (TAUC, ITFNR ) are proposed. Simulation 

studies under a variety of settings are carried out to assess and compare the performance 

of these methods. In the end, a published microarray data set for lung cancer is analyzed. 

In chapter 3, we consider the problem of measuring diagnostic ability of a biomarker 

under extended tree or umbrella ordering. Let Y1, Y2, · · · , YK denote the marker values 

for independent disease classes 1, 2, • • • , K. Extended tree or umbrella ordering is defined 

as (Y1, · · · , YKJ j (YK1+1, · · · , YK ) or (Y1, · · · , YK1 ) ):: (YK1+1, · · · , YK ) where K1 2: 1, 

K 2: 2. In clinical field, it is common to measure the diagnostic ability of a biomarker for 

distinguishing one major group (Y1, · · · , YK1 ) from the other major group (YK1+1, · · · , YK), 

e.g. (healthy, benign) vs. (early, late) cases in cancer studies. Traditionally, researchers 

often first pool Y1, · · · , YKi as one major class and YKi+ 1, · · · , Y K as the other, then estimate 

area under ROC curve (AUC) and associated characteristics under binary classification. 

The purpose of this chapter is to investigate the unnoticed issues and misuses of pooling 

strategy in biomarker evaluation commonly used and propose appropriate diagnostic 

measures under a new diagnostic framework for differentiating two major groups where 
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each major group involves at lease one subgroup. Several confidence interval estimation 

methods are studied for new measures. Simulation studies are carried out to assess the 

performance of the proposed methods and an ovarian cancer data set is analyzed and 

compared under pooling strategy and new proposed measures. 

In chapter 4, we will use several examples in the beginning to illustrate the existing di

agnostic measures (HUM, GYI and MADET) for diseases with K 2'.: 3 ordinal stages fail 

to capture the differences among some distinctively different biomarkers, e.g. one is bet

ter for early detection. In practice, for diseases such as ovarian cancer with three ordinal 

classes ("benign", "borderline" or "early stage", "malignant"), early detection is critical 

for patients in order to receive timely medical intervention. Hence, biomarkers which 

are better at identifying diseased subjects (both early and late stages) from healthy ones 

should be more desirable. This chapter proposes a novel idea for developing diagnostic 

accuracy measures by partitioning the whole classification problem into K - 1 steps un

der the assumption of K ordinal stages. This idea leads to two new diagnostic accuracy 

measures, namely, the weighted aggregated extended tree area under curve (AETAUCw) 

and the weighted aggregated extended tree Youden index (AETYiw). Compared to exist

ing diagnostic measures, the proposed ones have the flexibility accommodating weights 

at each step of classification, hence enabling differentiation among certain biomarkers for 

which the existing measures fail to tell the difference. This idea also naturally leads to 

three optimal cut-points selection criteria for ordered multiple-class diseases by allowing 

each cut-point being determined at each step of the procedure. The performance of pro

posed measures and cut-point selection methods are studied via simulation studies. In 

the end, the ovarian cancer data set is analyzed. 

Chapter 5 presents the concluding remarks and discussions about the possible topics 

for the future work. 



Measuring diagnostic accuracy for 

biomarkers under tree-ordering 

2.1 Introduction 

In practice, many diseases can be classified into multiple classes using their clinical mark

ers, gene expression or mRNA expression profiling data. Multi-classes cases include sev

eral important categories such as multi-ordinal stages, tree or umbrella ordering, and 

etc. Assuming there exist K disease classes, denote Y1, Y2, Y3, · · · , YK the marker mea

surements from independent disease classes 1, 2, 3, • • • , K, respectively. Without loss of 

generality, assume higher class index k indicates more severe stage. When there does 

not exist clearly defined stochastic order among (Y2, Y3, · · · , YK), we have either Y1 ::::; 

(Y2, Y3, · · · , YK) or Y1 c::: (Y2, Y3, · · · , YK) classified as tree or umbrella ordering, where 

"j" stands for "stochastically less than." The importance of tree or umbrella ordering re

sides in many clinical applications, especially molecular diagnostics of cancer subtypes. 

For example, about 80% of lung cancer cases are non small cell lung cancer (NSCLC) 

which consists of three unordered subtypes: adenocarcinoma (ADC), large cell carcinoma 
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(LCC), and squamous-cell carcinoma (SCC). It is critical to discover biomarkers which are 

able to distinguish normal cases from NSCLC (Mulshine et al., 1983) and the problem of 

identifying NSCLC cases from normal cases falls into the class of either tree-order or um

brella order. There exist several diagnostic accuracy measures for tree or umbrella order

ing. The naive AUC (NAUC) is obtained by generating a new combined class via pooling 

or collapsing all the unordered classes Y2, Y3, · · · , YK. Based on the concept of ROC sur

face, Alonzo(Nakas and Alonzo, 2007) proposed the umbrella volume (UV) which equals 

P(Y2 > Y1 < Y3) = P(Y1 < Y2 < Y3) + P(Y1 < Y3 < Y2). Both of NAUC and UV have 

certain disadvantages. To be specific, N AUC could lead to biased and inconsistent esti

mates (Obuchowski et al., 2004; Obuchowski, 2006), and calculating UV could get com

plicated when the number of sub-diseased classes becomes large. Most recently, Wang, 

Attwood and Tian (Wang et al., 2016) extended traditional ROC curve to tree or umbrella 

ordering, namely TROC curve. The TAUC, defined as corresponding area under TROC 

curve, is the probability P(Y1 < (Y2, ... , YK) ). It was also demonstrated that TROC and 

TAUC share many convenient features with the traditional ROC and AUC under binary 

classification. 

Despite all the existing methods for tree or umbrella ordering, the complete picture 

of the diagnostic ability of such biomarkers has not been well established. To fill the 

gap, this chapter presents a newly discovered hidden feature of tree or umbrella ordering 

and introduces a new index to capture this feature. The proposed new index, namely, 

the integrated false negative rate under tree ordering (ITFNR), paired with the existing 

TAUC, could provide a better evaluation of the discriminatory ability of biomarkers or 

diagnostic tests under tree or umbrella ordering. We will only address tree ordering in 

this paper due to that the concepts and methodology proposed for tree-ordering can be 

easily adapted to umbrella ordering. The rest of this chapter is organized as follows. 

In Section 2.2, we introduce a new measure ITFNR, i.e. integrated false negative rate 
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for tree ordering, and present the motivation for making joint inference about TAUC 

and ITFNR. In Sections 2.3 and 2.4, parametric and non-parametric confidence region 

estimation methods for (TAUC, ITFNR ) are proposed. Section 2.5 presents simulation 

results to assess the performance of the proposed confidence regions. A real dataset on 

lung cancer is analyzed using the proposed methods in Section 2.6. Finally, summary and 

discussion are in Section 2.7. 

2.2 A new diagnostic measure for markers under tree or

dering 

Let Y1 be marker value from the healthy class with cumulative distribution F1, and Yk be 

marker value from the kth diseased class with cumulative distribution Fk (k = 2, · · · , K). 

Without loss of generality, the marker values are measured continuously. We will con

sider tree ordering, i.e. Y1 ::::; (Y2, ... , YK ) where there is no clearly defined order among 

In the following, we first briefly review the key concepts of ROC curve for tree or

dering (TROC) and area under TROC (TAUC) (Wang et al., 2016). Then we will present 

the new concepts of false negative rate under tree ordering (TFNR) as well as integrated 

false negative rate under tree ordering (ITFNR). Using a simple example, we demon

strate the fact that TAUC fails to serve as a comprehensive measure of diagnostic ability 

for biomarkers under tree ordering and hence we propose to consider ITFNR as an ad

ditional index, paired with TAUC, to measure diagnostic ability of biomarkers under 

tree-ordering. 
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2.2.1 Summary of ROC curve under tree ordering (TROC) and area un-

der TROC (TAUC) 

Define Z = min(Y2, ... , YK)- At a given cut-point c, the sensitivity (TSe) and specificity 

(TSp) under tree ordering are defined as 

K 

TSe(c) = P(Z > c) = fl (1 - Fk(c) ), 
k=2 (2.1) 

where Fk (.) stands for the cdf of Yk for k = 1, 2, ... , K. Similarly as ROC curve for binary 

classification, the ROC curve for tree ordering (TROC) can be obtained by plotting TSe( c) 

vs. 1 - TS p (c) over all possible c; i.e. 

K 

TROC(F1,F2, ...,FK) = (1- TSp(c), TSe(c)) = (l -F1(c), fl(l -Fk(c))). (2.2) 
k=2 

The area under TROC (TAUC) was shown to be 

(2.3) 

Note that TAUC ranges from 1 / K to 1. One of the important differences between TROC 

and ROC is the chance curve (line) is TSe = (1 - TSp)k- l under tree ordering while the 

diagonal line for binary case. More information can be found in the paper by Wang et al. 

(2016) 
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2.2.2 The false negative rate under tree ordering 

For binary classification, let Y1 and Y2 stand for marker values for healthy subject and 

diseased subject respectively, assuming that higher value of a biomarker indicate larger 

chance for a subject being diseased. To fully evaluate the accuracy of a biomarker or 

diagnostic test at a given cut-point c, in addition to the correct classification rates (i.e. 

sensitivity Se(c) and specificity Sp(c)), often we also consider the misclassification errors, 

i.e. false negative rate (FNR) and false positive rate (FPR), defined as follows: 

FNR(c) = P(Y2 ::; c) and FPR(c) = P(Y1 > c). (2.4) 

It is obvious that Se(c) + FNR(c) = 1 and Sp(c) + FPR(c) = 1 at a given c. Hence 

for binary cases, FNR and FPR do not provide any extra information in addition to that 

contained in Se(c) and Sp(c) for the diagnostic accuracy at a given cut-point c. 

Now consider the tree ordering case with the setting Y1 ::::; (Y2, Y3, ... , YK)- Although 

sensitivity and specificity under tree ordering (i.e. TSe(c) and TSp(c)) are clearly defined 

(Wang et al., 2016) in (2.1), the definition of false negative rate and false positive rate for 

tree-ordering have never been given. 

Following the generic definition which states that false negative rate equals to the 

probability that a randomly selected patient with disease is falsely diagnosed in the healthy 

class, we can define false negative rate under tree ordering (denoted as TFNR) as follows: 

TFNR(c) = P((Y2, Y3, · · ·, YK)::; c) 
(2.5) 

= P(max(Y2, Y3, · · · , YK) ::; c). 

It is easy to see that TSe and TFNR at a given cut-point c do not add up to 1. Actually we 
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have 

TFNR(c) + TSe(c) = 1- P(min(Y2, Y3, · · ·, YK)::; c < max(Y2, Y3, · · ·, YK)). (2.6) 

Since max(Y2, · · · , YK) 2': min(Y2, · · · , YK), P(max(Y2, · · · , YK) > c) 2': P(min(Y2, · · · , YK) > 

c). Consequently, P(min(Y2, · · ·, YK) ::; c < max(Y2, · · ·, YK)) 2': 0 with equality only oc

curring as Y2, Y3, · · · , YK all equal to a same constant. 

On the other hand, it is clear that false positive rate under tree ordering (denoted as 

TFPR) can retain the same definition as FPR for binary case in (2.4), i.e. TFPR(c) = 

P(Y1 > c). 

2.2.3 The integrated false negative rate under tree ordering 

Note that for binary cases, the AUC is nothing but integrated sensitivity (i.e. Se(c)) with 

respect to 1-specificity (i.e. 1 - Sp(c)) over all possible c, that is, 

fo1 
AUC = Se(c) d(l - Sp(c)) 

(2.7) 

= P(Y1 < Y2). 

Similarly, the integrated false negative rate (denoted as IFNR) can be defined; i.e. 

IFNR = fo1 
FNR(c) d(l - Sp(c)) 

(2.8) 

= P(Y1 2': Y2). 

Note that IFNR ranges from Oto 1/2. It is easy to see that AUC + IFNR = 1. That is 

to say, for binary case, IFNR does not provide any additional information beyond AUC 

about the biomarker performance. 

Now consider tree ordering. Similarly as IFNR defined in (2.8), we define the inte-
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grated false negative rate under tree ordering (denoted as ITFNR) as follows: 

fo1 
ITFNR = TFNR(c) d(l - TSp(c)) 

+00 K 

= _ I]FK(c)fi(c)dc 
001

(2.9) 

= En [n P(Yk::; clY1 = c)] 
k=2 

= P(Y1 2: max(Y2, · · · , YK) ). 

The range of ITFNR is from O to 1/k, with O corresponding to the scenario that the 

healthy class can be distinguished from the rest K - 1 diseased classes perfectly, and with 

1/k corresponding to the case that the distributions for K classes overlap completely. In 

other words, the marker has no discriminatory ability at all between healthy and diseased 

classes when ITFNR is 1/k, and perfect discriminatory ability when ITFNR is 0. There

fore, the larger the ITFNR, the worse the diagnostic ability of the marker. Furthermore, 

it is easy to see that 

For ease of notation, we define the integrated non-identifiable probability for tree order

ing (ITNIP) as: 
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Figure 2.1: Comparison of binary case (a) with tree ordering case (b). The red dash-dot 
lines are the chance line (curve). The yellow area in (b) is the integrated non-identifiable 

probability for tree ordering (ITNIP) defined in (2.11). 

Different from binary classification for which IFNR does not provide additional infor

mation for diagnostic ability besides AUC, ITFNR can serve as a useful measure along 

with TAUC for tree-ordering. While TAUC can be considered as the average true posi

tive rate over all possible cut-off c, ITFNR is the average false negative rate. Therefore, 

a marker is preferred if it has larger TAUC and smaller ITFNR than the others. Toil

lustrate and compare IFNR and ITFNR, Figure 2.1 presents the ROC curve for binary 

case (a) and TROC curve for tree ordering case (b). The AUC for binary case in Figure 

2.l(a) and TAUC for tree-ordering in Figuer 2.l(b) are in skyblue, while lavender areas 

are IFNR for binary case and ITFNR for tree-ordering respectively. The yellow area in 

Figure 2.l(b) is ITNIP defined above. Figure 2.1 clearly shows AUC + IFNR = 1 under 

binary classification, and TAUC + ITNIP + ITFNR = 1 under tree ordering. 
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2.2.4 The interpretation of ITFNR: an example 

As we have demonstrated above, for tree ordering, ITFNR can serve as an additional 

diagnostic measure and hence needs to be taken into account for assessing diagnostic 

accuracy of a biomarker. In this section, we will further illustrate the meaning and signif

icance of ITFNR through a simple example. 

Let Y1 denote marker value for the healthy class, and Y2 and Y3 for two subtype dis

ease classes. Consider tree ordering Y1 < (Y2, Y3). Assume that Yi follows exponential 

distributionswithmeanvalueofl/Ai,fori = 1,2,3. Definea:12 = ~~ anda:23 =~~-Note 

that a:12 and a:23 can be considered as measures of the difference between Y1 and Y2, and 

that between Y2 and Y3, respectively. We can easily calculate the following: 

12ITFNR = 1 - a: 
a:12 + 1 

Both TAUC and ITFNR are functions of a:12 and a:23, and the pair (TAUC, ITFNR) com

pletely determine a:12 and a:23. 

Figure 2.2 presents TAUC and ITFNR as functions of a:12 with a:23 set as 1 in (a) and 3 

in (b). The curve separating sky-blue and yellow areas stands for TAUC while the curve 

separating red and yellow areas stands for ITFNR. Note the Y-axis on left is for ITFNR 

starting from top to bottom while the Y-axis on right is for TAUC starting from bottom to 

top. Therefore, if we draw an vertical line at given a:12, the red, yellow and blue portions 

stand for ITFNR, TAUC and ITNIP respectively. It is clearly that ITFNR + TAUC + 
ITNIP = 1 at given a:12 and a:23. From Figure 2.2, we can see that both TAUC and 

ITFNR vary with a:12 given a:23. Given a:23, as a:12 increases, TAUC increases and ITFNR 

decreases. This is easy to interpret because larger a:12 means larger difference between Y1 

and Y2, hence it is easier to identify Y1 from Y2 and Y3, given a:23, yielding larger TAUC 
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and smaller ITFNR. Note that the increase in TAUC does not equal to the decrease in 

ITFNR as a:12 gets larger, making it necessary to consider ITFNR besides TAUC for the 

purpose of measuring diagnostic ability. Furthermore, from viewing Figures 2 (a) vs. (b), 

itis obvious that the magnitude of changes of TAUC and ITFNR with a:12 also depends on 

a:23. For example, (a:12,a:23) = (3, 1) and (2,3) represent two very different scenarios, yet 

both have the same TAUC, i.e. 0.6. Hence TAUC lacks the ability to distinguish between 

these two scenarios. However, ITFNR are different, i.e. 0.1 for the first scenario, and 0.076 

for the second. Therefore, (TAUC, ITFNR ) together will provide a more comprehensive 

evaluation of the diagnostic ability of a biomarker than that of TAUC alone. 

00 0 ~ 
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ci ci ci ci 

<D <D" ci ci ci" ci0:: (.) 0:: (.)z ::::) z ::::)
LL LL 
t::: <D t::: <D ~ 

ci " ci 
~ 

ci "ci 

CX) N CX) N 
ci ci ci ci 

0 0 
ci 

0 0 
ci 

1.0 1.5 2 .0 2.5 3.0 1.0 1.5 2.0 2.5 3.0 

CX12 CX12 

(a) £t23 = 1 (b) it23 = 3 

Figure 2.2: ITFNR and TAUC vs. a:12 given a:23. 

2.3 Parametric confidence region estimation 

In this section, we propose two parametric methods for confidence region estimation of 

(TAUC, ITFNR ): the asymptotic delta method (AD ) and a generalized inference method 

(GI) based on the concept of generalized pivotal quantity. Section 2.3.1 presents the AD 

and GI methods for normal data, and Section 2.3.2 presents the Box-Cox transformation 
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to handle non-normal data. 

2.3.1 Under normality 

Let Yk ~ N(µk, crf) denotes the diagnostic marker measurement for the kth group where 

k = 1, ..., K. Then TAUC and ITFNR can be calculated as 

+oo K 

TAUC = j_ J] <1>(-fY.kc + /3k)cp(c)dc, (2.12) 
00 

ITFNR (2.13) 

where 

(2.14) 

For a given data set, let Ykj (k = 1, 2, ..., K, j = 1, 2, ..., nk) denote the /h observation of 

the marker value for the kth group. Let µk and &k stand for maximum likelihood estimates 

of µk and CTk, respectively. And let &,k and ~k denote the estimated fY.k and /3k respectively. 

The estimated TAUC and ITFNR, denoted as TAUC and ITFNR, respectively, can be 

obtained by substituting the estimates &,k and ~k for the corresponding parameters. 

2.3.1.1 Asymptotic delta method (AD) 

The asymptotic variances of &,k and ~k along with their covariances can be obtained by 

applying the delta method (Obuchowski and McCLISH, 1997): 

(2.15) 

https://1>(-fY.kc
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and 

(2.16) 

Define ffmz e = (TAUC, --ITFNR). The asymptotic covariance matrix of ffmz e, i.e. Lm/e = 

COV(ffmze), can be obtained by the delta method. The followings are needed for calculat

ing the asymptotic covariance matrix of ffmze 

,,.2 _ f-, [(dTAUC) 2 (dTAUC) 2 <1TAUC<1TAUC ] 
v - - L,; CF

2 
, + --- CF

2 
, +2------CF, i!. (2.17)

TAUC k=l dlXk lXk df3k f, k dlXk df3k lXk, f-' k 

+2 t dTAUC dTAUC CF& &· + t dTAUC dTAUC CF - ,2 
. . dlX. dlX. " J . . d/3. d/3. f, ;, f, j 

1 

1>1 l 1 1>1 l 1 

f-, [dTAUC <1ITFNR CF? + <1TAUC <1ITFNR ~] (2.18)
CF( fAuc,ITFNR ) k'-:i dlXk dlXk iXk df3k df3k f, k 

+ t [dTAUC <1ITFNR CF- , + <1TAUC <1ITFNR CF- , ] 

k=l dlXk df3k iXk, f, k df3k dlXk iXk, f, k 

+t <1TAUC <1ITFNR CF&; ,&· + t <1TAUC <1ITFNR CF- - .. 

ii=j dlXi dlXj J ii=j d/3i d/3 j f,,,f,1 

Where CFi, CF~ , CF& f!. , CF& &· , CFf!. . i!. . are defined in (2.15) and (2.16). Note that CF
2
------ can be 

k 1-' k 1,j-'1 ,, ] /-' U/-' J ITFN R 

obtained by replacing TAUC with ITFNR in (2.17). Substituting lXk and /3k in the equation 

above by &,k and ~k, we can obtain (2.17) and (2.18) directly. 

Furthermore, the following terms are needed for calculating CF~, CF2------ , and CF( fAiic, ITFNR):
TAUC ITFN R 
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<1ITFNR 

dlXk 

where lXk and /3k are defined in (2.14). 

As ( fimz e - YJ) Tf;;;}e( fimze - YJ) converges to chi-square distribution with two degrees of 

freedom, the 100(1 - tx)% asymptotic confidence region of Y/ can be defined as: 

(2.19) 

However, the confidence regions produced by this approach are generally too liberal 

when sample sizes are not large enough, as demonstrated by simulation studies. Sim

ilar observation has been reported previously; e.g. Yin and Tian (2014). Therefore, we 

will construct the confidence region by applying simulated critical value instead. First, 

1000 samples are simulated from normal distributions with parameters (µ, o-2) set as the 

(gi, Si), i.e. the sample mean and sample variance, for i = 1, · · · , K. Define fj~ze = 

(TAUC1, --ITFNR1? as the MLE estimator for the l th (l = 1, · · ·, 1000) sample, and II JJ~zell 

f ;::z h :;:z -{', - 1; 2(A1 A ) Th th as the 1ength or norm o Yfmze w ere Yfmze = L.mle Yfmze - Y/mle . en q{ ll1J1111el l;l-a}' e 

100(1 - tx) th percentile of the set II JJ~zell (Z = 1, · · · , 1000), replaces Xi,1 - a in (2.19) to form 

the new 100(1 - tx )% asymptotic confidence region of Y/ as follows: 

(2.20) 

The area of confidence region is HAD = n(q2{ I~ ll·l - }) Jltmzel where lf:mzel is the deter-
1J 1111e , l\'. 

minant of tmle· 
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2.3.1.2 Generalized inference approach (GI) 

Tsui and Weerahandi (1989) and Weerahandi (1995) introduced the concepts of general

ized variables and generalized pivots, which will serve as the basis of our second para

metric approach for normal data. The advantage of generalized inference approach ( G l) 

is that it typically has good performance even at small sample sizes as it is an exact test. 

The detailed discussion could be found in the book by Weerahandi (1995). Extensive 

researches on generalized inference have been carried out in a variety of applied fields 

(Wang et al., 2016; Yin and Tian, 2014; Krishnamoorthy and Mathew, 2003; Weerahandi, 

2004; Tian and Cappelleri, 2004; Lin et al., 2007; Li et al., 2008; Krishnamoorthy et al., 2009; 

Lai et al., 2012; Dong et al., 2011). 

Let li be the sample and S~ the sample variance, and Yk and s~ are the corresponding 

observed values. The generalized pivotal quantities for normal variances and means are 

well known (Krishnamoorthy and Mathew, 2003) to be 

(2.21) 

where vk = (nk~; )si ~ X~ - l and zk = y'n(~-µk) ~ N(0, 1) for the kth group. The general-
k 

ized pivotal quantity for TAUC and ITFNR are 

(2.22) 

(2.23) 

where Rcrk = (R""";, Rixk = ; (Tl and R13k = R,,rR One can easily prove that RI] =V ~ ·erk erk erk 

1'1 

(RTAUC, RITFN R) satisfies the two following conditions to be a bona fide generalized piv-

otal quantity: 1) the distribution of R 11 is independent of any unknown parameters; and 
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2) the observed value of R11 equals to YJ for given Yk and S~ (k = 1, · · · , K). 

Given a specific data set Ykj (k = 1, 2, ... , K, and j = 1, 2, ... , nk), the confidence 

region for YJ = (TAUC, ITFNR) T by generalized inference approach can be obtained via 

the following steps: 

1. For k = 1, 2, ... , K, generate Vk from x~k- l and calculate R(TF following (2.21), then 

generate Zk from standard normal distribution N(0, 1), and calculate Rµk following 

(2.21). 

2. Compute R 11 = (RTAUC, RITFNR) following (2.22) and (2.23). 

3. Repeat steps 1-3 a total of J times to obtain an array of Rt's values for j = 1, · · · , J. 

1 J . 
4. Calculate the sample mean vector fic1 = Jj~ R~ and sample covariance matrix 

f: _ 1 "' (Rj A ) (Rj A ) TGI - J L-j=l 1J - Y/GI 1J - Y/GI · 

5. Calculate Rt = tc}/2
( Rt - fic1 ), and its length II Rt II for j = 1, · · · , J. 

Denote q{ IIRl/l l;l-a} as the 100(1 - lX) th percentile of the set II Rt II (j = 1, · · · , J). The 100(1 -

lX) % generalized confidence region of Y/ is 

(2.24) 

The area of confidence region is 

where lf:c1I is the determinant of tc1 obtained in step 4. 
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2.3.2 Without normality 

In practice, it is common that the normality of the data is not satisfied. For such sce

nario, Box-Cox transformation(Box and Cox, 1964) could be applied to justify the normal 

assumption because both TAUC and ITFNR are invariant under monotonic transforma

tion. This type of approach is widely used in ROC analysis for a variety of problems, e.g. 

Molodianovitch et al. (2006); Fluss et al. (2005); Zou and Hall (2000); Faraggi and Reiser 

(2002); Schisterman et al. (2004). 

For the i th (i = 1, ... , nk) subject in the kth group (k = 1, 2, ... , K), a power transforma

tion of the Box-Cox type is suggested as: 

where it is assumed that Y~ ~ N(µk,cr'f). The likelihood function based on all the obser

vations from K groups is: 

(2.25) 

We can obtain the MLE of A, µk and CTk by maximizing the function in (2.25). After the 

Box-Cox transformation is applied to the original data, the normality-based parametric 

approaches proposed in Section 2.3.1 can be carried out for the transformed data. 

2.4 Non-parametric confidence region estimation (NP) 

The parametric approaches only can be applied when the normality assumption of ei

ther original data or the transformed data is not violated. However, it is common for 
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researchers to encounter non-normal data sets for which normality could not be achieved 

through transformation. Therefore, it is necessary to provide a non-parametric approach 

for estimating the confidence region off/ = (TAUC, ITFNR) T_ 

Given an observed data set Yk/s where k = 1, 2, ... , K, and j = 1, 2, ... , nk, the empiri

cal estimate of TAUC and ITFNR can be written as 

(2.26) 

(2.27) 

We use "smooth bootstrap" samples instead of simple non-parametric bootstrap samples. 

The so-called "smooth bootstrap" approach adds a normally distributed random error 

term with variance equals to the square of bandwidths hyk = 0.9min{ sd(cyk), iqr(yk) /1.34 

2}n;0· , where sd(cyk) and iqr(yk) are the standard deviation and the inter quartile range 

of k th ( k = 1, · · · , K) group respectively, to the simple non-parametric bootstrap samples. 

Such bandwidth was recommended by Silverman (2018) and have been extensively car

ried out in diagnostic studies (Fluss et al., 2005; Faraggi and Reiser, 2002; Zou et al., 1998). 

It has been shown that the "smooth bootstrap" approach can improve the coverage in 

many studies efficiently. To be specific, the smooth bootstrap samples, Y1c (k = 1, · · · , K), 

are obtained as 

(2.28) 

where Yt is a vector of nk bootstrap values sampling with replacements from the observed 

values of kth group, and Ck MVNn;(o,hiJ).rv 
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The joint confidence region for f/ = (TAUC,ITFNR? then can be constructed by 

nonparametric smooth bootstrapping via the following steps: 

1. For each k (k = 1, 2, ... , K), draw bootstrap samples of size nk with replacements. 

Smooth the bootstrap samples by (2.28). 

2. Calculate TAUC and ITFNR using the smooth bootstrap samples following (2.26) 

and (2.27), respectively. 

-b-b 
3. Repeat step 1-2 for B times to obtain a set of fl = (TAUC , ITFNR )T (b = 1, • • • , B), 

and calculate the sample mean fjB = i r:,f=l fl and sample covariance matrix f:.B = 

B~l Lf=1(1Jb -fjB)(JJb -fiB?. 

4. Calculate fjb = (fB) - 112(ryb - fjB), the standardized version of JJb, and its norm II fib II 

for b = 1, · · · , B. 

Denote q{ IIJJnr ll;l -a} as the 100(1 - lX )th percentile of the set II fib II (b 1, · · · , B). The 

100(1 - £X)% nonparametric approach confidence region off/ is 

(2.29) 

The area of confidence region is 

where lf:.B I is the determinant of f:.B obtained in step 3. 
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2.5 Simulation studies 

This section presents extensive simulation studies to evaluate the proposed confidence 

region estimation methods for (TAUC, ITFNR ). Logit (LG) and arcsin-square-root (AS) 

transformations will be used to improve the coverage probabilities. The logit function 

is well-known to be used to transform quantities from O to 1, and the arcsin-square-root 

transformation is a variance-stabilizing transformation for binomial probabilities. Note 

that for parametric confidence region estimation for non-normal data, Box-cox trans

formation is applied first to normalize data. To obtain the confidence region of r? = 

(h(TAUC),h(ITFNR)l, the same computing algorithms in Section 2.3.1 and Section 2.4 

are applied except that both of the simulated samples TAUC and ITFNR are transformed 

using either the logit transformation or the arcsin-square-root transformation. After the 

confidence region of r? is constructed, the inverse transformation of the confidence re

gion of 17h, i.e. 1J = [h- 1 (h(TAUC )) ,h- 1 (h(ITFNR )) ] = (TAUC, ITFNRl is performed. 

The 100(1 - l\'. )% confidence region of 17h and 17 are defined as follows 

(2.30) 

(2.31) 

where fl and f.h are the sample mean and sample covariance matrix of the transformed 
- h -h 

samples, h- 1(1t ) = (h - 1(TAUC ),h- 1(ITFNR )? is the inverse transformation of the 

sample mean qh, and f.in v is the inverse transformation of the sample covariance matrix 

Ah 
~-

Henceforth, we denote the asymptotic method (AD), the generalized inference method 

(GI) the non-parametric method (NP) with the logit transformation as ADLG, GILG, and 
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Table 2.1: Summary of approximate 95% confidence regions for (TAUC, ITFNR) under 
normal distributions based on 2000 simulations. 

Sample size AD ADLG ADAS GI GILG GIAS NP NPLG NPAS 

K = 3 

(TAUC,ITFNR)=(0.333,0.333) 
Coverage probability 

(20,20,20) 0.9060 0.9630 0.9310 0.9450 0.9610 0.9470 0.9330 0.9165 0.9205 
(35,35,35) 0.9210 0.9550 0.9365 0.9420 0.9540 0.9455 0.9475 0.9380 0.9405 
(50,50,50) 0.9310 0.9595 0.9470 0.9450 0.9580 0.9540 0.9555 0.9460 0.9490 
(75,75,75) 0.9350 0.9565 0.9460 0.9445 0.9505 0.9500 0.9545 0.9510 0.9530 
(60,30,30) 0.9335 0.9635 0.9485 0.9425 0.9605 0.9510 0.9555 0.9460 0.9485 
(80,60,50) 0.9325 0.9565 0.9450 0.9390 0.9555 0.9480 0.9505 0.9430 0.9465 

Area of confidence region 
(20,20,20) 0.0531 0.0613 0.0542 0.0591 0.0604 0.0582 0.0660 0.0716 0.0674 
(35,35,35) 0.0299 0.0324 0.0303 0.0317 0.0322 0.0315 0.0365 0.0382 0.0370 
(50,50,50) 0.0208 0.0220 0.0210 0.0216 0.0219 0.0216 0.0251 0.0259 0.0253 
(75,75,75) 0.0138 0.0143 0.0139 0.0141 0.0143 0.0141 0.0165 0.0168 0.0166 
(60,30,30) 0.0243 0.0256 0.0244 0.0253 0.0258 0.0253 0.0292 0.0300 0.0294 
(80,60,50) 0.0152 0.0158 0.0153 0.0156 0.0158 0.0156 0.0182 0.0185 0.0183 

(TAUC,ITFNR)=(0.693,0.077) 
Coverage probability 

(20,20,20) 0.9075 0.9810 0.9335 0.9575 0.9760 0.9595 0.9470 0.9260 0.9315 
(35,35,35) 0.9200 0.9735 0.9415 0.9510 0.9685 0.9540 0.9550 0.9430 0.9470 
(50,50,50) 0.9265 0.9700 0.9420 0.9470 0.9655 0.9525 0.9520 0.9450 0.9460 
(75,75,75) 0.9330 0.9640 0.9450 0.9555 0.9600 0.9570 0.9640 0.9510 0.9550 
(60,30,30) 0.9290 0.9725 0.9450 0.9550 0.9725 0.9595 0.9650 0.9540 0.9590 
(80,60,50) 0.9275 0.9610 0.9470 0.9495 0.9615 0.9535 0.9560 0.9505 0.9520 

Area of confidence region 
(20,20,20) 0.0302 0.0346 0.0283 0.0373 0.0323 0.0332 0.0401 0.0435 0.0395 
(35,35,35) 0.0163 0.0175 0.0157 0.0186 0.0169 0.0172 0.0220 0.0229 0.0218 
(50,50,50) 0.0112 0.0117 0.0109 0.0123 0.0115 0.0116 0.0150 0.0155 0.0150 
(75,75,75) 0.0072 0.0075 0.0071 0.0077 0.0074 0.0074 0.0098 0.0100 0.0098 
(60,30,30) 0.0134 0.0142 0.0131 0.0148 0.0140 0.0141 0.0176 0.0181 0.0175 
(80,60,50) 0.0081 0.0084 0.0079 0.0086 0.0082 0.0083 0.0107 0.0110 0.0107 

K = 4 

(TAUC,ITFNR)=(0.393,0.140) 
Coverage probability 

(20 ,20 ,20 ,20) 0.8835 0.9630 0.9125 0.9305 0.9530 0.9320 0.9225 0.8950 0.9030 
(35 ,35 ,35 ,35) 0.9180 0.9650 0.9410 0.9380 0.9620 0.9475 0.9430 0.9300 0.9320 
(50,50,50,50) 0.9235 0.9565 0.9405 0.9405 0.9505 0.9435 0.9440 0.9365 0.9385 
(75 ,75 ,75 ,75) 0.9320 0.9595 0.9405 0.9430 0.9585 0.9510 0.9475 0.9400 0.9430 
(60,30,30,30) 0.9250 0.9575 0.9440 0.9370 0.9545 0.9435 0.9520 0.9350 0.9430 
(80 ,60 ,50 ,50) 0.9290 0.9550 0.9405 0.9400 0.9505 0.9425 0.9400 0.9315 0.9360 

Area of confidence region 
(20 ,20 ,20 ,20) 0.0529 0.0634 0.0533 0.0609 0.0581 0.0577 0.0665 0.0726 0.0676 
(35 ,35 ,35 ,35) 0.0303 0.0336 0.0306 0.0329 0.0322 0.0320 0.0379 0.0398 0.0383 
(50,50,50,50) 0.0213 0.0229 0.0215 0.0225 0.0222 0.0221 0.0264 0.0273 0.0266 
(75 ,75 ,75 ,75) 0.0142 0.0149 0.0143 0.0147 0.0146 0.0145 0.0175 0.0178 0.0176 
(60,30,30,30) 0.0227 0.0242 0.0228 0.0239 0.0238 0.0235 0.0279 0.0286 0.0280 
(80 ,60 ,50 ,50) 0.0151 0.0159 0.0152 0.0157 0.0156 0.0155 0.0185 0.0189 0.0186 
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Table 2.1: Continued 

Sample size AD ADLG ADAS GI GILG GIAS NP NPLG NPAS 

(TAUC,ITFNR)=(0.426,0.101) 
Coverage probability 

(20 ,20 ,20 ,20) 0.9005 0.9795 0.9330 0.9395 0.9710 0.9465 0.9340 0.9195 0.9225 
(35 ,35 ,35 ,35) 0.9220 0.9735 0.9465 0.9455 0.9670 0.9525 0.9550 0.9445 0.9460 
(50,50,50,50) 0.9295 0.9655 0.9485 0.9450 0.9580 0.9510 0.9555 0.9495 0.9515 
(75 ,75 ,75 ,75) 0.9350 0.9615 0.9510 0.9470 0.9575 0.9555 0.9575 0.9535 0.9550 
(60,30,30,30) 0.9255 0.9690 0.9450 0.9430 0.9670 0.9510 0.9585 0.9510 0.9525 
(80 ,60 ,50 ,50) 0.9405 0.9650 0.9490 0.9480 0.9575 0.9505 0.9580 0.9520 0.9555 

Area of confidence region 
(20 ,20 ,20 ,20) 0.0466 0.0559 0.0462 0.0530 0.0496 0.0495 0.0603 0.0648 0.0605 
(35 ,35 ,35 ,35) 0.0260 0.0288 0.0260 0.0281 0.0270 0.0270 0.0339 0.0352 0.0340 
(50,50,50,50) 0.0181 0.0194 0.0181 0.0190 0.0185 0.0185 0.0235 0.0241 0.0236 
(75 ,75 ,75 ,75) 0.0119 0.0125 0.0119 0.0123 0.0121 0.0121 0.0155 0.0158 0.0155 
(60,30,30,30) 0.0198 0.0215 0.0199 0.0207 0.0204 0.0203 0.0256 0.0262 0.0256 
(80 ,60 ,50 ,50) 0.0132 0.0139 0.0132 0.0135 0.0134 0.0133 0.0171 0.0174 0.0171 

K = 5 

(TAUC,ITFNR)=(0.657,0.040) 
Coverage probability 

(20,20,20,20,20) 0.8845 0.9840 0.9060 0.9470 0.9660 0.9435 0.9025 0.8155 0.8565 
(35,35,35,35,35) 0.9115 0.9800 0.9320 0.9435 0.9665 0.9470 0.9310 0.9040 0.9095 
(50,50,50,50,50) 0.9170 0.9670 0.9380 0.9475 0.9580 0.9505 0.9380 0.9210 0.9245 
(75,75,75,75,75) 0.9245 0.9625 0.9400 0.9465 0.9605 0.9495 0.9465 0.9395 0.9385 
(60,30,30,30,30) 0.9205 0.9690 0.9385 0.9440 0.9580 0.9480 0.9355 0.9230 0.9250 
(80,60,50,50,50) 0.9245 0.9600 0.9310 0.9390 0.9530 0.9445 0.9440 0.9365 0.9355 

Area of confidence region 
(20,20,20,20,20) 0.0322 0.0392 0.0286 0.0401 0.0314 0.0336 0.0489 0.0576 0.0469 
(35,35,35,35,35) 0.0175 0.0193 0.0161 0.0201 0.0170 0.0177 0.0282 0.0320 0.0281 
(50,50,50,50,50) 0.0119 0.0127 0.0112 0.0133 0.0117 0.0120 0.0197 0.0216 0.0198 
(75,75,75,75,75) 0.0077 0.0080 0.0074 0.0083 0.0076 0.0077 0.0130 0.0138 0.0131 
(60,30,30,30,30) 0.0117 0.0125 0.0112 0.0130 0.0117 0.0120 0.0184 0.0198 0.0184 
(80,60,50,50,50) 0.0078 0.0082 0.0076 0.0084 0.0078 0.0079 0.0129 0.0136 0.0130 

(TAUC,ITFNR)=(0.289,0.127) 
Coverage probability 

(20,20,20,20,20) 0.8825 0.9660 0.9115 0.9240 0.9510 0.9320 0.9130 0.8805 0.8895 
(35,35,35,35,35) 0.9140 0.9670 0.9355 0.9375 0.9560 0.9455 0.9335 0.9180 0.9210 
(50,50,50,50,50) 0.9250 0.9595 0.9370 0.9405 0.9530 0.9455 0.9420 0.9325 0.9370 
(75,75,75,75,75) 0.9280 0.9580 0.9465 0.9400 0.9570 0.9485 0.9445 0.9390 0.9420 
(60,30,30,30,30) 0.9180 0.9605 0.9340 0.9225 0.9490 0.9345 0.9375 0.9270 0.9320 
(80,60,50,50,50) 0.9270 0.9520 0.9385 0.9375 0.9485 0.9425 0.9395 0.9305 0.9330 

Area of confidence region 
(20,20,20,20,20) 0.0527 0.0662 0.0540 0.0615 0.0574 0.0574 0.0646 0.0709 0.0656 
(35,35,35,35,35) 0.0311 0.0353 0.0316 0.0337 0.0327 0.0326 0.0374 0.0394 0.0379 
(50,50,50,50,50) 0.0220 0.0241 0.0223 0.0233 0.0228 0.0228 0.0263 0.0272 0.0265 
(75,75,75,75,75) 0.0147 0.0157 0.0149 0.0153 0.0151 0.0151 0.0175 0.0179 0.0176 
(60,30,30,30,30) 0.0222 0.0241 0.0225 0.0232 0.0230 0.0228 0.0264 0.0271 0.0265 
(80,60,50,50,50) 0.0153 0.0163 0.0155 0.0159 0.0157 0.0157 0.0182 0.0185 0.0182 

NPLG respectively; and with the arcsin-square-root transformation as ADAS, GIAS and 

NPAS respectively. 

To assess the coverage probabilities of the proposed confidence region estimation 

methods, i.e. asymptotic delta methods (AD, ADLG, ADAS), generalized inference meth-
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Table 2.2: Summary of approximate 95% confidence regions for (TAUC, ITFNR) under 
gamma distributions based on 2000 simulations. Box-Cox transformation is performed 

to the original data for all parametric methods. 

Sample size AD ADLG ADAS GI GILG GIAS NP NPLG NPAS 

K = 3 

(TAUC,ITFNR)=(0.660,0.100) 
Coverage probability 

(20,20,20) 0.9175 0.9865 0.9470 0.9595 0.9800 0.9660 0.9305 0.9080 0.9110 
(35,35,35) 0.9335 0.9840 0.9560 0.9570 0.9800 0.9685 0.9425 0.9280 0.9310 
(50,50,50) 0.9405 0.9845 0.9650 0.9620 0.9805 0.9735 0.9635 0.9535 0.9560 
(75,75,75) 0.9430 0.9765 0.9610 0.9520 0.9730 0.9615 0.9610 0.9540 0.9560 
(60,30,30) 0.9610 0.9825 0.9705 0.9720 0.9825 0.9775 0.9605 0.9600 0.9605 
(80,60,50) 0.9530 0.9795 0.9680 0.9630 0.9790 0.9730 0.9620 0.9570 0.9560 

Area of confidence region 
(20,20,20) 0.0335 0.0385 0.0321 0.0408 0.0365 0.0371 0.0448 0.0489 0.0446 
(35,35,35) 0.0182 0.0196 0.0177 0.0205 0.0191 0.0193 0.0245 0.0256 0.0245 
(50,50,50) 0.0125 0.0131 0.0122 0.0136 0.0129 0.0130 0.0168 0.0174 0.0169 
(75,75,75) 0.0082 0.0084 0.0081 0.0087 0.0084 0.0084 0.0111 0.0113 0.0111 
(60,30,30) 0.0148 0.0157 0.0146 0.0163 0.0156 0.0157 0.0194 0.0199 0.0194 
(80,60,50) 0.0091 0.0094 0.0090 0.0097 0.0094 0.0094 0.0121 0.0124 0.0121 

(TAUC,ITFNR)=(0.705,0.084) 
Coverage probability 

(20,20,20) 0.8975 0.9875 0.9375 0.9540 0.9810 0.9590 0.9255 0.9030 0.9050 
(35,35,35) 0.9105 0.9820 0.9430 0.9470 0.9785 0.9550 0.9350 0.9215 0.9250 
(50,50,50) 0.9175 0.9805 0.9435 0.9425 0.9730 0.9555 0.9530 0.9415 0.9455 
(75,75,75) 0.9170 0.9730 0.9420 0.9380 0.9690 0.9525 0.9580 0.9480 0.9505 
(60,30,30) 0.9560 0.9840 0.9705 0.9705 0.9850 0.9770 0.9640 0.9585 0.9605 
(80,60,50) 0.9345 0.9830 0.9605 0.9550 0.9780 0.9670 0.9605 0.9530 0.9550 

Area of confidence region 
(20,20,20) 0.0294 0.0336 0.0275 0.0366 0.0315 0.0325 0.0407 0.0448 0.0402 
(35,35,35) 0.0158 0.0169 0.0152 0.0181 0.0164 0.0167 0.0223 0.0234 0.0222 
(50,50,50) 0.0108 0.0113 0.0105 0.0119 0.0110 0.0112 0.0154 0.0159 0.0154 
(75,75,75) 0.0070 0.0072 0.0069 0.0075 0.0071 0.0072 0.0101 0.0103 0.0101 
(60,30,30) 0.0127 0.0135 0.0125 0.0143 0.0134 0.0136 0.0173 0.0179 0.0173 
(80,60,50) 0.0078 0.0081 0.0077 0.0084 0.0080 0.0081 0.0109 0.0112 0.0109 

K = 4 

(TAUC,ITFNR)=(0.502,0.104) 
Coverage probability 

(20 ,20 ,20 ,20) 0.8890 0.9795 0.9260 0.9345 0.9670 0.9465 0.9115 0.8790 0.8875 
(35 ,35 ,35 ,35) 0.9045 0.9780 0.9470 0.9435 0.9700 0.9535 0.9290 0.9165 0.9195 
(50,50,50,50) 0.9180 0.9745 0.9440 0.9380 0.9635 0.9500 0.9495 0.9375 0.9420 
(75 ,75 ,75 ,75) 0.9180 0.9640 0.9410 0.9345 0.9560 0.9415 0.9535 0.9405 0.9475 
(60,30,30,30) 0.9370 0.9785 0.9585 0.9485 0.9695 0.9600 0.9510 0.9365 0.9420 
(80 ,60 ,50 ,50) 0.9295 0.9685 0.9505 0.9380 0.9640 0.9525 0.9525 0.9415 0.9430 

Area of confidence region 
(20 ,20 ,20 ,20) 0.0467 0.0556 0.0458 0.0550 0.0504 0.0508 0.0621 0.0687 0.0626 
(35 ,35 ,35 ,35) 0.0263 0.0289 0.0260 0.0291 0.0275 0.0276 0.0351 0.0371 0.0354 
(50,50,50,50) 0.0184 0.0197 0.0183 0.0197 0.0190 0.0190 0.0247 0.0256 0.0249 
(75 ,75 ,75 ,75) 0.0122 0.0128 0.0122 0.0128 0.0125 0.0125 0.0164 0.0168 0.0165 
(60,30,30,30) 0.0193 0.0207 0.0193 0.0209 0.0204 0.0203 0.0254 0.0262 0.0255 
(80 ,60 ,50 ,50) 0.0130 0.0136 0.0129 0.0136 0.0133 0.0133 0.0172 0.0176 0.0172 
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ods (GI, GILG, GIAS), and nonparametric methods (NP, NPLG, NPAS), we consider tree 

ordering scenarios with three, four and five classes under normal, gamma and lognor

mal distributions with different settings of parameters and sample sizes. For each setting, 

2000 random samples are generated. For both generalized inference and nonparamet

ric bootstrap methods, 2000 repetitions for each generated random sample are used for 

confidence region estimation. 

Table 2.1 presents the coverage probabilities and estimated areas of confidence regions 

at the nominal level of 95% under normal distributions for K = 3, 4, 5 with two sets of 

values of (TAUC, ITFNR) for each K. Overall speaking, the GI method performs satis

factorily regardless of K, parameter settings, and samples sizes. The performance of GI 

method does not vary with sample sizes as the GI method is an exact method. The AD 

and NP methods can be liberal for some parameter settings, especially at small sample 

sizes. As sample sizes increase, the AD and NP methods perform better. For AD method, 

both the logit transformation (ADLG) and arcsin-square-root transformation (ADAS) im

prove the coverage probabilities. The estimated areas by the different methods are gener

ally comparable except that the AD methods give smallest average areas. However, most 

likely, this observation is due to the fact that the AD method generally underestimates the 

coverage probabilities. 

Table 2.2 presents the results of simulation studies for gamma distributions. Note that 

the AD methods and GI methods were performed after Box-Cox transformation. The 

performance of the GI method is generally satisfactory except one scenario when K = 5 

for which the GI method with logit transformation (GILG) works well. The AD method 

can underestimate coverage probabilities for some scenarios for which the arcsin-square

root transformation (ADAS) offers improvement. The NP methods tends to be liberal for 

small sample sizes. 

Table 2.3 presents the results for lognormal distributions. The AD method can be lib-
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eral for some scenarios, expecially when sample sizes are not large enough. The ADLG 

and ADAS provide substantial improvements over AD while ADLG tends to be more 

conservative. The performance of the GI method after Box-Cox transformation is gener

ally satisfactory. The NP method is also generally satisfactory except that it can be slightly 

liberal when sample sizes are small. 

In summary, the GI method can provide satisfactory coverage probabilities even when 

sample sizes are small. The AD methods and NP methods can be liberal for certain scenar

ios, especially at small sample sizes. The two monotonic transformations (ADLG, ADAS) 

can improve the AD method significantly while they do not for the NP method. 

2.6 Real data analysis 

We use the public available data set in Section 1.4.1. which contains 65 normal healthy 

lung tissues and 91 NSCLC tumor tissues including 27 SCC, 45 ADC, and 19 LCC, see Ta

ble 1 in Wang et al. (2016). Except CD55 and CCT2, all the markers can achieve normality 

for either the original data or the Box-Cox transformed data. Therefore, in this study, the 

non-parametric method (NP) is used to estimate confidence region of (TAUC, ITFNR) 

for marker CD55 and CCT2 while the GI method for other markers. 
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Table 2.4: Confidence region estimation and corresponding interval estimations for 

TAUC and ITFNR. 

Biomarker Est. TAUC Est. ITFNR 95% eTAUC.CI1 95% eITFNR.CI2 Area3 

CD55 0.6723 0.0018 (0.5259, 0.8186) (0, 0.0067) 0.0022 

RGSl 0.3630 0.1952 (0.2546, 0.4714) (0.1093, 0.2810) 0.0197 

TPD52 0.6970 0.0258 (0.5892, 0.8048) (0.0015, 0.0502) 0.0049 

CXCL2 0.7178 0.1152 (0.6120, 0.8237) (0.0411, 0.1893) 0.0108 

DUSP6 0.6627 0.0055 (0.5525, 0.7730) (0, 0.0127) 0.0021 

CCT2 0.5698 0.0288 (0.4280, 0.7117) (0, 0.0607) 0.0121 

ANXA3 0.8395 0.0018 (0.7597, 0.9193) (0, 0.0049) 0.0006 

FGF14 0.3463 0.1588 (0.2437, 0.4489) (0.0817, 0.2359) 0.0168 

DNAJC12 0.5740 0.0105 (0.4600, 0.6879) (0.0003, 0.0206) 0.0025 

RABlA 0.2863 0.1910 (0.1895, 0.3832) (0.1102, 0.2718) 0.0170 

TRAMl 0.3611 0.0483 (0.2548, 0.4674) (0.0132, 0.0834) 0.0098 

ARL6IP5 0.5081 0.0359 (0.3941, 0.6222) (0.0052, 0.0665) 0.0089 

1 eTAUC.CI: simultaneous confidence interval of TAUC derived from joint confidence region. 

2 eITFNR.CI: simultaneous confidence interval of ITFNR derived from joint confidence region. 

3 Area: area of confidence region of (TAUC, ITFNR ). 

Table 2.4 presents estimated TAUC and ITFNR, confidence region related estimates, 

including simultaneous confidence intervals for TAUC and ITFNR derived from joint 

confidence region, and the estimated areas, for all the markers considered. It is easy to see 

that a marker with larger TAUC may or may not have smaller ITFNR making it necessary 

to consider ITFNR in addition to TAUC. For illustrative purpose, Figure 2.3 presents the 

elliptical confidence regions of markers RGSl, TRAMl and TPD52. Although markers 

RGSl and TRAMl have similar TAUC, RGSl has larger ITFNR than TRAMl. Since 

smaller ITFNR means better diagnostic ability when two markers have similar TAUC, 

TRAMl is more preferable than RGSl. On the other hand, markers TPD52 and TRAMl 

have similar ITFNR while TPD52 has a larger TAUC than TRAMl. Obviously, TPD52 

has better diagnostic accuracy and is more preferable than TRAMl. It is clear that among 

markers RGSl, TRAMl and TPD52, taking into account both TAUC and ITFNR, TPD52 

https://eITFNR.CI
https://eTAUC.CI
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Figure 2.3: Elliptical regions for markers RGSl, TRAMl and TPD52. 

is the best marker for distinguishing NSLCC from normal cases. Without considering 

ITFNR, it would be impossible to distinguish RGSl from TRAMl. 

2.7 Summary and discussion 

For assessing the diagnostic ability of biomarkers under tree or umbrella ordering, the 

ROC framework under tree or umbrella ordering (TROC) and the corresponding area 

under TROC curve (TAUC) have been proposed (Wang et al., 2016). In this chapter, we 
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demonstrate that the single index of TAUC fails to depict the full picture of the diagnostic 

ability of biomarkers under tree ordering. We propose to consider the integrated tree false 

negative rate (ITFNR) as another diagnostic measure in addition to TAUC for the pur

pose of presenting more accurate and detailed information about the diagnostic accuracy. 

To evaluate TAUC and ITFNR simultaneously, the confidence region of (TAUC, ITFNR) 

can offer a more comprehensive view of the diagnostic ability of biomarkers under tree 

ordering. Hence, this chapter also provides several parametric and non-parametric meth

ods for confidence region estimation, and examines their performance through simula

tions under different settings. 
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Table 2.2: Continued 

Sample size AD ADLG ADAS GI GILG GIAS NP NPLG NPAS 

(TAUC,ITFNR)=(0.636,0.036) 
Coverage probability 

(20 ,20 ,20 ,20) 0.8965 0.9835 0.9280 0.9515 0.9765 0.9565 0.9060 0.8400 0.8705 
(35 ,35 ,35 ,35) 0.9100 0.9815 0.9395 0.9520 0.9755 0.9600 0.9205 0.8900 0.9000 
(50,50,50,50) 0.9305 0.9790 0.9575 0.9625 0.9755 0.9675 0.9460 0.9305 0.9370 
(75 ,75 ,75 ,75) 0.9280 0.9795 0.9480 0.9470 0.9715 0.9565 0.9495 0.9375 0.9435 
(60,30,30,30) 0.9505 0.9815 0.9645 0.9680 0.9820 0.9770 0.9540 0.9365 0.9415 
(80 ,60 ,50 ,50) 0.9505 0.9810 0.9635 0.9640 0.9790 0.9695 0.9545 0.9425 0.9465 

Area of confidence region 
(20 ,20 ,20 ,20) 0.0268 0.0297 0.0235 0.0339 0.0265 0.0287 0.0367 0.0383 0.0346 
(35 ,35 ,35 ,35) 0.0144 0.0150 0.0132 0.0167 0.0142 0.0148 0.0204 0.0211 0.0198 
(50,50,50,50) 0.0098 0.0100 0.0091 0.0109 0.0096 0.0099 0.0142 0.0145 0.0139 
(75 ,75 ,75 ,75) 0.0063 0.0064 0.0061 0.0068 0.0063 0.0064 0.0094 0.0096 0.0093 
(60,30,30,30) 0.0110 0.0115 0.0104 0.0123 0.0111 0.0114 0.0152 0.0155 0.0149 
(80 ,60 ,50 ,50) 0.0070 0.0071 0.0067 0.0075 0.0070 0.0071 0.0100 0.0101 0.0099 

K = 5 

(TAUC,ITFNR)=(0.426,0.097) 
Coverage probability 

(20,20,20,20,20) 0.8775 0.9860 0.9240 0.9315 0.9750 0.9430 0.9135 0.8965 0.8995 
(35,35,35,35,35) 0.8930 0.9770 0.9300 0.9250 0.9675 0.9385 0.9330 0.9225 0.9265 
(50,50,50,50,50) 0.8920 0.9715 0.9305 0.9235 0.9585 0.9400 0.9460 0.9425 0.9440 
(75,75,75,75,75) 0.8935 0.9600 0.9240 0.9115 0.9500 0.9285 0.9530 0.9505 0.9520 
(60,30,30,30,30) 0.9020 0.9770 0.9405 0.9160 0.9680 0.9400 0.9485 0.9425 0.9445 
(80,60,50,50,50) 0.8970 0.9600 0.9255 0.9130 0.9440 0.9240 0.9475 0.9460 0.9480 

Area of confidence region 
(20,20,20,20,20) 0.0535 0.0689 0.0541 0.0625 0.0574 0.0578 0.0722 0.0836 0.0742 
(35,35,35,35,35) 0.0308 0.0355 0.0311 0.0338 0.0321 0.0322 0.0416 0.0449 0.0424 
(50,50,50,50,50) 0.0217 0.0240 0.0219 0.0232 0.0224 0.0225 0.0295 0.0311 0.0299 
(75,75,75,75,75) 0.0145 0.0155 0.0146 0.0151 0.0148 0.0148 0.0197 0.0204 0.0199 
(60,30,30,30,30) 0.0215 0.0237 0.0218 0.0229 0.0223 0.0223 0.0283 0.0296 0.0287 
(80,60,50,50,50) 0.0150 0.0161 0.0151 0.0156 0.0154 0.0154 0.0200 0.0207 0.0202 

(TAUC,ITFNR)=(0.552,0.023) 
Coverage probability 

(20,20,20,20,20) 0.9070 0.9855 0.9360 0.9615 0.9795 0.9640 0.8950 0.8095 0.8405 
(35,35,35,35,35) 0.9425 0.9855 0.9555 0.9650 0.9815 0.9695 0.9175 0.8795 0.8950 
(50,50,50,50,50) 0.9505 0.9805 0.9585 0.9685 0.9780 0.9720 0.9330 0.9130 0.9195 
(75,75,75,75,75) 0.9430 0.9775 0.9630 0.9645 0.9755 0.9735 0.9460 0.9320 0.9375 
(60,30,30,30,30) 0.9655 0.9830 0.9735 0.9765 0.9840 0.9805 0.9480 0.9285 0.9385 
(80,60,50,50,50) 0.9550 0.9750 0.9645 0.9680 0.9765 0.9725 0.9425 0.9280 0.9310 

Area of confidence region 
(20,20,20,20,20) 0.0242 0.0264 0.0205 0.0307 0.0228 0.0254 0.0309 0.0307 0.0280 
(35,35,35,35,35) 0.0130 0.0133 0.0116 0.0150 0.0123 0.0131 0.0174 0.0175 0.0164 
(50,50,50,50,50) 0.0088 0.0089 0.0081 0.0098 0.0084 0.0088 0.0121 0.0122 0.0117 
(75,75,75,75,75) 0.0057 0.0057 0.0054 0.0061 0.0055 0.0057 0.0080 0.0081 0.0078 
(60,30,30,30,30) 0.0094 0.0097 0.0088 0.0104 0.0092 0.0095 0.0125 0.0126 0.0121 
(80,60,50,50,50) 0.0062 0.0062 0.0059 0.0067 0.0060 0.0062 0.0084 0.0085 0.0082 
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Table 2.3: Summary of approximate 95% confidence regions of AD, ADLG, ADAS, GI, 
GILG, GIAS, NP, NPLG, NPAS for (TAUC, ITFNR) under lognormal distributions based 

on 2000 simulations. Box-Cox transformation is performed to the original data for all 
parametric methods. 

Sample size AD ADLG ADAS GI GILG GIAS NP NPLG NPAS 

K = 3 

(TAUC,ITFNR)=(0.610,0.103) 
Coverage probability 

(20,20,20) 0.9395 0.9860 0.9600 0.9690 0.9825 0.9740 0.9525 0.9270 0.9345 
(35,35,35) 0.9520 0.9750 0.9625 0.9680 0.9740 0.9700 0.9550 0.9380 0.9450 
(50,50,50) 0.9555 0.9770 0.9630 0.9680 0.9750 0.9685 0.9485 0.9400 0.9435 
(75,75,75) 0.9600 0.9655 0.9630 0.9685 0.9665 0.9650 0.9530 0.9390 0.9440 
(60,30,30) 0.9600 0.9740 0.9645 0.9725 0.9785 0.9785 0.9650 0.9520 0.9545 
(80,60,50) 0.9565 0.9670 0.9615 0.9675 0.9695 0.9685 0.9495 0.9390 0.9450 

Area of confiden ce region 
(20,20,20) 0.0340 0.0379 0.0322 0.0405 0.0369 0.0372 0.0425 0.0449 0.0417 
(35,35,35) 0.0239 0.0258 0.0239 0.0261 0.0255 0.0253 0.0305 0.0320 0.0308 
(50,50,50) 0.0123 0.0128 0.0120 0.0133 0.0127 0.0127 0.0154 0.0157 0.0153 
(75,75,75) 0.0079 0.0081 0.0078 0.0084 0.0081 0.0081 0.0099 0.0101 0.0099 
(60,30,30) 0.0154 0.0162 0.0151 0.0168 0.0162 0.0161 0.0193 0.0196 0.0191 
(80,60,50) 0.0091 0.0093 0.0089 0.0096 0.0093 0.0093 0.0113 0.0115 0.0113 

(TAUC,ITFNR)=(0.870,0.014) 
Coverage probability 

(20,20,20) 0.8810 0.9920 0.9180 0.9675 0.9840 0.9625 0.9320 0.8600 0.8830 
(35,35,35) 0.8960 0.9810 0.9310 0.9595 0.9705 0.9605 0.9455 0.9185 0.9275 
(50,50,50) 0.8995 0.9780 0.9300 0.9460 0.9665 0.9520 0.9485 0.9300 0.9355 
(75,75,75) 0.9075 0.9765 0.9360 0.9495 0.9705 0.9540 0.9570 0.9445 0.9465 
(60,30,30) 0.9455 0.9690 0.9490 0.9765 0.9740 0.9745 0.9615 0.9460 0.9485 
(80,60,50) 0.9460 0.9735 0.9535 0.9680 0.9740 0.9715 0.9630 0.9565 0.9560 

Area of confiden ce region 
(20,20,20) 0.0089 0.0089 0.0068 0.0131 0.0082 0.0096 0.0129 0.0124 0.0115 
(35,35,35) 0.0044 0.0042 0.0036 0.0056 0.0041 0.0045 0.0069 0.0069 0.0064 
(50,50,50) 0.0029 0.0028 0.0025 0.0034 0.0027 0.0029 0.0046 0.0046 0.0044 
(75,75,75) 0.0018 0.0017 0.0016 0.0020 0.0017 0.0018 0.0030 0.0029 0.0028 
(60,30,30) 0.0040 0.0039 0.0034 0.0049 0.0038 0.0041 0.0058 0.0059 0.0055 
(80,60,50) 0.0091 0.0093 0.0089 0.0096 0.0093 0.0093 0.0113 0.0115 0.0113 

K = 4 

(TAUC,ITFNR)=(0.470,0.102) 
Coverage probability 

(20 ,20 ,20 ,20) 0.9115 0.9790 0.9410 0.9525 0.9745 0.9585 0.9360 0.9150 0.9160 
(35 ,35 ,35 ,35) 0.9295 0.9695 0.9475 0.9530 0.9665 0.9565 0.9510 0.9425 0.9445 
(50,50,50,50) 0.9305 0.9600 0.9445 0.9455 0.9595 0.9500 0.9515 0.9415 0.9455 
(75 ,75 ,75 ,75) 0.9415 0.9600 0.9540 0.9520 0.9565 0.9560 0.9490 0.9450 0.9470 
(60,30,30,30) 0.9375 0.9610 0.9480 0.9535 0.9665 0.9600 0.9565 0.9445 0.9525 
(80 ,60 ,50 ,50) 0.9360 0.9625 0.9505 0.9455 0.9585 0.9525 0.9485 0.9400 0.9435 

Area of confiden ce region 
(20 ,20 ,20 ,20) 0.0462 0.0560 0.0458 0.0539 0.0498 0.0499 0.0607 0.0677 0.0616 
(35 ,35 ,35 ,35) 0.0259 0.0289 0.0258 0.0284 0.0271 0.0271 0.0340 0.0359 0.0343 
(50,50,50,50) 0.0180 0.0194 0.0180 0.0192 0.0186 0.0186 0.0236 0.0244 0.0237 
(75 ,75 ,75 ,75) 0.0119 0.0125 0.0119 0.0125 0.0122 0.0122 0.0156 0.0159 0.0156 
(60,30,30,30) 0.0198 0.0211 0.0197 0.0210 0.0205 0.0205 0.0258 0.0265 0.0259 
(80 ,60 ,50 ,50) 0.0133 0.0139 0.0132 0.0138 0.0136 0.0136 0.0173 0.0176 0.0173 
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Table 2.3: Continued 

Sample size AD ADLG ADAS GI GILG GIAS NP NPLG NPAS 

(TAUC,ITFNR)=(0.595,0.044) 
Coverage probability 

(20 ,20 ,20 ,20) 0.9095 0.9830 0.9350 0.9570 0.9730 0.9570 0.9140 0.8645 0.8830 
(35 ,35 ,35 ,35) 0.9375 0.9785 0.9530 0.9625 0.9740 0.9650 0.9320 0.9040 0.9145 
(50,50,50,50) 0.9425 0.9705 0.9540 0.9565 0.9685 0.9565 0.9330 0.9155 0.9215 
(75 ,75 ,75 ,75) 0.9520 0.9760 0.9680 0.9675 0.9740 0.9730 0.9450 0.9335 0.9375 
(60,30,30,30) 0.9560 0.9880 0.9695 0.9695 0.9830 0.9725 0.9505 0.9295 0.9355 
(80 ,60 ,50 ,50) 0.9605 0.9750 0.9690 0.9675 0.9705 0.9710 0.9410 0.9285 0.9320 

Area of confidence region 
(20 ,20 ,20 ,20) 0.0290 0.0320 0.0260 0.0361 0.0293 0.0312 0.0380 0.0395 0.0360 
(35 ,35 ,35 ,35) 0.0157 0.0164 0.0146 0.0180 0.0157 0.0163 0.0212 0.0217 0.0206 
(50,50,50,50) 0.0107 0.0110 0.0102 0.0119 0.0107 0.0110 0.0146 0.0149 0.0144 
(75 ,75 ,75 ,75) 0.0069 0.0070 0.0067 0.0074 0.0069 0.0070 0.0096 0.0097 0.0095 
(60,30,30,30) 0.0119 0.0123 0.0114 0.0132 0.0121 0.0123 0.0159 0.0160 0.0156 
(80 ,60 ,50 ,50) 0.0076 0.0077 0.0073 0.0081 0.0076 0.0077 0.0103 0.0104 0.0102 

K = 5 

(TAUC,ITFNR)=(0.317,0.111)) 
Coverage probability 

(20,20,20,20,20) 0.8920 0.9725 0.9225 0.9355 0.9570 0.9385 0.9105 0.8820 0.8915 
(35,35,35,35,35) 0.9140 0.9690 0.9405 0.9420 0.9625 0.9520 0.9310 0.9165 0.9245 
(50,50,50,50,50) 0.9290 0.9645 0.9435 0.9405 0.9565 0.9475 0.9410 0.9335 0.9350 
(75,75,75,75,75) 0.9325 0.9650 0.9480 0.9460 0.9590 0.9530 0.9435 0.9365 0.9405 
(60,30,30,30,30) 0.9275 0.9650 0.9435 0.9340 0.9590 0.9450 0.9395 0.9260 0.9265 
(80,60,50,50,50) 0.9375 0.9595 0.9475 0.9415 0.9555 0.9455 0.9350 0.9295 0.9295 

Area of confidence region 
(20,20,20,20,20) 0.0507 0.0632 0.0514 0.0595 0.0548 0.0551 0.0624 0.0684 0.0631 
(35,35,35,35,35) 0.0297 0.0336 0.0300 0.0324 0.0311 0.0311 0.0361 0.0381 0.0365 
(50,50,50,50,50) 0.0210 0.0229 0.0212 0.0224 0.0217 0.0218 0.0254 0.0263 0.0256 
(75,75,75,75,75) 0.0140 0.0149 0.0142 0.0146 0.0144 0.0144 0.0168 0.0172 0.0170 
(60,30,30,30,30) 0.0212 0.0230 0.0214 0.0222 0.0219 0.0218 0.0255 0.0262 0.0256 
(80,60,50,50,50) 0.0146 0.0155 0.0147 0.0152 0.0150 0.0149 0.0175 0.0179 0.0176 

(TAUC,ITFNR)=(0.407,0.062) 
Coverage probability 

(20,20,20,20,20) 0.9075 0.9750 0.9355 0.9525 0.9665 0.9515 0.9065 0.8670 0.8820 
(35,35,35,35,35) 0.9325 0.9735 0.9530 0.9560 0.9680 0.9585 0.9300 0.9110 0.9185 
(50,50,50,50,50) 0.9485 0.9705 0.9545 0.9560 0.9665 0.9585 0.9380 0.9260 0.9305 
(75,75,75,75,75) 0.9545 0.9665 0.9615 0.9660 0.9700 0.9695 0.9475 0.9310 0.9375 
(60,30,30,30,30) 0.9450 0.9680 0.9585 0.9555 0.9665 0.9620 0.9370 0.9205 0.9260 
(80,60,50,50,50) 0.9565 0.9695 0.9610 0.9625 0.9680 0.9645 0.9440 0.9315 0.9355 

Area of confidence region 
(20,20,20,20,20) 0.0404 0.0483 0.0387 0.0484 0.0419 0.0433 0.0496 0.0533 0.0486 
(35,35,35,35,35) 0.0230 0.0253 0.0224 0.0256 0.0234 0.0239 0.0284 0.0297 0.0283 
(50,50,50,50,50) 0.0161 0.0171 0.0158 0.0174 0.0163 0.0165 0.0198 0.0204 0.0198 
(75,75,75,75,75) 0.0106 0.0111 0.0105 0.0112 0.0107 0.0108 0.0131 0.0134 0.0132 
(60,30,30,30,30) 0.0163 0.0175 0.0161 0.0174 0.0166 0.0167 0.0201 0.0205 0.0200 
(80,60,50,50,50) 0.0111 0.0117 0.0110 0.0117 0.0113 0.0113 0.0137 0.0140 0.0137 



Issues and solutions in biomarker 

evaluation when subclasses are involved 

under binary classification 

3.1 Introduction 

In the field of oncology studies, when certain biomarkers are evaluated for the diagnostic 

ability of distinguishing cancer group from non-cancer group, each group could com

monly involve several subclasses. For examples, Cramer et al. (2011) studied several 

ovarian cancer biomarker performance where the non-cancer group consists of two sub

classes: healthy and benign cases, and the cancer group consists of two subclasses: early 

and late cases; Chadha et al. (2014) evaluated new serum biomarkers for prostate can

cer diagnosis where the non-cancer group also includes two subclasses: healthy and be

nign cases, and the cancer group includes two subclasses: primary and metastatic cases. 

There exist other cancer groups commonly involve certain subclasses such as non-small 

cell lung cancer, which consists of three subtypes (adenocarcinoma, squamous-cell carci-
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noma, and large cell carcinoma); and subtypes of B-cell lymphoma, which accounts for 

about 90% of Non-Hodgkin lymphomas, includes diffuse large B-cell lymphoma (DL

BCL), follicular lymphoma, primary mediastinal large B-cell lymphoma (PMBL), Burkitt 

lymphoma and etc. In both studies (Cramer et al., 2011; Chadha et al., 2014), researchers 

applied the same method to evaluate the biomarkers of interest: firstly they pooled all the 

subclasses subjects as a single class in each major group, then estimated AUCs and asso

ciated characteristics under ROC framework, where ROC curve (true positive rate against 

true negative rate) and AUC (area under ROC curve) serve as the most popular and well 

developed tools for traditional binary classification without any subclass involved,, other 

commonly concerned measures under ROC framework include the sensitivity at a fixed 

level of specificity (Linnet, 1987; Zhou and Qin, 2005; Tian, 2013). In this chapter, we refer 

such diagnostic method used by aforementioned cancer biomarker researches as pooling 

strategy. 

Despite the fact that such pooling strategy has commonly used in the medical field, 

up to our knowledge, the statistical aspects of such obtained diagnostic measures using 

pooling strategy have never been well studied. One of the critical questions is "Does the 

estimated diagnostic measures such as AUC based on pooling strategy serve the purpose 

of differentiating cancer group from non-cancer group accurately? Are there any potential 

issues or misuses?". 

Hence, the purpose of this chapter is to investigate the unnoticed issues and misuses 

of pooling strategy in biomarker evaluation commonly used at present and propose an 

appropriate diagnostic framework for differentiating two major groups where at least 

one subclass was involved in each major group. The rest of paper is organized as fol

lows. Section 3.2 presents the motivating example of ovarian cancer (Cramer et al., 2011) 

in which the pooling strategy was applied. In Section 3.3, a detailed study is conducted to 

discuss the AUC and associated characteristics obtained by pooling strategy and demon-
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strates the inappropriateness of such method. A new diagnostic framework is introduced 

in Section 3.4 to overcome the shortcomings possessed by pooling strategy and several 

confidence interval estimation methods for proposed measures are studied in Section 3.5. 

In Section 3.6, the same example of ovarian cancer (Cramer et al., 2011) is reanalyzed by 

our proposed methods. Section 3.7 gives summary and conclusion. 

3.2 Motivating example 

Ovarian cancer is the 5th leading cause of cancer death among women in developed coun

tries (Chudecka-Glaz, 2015). The Prostate, Lung, Colorectal and Ovarian (PLCO) (Cramer 

et al., 2011) cancer study is a randomized trial evaluating the effect of screening on cancer 

mortality. Women assigned to the ovarian screening arm received annual transvaginal 

ultrasound and CA125 testing. Four sites initiated a phase II study under the early de

tection research network using the pre-saved samples which included 480 healthy con

trols, 160 benign cases, 75 early stage cases, and 82 late stage cases. This data set can 

be downloaded from public portal at https: / / edrn.nci.nih.gov, and the results have been 

published by many researchers (Cramer et al., 2011; Zhu et al., 2011). To evaluate the per

formance of selected ovarian cancer biomarkers for distinguishing non-cancer cases from 

cancer cases, Cramer et al. (2011) pooled all the general healthy cases and benign disease 

cases as a single non-cancer class, and all the early and late ovarian cancer cases as a sin

gle cancer class, then estimated AUCs and associated characteristics (e.g. sensitivity at 

a given specificity level) based on binary classification. The descriptive statistics for 13 

biomarkers including two well studied biomarkers for ovarian cancer, i.e. cancer antigen 

125 (CA125) and human epididymis protein 4 (HE4), are presented in Table 3.1. Under 

pooling strategy, the estimated AUC (AUCp) and sensitivity (Senp) at given specificity 

(Spep) equals to 0.8 along with their ranks are listed in Table 3.2. The following section 

https://edrn.nci.nih.gov
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Table 3.1: Summary statistics for 13 biomarkers from ovarian cancer data set. (Cramer 

et al., 2011). 

Mean Standard Deviation 
Biomarkers 

Healthy Benign Early Late Healthy Benign Early Late 

CA125 29.71 39.65 565.63 1556.41 136.29 73.57 2549.78 3740.10 
CA153 17.77 21.10 38.47 147.35 11.13 25.45 56.04 299.66 
CA199 16.96 31.92 161.82 37.82 31.50 139.69 553.99 106.78 
KLK6 3.73 3.66 4.21 9.99 1.45 1.22 2.62 10.09 
CA724 2.29 2.05 37.40 39.74 3.70 2.59 148.76 84.35 
DD.O110 129.11 137.86 481.12 1033.12 127.93 283.46 979.62 1267.45 
DD.C248 0.62 0.66 0.60 0.75 0.76 0.83 0.48 0.54 
DD.P108 38.23 39.68 47.24 69.03 23.78 25.11 23.57 38.45 
DD.X065 0.63 0.81 1.09 1.64 0.76 1.24 1.81 1.95 
HE4 61.04 72.07 185.24 496.20 69.56 105.47 253.23 347.50 
SMRP 0.86 0.94 0.97 4.46 0.81 1.38 0.76 7.41 
YKL40 82.87 103.13 121.25 205.86 65.22 71.77 100.14 117.97 
IGF2 1919.53 1852.88 1642.18 1208.97 441.74 488.05 417.98 456.66 

Table 3.2: Estimated AUCp and Senp10_8 (Senp at Spep = 0.8) along with their ranks. 

A UCp Senp10.s 
Biomarkers (Rank) (Rank) 

CA125 0.911 (1) 0.869 (1) 
CA153 0.732 (5) 0.581 (5) 
CA199 0.603 (12) 0.365 (12) 
KLK6 0.710 (8) 0.488 (10) 
CA724 0.752 (4) 0.620 (4) 
DD.O110 0.680 (9) 0.504 (9) 
DD.C248 0.588 (13) 0.301 (13) 
DD.P108 0.720(6) 0.517 (8) 
DD.X065 0.616 (11) 0.408 (11) 
H E4 0.857 (2) 0.776 (2) 
SMRP 0.679 (10) 0.525 (7) 
YKL40 0.720(6) 0.531 (6) 
IGF2 0.785 (3) 0.633 (3) 

will demonstrate the improper use of such measures by pooling strategy. 

3.3 Misuse of pooling strategy in biomarker evaluation 

In this section, first we will examine AUCp and Senp at given Spep obtained by pool

ing strategy under the general K subclasses, then certain examples will be presented to 

further demonstrate the issues possessed by pooling strategy. 
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3.3.1 Pooling strategy with K subclasses 

Assume the control group consists of K1 sub-classes and diseased group consists of K2 

sub-classes, where K1 + K2 = K. Let Yk stand for the variables for marker values of 

kth subclass, n = 1, · · · , K. Denote Ye as the variable for the pooled control, i.e. Ye ~ 

/Ye (y) = L,f,,!1 wi1e/Y; (y) where wile stands for the relative weight for ith control sub

class out of the pooled control group. Similarly, denote YD as the variable for the pooled 

diseased group, i.e. YD ~ fy0 (y) = Lf=Ki + l wjlDfY/Y) where wjlD stands for the rela

tive weight for jth diseased subclass out of the pooled diseased group. Note Lti wile = 

Lf=Ki + 1 wjlD = 1. Without loss of generality, assume the control group has marker values 

stochastically less than those of the diseased group through this chapter, i.e. (Y1, · · · , YKi) ::::; 

(YK1+1, · · ·, YK) with "j" indicates "stochastically less than". Given a cut-point c, Spep 

and Senp could be expressed as follows: 

K1 

Spep = Fyc(c) = I:wiieP(Yi::; c), 
i=l 

(3.1) 

Senp = 1- Fy0 (c) = L
K 

wjlDP(Yj > c). 
j=K1 + l 

Then AUCp can be obtained as 

fo1 
AUCp = Senp d(l - Spep) 

+00 K K1 

= ( L wjlD(l-Fy/c)))d(LwileFY;(c))1-co j=K1 + l i=l 

K1 K (3.2) 

= L L wilewjlDP(Yi < Yj) 
i=lj=K1 + l 

K1 K 

= L L wnewjlDAUCij, 
i=lj=K1 + l 
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where AUCij is the pairwise AUC for ith subclass in control group and jth subclass in 

diseased group. 

Denote SenP l/3 as the Senp at given Spep = /3, then SenP l/3 can be obtained as 

K K 
SenP l/3 = L wjlDP(Yj > Spep1 (/3)) = L wjlDSenj(Spep1({3)), (3.3) 

j=K1 + l j=K1+ l 

where Senj is the sensitivity of subclass Yj in the diseased group. 

From (3.1) it is clear Spep and Senp are weighted mean of the correct classification 

rates of subclasses in the control and diseased groups respectively. Consequently both 

AUCp and SenP l/3 depend on the relative weights, indicating AUCp and SenPl/3 are not 

appropriate diagnostic measures as they should only be reported accompanied by both 

wilC and wjlD, and the measures are only comparable when both wilC and wjlD are the 

same for two biomarkers under comparison. More severely, the fact that AUCp in (3.2) 

is the weighted mean of pairwise AUCij further demonstrates that AUCp could fail to 

capture the difference among certain paramount scenarios which will be presented in the 

following part. 

3.3.2 Important scenarios that pooling strategy fail to distinguish 

In this part, we will present two examples to demonstrate that AUCp and SenP l/3 un

der pooling strategy fail to distinguish certain distinctively different biomarkers suffer

ing from the inherent characteristics of the summation of pairwise measure and single 

subclass measure respectively even relative weights are controlled. 

• Example 1. Scenarios that AUCp fails 

We consider the first example with two major groups each consists of two sub

classes, i.e. (Y1, Y2) j (Y3, Y4) for four biomarkers (A, B, C and D) with the fol-
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Figure 3.1: AUCp and AUCET under (Y1(green), Y2(blue)) j (Y3(red), Y4(orange)) with 
W1112 = W2112 = 0.5 and W3l34 = w4l34 = 0.5. 

Biomarker A: Y1 ~ N(l.5, 1), Y2 ~ N(2,0.95), Y3 ~ N(2.5, 1), Y4 ~ N(5.7, 1); 
Biomarker B: Y1 ~ N(-1.5, 1), Y2 ~ N(2.51, 1), Y3 ~ N(3, 1), Y4 ~ N(3.5, 1); 

Biomarker C: Y1 ~ N(0.91, 1), Y2 ~ N(2.3,0.95), Y3 ~ N(2.7, 1), Y4 ~ N(4.09, 1); 
Biomarker D: Y1 ~ N(l.73, 1), Y2 ~ N(l.77, 1), Y3 ~ N(3.18, 1), Y4 ~ N(3.23, 1). 

lowing setting. Biomarker A: Y1 ~ N(l.5, 1), Y2 ~ N(2,0.95), Y3 ~ N(2.5, 1), Y4 ~ 
N(5.7, l);biomarkerB: Y1 ~ N(-1.5, 1), Y2 ~ N(2.51, 1), Y3 ~ N(3, 1), Y4 ~ N(3.5, 1); 

biomarker C: Y1 ~ N(0.91, 1), Y2 ~ N(2.3, 0.95), Y3 ~ N(2.7, 1), Y4 ~ N(4.09, 1); 

biomarker D: Y1 ~ N(l.73, 1), Y2 ~ N(l.77, 1), Y3 ~ N(3.18, 1), Y4 ~ N(3.23, 1). 

Figure 3.1 presents the density plots of four biomarkers (A, B, C and D) with dis

tinctively different behaviors yet they share the same AUCp = 0.848 under the con

dition of w11c = w21c and w31D = w41D, it is visual that biomarker Dis preferable 

https://N(2,0.95
https://N(2.3,0.95
https://N(2,0.95
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Table 3.3: Pairwise AUCij for four biomarkers in Figure 3.1. 

AUC13 AUC14 AUC23 AUC24 

Biomarker A 0.760 0.999 0.638 0.996 
Biomarker B 0.999 1.000 0.636 0.758 
Biomarker C 0.847 0.856 0.841 0.849 
Biomarker D 0.897 0.988 0.611 0.897 

Table 3.4: The correct classification rate for each subclass at given Spep = 0.85 for four 
biomarkers in Figure 3.2. 

Spe1 Spe2 Sen3 Sen4 

Biomarker E 0.999 0.701 0.500 0.980 
Biomarker F 0.885 0.816 0.500 0.980 
Biomarker G 0.999 0.701 0.691 0.788 
Biomarker H 0.885 0.816 0.691 0.788 

compared to other three biomarkers as it has the best performance to distinguish 

(Y1, Y2) from (Y3, Y4). Table 3.3 lists the pairwise AUCij of biomarkers (A, B, C and 

D). It indicates that each AUCij has wide range among these four biomarkers, for 

example, pairwise AUC13 is 0.999 in biomarker Band 0.760 in biomarker A, while 

AUC24 is 0.996 in biomarker A and 0.758 in biomarker B. 

• Example 2. Scenarios that Sen P[/3 fails 

We consider the second example with two major groups each consists of two sub

classes, i.e. (Y1, Y2) j (Y3, Y4) for four biomarkers (E, F, G and H) with the fol

lowing setting. Biomarker E: Y1 N(0, 1), Y2 N(2.7, 0.95), Y3 N(3.2, 1), Y4rv rv rv rv 

N(5.26, l);biomarkerF: Y1 ~ N(2, 1), Y2 ~ N(2.3, 1), Y3 ~ N(3.2, 1), Y4 ~ N(5.26, 1); 

biomarker G: Y1 ~ N(0, 1), Y2 ~ N(2.7,0.95), Y3 ~ N(3.7, 1), Y4 ~ N(4, 1); biomarker 

H: Y1 ~ N(2, 1), Y2 ~ N(2.3, 1), Y3 ~ N(3.7, 1), Y4 ~ N(4, 1). Figure 3.2 presents the 

density plots of four biomarkers (E, F, G and H). At given Spep = 0.85, all four 

biomarkers share the same Senp [o.ss = 0.74. However, it is obvious these biomark

ers present distinctively different behaviors, for example, there exist severely unbal

anced correct classification rates (CCR) between two sub-classes from the diseased 

https://N(2.7,0.95
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Figure 3.2: Senp and SenET under (Y1(green), Y2(blue)) j (Y3(red), Y4(orange)) with 
W1 112 = W2112 = 0.5 and W3 l34 = w4 l34 = 0.5. 

Biomarker E: Y1 ~ N(0, 1), Y2 ~ N(2.7,0.95), Y3 ~ N(3.2, 1), Y4 ~ N(5.26, 1); 
Biomarker F: Y1 ~ N(2, 1), Y2 ~ N(2.3, 1), Y3 ~ N(3.2, 1), Y4 ~ N(5.26, 1); 
Biomarker G: Y1 ~ N(0, 1), Y2 ~ N(2.7,0.95), Y3 ~ N(3.7, 1), Y4 ~ N(4, 1); 

Biomarker H: Y1 ~ N(2, 1), Y2 ~ N(2.3, 1), Y3 ~ N(3.7, 1), Y4 ~ N(4, 1). 

group for both biomarkers E and F (0.500 for Sen3 and 0.980 for Sen4), while both 

biomarkers G and H present more balanced CCR between two sub-classes from the 

diseased group. It is also obvious that there exist severely unbalanced CCR between 

two sub-classes from the control group for both biomarkers E and G (0.999 for Spe1 

and 0.701 for Spe2), while both biomarkers F and H present more balanced CCR be

tween two sub-classes from the control group. Therefore, biomarker H has the best 

performance on the balance of CCR between sub-classes in both groups among four 

https://N(2.7,0.95
https://N(2.7,0.95
https://SeG=0.71
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biomarkers. 

Both examples demonstrate that both AUCp and SenP l/3 AUCp and SenPl/3 obtained by 

pooling strategy fail to distinguish paramount difference among biomarkers with distinc

tive behaviors. Therefore, a new diagnostic framework which is independent of relative 

weights and capable of capture meaningfully different behaviors among biomarkers is 

needed to overcome the shortcomings possessed by pooling strategy. In this chapter, we 

focus on the general K subclasses with the ordering (Y1, · · ·, YK1) ::::; (YK1+1, · · ·, YK) and 

refer such ordering as extended tree ordering. Note that the traditional umbrella ordering 

(i.e. Y1 ::::; (Y2, · · · , YK)) and tree ordering (i.e. (Y1, · · · , YK-1) ::::; YK) are special cases of 

such ordering. There exist some research about diagnostic measures under tree or um

brella ordering (Wang et al., 2016; Nakas and Alonzo, 2007). 

3.4 A new diagnostic framework 

In this section, appropriate diagnostic measures under a new diagnostic framework are 

proposed to better differentiate two major groups in which at least one subclass is in

volved. 

Define two random variables as X = max(Y1, Y2, · · · , YK1) and Z = min(YK1+1, · · · , YK)

The cumulative distribution function of X and Z can be written as 

K1 K1 
Fx(x) = P(X < x) = TI P(Yi < x) = TI Fi(x), (3.4) 

i=l i=l 

K K 
Fz(z) = P(Z < z) = 1- TI P(Yj 2 z) = 1 - TI (1- Fj(z)). (3.5) 

j=K1+l j=K1+l 
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At a given cut-point c, define extended tree sensitivity (SenET) as 

K 

SenET = P(Z > c) = P(min(YK1+1, · · ·, YK) > c) = TI (1 - Fj(c)), (3.6) 
j=K1 + l 

and extended tree specificity (SpeET) as 

K1 

SpeET = P(X::; c) = P(max(Y1, Y2, · · · , YK1 ) ::; c) = TI Fi(c). (3.7) 
i=l 

For c E (-oo, +oo), the extended tree ROC curve constructed by SenET vs. 1 - SpeET 

(ROCET) can be defined as: 

(3.8) 

It can be shown that the area under ROCET (AUCET), equals to the probability that 

any randomly chosen subject from the first major class (1, • • • , K1) has lower marker 

value than that of any of the randomly chosen subject from the second major class (K1 + 
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1, • • • , K). The details are as follows. 

fo1 

J
AUCET = Sen ET d(l - SpeET) 

+oo K K1 

= _ . TI (1-Fj(c))dTIFi(c) 
00 ;=K1 + l z=l 

K1 + oo K K1 

= L j TI (1 - Fj(c)) TI Fi(c)fp(c)dc 
p=l -oo j=K1 + l i=l,ilp 

(3.9) 
K1 K K1 

= L EyP[ TI P(Yj > clYp = c) TI P(Yi < clYp = c)] 
p=l j=K1 + l i=l,ilp 
K1 

= L EyP[P(Z > clYp = c)P(X::; clYp = c)] 
p=l 

It is well known that for simple binary classification, the chance line for traditional 

ROC curve is the diagonal line. However, for ROCET, a chance curve corresponds to the 

scenario that the marker under consideration has no discriminatory ability at all, i.e. the 

distributions of Y1, · · · , YKi, YKi + 1, · · · , YK completely overlap. It is easy to show that the 

chance curve is 

(3.10) 

where Y stands for SenET and X stands for 1 - SpeET· Note that when K1 = 1 and K = 2 

(i.e. binary classification), the chance curve becomes the diagonal line. 

The minimum of AUCET, i.e. the area under the chance curve, can be obtained as: 

AUC . _ f(K1 + l)f(K - K1 + 1) (3.11)ETmzn - f(K + l) ' 

where f(.) is the gamma function. Note that when K1 = 1 and K = 2 (i.e. binary classi

fication), AUCETmin = 1/2. If the marker under consideration can perfectly distinguish 
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two major groups, AUCo reaches its maximum 1. 

As an example, let Y1 ~ N(0, 1), Y2 ~ N(0.5, 1), Y3 ~ N(l, 1), Y4 ~ N(3, 1), Y5 ~ 
N(3.5, 1), Y6 ~ N(4, 1). Figure 3.3 displays several ROCo curves along with their corre

sponding chance curves for the scenarios: (Y1, Y2 ) j (Ys, Y6) (red), (Y1, Y2 ) j (Y4, Ys, Y6 )(green), 

(Y1, Y2, Y3) j (Ys, Y6)(blue), and (Y1, Y2, Y3) j (Y4, Ys, Y6)(orange). 
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Figure 3.3: ROCET curves (solid lines) and the corresponding chance curves (dash-dot 
lines, same color) of X j Z for a variety of cases where 

Y1 ~ N(0, 1), Y2 ~ N(0.5, 1), Y3 ~ N(l, 1), Y4 ~ N(3, 1), Ys ~ N(3.5, 1), Y6 ~ N(4, 1). 

Compared to the AUCp, one of the major advantages of the proposed AUCET is that 
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AUCET is independent of the relative weights of sub-classes in each major group. To 

further demonstrate this point clearly, assume Yk's (k = 1,2,3,4) follow exponential dis

tributions with mean value of 1/Ak. The AUCp for (Y1, Y2) ::::; (Y3, Y4) can be obtained 

as 

(3.12) 

whereas AUCET can be obtained as 

(3.13) 

Clearly, AUCET is a function of only A1, A2, A3 and A4, and is independent of any relative 

weights. Moreover, the fact that AUCET for four biomarkers in first example aforemen

tioned are all different and biomarker D has the highest value of AUCET among them 

further illustrates that AUCET is capable of overcoming the shortcomings possessed by 

AUCp in terms of pairwise AUCij· 

As stated above, AUCET is scaleless and has a well-defined probability interpretation. 

Moreover, it can capture certain important difference among biomarkers whereas AUCp 

cannot. Therefore, AUCET can be a very useful overall diagnostic measure for biomarkers 

under extended binary-subclasses ordering. 
1 1 

Moreover, ( S peET) K1 and (Sen ET) Kz can serve as the geometric mean of the correct 

classification rates of the subclasses in the control and diseased groups respectively. Com

pared the Spep and Senp under pooling strategy, which are exactly weighted mean of the 

correct classification rates of sub-classes in the control and diseased groups respectively, 
1 1 

(SpeET) K1 and (SenET) Kz possess the same nice feature as AUCET that are independent 

of relative weights; moreover, the geometric mean is deemed by statisticians an excep

tionally "good" average to employ when percentages/rates are being averaged (Bums, 
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1 1 

1929). Therefore, in this dissertation we propose to use (SpeET) K1 and (SenET) K2, denoted 

as Spec and Senc respectively, instead of Spep and Senp when it comes to evaluate the 

classification performance (e.g. estimate Senc at given Spec = /3) as this method is better 

at indicating the balance among classification performances on the majority and minority 

sub-classes in a group. 

Denote Senc [/3 as the Senc at given Spec = /3, then Senc [/3 can be obtained as 

(3.14) 

where Senj is the sensitivity of subclass Yj in the diseased group. 

For example, assume Yk's (k = 1,2,3,4) follow exponential distributions with mean 

value of 1/Ak, under ordering (Y1, Y2) j (Y3, Y4), 

Spep(c) = W1 1dl - e- Aic ) + W21dl - e- A2c), 
(3.15) 

Spec(c) = ((1- e- Ai c)(l - e- A2c))1 ; 2_ 

Given /3, the SenPl/3 and Senc [/3 can be obtained as 

- A3S e- 1(/3) - A4S e- 1(/3)SenP l/3 = w31De PP + w41De P P , 
(3.16) 

Senc [/3 = (e-(A3+A4) Spec1(/3))1 12_ 

Clearly, Senc [/3 is a function of only A1, A2, A3 and A4, and is independent of any relative 

weights. Furthermore, Figure 3.2 also presents the Senc at given Spee = 0.85. The results 

show that all four biomarkers present different Senc, biomarkers G and H have higher 

Senc than biomarkers E and F as the former have more balanced classification perfor

mance than the latter. Biomarker H has the best Sec among all four biomarkers. There

fore, Spec and Senc can capture the paramount scenarios among different biomarkers 
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that Spep and Senp fail to. 

3.5 Confidence interval estimations 

In Section 3.5.1, the generalized inference (GI) and nonparametric percentile bootstrap 

(NB) methods are studied for confidence interval estimation of AUCET· In Section 3.5.2, 

nonparametric percentile bootstrap method is studied for confidence interval estimation 

with (NBI) and without (NBII) AC adjustment (Agresti and Coull, 1998) for Senc at given 

Spec = f3. Simulation studies are carried out to assess the performance of all proposed 

methods. 

3.5.1 Confidence interval estimations of AUCET 

This part presents the generalized inference (GI) and nonparametric percentile bootstrap 

(NB) methods for confidence interval estimation of AUCET· 

3.5.1.1 The generalized inference (GI) method: Under Normality 

Since the concepts of generalized variables and generalized pivots were introduced (Tsui 

and Weerahandi, 1989; Weerahandi, 1995), the generalized inference (Gl)method has proved 

to be fruitful for providing finite sample solutions to a variety of problems for which tra

ditional exact statistical methods do not exist (Dong et al., 2011; Krishnamoorthy et al., 

2009; Krishnamoorthy and Mathew, 2003; Lai et al., 2012; Li et al., 2008; Lin et al., 2007; 

Tian and Cappelleri, 2004; Weerahandi, 2004; Yin and Tian, 2014). The advantage of GI 

is that it typically has good performance even at small sample sizes as it is an exact test. 

The detailed discussion could be found in the book by Weerahandi (2013). 

Suppose K independent groups follow the extended tree ordering, i.e. (Y1, · · · , YK1 ) ::::; 
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(YK1+1,· · ·, YK) and Yk ~ N(µk,crf)wherek = l,· · · ,K1,· · · ,K. Undernormality,AUCET 

in (3.9) can be calculated as the following: 

AUCET (3.17) 

CT CT µ,-µ 1 µ·-µ 1where a· = -1 m· = -1 b· = -- I and n · = -'-. 
] CTj' l CT; 1 ] CTj l CT; 

The generalized pivotal quantities for normal means and variances are well-known as 

(3.18) 

(3.19) 

where v;k = (nk- l )si x2 and Z = yn(Yk- µk) ~ N(0 1) for k 1, 2, ... , K. Thecr2 rv n- l k erk , 
k 

generalized pivotal quantity for ETAUC can be easily written out as 

- R(Tl R - R(Tl R R,, - R,,1 R - R 
where Ra - R, m - R, b - 'R , and Rn = l' ;R(T 

111 
• One can easily show that 

J (Tl 1 lT; J (Ti 1 1 

RAucET satisfies the two following conditions to be a bona fide generalized pivotal quan-

tity: 1) the distribution of RAucET is independent of any unknown parameters; and 2) the 

observed value of RAucET equals to AUCET for given Yk and S~ for (k = 1, · · · , K1, · · · , K). 

Given a specific data set Yk/s where k = 1, · · · , K1, · · · , K, and j = 1, 2, ... , nk, the gen

eralized confidence interval for AUCET can be obtained via the following steps: i) Calcu

late P.k and o-'f fork= 1, · · · ,K1, · · · ,K; ii) Generate Vk from x~k- l and Zk from standard 

normal distribution N(0, 1), then obtain R cr2 and R µk following (3.18) and (3.19); iii) Com-
k 

pute RAucET following (3.20); iv) Repeat first three steps for a total of R = 2000 times to 
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obtain a set of RAucE/s values; v) Arrange the set of RAucE/s from small to large values. 

Denote RAucET (a:) as the lO0a:th percentile of RAucET 's. Therefore (RAucET(a:/2), RAucET (l -

a:/2) ) is a two-sided 100(1 - a:)% confidence interval of AUCET· 

3.5.1.2 Generalized inference (GI): Without normality 

In practice, it is common that the normality of the data is not satisfied. For such scenarios, 

Box-Cox transformation (Box and Cox, 1964) could be applied to achieve normality due to 

the fact that ETAUC is invariant under monotonic transformation. This type of approach 

is widely used in ROC analysis for a variety of problems (Faraggi and Reiser, 2002; Fluss 

et al., 2005; Molodianovitch et al., 2006; Schisterman et al., 2004; Zou and Hall, 2000). 

For the i th (i = 1, ... , n k) subject in the kth group (k = 1, · · · , K1, K1 + 1 · · · , K), a power 

transformation of the Box-Cox type is suggested as: 

where it is assumed that Y~ ~ N(µk,c/f). The likelihood function based on all the obser

vations from K groups is: 

(3.21) 

We can obtain the MLE of A, µk and CTk by maximizing the function in 3.21. The pro

posed generalized inference approach in Section 3.5.1.1 can be implemented using the 

transformed data. 
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3.5.1.3 Nonparametric bootstrap (NB) method 

The parametric approaches are only appropriate when the normality assumption of ei

ther original data or the transformed data is not violated. However, the normality is not 

always achievable. Therefore, it is necessary to provide a non-parametric approach to 

estimate the confidence interval of AUCET· 

Given an observed data set Yk/s where k = 1, · · · , K1, · · · , K, and j = 1, 2, ... , nk, the 

empirical estimate of AUCET can be calculated as following 

nK

L I(max(Y1v1 , · · · , YK1vK ) < min(YK1+lvKi+l' · · · , YKvK)(J'.3.22) 
VK=l 

1 

The nonparametric bootstrap confidence interval for AUCET can be obtained via the fol

lowing steps: 1) For kth group (k = 1, 2, ... , K), resample with replacements nk obser--vations from Ykl, Yk2, ... , Yknk; 2) Obtain AUCET using the bootstrap samples following-(3.22); 3) Repeat first two steps for a total of R=lO00 times to get a set of AUCETNB; 4) Array 

the set AUCETNB from small to large values. Define AUCETNB(tx) as the lO0txth percentile 

of nonparametric bootstrap samples of AUCEy's. A two-sided 100(1 - tx )% nonparamet-

ric bootstrap confidence interval estimate of AUCET is (AUCETNB (tx/2), AUCETNB (1 -

tx/2) ). 

3.5.1.4 Simulation studies 

Simulation studies were conducted to assess and compare the performance of proposed 

confidence interval estimation by generalized inference (GI) and nonparametric boot

strap (NB) methods for AUCET· A variety of scenarios are considered under a several 

sample sizes settings. As (K1,K) = (2,4), the sample size settings are: (n1,n2,n3,n4) = 

(15,15,15,15),(30,30,30,30),(50,50,50,50),(75,75,75,75),(100,100,100,100),(20,30,20,20); 

https://YKvK)(J'.3.22
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andas(K1,K) = (2,5),thesamplesizesettingsare: (n1,n2,n3,n4,n5) = (15,15,15,15,15), 

(30,30,30,30,30),(50,50,50,50,50),(75,75,75,75,75),(100,100,100,100,100),(20,30,20,25,30). 

For each setting, 2000 independent random samples are generated and the coverage prob

ability ( CP) is calculated by the proportion of cases that 95% estimated confidence inter-

vals contained the true value of AUCET· 

Tables 3.6 presents simulation results under distributional scenarios in Table 3.5 with 

several sample size settings. The results show that when AUCET gets larger, especially 

when it is greater than 0.8, the NB method does not perform as well as the GI method at 

small sample sizes; however, when sample sizes get larger, NB method produces satis

factory coverage probabilities for most scenarios. The GI method generally maintains the 

nominal level for all the parameter settings, despite the sample sizes. In summary, when 

the normality is satisfied, the GI method would be a good choice for confidence interval 

estimation. When the normality assumptions could not be achieved even with Box-Cox 

transformation and the sample sizes are not small, the NB method could be applied. 

Table 3.Sa. Distributional settings for confidence interval estimation studies under 
(Y1, Y2) j (Y3, Y4). 

Y1 Y2 Y3 Y4 AUCET Senc 10.s 

Normal 1 N(0, 1) N(0.3, 1) N(l, 1) N(l.3, 1) 0.456 0.554 
Normal2 N(0, 1) N(0.5, 1.1) N(2, 1.2) N(3, 1.3) 0.726 0.834 
Normal3 N(0, 1) N(l, 1) N(3, 1.2) N(4, 1.4) 0.855 0.929 
Gamma 1 G(2,6) G(2,5) G(4,6) G(4,5) 0.565 0.665 
Gamma2 G(2,6) G(3,6) G(5,5) G(6,5) 0.738 0.848 
Gamma3 G(2,6) G(4,5) G(7,4) G(8,4) 0.863 0.947 

3.5.2 Confidence interval estimation of Senq 13 

This part presents nonparametric percentile bootstrap method with and without AC ad

justment proposed by Agresti and Coull (1998). 
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Table 3.Sb. Distributional settings for confidence interval estimation studies under 
(Y1, Y2) j (Y3, Y4, Ys) . 

Y1 Y2 Y3 Y4 Ys AUCET Senc10.s 

Normal 4 N(0, 1) N(0.5, 1) N(l , 1) N(l.5, 1) N(l.6, 1) 0.378 0.582 
Normal 5 N(0, 1) N(0.5, 1) N(2, 1.1) N(2.5, 1.2) N(3, 1.3) 0.682 0.859 
Normal 6 N(0, 1) N(l, 1.1) N(3, 1.2) N(4, 1.3) N(S, 1.4) 0.843 0.927 
Gamma4 G(2,6) G(2,5) G(4,6) G(S,6) G(6,5) 0.550 0.644 
Gammas G(2,6) G(3,6) G(S,5) G(S.5, 5) G(6,5) 0.672 0.785 
Gamma6 G(2,6) G(3,5) G(6,5) G(7,4) G(8,4) 0.901 0.905 

Table 3.6. Estimated coverage probabilities for 95% confidence intervals for AUCET 
under distributional settings in Table 6 based on 2000 simulations. 

Normal 1 Normal 2 Normal 3 

Sample size GI NB GI NB GI NB 

(15,15,15,15) 0.961 0.944 0.959 0.938 0.947 0.919 
(30,30,30,30) 0.959 0.955 0.959 0.940 0.952 0.938 
(50,50,50,50) 0.956 0.948 0.957 0.955 0.955 0.943 
(75,75,75,75) 0.952 0.955 0.946 0.952 0.946 0.952 
(100,100,100,100) 0.957 0.950 0.952 0.950 0.948 0.949 
(20,30,20,20) 0.951 0.942 0.954 0.930 0.951 0.922 

Normal 4 Normal 5 Normal 6 

GI NB GI NB GI NB 

(15,15,15,15,15) 0.956 0.950 0.943 0.943 0.942 0.920 
(30,30,30,30,30) 0.953 0.956 0.951 0.946 0.950 0.941 
(50,50,50,50,50) 0.954 0.951 0.952 0.956 0.955 0.947 
(75,75,75,75,75) 0.954 0.958 0.947 0.950 0.945 0.946 
(100,100,100,100,100) 0.952 0.947 0.950 0.950 0.951 0.946 
(20,30,20,25,30) 0.949 0.945 0.946 0.935 0.943 0.918 

Gamma 1 Gamma2 Gam ma3 

GI NB GI NB GI NB 

(15,15,15,15) 0.964 0.946 0.961 0.943 0.955 0.915 
(30,30,30,30) 0.956 0.950 0.959 0.945 0.950 0.932 
(50,50,50,50) 0.937 0.938 0.942 0.940 0.945 0.935 
(75,75,75,75) 0.942 0.934 0.951 0.939 0.945 0.936 
(100,100,100,100) 0.947 0.946 0.945 0.939 0.955 0.946 
(20,30,20,20) 0.962 0.944 0.960 0.943 0.957 0.929 

Gamma4 Gammas Gamma6 

GI NB GI NB GI NB 

(15,15,15,15,15) 0.965 0.945 0.950 0.943 0.953 0.934 
(30,30,30,30,30) 0.957 0.949 0.948 0.950 0.954 0.942 
(50,50,50,50,50) 0.943 0.940 0.940 0.941 0.940 0.947 
(75,75,75,75,75) 0.945 0.935 0.948 0.938 0.945 0.942 
(100,100,100,100,100) 0.949 0.949 0.931 0.939 0.943 0.943 
(20,30,20,25,30) 0.955 0.945 0.955 0.946 0.952 0.938 
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3.5.2.1 Nonparametric bootstrap (NBI) method 

Given an observed data set, the empirical estimate of Senc [/3 given Spec = f3 is 

The bootstrap confidence interval for Senc [/3 using (3.23) can be obtained via the fol

lowing steps: 1) For kth group (k = 1, 2, ... , K), resample with replacements nk observa-

tions from Ykl, Yk2, . .. , Yknk; 2) Obtain Senc [/3 using the bootstrap samples following (3.23); 

3) Repeat first two steps for a total of R=lO00 times to get a set of Senc [f3NBI; 4) Array the 

set Senc [f3NBr from small to large values. Define Senc [f3 NBI (a:) as the lO0a:th percentile of 

bootstrap samples of Senc1t3's. A two-sided 100(1 - a:)% percentile bootstrap confidence 

interval estimate of Sec is (Senc [/3NBI (a:/2), Senc [/3NBI (1 - a:/2) ). 

3.5.2.2 Nonparametric bootstrap (NBII) method: AC adjustment 

(Agresti and Coull, 1998) proposed an adjusted confidence interval for binomial propor

tions, and such method is known to have good performance. Following the same vein, 

Senc [/3 can be adjusted as follows: 

[~::: :~, I(Fx1 (/JK') < YK,v,,) · · ·~:~, r?x1 (/JK') < YKv,) + zf_,/2 /2] ,i', 
nK1 + l ... nK + zl-a/2 

(3.24) 

The bootstrap confidence interval for Senc [f3Accan be obtained via the same steps in 

3.5.2.1 using (3.24). 
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3.5.2.3 Simulation studies 

We use the same distributional scenarios as AUCET in Table 3.5 for assessing the perfor

mance of proposed confidence interval estimation for SenG l/3 under f3 = 0.8 by nonpara

metric percentile bootstrap NBI and NBII. Table 3.5 also lists the value of Senc 1o.s for 

each scenario. For each setting, 2000 independent random samples are generated and 

the coverage probability ( CP) is calculated by the proportion of cases that 95% estimated 

confidence intervals contained the true values. Table 3.7 shows that in general, when 

sample sizes are small, both NBI and NBII provide relatively liberal coverage probabili

ties for Sec while NBI has slightly better performance in most scenarios; however, when 

sample sizes get larger, both NBI and NBII methods could produce satisfactory coverage 

probabilities. 

3.6 Motivating example revisited 

In this section, we revisited the motivating data set and apply the newly proposed diag

nostic accuracy measures in Section 3.4 for the same 13 biomarkers. The Shapiro-Wilk 

test was applied to check normality for the biomarkers under each group, and it was 

found that none of 13 biomarkers satisfies normality before or after Box-Cox transforma

tion. Table 3.8 presents the estimated AUCET, Senc1o.s with their corresponding ranking 

and 95% confidence intervals by nonparametric percentile bootstrap method. Compared 

with Table 3.2, for majority of biomarkers, discrepancies between rankings of based on 

estimated AUCET and AUCp are observed. For example, based on estimated AUCET, we 

observe KLK6 > YKL40, and CA15.3 > CA72.4 where ">" means "better", while these 

relationships are reversed by estimated AUCp in Table 3.2. 

The estimated Senp in Table 3.2 and Senc in Table 3.8 are obtained at fixed Spep = 0.8 
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Table 3.7. Estimated coverage probabilities for 95% confidence intervals for Senc fo.s 

under distributional settings in Table 3.5 based on 2000 simulations. 

Normal 1 Normal 2 Normal 3 

Sam ple size NBI NBII NBI NBII NBI NBII 

(15,15,15,15) 0.962 0.968 0.965 0.973 0.971 0.977 
(30,30,30,30) 0.964 0.971 0.966 0.971 0.965 0.969 
(50,50,50,50) 0.959 0.964 0.966 0.966 0.968 0.965 
(75,75,75,75) 0.955 0.957 0.961 0.969 0.958 0.958 
(100,100,100,100) 0.958 0.963 0.962 0.965 0.956 0.964 
(20,30,20,20) 0.969 0.972 0.968 0.968 0.965 0.964 

Normal 4 Normal 5 Normal 6 

NBI NBII NBI NBII NBI NBII 

(15,15,15,15,15) 0.963 0.962 0.965 0.963 0.972 0.972 
(30,30,30,30,30) 0.965 0.965 0.962 0.968 0.964 0.967 
(50,50,50,50,50) 0.965 0.969 0.966 0.965 0.959 0.963 
(75,75,75,75,75) 0.964 0.962 0.961 0.957 0.957 0.959 
(100,100,100,100,100) 0.962 0.956 0.960 0.963 0.967 0.969 
(20,30,20,25,30) 0.971 0.968 0.962 0.965 0.963 0.971 

Gamma 1 Gamma2 Gam ma3 

NBI NBII NBI NBII NBI NBII 

(15,15,15,15) 0.969 0.978 0.967 0.965 0.961 0.970 
(30,30,30,30) 0.961 0.967 0.966 0.963 0.967 0.966 
(50,50,50,50) 0.952 0.958 0.961 0.961 0.962 0.965 
(75,75,75,75) 0.952 0.955 0.958 0.951 0.959 0.962 
(100,100,100,100) 0.963 0.959 0.955 0.950 0.961 0.960 
(20,30,20,20) 0.959 0.956 0.965 0.961 0.967 0.963 

Gamma4 Gammas Gam ma6 

NBI NBII NBI NBII NBI NBII 

(15,15,15,15,15) 0.973 0.971 0.962 0.965 0.976 0.979 
(30,30,30,30,30) 0.965 0.966 0.963 0.965 0.967 0.971 
(50,50,50,50,50) 0.959 0.965 0.955 0.958 0.963 0.963 
(75,75,75,75,75) 0.952 0.955 0.957 0.961 0.964 0.961 
(100,100,100,100,100) 0.963 0.962 0.959 0.957 0.948 0.952 
(20,30,20,25,30) 0.965 0.965 0.972 0.971 0.963 0.970 

and Spec = 0.8 respectively. Figure 3.4 presents the density plot of biomarker CA125. 

Based on eyeballing there exist unbalanced classification performance between two sub

classes in the diseased group. The fact that the estimated Senc has a smaller value than 

Senp demonstrates that Senc is less likely to overestimate the classification performance 

than Senp. 
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Table 3.8. Estimated A UCET and Sencfo.s with their corresponding ranks and 95% 

confidence intervals for the biomarkers in ovarian cancer data set. 

AUCET 95% CI Senc10.s 95% CI 
Biomarker (Rank) LB UB (Rank) LB UB 

CA125 0.705 (1) 0.634 0.774 0.824 (1) 0.752 0.891 
CA153 0.401 (4) 0.325 0.482 0.551 (4) 0.463 0.638 
CA199 0.243 (12) 0.187 0.304 0.331 (12) 0.248 0.416 
KLK6 0.363 (6) 0.300 0.438 0.442 (10) 0.353 0.528 
CA724 0.283 (10) 0.193 0.379 0.568 (3) 0.474 0.655 
DD.O110 0.325 (8) 0.256 0.398 0.490 (6) 0.405 0.570 
DD.C248 0.233 (13) 0.182 0.291 0.299 (13) 0.216 0.377 
DD.P108 0.380 (5) 0.314 0.451 0.482 (7) 0.392 0.570 
DD.X065 0.257 (11) 0.196 0.317 0.356 (11) 0.263 0.449 
HE4 0.586 (2) 0.502 0.668 0.735 (2) 0.661 0.808 
SMRP 0.308 (9) 0.240 0.381 0.473 (8) 0.370 0.567 
YKL40 0.350 (7) 0.283 0.423 0.462 (9) 0.368 0.561 
IGF2 0.458 (3) 0.385 0.525 0.545 (5) 0.430 0.662 

LB, lower bound of the 95% confidence interval; UB, upper bound of the 95% confidence interval. 

3.7 Con cl usion and discussion 

The extended tree ordering (Y1 , · · · , YK1 ) ::::; (YK1+1, · · · , YK) often occurs in the field 

of cancer research in which both control and diseased groups involve at least one sub

classes. As a standard practice, researchers often treat the problem of biomarker evalu

ation by pooling all the sub-classes within each group to create two pooled classes, then 

estimate A UC and other characteristics under traditional ROC curve as diagnostic mea

sures commonly. 

This chapter investigates the issues and misuse of such pooling strategy and demon

strated that such derived A UC (A UCp) based on pooling strategy not only depends on 

the relative sampling weights of sub-classes but also a weighted arithmetic mean of pair

wise AUCij itself, similar for Spep and Senp . Hence it is not appropriate to use pooling 

strategy as a meaningful diagnostic measure for biomarkers under such ordering. 

Therefore, in this chapter we present a new diagnostic framework (ROCET ) and ap

propriate measures obtained under ROCET (A UCET and Senc [t3 ) for evaluating the diag

nostic ability of biomarkers for differentiating two major groups. Besides the superiority 

that such proposed measures are all independent of the relative frequency of subclasses 
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Figure 3.4: Density plots of biomarker CA125 

in each major group. First of all, AUCET has a well-defined probability interpretation 

that any randomly chosen subject from the first major group has a smaller value than that 

of any randomly chosen subject from the second major group; secondly, SenG l/3 could 

control the estimation of balance among classification performances on the majority and 

minority sub-classes in a major group compared to SenP l/3 obtained under pooling strat

egy; thirdly, all newly proposed measures have the ability to capture certain distinctively 

paramount scenarios of different biomarkers while the pooling strategy fails to. 

Note that when each group only contains one class, AUCET, Spec and Senc just be

come the AUC, specificity and sensitivity respectively under traditional binary classifica

tion. 



Novel diagnostic accuracy measures and 

cut-point selection criteria for diseases 

with multiple ordinal stages 

4.1 Introduction 

Let Y1, Y2, · · · , YK be the marker values for independent disease classes 1, 2, · · · , K, re

spectively. Ordinal ordering, i.e. Y1 ::::; Y2 ::::; · · · , ::::; YK as K 2: 3 often exists in practice. 

Without loss of generality, let higher value indicate worse status. The existing diagnostic 

accuracy measures for ordinal multi-classes diseases have been introduced in Section 1.3. 

Despite the fact that there exist several diagnostic measures (HUM, GYI and MADE T) 

for diseases with K 2: 3 ordinal stages, all of them fail to capture the differences among 

some distinctively different biomarkers. We will illustrate this point using the following 

examples. Consider a three-stage diagnosis with four different markers (A, B, C, D), and 

denote Y1, Y2 and Y3 the marker values from non-diseased, early diseased and fully dis

eased stages respectively. Assume for marker A, Y1 ~ N(O, 1), Y2 ~ N(l, 1), Y3 ~ N(3, 1); 
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for marker B, Y1 ~ N(0, 1), Y2 ~ N(2, 1), Y3 ~ N(3, 1); for marker C, Y1 ~ N(0, 1.2), Y2 ~ 
N(l, 1 ), Y3 ~ N(3, 0.8); and for marker D, Y1 ~ N(0, 0.8), Y2 ~ N(2, 1 ), Y3 ~ N(3, 1.2). 

Figure 4.1 (upper bound) presents density plots for markers A and B, and Figure 4.1 

(lower bound) for markers C and D. Figure 4.1 (upper bound) shows that the marker 

A is better for capturing the difference between non-diseased stage vs. the other two 

stages while the marker B is better for capturing the difference between the first two 

stages vs. the last stage. Similar behaviors can be observed from markers C and D. How

ever, despite the fact that A and B are distinctly different, all three existing diagnostic 

measures (GYI, VUS and MADET) fail to capture the difference between A and B, i.e. 

(GYI, VUS,MADET) = (1.066,0.684,0.230) for both A and B. Similarly, (GYI, VUS,MADET) = 

(1.093, 0.682, 0.240) for both C and D, indicating all three measures fail to distinguish C 

andD. 

In practice, for diseases such as ovarian cancer with three ordinal classes ("benign", 

"borderline" or "early stage", "malignant"), early detection is critical for patients in order 

to receive timely medical intervention. Hence, biomarkers which are better at identifying 

diseased subjects (both early and late stages) from healthy ones should be more desirable. 

Consequently, despite markers A and B share the same values of VUS, GYI and MAD ET, 

their performances should not be viewed as equal. Actually, by eyeballing Figure 1, we 

observe that marker A should be preferred over B, and C over D, for diseases such as 

ovarian cancer since the non-diseased stage is far more apart from the other two for A ( or 

C), compared to B (or D). 

The lack of ability of capturing such meaningful differences between A and B, and be

tween C and Dis a pitfall suffered from an inherent characteristic shared by all the exist

ing diagnostic measures, i.e. all HUM, GYI and MAD ET are defined as overall measures 

in one-step processes. More details about this point will be addressed later. As the num

ber of classes K goes up, such pitfall becomes more serious and complicated. Therefore, it 
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is of paramount importance to develop comprehensive and reliable diagnostic measures 

which are capable of capturing such meaningful differences. In this chapter, we propose 

a novel idea for evaluating diagnostic accuracy of biomarkers for diseases with multiple 

ordinal stages. This idea breaks down the problem of measuring the overall accuracy 

of a biomarker into K - 1 steps for which corresponding sub-measures of accuracy are 

obtained and later are summed up with appropriate weights at each step. Such derived 

new measures can accommodate weights at K - 1 steps and the weights can be flexibly 

designed to accommodate different diseases. Therefore new measures have the potential 

of distinguishing marker A from B, and C from Din Figure 4.1. Furthermore, this novel 

idea also can naturally lead to a few optimal cut-point selection methods. 

The rest of this chapter is structured as follows. In Section 4.3, we present a new 

idea for evaluating diagnostic accuracy, and based on that, derive two new measures 

which are capable of incorporating weights. Furthermore, in Section 4.4, three new cut

points selection criteria are built and the performance of the proposed criteria are assessed 

compared to the existing ones using simulation studies. In Section 4.5, a real ovarian 

cancer data set is studied. Section 4.6 presents summary and discussion. 

4.2 New Diagnostic accuracy measures for markers under 

multi-ordinal stages 

Section 4.2.1 presents a novel idea of partitioning the whole classification problem into 

K - 1 steps, for the purpose of evaluating a diagnostic biomarker with K ordinal stages. 

The two sub-measures at kth step will be presented in Section 4.2.2, and the new diagnos

tic measures will be proposed in Section 4.2.3 as weighted sums of K - 1 sub-measures. 

Finally, a power study will be carried out to assess the performance of the newly proposed 
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Figure 4.1: Upper: Density plots of two distinctly different biomarkers A and B w ith the 
same accuracy measures: GYI (1.066), V US (0.684), and MAD ET (0.230); Lower: 

Density plots of two distinctly different biomarkers C and D with the same accuracy 
measures: GYI (1.093), VUS (0.682), and MAD ET (0.240). 

diagnostic measures in Section 4.2.4. 

4.2.1 The idea 

For diseases with K (K 2: 3) ordinal stages, the overall classification problem can be par

titioned into K - 1 steps, and the task of kth step is to distinguish (Y1 , Y2, ... , Yk) from 

(Yk+l , Yk+2, ... , YK) under (Y1 , Y2, ... , Yk) j (Yk+ l , Yk+2, ... , YK) where k = 1, ... , K - 1. 

Note that (Y1, Y2, . . . ) means there do not exist clearly defined orderings among the vari

ables placed inside the brackets. At each step, a sub-measure can be obtained and specific 

weight can be designated according to practical consideration of a particular disease. The 
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weighted sum of K - 1 sub-measures can serve as an overall diagnostic measure. The 

proposed new measures naturally incorporate weights at K - 1 steps, hence they can be 

easily adapted to different diseases. Equipped with appropriate weighting scheme, such 

new measures can distinguish marker A from B, and C from D, as shown in Figure 4.1. 

Furthermore, this idea naturally leads to some cut-point selection methods which will be 

presented in Section 4.3. 

In the following, we present specific cases as K = 3 and 4 to illustrate this idea. 

• Three ordinal classes 

As first example, we consider scenarios with three ordinal stages, i.e. Y1 j Y2 j Y3. 

Based on the idea presented above, the whole classification problem with can be 

viewed as a two-step procedure: 1) classification under Y1 j (Y2, Y3); 2) classifica

tion under (Y1, Y2) j Y3. Figure 4.2 presents an illustration of this idea. The upper 

panel corresponds to step 1, and the lower panel corresponds to step 2. 

• Four ordinal classes 

As second example, we consider K = 4, i.e. Y1 j Y2 j Y3 j Y4. The whole clas

sification problem can be viewed as a three-step procedure: 1) classification under 

Y1 j (Y2, Y3, Y3); 2) classification under (Y1, Y2) j (Y3, Y4); 3) classification under 

(Y1, Y2, Y3) j Y4. Figure 4.3 presents an illustration of this idea. The upper, middle 

and lower panels correspond to steps 1, 2, and 3 respectively. 

For a general case with K ordinal classes (Y1 j Y2 j ... j YK), the problem of mea

suring the overall accuracy of a biomarker can be partitioned into K - 1 steps. At the 

first step, Y1 is identified from the (Y2, Y3, ... , YK) under Y1 j (Y2, Y3, ... , YK)- At the last 

step, i.e. k = K - 1, (Y1, Y2, ... , YK-1) are identified from YK under (Y1, Y2, ... , YK-1) ---< 

YK. For steps k = 2, 3, ... , K - 2, the classification problem is under (Y1, Y2, ... , Yk) ---< 

(Yk+l, Yk+2, · · ·, YK)-
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Figure 4.2: Illustration of the proposed idea for diseases with three stages. 

4.2.2 Sub-measures at kth step 

At kth step, we encounter classification problem under (Y1, Y2, ... , Yk) ::::; (Yk+l, Yk+2, ... , YK) 

with k = 1, 2, ... , K - 1. The ordering (Y1, Y2, ... , Yk) ::::; (Yk+l, Yk+2, ... , YK) with k = 

1, 2, ... , K -1 is referred as extended tree ordering (Feng et al., 2018). Tree (Y1 ::::; (Y2, Y3, · · · , YK)) 

and umbrella (YK c::: (Y1, Y2, · · · , YK- 1)) ordering are special cases when k = 1 and K - 1 

respectively. The diagnostic measures for tree (or umbrella) ordering have been studied 

by many researchers (Obuchowski et al., 2004; Obuchowski, 2006; Nakas and Alonzo, 

2007; Wang et al., 2016). The ROC framework under tree (or umbrella) ordering (TROC) 

and the corresponding area under the TROC curve (TAUC) were proposed by Wang et al. 

(2016). Recently, TROC was generalized to extended tree ordering (Y1, Y2, ... , Yk) ::::; 

(Yk+l, Yk+2, ... , YK) (namely ETROC), and the TAUC to the corresponding diagnostic 

measure under ETROC (namely ETAUC) (Feng et al., 2018). The gist of these work have 
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Figure 4.3: Illustration of the proposed idea for diseases with four stages. 

been introduced in former chapters. 

In this section, we propose two different sub-measures for the kth step. The first 

measure is the area under ROC curve for extended tree ordering at kth step, namely 

ETAUCk, and the second measure is the Youden index for extended tree ordering at kth 

step, namely ETYh. The details are as follows. 

Denote Xk = max(Y1, Y2, · · · , Yk) and Zk = min(Yk+l, Yk+2, · · · , YK), where 1 ::; k < K. 

Let F1, F2, ... , FK stand for the cumulative distribution functions for Y1, Y2, ... , YK, respec

tively. Let ck denote a given cut-point at kth step. At kth step, the sensitivity (ETSek) and 

specificity (ETSpk) under extended tree ordering (Y1, Y2, ... , Yk) j (Yk+l, Yk+2, ... , YK) at 
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a given cut-point ck are defined as 

ETSek(ck) P(Zk > ck), (4.1) 

ETSpk(ck) P(Xk::; ck)- (4.2) 

The ROC curve for extended tree ordering at kth step (ETROCk) can be obtained as 

(4.3) 

The chance curve under such framework can be easily derived as Y = (1 - (1 - X) (l / k) ? - k, 

where Y stands for ETSek and X stands for 1 - ETSpk (Feng et al., 2018; Wang et al., 2016). 

Note that when k = 1 and K = 2 (i.e. binary classification), the chance curve becomes the 

diagonal line. 

The area under the ETROCk curve, denoted as ETAUCk, equals to the probability that 

a randomly chosen subject from classes ( 1, 2, ... , k) has a lower marker value than that of 

a randomly chosen subject from classes (k + 1, k + 2, ... , K), i.e. 

(4.4) 

ETAUCk serves a diagnostic accuracy index for the kth step. Furthermore, the Youden 

index for kth step under extended tree ordering (ETYh), defined as 

(4.5) 

can also serve as another diagnostic accuracy index for the kth step. 

Both ETAUCk and ETYh will be used as sub-measures for kth step. 
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4.2.3 New diagnostic accuracy measures 

Based on the idea proposed in 4.2.1 and the sub-measures proposed in 4.2.2, we will 

present two overall diagnostic accuracy measures, namely, the weighted aggregated area 

under ROC curve under extended tree ordering (AETAUCw) and the weighted aggre

gated Youden index under extended tree ordering (AETYiw)-

Denote wk as the designated weight for the kth step where k = 1 to K - 1, and let 

Lf-1 wi = 1. The weighted aggregated extended tree area under curve (AETAUCw) and 

the weighted aggregated extended tree Youden index (AETYiw) are defined as 

AETAUCw 
K - 1

L WiETAUCi, (4.6) 
i=l 

AETYiw 
K - 1

L WiETYh (4.7) 
i=l 

When wi = K~l' AETAUCw and AETYiw become the unweighted version, i.e. AETAUC 

and AETYI. 

Such defined overall diagnostic measures have flexibility of incorporating weights at 

K - 1 steps. The choice of weights should depend on the specific diseases. For diseases 

such as ovarian cancer and liver cancer, it is crucial to identify diseased subjects ( in

cluding both early and late stages) from healthy subjects. For such diseases, as K = 3, a 

reasonable diagnostic measure should put more weight on the 1st step, i.e. classification 

under Y1 =:: (Y2, Y3), than the 2nd step, i.e. classification under (Y1, Y2) =:: Y3. The ap

propriately weighted AETAUCw and AETYiw are able to distinguish marker A from B, 

and C from D, presented in Figure 4.1, hence are more suitable diagnostic measures than 

existing GYI, HUM and MAD ET for properly evaluating biomarkers for diseases such 

as ovarian cancer. 
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4.2.4 Power study 

In this section, we demonstrate the utility and performance of the proposed accuracy 

measures AETAUCw and AETYiw using a small power study, in comparison with the 

existing measures (GYI, VUS and MAD ET). 

We consider three-class (K = 3) cases with the settings of markers A, B, C, D in Fig-

ure 4.1; i.e. Y1 ~ N(0, 1), Y2 ~ N(l, 1), Y3 ~ N(3, 1) (marker A), Y1 ~ N(0, 1), Y2 ~ 
N(2, 1), Y3 ~ N(3, 1) (marker B), Y1 ~ N(0, 1.2), Y2 ~ N(l, 1), Y3 ~ N(3,0.8) (marker C), 

and Y1 ~ N(0,0.8), Y2 ~ N(2, 1), Y3 ~ N(3, 1.2) (markerD). Letw1 standfortheweightat 

the first classification step under Y1 ::::; (Y2, Y3) and w2 at the second classification step un

der (Y1, Y2)::::; Y3. Four weighting strategies: (w1,w2) = (0.5,0.5), (0.6,0.4), (0.7,0.3), (0.8,0.2) 

are considered. Denote AETAUC(wi,wz) and AETYI(wi,wz) as the weighted aggregated 

area under extended tree ordering and the weighted aggregated Youden index under ex

tended tree ordering respectively with weight ( w1, w2), and denote AETAUC and AETYI 

as the unweighted versions,i.e. (w1,w2) = (0.5,0.5). 

Table 4.1 presents the true values of AETAUCw and AETYiw under different weight-

ing schemes along with GYI, VUS and MADET for markers A, B, C and D. Table 4.1 

demonstrates that the weighted aggregated area under ROC curve (AETAUC(o.6,o.4), AETAUC(o.7,0_3), 

AETAUC(o.s,o.2) ) and the weighted aggregated Youden index (AETYI(o.6,o.4), AETYI(o.7,0_3) , 

AETYI(o.s,o.2) ), are capable of distinguishing marker A from B, and C from D. The larger 

the w1, the bigger the difference manifested between markers A and B, as well as between 

C and D. Table 4.1 also shows that unweighted AETAUC and AETYibehave similarly as 

GYI, VUS and MAD ET, i.e. they all have the same value for markers A and B, as well as 

C and D. 

Table 4.2 presents simulated power for testing Ho vs Ha (i.e. marker A vs. B, marker C 

vs. D) using GYI, VUS, MAD ET, AETAUC, AETYI as well as AETAUCw and AETYiw 
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with three weighting schemes. The sample sizes for three stages are set as equal: 10, 20 

and 40. Under Ho, random samples are generated for 2000 times, the smoothed ker

nel distribution functions are used to estimate all the measures. Then Ho is rejected 

under Ha if the estimated statistics are larger than the corresponding 95% percentiles 

from Ho. This process is repeated for 1000 times and the proportion that Ho is rejected 

is calculated as power, for each scenario. As expected, diagnostic measures GYI, VUS 

and MADET as well as unweighted new measures AETAUC and AETYI have power 

around 0.05, indicating these measures fail to tell the difference between markers A and 

B, as well as between C and D. On the other hand, all of the proposed weighted measures, 

i.e. AETAUC(o.6,o.4), AETAUC(o.7,0_3) , AETAUC(o.s,o.2), AETYI(o.6,o.4), AETYI(o.7,0_3) and 

AETYI(o.s,o.2), have certain power for testing H1 against Ho, and the larger the weight W1, 

the higher the power, indicating better ability of distinguishing marker A from B, as well 

as C from D. As sample size goes up, the power for all six weighted measures increases. 

Table 4.1: True values of diagnostic accuracy measures for markers A, B, C, and Din 
F.1gure ?? . .. 

Measures Marker A Marker B MarkerC MarkerD 

GYI 1.066 1.066 1.093 1.093 
vus 0.684 0.684 0.682 0.682 
MADET 0.229 0.229 0.240 0.240 

AETAUC 0.834 0.834 0.831 0.831 
AETYI 0.522 0.522 0.528 0.528 

AETAUC(o.6,0_4) 0.818 0.849 0.813 0.850 

AETYI(o.6,0_4) 0.493 0.551 0.494 0.562 

AETAUC(o.7,0_3) 0.802 0.865 0.794 0.869 

AETYI(o.7,0_3) 0.464 0.579 0.459 0.597 

AETAUC(o.s,o.z) 0.787 0.880 0.775 0.888 

AETYI(o.s,o.z) 0.436 0.608 0.425 0.631 
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Table 4.2: Simulated power for testing marker A (Ho) vs. B (Ha) and marker C (Ho) vs. D 

(Ha) based 1000 simulation runs. 

Marker A (Ho) vs. B (Ha) Marker C (Ho) vs. D (Ha) 

Measures Sample size Sample size 
10 20 40 10 20 40 

GYI 0.064 0.059 0.049 0.056 0.048 0.063 
vus 0.066 0.061 0.053 0.067 0.052 0.062 
MADET 0.061 0.063 0.060 0.059 0.050 0.053 

AETAUC 0.057 0.058 0.052 0.061 0.062 0.055 
AETYI 0.064 0.044 0.054 0.038 0.057 0.045 

AETAUC(o.6,0_4) 0.079 0.117 0.182 0.088 0.169 0.271 

AETYI(o.6,0_4) 0.114 0.140 0.238 0.096 0.097 0.180 

AETAUC(o.7,0_3) 0.154 0.347 0.584 0.188 0.370 0.686 

AETYI(o.7,0_3) 0.217 0.300 0.534 0.166 0.221 0.384 

AETAUC(o.s,o.2) 0.291 0.530 0.822 0.379 0.654 0.959 

AETYI(o.s,o.2) 0.309 0.515 0.810 0.168 0.354 0.597 

4.3 New optimal cut-points selection methods under multi

ordinal stages 

The previous section proposes a novel idea for developing new diagnostic accuracy mea

sures. This gist of this idea is to partition the whole classification problem into K - 1 

steps. Following on this idea, the kth cut-point ck can be naturally determined at kth step 

by some optimal criteria, for k = 1, ... , K - 1. Different optimal criteria used at kth step 

lead to different overall cut-point selection methods. We will use three popular optimal 

criteria, i.e. Youden index (YI), minimum distance (MD), and maximum area (MA) to 

construct three new cut-point selection methods, namely ETYI, ETMD, and ETMA, in 

Section 4.3.1. A simulation study is presented in Section 4.3.3 to compare the perfor

mance of the proposed methods with existing cut-point methods, i.e. GYI, MV, MA and 

MADET, as reviewed previously. 
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4.3.1 Proposed methods 
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Figure 4.4: ROC curve under extended tree ordering (ETROC) with chance line ( dashed 
curve) at k the step (k = 1, 2, ... , K - 1), as stated in Section 4.3.2. The lengths of red line 
and green line refer to the optimal statistics ETYh and ETMDk respectively, and purple 

area refers to ET MAk. Note that subscript k is omitted for the ease of notations. 

• The Youden index method under extended tree ordering (ETYI) 
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At kth step, ETYh in (4.5) can be rewritten as follows: 

K k 

ETYh = maxck[ TI (1- Fi(ck)) - (1- TI Fi(ck))]. (4.8) 
i=k+l i=l 

The optimal statistics ETYh ranges from Oto 1, with value 1 indicating perfect dis

crimination while value 0 indicating no ability of discriminating (Y1, · · · , Yi) from 

(Yi+l, · · · , YK)- The kth optimal cut-point ck is obtained by maximizing the accu

racy at kth step, i.e. the sum of the sensitivity (ETSek) and specificity (ETSek) under 

extended tree ordering (Y1, Y2, ... , Yk) j (Yk+l, Yk+2, ... , YK) -

Figure 4.4 presents ROC curve under extended tree ordering (ETROC) and its chance 

curve (dashed curve), along with optimal cut-points determined by different meth

ods. For ease of notations, in Figure 4.4, we ignore the subscription of "k" which 

indicates kth step in the procedure. The optimal cut-point by the ETYI method 

is denoted as cETYI· The coordinates of the red point on ETROC curve are (1 -

p(cETYI),q(cETYI)), where q(cETYI) and p(cETYI) stand for ETSek and ETSpk at the 

optimal cut-point CETYI, respectively. ETYh equals to the length of the vertical solid 

line (color red) from the point (1 - p(cETYI), q(cETYI)) to the diagonal line. 

• The closest-to-perfection/minimum distance method under extended tree ordering 

(ETMD) 

The extended closest-to-perfection/minimum distance (ETMD) method minimizes 

the distance from the perfection point (0,1) to (1-ETSp(ck), ETSe(ck)) on ETROCk 

curve; i.e. the green line as shown in Figure 4.4. Thus the optimal statistics ETMDk 
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is defined as 

ETMDk = minck [ ✓(l - ETSpk(ck)) 2 + (1- ETSek(ck)) 2 ] 

k i (4.9) 
= minck[ (1- TI Fi(ck)) 2 + (1- TI (1- Fi(ck)))2]. 

i=l i=k+l 

The optimal statistics ETMDk has minimum value Ocorresponding to perfect dis

crimination. Let CETMD stand for the optimal cut-point determined by the ETMD 

method. In Figure 4.4, the coordinates of the green point on ETROC curve are ( 1 -

p(cETMD),q(cETMD)), where q(cETMD) and p(cETMD) stand for ETSek and ETSpk 

at CETMD respectively, and ETMDk is the length of the line (color green) from the 

perfection point ( 0, 1) to the point (green) ( 1 - p(cETMD), q(cETMD)) on the ETROC 

curve. 

• The max area method under extended tree ordering (ETMA) 

The max area method (Liu, 2012) for binary classification can be easily adapted to 

the extended tree ordering at kth step. The optimal statistics ETMAk is defined as 

k i (4.10) 
= maxck[TI Fi(ck)) * TI (1- Fi(ck))]. 

i=l i=k+l 

The optimal statistics ETMAk ranges from (i)k(l - i)K-k to 1, where 1 stands for 

perfectly discriminating ability, and the lower bound corresponds to uninformative 

case, that is, no discriminating ability to distinguish (Y1, · · · , Yk) from (Yk+1, · · · , YK). 

This method promotes simultaneous maximization of ETSpk and ETSek, therefore it 

can achieve better balance between ETS Pk and ETSek. Denote the optimal cut-point 

by the ETMA method as CETMA· The coordinates of the purple point on ETROC 
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curve in Figure 4.4 are (1 - p(cETMA),q(cETMA)), where q(cETMA) and p(cETMA) 

stand for ETSek and ETSpk at the optimal cut-point CETMA, respectively, and ETMAk 

is the purple shaded area. 

Remark: The minimum distance (MD) and maximum area (MA) cut-point selection 

methods reviewed in Section 1.3 can be considered as counterparts of proposed ETMD 

and ETMA methods. While MD and MA require all K -1 cut-points being determined 

simultaneously, the proposed ETMD and ETMA allow each cut-point being determined 

individually although estimating each cut-point involves all K distributions. 

4.3.2 Simulations 

In this section, simulation studies were carried out to assess the performances of the 

newly proposed cut-point selection methods: ETYI, ETMD and ETMA in comparison 

with existing ones, i.e. GYI, MD, MV and MAD ET. For evaluating performances of 

cut-point selection methods, two indexes will be used, i.e. percentage of loss of total cor

rect classification rate (LTCCR) and maximum minimum difference (MMDIF), defined 

as follows: 

• Percentage of loss of total correct classification rate (LTCCR) 

At the optimal cut-points c = (c1, c2, ... , cK- 1), total correct classification rate (TCCR) 

lS 
K 

TCCR = Lpi,i(c) 
i=l 

where Pi,i stands for the correct classification rate for ith class. The maximum of 

TCCR (denoted as TCCRcYI) is achieved at the optimal cut-points CcYJ determined 

by the generalized Youden index method GYI. Hence for a specific cut-point se

lection method, the percentage of loss of total correct classification rate, denoted as 
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LTCCR, is defined as 

LTCCR = [( TCCRcYI - TCCR ) /TCCRcYI ] x 100%. 

Smaller LTCCR indicates better TCCR for this particular selection method. LTCCR 

equals to O for GYI. 

• Maximum minimum difference (MMD IF) 

Besides LTCCR, the level of balance among K correct classification rates is also of 

interest. It has been observed that the GYI method can have poor balances. For 

measuring such balance for a specific cut-point selection method, the maximum 

minimum difference (MMD IF) is defined as 

A smaller MM D IF indicates a better balance among Pi,/s for this method. 

Table 4.3: Simulation scenarios for scenarios with three stages. 

Scenario Stage 1 Stage 2 Stage 3 

Normall N(O, 1) N(l , 1) N(2, 1) 
Normal2 N(O, 1) N(l , 1.2) N(2, 1.4) 
Normal3 N(O, 1) N(l.5, 1.2) N(3, 1.5) 
Gammal Gamma(2,6) Gamma(S,6) Gamma(14, 6) 
Gamma2 Gamma(3,6) Gamma(7, 4.5) Gamma(ll, 3) 
Gamma3 Gamma(S,6) Gamma(lO, 6.5) Gamma(20, 7) 

Table 4.4: Simulation scenarios for scenarios with four stages. 

Scenario Stage 1 Stage 2 Stage 3 Stage 4 

Normal4 N(O, 1) N(l, 1) N(2, 1) N(3, 1) 
Normal5 N(0,0.8) N(l.5, 1) N(3, 1.2) N(4.5, 1.4) 
Gamma4 Gamma(2,6) Gamma(7,6) Gamma(l O, 4) Gamma(15, 4) 
Gammas Gamma(2,5) Gamma(S,4) Gamma(S,4) Gamma(ll, 3) 
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The distributional settings for three-stage and four-stage diseases are presented in Ta-

ble 4.3 and Table 4.4, respectively. The sample sizes are set as (20, 20, 20), (50, 50, 50), (100, 

100, 100), (60, 40, 20) and (100, 50, 30) for three-stages; (20, 20, 20, 20), (50, 50, 50, 50), (100, 

100, 100, 100), (80, 60, 40, 20), and (100, 80, 50, 30) for four-stages. Table 4.5 and 4.6 present 

simulation results for three-stage and four-stage scenarios respectively, based on a total 

of 10000 rounds of replications. 

Tables 4.5 and 4.6 demonstrate that the proposed ETMD and ETMV methods achieve 

better total correct classification rates compared to their counterparts, i.e. MD and MV 

respectively, while losing some balance among classification rates (i.e. higher MMD IF). 

The proposed ETYI method, on the other hand, achieves lower MMD IF than its coun

terpart GYI while sacrificing some accuracy. For most of the scenarios, ETYI has the 

best performance (lowest LTCCR and MMD IF) among three newly proposed selection 

methods. Overall speaking, ETYI is a good method to use when the imbalance among 

classification rates by GYI is not desirable. 

4.4 An Ovarian Cancer Example 

Numerous studies have been conducted to investigate candidate screening biomarkers 

for the early ovarian cancer detection out of which cancer antigen 125 (CA125) and human 

epididymis protein 4 (HE4) are two well-studied tumor markers. The data set from PLCO 

study described in Section 1.4.2 will be studied in this section. The data set consists of 

specimens from 640 benign disease and general population controls, 75 early ovarian 

cancer cases, 82 late ovarian cancer cases. 
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Table 4.7: Summary statistics of CA125 and HE4 after log transformation, and ROMA 

score for post-menopausal subjects. 

Control group Early stage Late stage 

N Mean Std N Mean Std N Mean Std 

CA125 627 2.765 0.815 71 4.602 1.595 82 6.046 1.706 

HE4 638 3.985 0.469 75 4.634 0.994 82 5.870 0.912 

ROMA 326 14.337 11.639 31 50.453 33.950 64 81.343 26.229 

In this section, we will first evaluate the diagnostic accuracy of CA125 and HE4 using 

the proposed diagnostic measures AETAUCw and AETYiw along with existing ones GYI, 

VUS and MADET. Table 4.7 presents the summary statistics of log transformed CA125 

and HE4 (ROMA score will be introduced in the following) and Figure 4.5 presents the 

density plots for CA125 and HE4 after log transformation. In this analysis, we use two 

weighting schemes: 1) (w1,w2) = (0.7,0.3) i.e. 70% weight is given to the 1st step, and 

30% to 2nd step in classification as described in Section 4.2.1; 2) (w1,w2) = (0.5,0.5), i.e. 

the unweighted version with both steps being treated as equal. Table 4.8 presents the 

estimated accuracy measures along with their 95% confidence intervals. It is observed 

that CA125 and HE4 have quite similar discriminatory ability while CA125 is slightly 

better, as demonstrated by all the measures including AETAUC(o.7,0_3) and AETYI(o.7,0_3) . 

Compared to unweighted AETAUC and AETYI, the estimates of AETAUC(o.7,0_3) and 

AETYI(o.7,0_3) are higher for CA125 but lower for HE4, indicating that CA125 might have 

better performance at the first step, i.e. classification under Y1 ::::; (Y2, Y3) , than the second 

step, i.e. classification under (Y1, Y2 ) ::::; Y3, while HE4 has better performance at the 

second step than the first. In other words, CA125 is a better marker to use for identifying 

cancer cases (both early and late stages) vs controls, while HE4 is better at identifying 

late-stage patients from control and early-staged ones. Given the importance of early 
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detection of ovarian cancer, the weighted A ETA UC(o.7,0_3) and A ETYI(o.7,0_3) might be 

reasonable measures to use, and CA125 appears to be a better marker than HE4 for this 

purpose. These findings can also be vaguely observed from density plots in Figure 4.5. 
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Figure 4.5: Density plots of markers CA125 and HE4 after log transformation. 

Table 4.8: Accuracy measure estimates for CA125 and HE4 with the corresponding 95% 
confidence interval. 

AETAUC(o.7,0_3) AETYI(o.7,0_3) AETAUC(o.s,o.s) AETYI(o.s,o.s) GYI vus MADET 

Biomarkers 
(95% CI) (95% CI) (95% CI) (95% CI) (95% CI) (95% CI) (95% CI) 

0.7883 0.4773 0.7698 0.4429 0.9505 0.6219 0.1748 
CA125 

(0.7481-0.8319) (0.4175-0.5497) (0.7257-0.8165) (0.3826-0.5192) (0.8541-1.0925) (0.5350-0.6910) (0.1074-0.2608) 

0.7312 0.4058 0.7488 0.4349 0.9240 0.5617 0.1331 
HE4 

(0.6909-0.7735) (0.3464-0.4716) (0.7099-0.7888) (0.3719-0.5026) (0.8203-1.0444) (0.5077-0.6220) (0.0384-0.2091) 

Numerous studies have demonstrated significant improvements of sensitivity and 
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specificity in predicting ovarian malignancy when CA125 and HE4 are used together. 

The Risk of Ovarian Malignancy Algorithm (ROMA), approved by FDA, is a quantita

tive serum test that combines the results of HE4, CA125 and menopausal status into a 

numerical score. ROMA is intended to aid in assessing whether a pre-menopausal or 

post-menopausal woman who presents with an ovarian adnexal mass is at high or low 

likelihood of finding malignancy on surgery. We will use only the post-menopausal por

tion of data to illustrate the proposed cut-point methods, based on ROMA score calcu

lated using the given formula as ROMA= expPI I (1 + expP1) * 100 where PI= -8.09 + 
1.04 x log(HE4) +0.732 x log(CA125). The summary statistics of calculated ROMA score 

for post-menopausal women are also presented in Table 4.7. Figure 4.6 shows the den

sity plots of ROMA score for three groups (control, early and late stages) as well as the 

estimated cut-points. Table 4.9 presents the estimated cut-points along with bootstrap 

confidence intervals, correct classification rates and performance indexes, i.e. LTCCR 

andMMDlF. 

Table 4.9: Cut-points estimates of ROMA score for post-menopausal cases with the 
corresponding 95% confidence interval. 

C1 (95% CI) C2 (95% CI) P1,1 P 2,2 P 3,3 TCCR LTCCR(%) MMDIF 

ETYI 19.72 (17.34-21.81) 79.12 (64.73-88.27) 0.8512 0.4662 0.7281 2.0455 0.0118 0.8259 

ETMD 17.96 (15.84-20.36) 80.01 (69.26-87.97) 0.8183 0.4941 0.7216 2.0340 0.5714 0.6562 

ETMA 19.02 (16.69-21.19) 79.75 (68.44-88.15) 0.8395 0.4791 0.7241 2.0426 0.1503 0.7522 

GYI 20.16 (17.69-22.69) 78.98 (63.91-87.92) 0.8570 0.4591 0.7296 2.0457 0.0000 0.8668 

MD 16.64 (15.12-18.70) 84.29 (76.58-89 .62) 0.7871 0.5510 0.6737 2.0118 1.6580 0.4286 

MA 18.12 (15.87-20.50) 83.41 (74.40-89.14) 0.8219 0.5248 0.6846 2.0313 0.7036 0.5663 

MADET 18.57 (16.25-20.82) 83.18 (72.34-89.18) 0.8316 0.5169 0.6865 2.0350 0.5243 0.6089 

The estimated cut-points are consistent among all seven methods. ETYI has the best 

total correct classification rate among all the methods except GYI, and slightly better bal

ance among P1,1, P2,2, P3,3 than GYI. Both ETMD and ETMA have slightly better TCCR 

https://72.34-89.18
https://16.25-20.82
https://74.40-89.14
https://15.87-20.50
https://15.12-18.70
https://63.91-87.92
https://17.69-22.69
https://68.44-88.15
https://16.69-21.19
https://69.26-87.97
https://15.84-20.36
https://64.73-88.27
https://17.34-21.81
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while sacrificing some balance among correct classification rates, compared to their coun-

terparts MD and MA, respectively. 
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Figure 4.6: Density plot of ROMA score for post-menopausal cases with estimated 
cut-points. 

4.5 Summary and discussion 

Diagnostic accuracy measures play critical roles in biomarker evaluation. Although there 

exist several diagnostic measures such as HUM, GYI and MADET, all of them are de

fined in one-step processes. Consequently all the existing measures suffer from incapa

bilities of distinguishing among some distinctly different biomarkers, as shown in Figure 

4.1. Despite that markers A and B (makers C and Das well) in Figure 4.1 have same values 

for all HUM, GYI and MADET, they should not be viewed as having same diagnostic 

ability for diseases such as ovarian cancer In this chapter, we propose a novel idea for 

constructing new diagnostic measures, i.e. partitioning the overall classification problem 

into K - 1 steps. At each step, a sub-measure will be obtained and the weighted sum of 
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K - 1 sub-measures can serve as an overall diagnostic measure. Based on this idea, this 

chapter proposes two new diagnostic accuracy measures for multi-ordinal stage setting: 

the weighted aggregated extended tree area under curve (AETAUCw) and the weighted 

aggregated extended tree Youden index (AETYiw)- The major advantage of these two 

new measures over existing HUM, GYI and MAD ET is their flexibility of incorporating 

weights at each step of classification. Such advantage enables the proposed measures 

to distinguish among some distinctly different biomarkers for which existing measures 

HUM, GYI and MAD ET fail to recognize the differences. 

Furthermore, this idea naturally leads to some cut-point selection methods as the kth 

cut-point can be determined conveniently by some criteria at kth step of classification. The 

new cut-point selection methods, i.e. the extended tree Youden index method (ETYI), the 

extended tree minimum distance method (ETMD), and the extended tree maximum area 

method (ETMA), can be considered as extensions of the Youden index method (YI), the 

minimum distance method (MD) and maximum area method (MA) for binary classifica

tion. Simulation studies show that ETYI generally has the best performance among new 

methods. Compared to its counterpart GYI which is known for bad balances among clas

sification rates, ETYI not only can maintain reasonably good balance, but it also achieves 

the second best total correct classification rate among all methods. Compared to their 

counterparts (i.e. MD and MA methods), ETMD and ETMA not only achieve better 

overall accuracy, but also enjoy some computational easy as each cut-point is determined 

individually while for MD and MA all K - 1 cut-points are determined simultaneously. 

The cut-point selection methods proposed and reviewed in this chapter can be applied to 

a single biomarkers as well as combined markers. The ovarian cancer example analyzed 

ROMA score which is a linear combination of two biomarkers: HE4 and CA-125. On 

a side note, there also exist many classification methods based on algorithmic strategies 

such as neural nets, nearest neighbor rules, support vector machines as well as random 
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forests. Such methods are well studied in machine learning field and are out of scope of 

this thesis. 
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Table 4.5: Estimated loss of total correct classification rate(LTCCR) and maximum 
minimum difference (MMD IF) for scenarios in Table 4.3. 

Scenario Criteria ETYI ETMD ETMV GYI MD MV MADET 

Sample size : n =m =k=20 

Normal 1 LTCCR(%) 1.2560 1.6569 1.2631 0.0000 1.9001 1.5468 2.2613 
MMDIF 0.2079 0.4427 0.3851 0.7068 0.1723 0.2054 0.0899 

Normal 2 LTCCR(%) 1.8421 2.5132 2.0321 0.0000 2.3713 2.1209 3.2693 
MMDIF 0.4446 0.5059 0.4693 1.0062 0.2685 0.3060 0.2509 

Normal 3 LTCCR(%) 0.3438 1.4858 0.8806 0.0000 1.5488 0.9518 1.1314 
MMDIF 0.3925 0.4431 0.4175 0.6094 0.2093 0.2825 0.2906 

Gamma 1 LTCCR(%) 0.0687 0.4013 0.0632 0.0000 0.7772 0.1170 0.1024 
MMDIF 0.2508 0.2505 0.2489 0.2514 0.1403 0.2074 0.1955 

Gamma2 LTCCR(%) 0.0226 0.3292 0.0285 0.0000 0.4990 0.0614 0.0598 
MMDIF 0.1431 0.1396 0.1421 0.1479 0.0630 0.1147 0.1133 

Gamma3 LTCCR(%) 0.6643 0.5269 0.1127 0.0000 0.8447 0.2170 0.2406 
MMDIF 0.2758 0.2960 0.2881 0.3043 0.1423 0.2159 0.1896 

Sample size: n =m =k=50 

Normal 1 LTCCR(%) 0.9217 1.0017 0.8306 0.0000 1.4484 1.1902 1.8990 
MMDIF 0.2275 0.4588 0.4004 0.8071 0.1733 0.2088 0.0507 

Normal 2 LTCCR(%) 1.1990 1.8017 1.5021 0.0000 1.8906 1.6644 2.2005 
MMDIF 0.4126 0.5287 0.4910 1.1941 0.2749 0.3137 0.3950 

Normal 3 LTCCR(%) 0.2578 0.9670 0.5805 0.0000 1.1527 0.6881 0.9546 
MMDIF 0.3890 0.4527 0.4289 0.6248 0.2068 0.2854 0.3098 

Gamma 1 LTCCR(%) 0.0094 0.1697 0.0247 0.0000 0.5777 0.0770 0.0853 
MMDIF 0.2419 0.2452 0.2421 0.2447 0.1340 0.2017 0.1915 

Gamma2 LTCCR(%) 0.0015 0.1640 0.0124 0.0000 0.3477 0.0411 0.0476 
MMDIF 0.1375 0.1377 0.1372 0.1404 0.0578 0.1096 0.1060 

Gamma3 LTCCR(%) 0.2126 0.2282 0.0567 0.0000 0.6460 0.1513 0.1983 
MMDIF 0.2805 0.2952 0.2889 0.3006 0.1394 0.2179 0.1926 

Sample size: n =m =k=lO0 

Normal 1 LTCCR(%) 0.7560 0.6852 0.6117 0.0000 1.2423 1.0320 1.8525 
MMDIF 0.2463 0.4691 0.4123 0.8318 0.1765 0.2128 0.0311 

Normal 2 LTCCR(%) 0.9559 1.4366 1.2272 0.0000 1.6517 1.4496 2.0243 
MMDIF 0.4118 0.5384 0.5024 1.2410 0.2777 0.3174 0.4712 

Normal 3 LTCCR(%) 0.2250 0.7575 0.4628 0.0000 1.0004 0.5912 0.9187 
MMDIF 0.3946 0.4570 0.4347 0.6286 0.2069 0.2868 0.3114 

Gamma 1 LTCCR(%) 0.0146 0.1031 0.0143 0.0000 0.5003 0.0639 0.0790 
MMDIF 0.2388 0.2429 0.2386 0.2417 0.1310 0.1989 0.1900 

Gamma2 LTCCR(%) 0.0005 0.0992 0.0070 0.0000 0.2847 0.0339 0.0432 
MMDIF 0.1322 0.1344 0.1324 0.1341 0.0542 0.1047 0.1002 

Gamma3 LTCCR(%) 0.0299 0.1452 0.0357 0.0000 0.5788 0.1277 0.1851 
MMDIF 0.2858 0.2955 0.2917 0.3023 0.1392 0.2200 0.1948 
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Table 4.5: (cont.) 

Scenario Criteria ETYI ETMD ETMV GYI MD MV MADET 

Sample size: n =60; m =40; k=20 

Normal 1 LTCCR(%) 0.9578 1.2367 0.9895 0.0000 1.6352 1.3388 1.9570 
MMDIF 0.2380 0.4605 0.4068 0.7813 0.1783 0.2167 0.0858 

Normal 2 LTCCR(%) 1.2931 2.1134 1.7539 0.0000 2.1010 1.8859 3.0413 
MMDIF 0.4431 0.5271 0.4923 1.1803 0.2764 0.3148 0.2428 

Normal 3 LTCCR(%) 0.2853 1.1283 0.6845 0.0000 1.2740 0.7838 1.0166 
MMDIF 0.3907 0.4475 0.4249 0.6275 0.2069 0.2834 0.2871 

Gamma 1 LTCCR(%) 0.0244 0.2305 0.0374 0.0000 0.6179 0.0882 0.0871 
MMDIF 0.2358 0.2435 0.2379 0.2395 0.1335 0.1988 0.1871 

Gamma2 LTCCR(%) 0.0021 0.1974 0.0169 0.0000 0.3676 0.0443 0.0508 
MMDIF 0.1358 0.1380 0.1359 0.1396 0.0589 0.1090 0.1049 

Gamma3 LTCCR(%) 0.2963 0.2661 0.0591 0.0000 0.6729 0.1604 0.2092 
MMDIF 0.2768 0.2949 0.2876 0.2997 0.1383 0.2153 0.1887 

Sample size: n =lO0; m =50; k=30 

Normal 1 LTCCR(%) 0.8551 1.0160 0.8443 0.0000 1.4660 1.2066 1.8649 
MMDIF 0.2310 0.4604 0.4024 0.8022 0.1781 0.2129 0.0584 

Normal 2 LTCCR(%) 1.0706 1.8561 1.5495 0.0000 1.9320 1.7214 2.8702 
MMDIF 0.4350 0.5377 0.5032 1.2201 0.2813 0.3208 0.2863 

Normal 3 LTCCR(%) 0.2550 0.9943 0.6013 0.0000 1.1693 0.7147 0.9900 
MMDIF 0.3951 0.4535 0.4306 0.6284 0.2086 0.2858 0.2958 

Gamma 1 LTCCR(%) 0.0063 0.1741 0.0297 0.0000 0.5716 0.0813 0.0856 
MMDIF 0.2379 0.2442 0.2387 0.2408 0.1327 0.1988 0.1880 

Gamma2 LTCCR(%) 0.0013 0.1535 0.0122 0.0000 0.3258 0.0399 0.0476 
MMDIF 0.1329 0.1364 0.1335 0.1360 0.0566 0.1061 0.1019 

Gamma3 LTCCR(%) 0.1537 0.2069 0.0459 0.0000 0.6207 0.1415 0.1960 
MMDIF 0.2786 0.2945 0.2870 0.2988 0.1385 0.2161 0.1900 
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Table 4.6: Estimated loss of total correct classification rate (LTCCR) and maximum 

minimum difference (MMD IF) for scenarios in Table 4.4. 

Scenario Criteria ETYI ETMD ETMV GYI MD MV MADET 

Sample size: n=m=k=l=20 

Normal4 

Normals 

Gamma4 

Gammas 

LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 

1.6139 
0.3930 
0.6593 
0.6029 
0.4422 
0.4618 
0.4550 
0.4969 

2.0682 
0.5409 
1.4509 
0.5837 
0.9861 
0.4530 
0.8818 
0.4819 

1.6381 
0.4928 
0.8159 
0.5734 
0.2207 
0.4608 
0.3782 
0.4872 

0.0000 
0.7385 
0.0000 
0.7423 
0.0000 
0.4870 
0.0000 
0.5352 

2.2653 
0.2592 
1.6842 
0.3694 
1.0367 
0.2894 
1.5992 
0.2897 

2.1622 
0.2765 
1.0138 
0.4537 
0.3061 
0.3741 
0.6766 
0.3824 

4.0560 
0.1707 
1.5352 
0.4087 
0.3229 
0.3424 
1.1046 
0.3607 

Sample size: n=m=k=l=50 

Normal4 

Normals 

Gamma4 

Gammas 

LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 

1.0807 
0.3664 
0.2564 
0.5662 
0.0646 
0.4597 
0.2208 
0.4828 

1.2074 
0.5663 
0.9616 
0.5986 
0.3177 
0.4502 
0.3977 
0.4831 

1.0196 
0.5195 
0.5505 
0.5922 
0.0902 
0.4586 
0.1905 
0.4805 

0.0000 
0.8156 
0.0000 
0.7720 
0.0000 
0.4856 
0.0000 
0.5212 

1.7509 
0.2665 
1.3428 
0.3727 
0.7806 
0.2795 
1.2851 
0.2760 

1.6392 
0.2844 
0.7453 
0.4640 
0.2152 
0.3668 
0.4971 
0.3747 

3.3229 
0.1186 
1.2901 
0.4096 
0.2694 
0.3349 
0.9382 
0.3178 

Sample size: n=m=k=l=lO0 

Normal4 

Normals 

Gamma4 

Gammas 

LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 

0.8908 
0.3759 
0.1972 
0.5659 
0.0429 
0.4614 
0.1704 
0.4789 

0.8070 
0.5665 
0.7272 
0.5981 
0.1830 
0.4496 
0.2366 
0.4824 

0.7228 
0.5198 
0.4220 
0.5926 
0.0494 
0.4574 
0.1229 
0.4748 

0.0000 
0.8166 
0.0000 
0.7709 
0.0000 
0.4850 
0.0000 
0.5142 

1.5081 
0.2654 
1.1755 
0.3694 
0.6885 
0.2767 
1.1596 
0.2711 

1.3973 
0.2838 
0.6231 
0.4623 
0.1823 
0.3652 
0.4344 
0.3693 

3.2107 
0.0861 
1.1895 
0.4026 
0.2504 
0.3353 
0.9125 
0.3125 

Sample size: n=80; m=60; k=40; 1=20 

Normal4 

Normals 

Gamma4 

Gammas 

LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 

1.0884 
0.3986 
0.4050 
0.5750 
0.0469 
0.4465 
0.2278 
0.4722 

1.3327 
0.5692 
1.0539 
0.5877 
0.3548 
0.4463 
0.4225 
0.4813 

1.1096 
0.5257 
0.6116 
0.5798 
0.1093 
0.4501 
0.1999 
0.4745 

0.0000 
0.8294 
0.0000 
0.7573 
0.0000 
0.4738 
0.0000 
0.5083 

1.8585 
0.2669 
1.3958 
0.3682 
0.8043 
0.2785 
1.2756 
0.2757 

1.7279 
0.2881 
0.7889 
0.4581 
0.2316 
0.3627 
0.4948 
0.3689 

3.8909 
0.2262 
1.5589 
0.4083 
0.2761 
0.3292 
0.9429 
0.3122 

Sample size: n=lO0; m=80; k=50; 1=30 

Normal4 

Normals 

Gamma4 

Gammas 

LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 
LTCCR(%) 
MMDIF 

0.9692 
0.3823 
0.2817 
0.5687 
0.0463 
0.4527 
0.1976 
0.4713 

1.1239 
0.5667 
0.9402 
0.5938 
0.2807 
0.4494 
0.3430 
0.4817 

0.9564 
0.5214 
0.5469 
0.5875 
0.0845 
0.4538 
0.1674 
0.4725 

0.0000 
0.8131 
0.0000 
0.7730 
0.0000 
0.4789 
0.0000 
0.5074 

1.7164 
0.2664 
1.3259 
0.3709 
0.7568 
0.2783 
1.2190 
0.2726 

1.5945 
0.2862 
0.7391 
0.4619 
0.2141 
0.3635 
0.4683 
0.3670 

3.5642 
0.1792 
1.3673 
0.4084 
0.2689 
0.3303 
0.9299 
0.3089 



Summary and future work 

This dissertation mainly focus on the study of the limitation of existing diagnostic accu

racy measures and related characteristics for biomarkers with multi-classes and develop 

new statistical tools in this field to overcome certain shortcomings. 

Chapter 2 focuses on promoting the use of the integrated false negative rate under 

tree ordering (ITFNR) as an additional diagnostic measure besides the existing mea

sure, i.e. TAUC, and proposing the idea of using (TAUC, ITFNR) instead of single 

TAUC to evaluate the diagnostic accuracy of a biomarker under tree or umbrella or

dering. Parametric and non-parametric approaches for constructing joint confidence re

gion of (TAUC,ITFNR) are proposed. Simulation studies under a variety of settings 

are carried out to assess and compare the performance of these methods.A published 

microarray data set for lung cancer is analyzed. The proposed TAUC and ITFNR for 

tree ordering can be easily adapted to umbrella ordering. Although the joint inference of 

(TAUC,ITFNR) provides a better description of diagnostic ability compared to TAUC 

alone, it is quite possible that (TAUC, ITFNR) are not complete for measuring the diag

nostic accuracy for a biomarker under tree or umbrella ordering. This is understandable 

since both TAUC and ITFNR are summary indexes. Furthermore, chapter 2 only presents 
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confidence region estimation, hence it is not for the purpose of ranking biomarkers. We 

will address the issues such as testing hypothesis in future work. 

Chapter 3 we consider the problem of measuring diagnostic ability of a biomarker 

under extended tree or umbrella ordering. In clinical field, researchers often first pool 

Y1, · · · , YKi as one major class and YKi + 1, · · · , YK as the other, then estimate area under 

ROC curve (AUC) and associated characteristics under binary classification. We inves

tigate the issues of commonly used pooling strategy and a new diagnostic framework 

(ROCET) and measures obtained under such framework (AUCET and SenETl/3) for dif

ferentiating two major groups where each major group involves at lease one subgroup. 

The generalized inference (GI) and nonparametric bootstrap (NB) methods are studied 

for confidence interval estimation of AUCET; the nonparametric bootstrap methods with 

(NBI) and without (NBII) AC adjustment are studied for confidence interval estimation 

of SenETl/3· Simulation studies are carried out to assess the performance of the proposed 

methods. An ovarian cancer data set is analyzed and compared between pooling strategy 

and proposed methods. The future work includes the optimal cut-point selection criteria 

under ROCET framework. 

Chapter 4 proposes a novel idea for developing diagnostic accuracy measures by par

titioning the whole classification problem into K - 1 steps under the assumption of K 

ordinal stages. This idea leads to two new diagnostic accuracy measures, namely, the 

weighted aggregated extended tree area under curve (AETAUCw) and the weighted ag

gregated extended tree Youden index (AETYiw). Compared to existing diagnostic mea

sures, the proposed ones have the flexibility accommodating weights at each step of clas

sification, hence enabling differentiation among certain biomarkers for which the existing 

measures fail to tell the difference. This idea naturally leads to three optimal cut-points 

selection criteria for ordered multiple-class diseases by allowing each cut-point being de

termined at each step of the procedure. The performance of proposed measures and cut-
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point selection methods are studied via simulation studies. In the end, the same data set 

for ovarian cancer study in chapter 3 is analyzed. One of the critical issue in construct

ing AETAUCw and AETYiw is the choice of weights. The proposed measures provide 

researchers with the flexibility of designing different weighting schemes for different dis

eases. The weights should be determined by practitioners according to the specific con

sideration of diseases. For example, as K = 3, for diseases of which early detection is cru

cial, more weight should be placed on the first step, i.e. classification under Y1 ::::; (Y2, Y3) . 

When there is no need to place unequal weights on K - 1 steps, the unweighted versions 

of AETAUCw and AETYiw with wi as K~l (i.e. AETAUC and AETYI) become ordinary 

diagnostic measures with performance similar to that of HUM, GYI and MAD ET. Fur

thermore, such flexibility of incorporating weights at K - 1 steps enables examinations 

and comparisons of biomarkers under different weighting schemes. For example, consid

ering K = 3 with three stages as "healthy", "early-stage cancer", and "late-stage cancer", 

we can rank biomarkers based on AETAUC(o.s,o.2), AETAUC(o.s,o.s), and AETAUC(o.2,0.s), 

separately. The markers which rank higher for AETAUC(o.s,o.2) are good candidates for 

identifying cancer cases while the ones which rank higher for AETAUC(o.2,o.s ) for identi

fying late stage. This direction is under our further investigation. 
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