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Abstract 

Paired data are ubiquitous in practice, such as in pre-post treatment studies, or 

in genomic experiments to find differentially expressed genes between two con

ditions. However, missing values often occur in practice. The incompleteness 

can be from either one arm or both arms, yielding "partially paired data with 

incompleteness in one arm", or "partially paired data with incompleteness in 

both arms." Traditional approaches to deal with such data are either perform

ing a paired test for the portion of data with complete pairs and discard the 

portion of data with missing values (named "naive paired tests"); or perform

ing a two-sample test using all available data but ignore the correlation between 

paired portion of data. The former approach is legitimate but may lack of power 

since it only uses partial information; the latter approach is not legitimate and 

thus may lead to biased results. 

While there exist many literatures on partially paired data, most of them 

only focus on the scenarios with incompleteness in both arms. So far, only a 

handful literatures studied paired data with incompleteness in one arm, mainly 

targeting hypothesis testing. This dissertation contains several topics with re

gards to partially paired data for both missing types: 1) to propose several new 

methods for hypothesis testing for partially paired data with incompleteness in 

XVlll 



one arm; 2) to study confidence interval estimation of the mean difference for 

partially paired data with incompleteness in one arm; 3) to propose several new 

approaches for conducting hypothesis testing and confidence interval estima

tion for partially paired data with incompleteness in both arms; 4) to compare 

powers between naive paired tests and p-value combination methods analyti

cally under normality and to present our counterintuitive findings that using 

more data does not necessarily yield higher power, for both missing types. 
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Introduction 

1.1 Introduction 

In medical experiments, data are often collected in the form of matched pairs. 

For example, in genomic experiments of which the purpose is to detect dif

ferentially expressed genes, cancerous and normal tissues are extracted from 

the same patient. Since both measurements are taken on the same subject, 

paired data can eliminate inter-subject variability, hence hypothesis tests based 

on paired samples are generally more powerful than those on unpaired sam

ples. 

The main difficulty encountered in practice in dealing with paired data is 

the problem of missing values, and data can be incomplete for many reasons: 

e.g. either normal tissue or tumor tissue is not large enough to extract; next

generation sequencing (NGS) technique is still expensive that some studies can

not afford to conduct paired experiments on all subjects; the procedure is inva

sive that some patients refuse to suffer once more. Because of the existence of 

missing values, the resulting data are a mixture of paired (complete) and un

paired (incomplete) observations. We refer such data as "partially paired data." 

Partially paired data can also arise from other experiments. One example is 

pre-post treatment studies in which the subjects are observed before and after 

the treatment. Subjects sometimes drop out of the study due to lost to follow-up 
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or not satisfied with the treatment effect. Participants with complete observa

tions at both time points then produce paired data and participants with missing 

values in post-treatment measurements produce unpaired data. Another exam

ple comes from treatment effect studies on subjects with eye infections. For 

those patients with disease in both eyes, the new drug is randomly assigned 

to one eye and placebo to the other. For patients with disease in only one eye, 

they are randomly assigned to receive either the new drug or the placebo. Thus, 

patients with disease in both eyes yield paired observations, and those with 

infection in only one eye yield unpaired observations. 

From the examples above, missing values can occur in either one arm or both 

arms. For the gene expression data example, if the unpaired data only consist of 

tumor samples, then missing values occur in normal arm; if the unpaired data 

consist of both normal and tumor samples, then missing values occur in both 

arms. For the pre-post treatment study, missing values normally would only 

exist in the post-treatment phase, thus produce incompleteness in single arm. 

The experiment settings in the eye infection example imply observations could 

be missing in both arms. Therefore, if missing values occur in one arm, we refer 

such data as "partially paired data with incompleteness in single arm;" other

wise, we refer it as "partially paired data with incompleteness in both arms." 

For ease of interpretation, we use the genomic experiments as examples 

throughout this thesis. Let X, Y denote observations in tumor and normal tis

sues, respectively. Consider a data set with n = n1 + n2 + n3 subjects where 

first n1 subjects provide complete pairs of tumor and normal tissues, n2 subjects 

provide only tumor tissues, and n3 subjects provide only normal tissues. We 

also assume that n1 and n2 are always larger than 0. Therefore, if n3 = 0, data is 

incomplete in normal arm, as shown in Table 1.1. If n3 > 0, data is incomplete 

in both arms, as shown in Table 1.2. 

There exist three missing data mechanisms: missing completely at random 

(MCAR), missing at random (MAR), and missing not at random (MNAR). MCAR 

indicates that there is no relationship between the incompleteness of data and 

any observed or unobserved study variables. MAR implies missing values can 

be fully accounted for by the observed measures, and they do not depend on the 

unobserved data. MNAR means that value of the missing variable is related to 
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Table 1.1. Partially paired data with incompleteness in single arm. 

I Tumor I Normal I 

X1 Y1 
X2 Y2 

Xn1 Yn1 

Xn1 +l 
Xn1+2 

Xn1 +n2 

Table 1.2. Partially paired data with incompleteness in both arms. 

I Tumor I Normal I 

the reason it is missing. Throughout this dissertation, we assume the partially 

paired data is missing completely at random (MCAR). 

The primary interest of the aforementioned examples is to compare the mean 

difference between the two responses. Traditional approaches dealing with 

such problem for partially paired data include: 1) complete-case analysis, i.e., 

a paired test based on only paired portion of data; 2) all available data analy-
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sis, i.e., a two sample test using all available data while ignoring the correla

tion between two arms; 3) imputation method to "fill in" the missing values; 

4) methods based on mixed models in which the correlation between paired 

observations could be accounted for by the random effect. It is obvious that 

the complete-case analysis is legitimate but could reduce efficiency since it only 

uses partial information; the all available data analysis is not legitimate, and 

could give biased results when the correlation between paired samples is high. 

Previous literature also indicate that the imputation method and mixed model 

method could produce either less power or inflated type I error when sample 

size is small (Guo and Yuan, 2017). 

Other than the traditional approaches, there exist extensive researches in 

developing statistical methods for testing mean difference for partially paired 

data, and all of them attempt to utilize all data while accounting for the correla

tion between paired portion of data. For partially paired data with incomplete

ness in both arms, under bivariate normality assumption, Lin and Stivers (Lin 

and Stivers, 1974), and Ekbohm (Ekbohm, 1976a, 1981) developed test statistics 

based on modified MLEs under heterogeneity and homogeneity of variance, 

respectively. Without normality assumptions, Looney and Jones (Looney and 

Jones, 2003), Uddin and Hasan (Uddin and Hasan, 2017) and Derrick et al. (Der

rick et al., 2017) proposed statistics based on a simple mean difference estimator. 

Bhoj (Bhoj, 1978), Kim et al. (Kim et al., 2005), Samawi and Vogel (Samawi and 

Vogel, 2011), Guo and Yuan (Guo and Yuan, 2017), and others (Rempala and 

Looney, 2006; Yu et al., 2012; Amro and Pauly, 2017; Kuan and Huang, 2013) 

developed tests based on weighted combinations of the mean difference estima

tors obtained from the paired and unpaired portions of data. Instead of testing 

for mean difference, nonparametric tests are also proposed to compare the two 

marginal distributions, e.g., (Samawi et al., 2015; Konietschke et al., 2012; Fong 

et al., 2017). 

While there exist numerous literature on partially paired data with incom

pleteness in both arms, researches for data with incompleteness in single arm 

are sparse. Mehta and Gurland (Mehta and Gurland, 1969a,b, 1973), Lin (Lin, 

1971, 1973), Morrison (Morrison, 1973), Naik (Naik, 1975) and Little (Little, 1976) 

developed tests under bivariate normality assumption. Most recently Fong et al. 
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(Fong et al., 2017) proposed several rank-based tests based on linear combina

tions of ranks obtained from paired samples and unpaired samples. 

The purpose of this dissertation is to, first propose several new methods for 

testing equality of means for partially paired data with incompleteness in single 

arm without any parametric assumptions. Most of the existing literature focus 

on developing methods for hypothesis testing, confidence interval estimation 

for the mean difference has received limited attention. Hence, we provide sev

eral approaches to construct confidence intervals for the mean difference for 

partially paired data with incompleteness in single arm. We further propose 

some new methods for conducting hypothesis testing and confidence interval 

estimation for partially paired data with incompleteness in both arms under 

parametric assumptions. Last, we compare powers between naive paired tests 

performed on paired portion of data and P-value combination methods analyti

cally under normality for both missing types, and present our counter-intuitive 

findings that using more data does not always produce a more powerful test. 

The rest of this chapter is organized as follows. Section 1.2 introduces the 

notations and definitions. In Section 1.3 & 1.4, literature review of methods on 

hypothesis testing of mean difference for partially paired data with incomplete

ness in single and both arms are presented, respectively. Section 1.5 outlines the 

layout of the entire dissertation. 

1.2 The settings 

Suppose ( X, Y) T follows some bivariate distributions with mean vector µ
2 

µX) o- po-xo-y) (and covariance matrix I: = x . 
µy po-xo-y o-y2 

Let 5((p) = ; I:721 Xi denote the sample mean for the paired portion of X, 
1 

y (p) = ; I:721 Yi denote the sample mean for the paired portion of Y, 

x (up) = 
1 

; I:12!;~1 Xi denote the sample mean for the unpaired portion of 
2 

X, 

y (up) = ; L~!c~;i 1 Yj denote the sample mean for the unpaired portion of Y,
3 

Si,(p) = n ~ I:721 (Xi - 5((p) ) 2 denote the sample variance for the paired por1 

tion of X, 
1 
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S~(r ) = n/--- 1 I:721 (Yi - y (P) )2 denote the sample variance for the paired por

tion of Y, 

Sx(r ),Y(r ) = n :._1 I:721 (Xi - 5((P) ) (Yj - y (P) ) denote the sample covariance 
1 

for the paired portion of ( X, Y), 

Si,(up) = n :._1 I:12!;i1 (Xj - x (u p) )2 denote the sample variance for the un
2 

paired portion of X, 

S~(up ) = n :._1 L~!c~~t 1 (Yk - y (up) )2 denote the sample variance for the un
3 

paired portion of Y, 
--- 1 n +n X = - +- L· 1 2 Xi denote the sample mean for all observations of X,n1 n2 z=1 
--- 1 n +n 3 Y1Y = - +- L-1 - denote the sample mean for all observations of Y,

n 1 n 3 J= 1 

S2x = / Ln1+ 2 (Xi - X)2 denote the sample variance for all observa-
n1 n2 - 1 z=1 n 

tions of X, 

S} = ni + ~r l I:12·t 3 (Yj - Y)2 denote the sample variance for all observa

tions of Y. 

The primary interest in this dissertation is to develop novel methods to con

struct hypothesis testing and confidence interval estimation for the mean differ

ence J = -µ. x - µy. 

In the next two sections, we shall conduct literature review of existing meth

ods on hypothesis testing for the mean difference for partially paired data with 

incompleteness in single and both responses, respectively. 

1.3 Tests for data with incompleteness in single re

sponse 

In literature, researches on data with incompleteness in single response are 

sparse, and most of them rely on normality assumptions. For instance, Mehta 

and Gurland (Mehta and Gurland, 1969b) provided tests based on the estima

tor, 8 = AX(P) + (1 - A ) x (up) - Y where A minimizes Var(8), assuming homo

geneity in two variances. Lin (Lin, 1973) suggested several test statistics based 

on the simple mean difference estimator, X - Y, when the covariance matrix I: 

is partially known or unknown. 

For data with incompleteness in single response, maximum likelihood es-



7 

timates of the five parameters (µx, µy, oJ, CT~, CTxy) have closed from solutions. 

Therefore, Morrison (Morrison, 1973) and Little (Little, 1976) developed tests 

based on MLE of J under homogeneity and heterogeneity of variance, respec

tively. Bhargava (Bhargava, 1962) provided the likelihood ratio test (LRT) and 

the null distribution of the test statistic is extremely complicated. 

Without normality assumptions, Fong et al. (Fong et al., 2017) recently pro

posed several rank-based tests based on weighted combinations of the rank tests 

performed on paired samples (Xi, Yi), i = 1, 2, ... , n1 and unpaired samples 

(Xj, Yi), j = n1 + 1, ... , n1 + n2. Details of the two MLE tests and Fong et al.'s 

rank-based tests are given in the following. 

MLE test by Morrison (Morrison, 1973) 

Under bivariate normality, MLEs of the five parameters (µx, µy I (Ti, (Tr CTxy) are 

given by Anderson (Anderson, 1957) 

(1.1) 

(1.2) 

(1.3) 

(1.4) 

(1.5) 

P,x, P,y, and oJ are unbiased estimators. 8-xy and&~ are not unbiased esti

mators, and their expectations are (Morrison, 1971) 
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Variances of the MLEs for µx, µy are given by (Morrison, 1971): 

2 

Var(P,x) = CTx , 
n1 +n2 

A 2 1 2 1 1 n1 - 2
Var(µy) =cry [-+ (1-p )(- - -)--].

n n1 n n1 - 3 

Based on the above, Morrison (Morrison, 1973) proposed a MLE test under 

the assumption of equal variance, and the test statistic can be written as 

(1.6) 

where r = 2Sx (r ),YI (si,(p) +st). Morrison suggested that M follows at-distribution 

with n1 - 1 degrees of freedom could give satisfactory type I error control. 

MLE test by Little (Little, 1976) 

Little (Little, 1976) provided a MLE test without equal variance assumption. The 

test statistic is 

X - Y - Sx(1),Y/ Si,(li( X - 5((1) ) 
R (1.7) 

✓fct11 
A - - 2 - - (1) - A {j:

2 1 1 n - 2 2
whereJ = X- Y-Sx(1),Y/Sx(i)(X-X ) and Varr) = i{ + (n1 - n)n~ - 3 Sy_x-

2 
s 

x (1),y 2 Sx 
2 

· h 2 _ 2 2 / 2 A2 _ 2 
S 

x 
2 

(1),y 4 Thn~Sx + n wit Sy_x - Sy - Sx(l) Y Sx(l) an CTy - Sy_x + ~Sx. e 
x(l) ' x (1) 

exact distribution of R is unknown. Numerical studies indicate that R following 

a t-distribution with n1 - 1 degrees of freedom maintains type I error well and 

gives satisfactory power. 

Rank-based tests by Fong et al. (Fong et al., 2017) 

Recently Fong et al. (Fong et al., 2017) proposed several rank-based test statis

tics, which are weighted combinations of the Wilcoxon signed rank statistic or 

Mann-Whitney type statistic for paired samples (Xi, Yi), i = 1, 2, ... , n1, with 
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Mann-Whitney statistic for unpaired samples (Xj, Yi), j = n1 + 1, ... , n1 + n2. 

Let 1'1i = Xi - Yi, and let Rt", . .. , R;t- be the ranks of absolute values I1'1i I- De
1 

note the Wilcoxon signed rank test for paired samples as w + = ,; I:72,1RtI(1'1i > 0).
1 

Moreover, define the Mann-Whitney test statistic for unpaired samples (Xj, Yi) 

as wMW = I:12,!;~1R/ (n1 + n2 + 1), where R1, ... , Rn1+n2 denote the ranks of 

Xn1+1, • • •, Xn1+n2 , Y1, Y2, • • •, Yn 1 • 

Assuming a: = limn1-,00 : 
2 > 0, Fong et al . showed that w + and wMw have 

the following asymptotic distribution under the null hypothesis i.e., X and Y 

have the same marginal distribution: 

(1.8) 

where 

1/12 -;covf+(l1'11)sign(1'1),F(X)) ( 
-;covf+ ( 11'1 I)sign( !'1 ), F(X) a: /12 

and F, G denote the marginal distribution of X and Y, respectively. 

Fong et al. suggested to used the weighted combination of w + and wMw 

with weights being inversely proportional to their variances in V1,0. That is, 

Jni[l,r1fZ1/ [l,r1]V1,o[l,r1F, where r1 = a:, Z1 = [w+ - ni/4, wMw -

n2!2f, and \/1,0 is the estimator of V1,o- The test statistic asymptotically fol

lows standard normal distribution under the null hypothesis. Fong et al. also 

proposed a weighted combination test replacing w + with a Mann-Whitney type 

statistic for paired samples, UP, which is defined as n12 I:72,1I:12,1 I (Xi > Yj). 

1.4 Tests for data with incompleteness in both re

sponses 

Extensive researches exist in testing equality of means for partially paired data 

with incompleteness in both arms. Amro and Pauly (Amro and Pauly, 2017) 

summarized the most commonly used methods into the following four cate-
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gories: 

1. Tests based on modified MLEs, e.g. Lin and Sitvers (Lin and Stivers, 1974), 

Ekbohm (Ekbohm, 1976b); 

2. Tests based on simple mean difference estimator X - Y, e.g. Lin and 

Stivers (Lin and Stivers, 1974), Ekbohm (Ekbohm, 1976b), Looney and 

Jones (Looney and Jones, 2003), Xu and Harrar (Xu and Harrar, 2012), 

Martines-Camblor et al. (Martinez-Camblor et al., 2013), Uddin and Hasan 

(Uddin and Hasan, 2017), Derrick et al. (Derrick et al., 2017); 

3. Weighted combination tests based on combining statistics from paired por

tion of data (Xi, Yi), i = 1, 2, ... , n1 and unpaired portion of data (Xj, Yk), j = 

n1 + 1, ... , n1 + n2, k = n1 + 1, ... , n1 + n3, e.g. Bhoj (Bhoj, 1978, 1984, 

1991a,b), Kim et al. (Kim et al., 2005), Kuan and Huang (Kuan and Huang, 

2013), Samawi and Vogel (Samawi and Vogel, 2014), Guo and Yuan (Guo 

and Yuan, 2017); 

4. Permutation tests, e.g. Maritz (Maritz, 1995), Yu et al. (Yu et al., 2012), 

Einsporn and Habtzghi (Einspom and Habtzghi, 2013), Amro and Pauly 

(Amro and Pauly, 2017), Amro et al. (Amro et al., 2019). 

If the null hypothesis is not about the mean difference but equality of the 

two marginal distributions, nonparametric tests could be used. For example, 

Wilcoxon signed rank test can be used for paired portion of data, and Mann

Whitney test could be used for unpaired portion of data. Many of the proposed 

nonparametric methods for partially paired data also fall into the categories of 

"weighted combination tests" and "permutation tests". For example, Brunner 

and Puri (Brunner and Puri, 1996), Dubnicka et al.(Dubnicka et al., 2002), Koni

etschke et al. (Konietschke et al., 2012), Kuan and Huang (Kuan and Huang, 

2013), Samawi and Vogel (Samawi et al., 2015), Fong et al. (Fong et al., 2017) pro

posed weighted combination tests; Johnson (Johnson, 2018), Amro et al. (Amro 

et al., 2019) developed permutation tests. 

Therefore, weighted combination test is the largest category among the four. 

We can perform a paired test for the paired samples (Xi, Yi), i = 1,2, ... , n1, 
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and an unpaired test for the unpaired samples (Xj, Yk), j = n1 + 1, ... , n1 + n2, 

k = n1 + 1, ... , n1 + n3. Due to independence between the paired and unpaired 

portions of data, by meta-analysis concepts, the two results can be combined 

together to construct a new test to improve power. 

The combination tests offer great flexibilities. For example, the test results 

can come from t-tests or nonparametric tests. The combination can be either 

combining P-values or summary statistics, i.e. mean difference estimators, or 

ranks. The choices of weights usually include equal weights, sample sizes, or 

inversely proportional to the variances of summary statistics. The combination 

test statistic usually asymptotically follows a standard normal distribution or 

t-distribution. When sample size is small, permutation can be used to calculate 

the p-values. Hence, some of the aforementioned permutation tests are also 

combination tests. 

We give details for some of the approaches in the following. For Category 1, 

the modified MLE test proposed by Lin and Stivers (Lin and Stivers, 1974) is pre

sented since it performs the best in terms of type I error control and power when 

data is normally distributed (Guo and Yuan, 2017). For Category 2, Looney and 

Jones's (Looney and Jones, 2003) corrected z-test is presented because of its sim

plicity to compute. For Category 3, we choose some of the methods could reflect 

different options in constructing the combination tests, e.g. combining simple 

mean difference estimators weighting by sample sizes (Kim et al., 2005), com

bining paired and unpaired t-test statistics (Samawi and Vogel, 2014), combin

ing simple mean difference estimators weighting by inverse of variances (Guo 

and Yuan, 2017), combining P-values weighting by sample sizes or inverse of 

variances (Kuan and Huang, 2013), combining ranks from nonparametric tests 

(Fong et al., 2017). Methods in Category 4 are not presented as many of them 

are also in the format of combination tests with p-values calculated from resam

pling. 

Modified MLE test by Lin and Stivers (Lin and Stivers, 1974) 

When data is incomplete in both responses, closed form solutions of the MLEs 

are not available and they could only be obtained by iterative procedures. Lin 
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and Stivers (Lin and Stivers, 1974) developed a test based on modified MLE of 

b, and this modified MLE uses variance estimates from the n1 paired samples 

and it matches the MLE when data is incomplete in single response, i.e. n3 = 0. 

The modified MLE of b is defined as 

(1.9) 

where 

a=n1h(n1 + n3 + n2v), 

b=n1h(n1 + n2 + n3w), 

andv = Sx(P) ,Y(P) l 5i (p)'w = 5x (P),Y(P) l 5t (p)'h = (n1 + n2 )(n1!n3)-n2n3r21 

r = Sx(Pl ,y (pif (sx(r) Sy(p) ). 

*1
6Lin and Stivers suggested that 3 

-----f tn1 under Ho, where 

Test based on simple estimator by Looney and Jones (Looney 

and Jones, 2003) 

Looney and Jones (Looney and Jones, 2003) proposed a corrected z-test based 

on the simple mean difference estimator, X - Y, and the test statistics is given 

by 
X-Y 

ZLJ= A(- -), (1.10)
se X-Y 

where 

fe(X - Y) = 

and ZLJ asymptotically follows a standard normal distribution under the 

null hypothesis. 
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Combination test by Kim et al. (Kim et al., 2005) 

A combination test proposed by Kim et al. (Kim et al., 2005) is given by 

(1.11) 

h S2 - _l_ '°'n1 (X· - Y. - (X(P) - y (P))) 2 S2 - l52 + l52 dw ere D - n1 L.,i=l l l I u - n2 x (up) n 3 y (up ) ' an nH 

is the geometric mean of n2 and n 3. ZK is asymptotically distributed as standard 

normal under Ho. 

Combination test by Samawi and Vogel (Samawi and Vogel, 2014) 

The combination test proposed by Samawi and Vogel is a weighted sum of the 

paired t-test statistic and two-sample t-test statistic. It is defined as 

- r,X(P) - y (p) ~x(up) - y (up) 
Twgt - v A SD + v 1 - A Su , (1.12) 

where A = nifn. With large sample sizes, Twgt asymptotically follows a stan

dard normal distribution under Ho. 

Combination test by Guo and Yuan (Guo and Yuan, 2017) 

Guo and Yuan (Guo and Yuan, 2017) proposed an optimal pooled t-test which 

combines 5((p) - y (p) and 5((up) - y (up) with weights inversely proportional to 

their variances. The estimator of mean difference is denoted as 

(1.13) 

where w1 = 
11ii, w2 = 1 - w1, w = 1 / Sb + 1 / Sj. The test statistic is given by 
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52 52 54 / n2 54 / n2 
= -1 d df = ( x(up ) + y (up) )2/{ x (up) 2+ y (up) 3} A d T,where df1 n1 an 2 n2 n3 n2 - l n3- l . n opt 

approximately follows a t-distribution with degrees of freedom 1 
21 df 21 df 

wl 1+w2 2 

under Ho. 

Combination test by Kuan and Huang (Kuan and Huang, 2013) 

Instead of combining mean difference estimators, P-values obtained from the 

paired and unpaired tests for each portion of data can also be combined (Kuan 

and Huang, 2013). Let Pp be the p-value computed from the n1 paired samples, 

and Pup be the p-value computed from the unpaired samples. Pp and Pup are 

uniformly distributed under the null hypothesis. Therefore, Zp = <1>- 1 (1 -
Pp) ~ N(0, 1), where <I> is the cumulative distribution function for standard 

normals, and Zup can be defined similarly. The p-value for the combination test 

is then 
l <I>( w1Zp + w2Zup) (1.l4) 

p= - ~ I 

where w1, w2 are weights. Kuan and H~a\,_g considered choices of weights as 

sample sizes and inverse of standard error of the mean difference estimators. 

Since this method is based on combining two p-values, the p-values can come 

from any test. If normality is satisfied, t-tests can be used; otherwise, nonpara

metric tests are options. 

Combination test by Fong et al. (Fong et al., 2017) 

Fong et al. (Fong et al., 2017) proposed several rank-based test statistics, which 

are weighted combinations of the Wilcoxon signed rank statistic or Mann-Whitney 

type statistic for paired samples (Xi, Yi), i = 1, 2, ... , n1, and Mann-Whitney 

statistic for unpaired samples (Xj , Yi), (Xi, Yk), (Xj , Yk), j = n1 + 1, ... , n1 + 
n2; k = n1 + 1, ... , n1 + n3. 

Let /1i = Xi - Yi, and let Rt , . .. , R;t-
1 

be the ranks of absolute values I/1i I- De

note the Wilcoxon signed rank test for paired samples as w+ = ,; I::72,1 Rt I(!1i > 0).
1 

Also, define the Mann-Whitney test statistic for unpaired samples (Xj , Yi) as 

U x (up) y (p) l "n1+ n2 "nl I(X > v·) ux(p) y (up) ux(up) y (up) f · d' = - L,· L,· · L . ' ' or unpairen1n2 ;=n1+ 1 z=l J z , 
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samples (Xi, Yk ), (Xj, Yk ) can be defined similarly. 
2 2Assume l\:'. -- 1·1mn1-,oo nin+n > 0 , and f3 -- 1·1mn1-,oo nin+n > 0 F ong et al.

2 3 

showed that the four estimates have the following asymptotic distribution un

der Ho, i.e., X and Y have the same marginal distribution. 

( w + -1/4 
1/X(P),Y(up) - 1/2 

(1.15)Fi u x (up),Y(P ) - 1/2 

~ Xl"Pl,Yl"Pl -1/2 

and V3,o is given in (Fong et al., 2017). 

The test statistics is constructed by a linear combination of w +, ux(r) ,Y(up) , 

Ux (ur l y (r l d u x (ur l y (ur l · h . h . 1 . 1 h d. 1' an ' wit we1g ts mverse y proport10na to t e 1agona 

elements of V3,o, and it follows the standard normal distribution under Ho. 

Fong et al. also suggested another approach where the paired test is a Mann

Whitney type test, i.e. UP = n12 I:721 I:1,!1 I(Xi > Yj) - A linear combination of 

UP d u x (r l ,y (ur l u x (ur l ,y (r l u x (ur l ,y (ur l . d f. d . ·1 1an , , 1s e me s1m1 ar y. 

1.5 Dissertation layout 

This dissertation consists of four chapters, and each chapter addresses a dif

ferent problem for partially paired data. Chapters 2 to 5 are presented in the 

format for submission to academic journals. Thus, each chapter is self-sufficient 

with introduction, literature review and conclusions. This creates some redun

dancy between the chapters. In Chapter 2, we propose several methods to test 

the mean difference for partially paired data with incompleteness in single re

sponse. As confidence interval estimation for the mean difference is barely stud

ied, we propose several approaches to construct confidence intervals for the 

mean difference for partially paired data with incompleteness in single response 

in Chapter 3. Chapter 4 provides several parametric approaches to conduct hy

pothesis testing and confidence interval estimation for the mean difference for 

partially paired data with incompleteness in both responses. Numerical stud

ies in Chapter 2 and 4 indicate that the combination tests do not always give 
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more powerful results than the naive paired test which only uses the paired 

portion of data. Chapter 5 compares powers of the naive paired test and P

value based combination methods analytically under normality, for both miss

ing types. Lastly, we conclude our findings and suggest future works in Chapter 

6. 



Testing equality of means in partially 

paired data with incompleteness in 

single response 

2.1 Introduction 

In recent decades, RNA sequencing (RNA-Seq) has become a well developed 

approach to transcriptome profiling in medical studies (Wang et al., 2009; Mor

tazavi et al., 2008; Davey et al., 2011). RNA-Seq uses next-generation sequencing 

(NGS) to identify the presence and estimate the quantity of RNA in a sample for 

analyzing the cellular transcriptome changes, such as alternative gene splicing, 

gene fusion, and gene or miRNA expression changes. One of the most impor

tant applications of RNA-Seq technology is to identify differentially expressed 

(DE) genes between conditions, such as tumor versus normal tissues. For exam

ple, low expression of gene BRCAl in the cells of breast tissues is found in the 

majority of high-grade ductal breast cancers (Wilson et al., 1999); i.e., BRCAl is 

down-regulated in tumor breast tissues. 

In cancer genomic experiments with "reference design", ideally only paired 

data are produced (Kuriakose et al., 2004); i.e. tumor tissue and adjacent-normal 

tissue are from the same individual. However, in practice, partially paired data 

(Lapointe et al., 2004; Feng et al., 2008; Finak et al., 2008; Kim et al., 2005) occur 
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due to many reasons. For example, for some individuals, either normal tissue 

or tumor tissue is not large enough for extracting RNA to conduct genomic ex

periment (Kim et al., 2005), yielding incomplete data in both normal and tumor 

arms. For such data, many statistical methods have been proposed for detect

ing DE genes, i.e. testing between normal and tumor groups. Under normality, 

there exist extensive researches for such partially paired data (Lin and Stivers, 

1974; Ekbohm, 1976b; Bhoj, 1978; Kim et al., 2005). There also exist some meth

ods based on combining either P-values or test statistics. To be specific, the 

paired and unpaired portions of data are analyzed separately yielding indepen

dent test statistics as well as independent P-values for both portions. For exam

ple, Kuan and Huang (Kuan and Huang, 2013) suggested a weighted inverse 

normal approach based on combining independent P-values; Samawi and Vogel 

(Samawi and Vogel, 2015), Rempala and Looney (Rempala and Looney, 2006), 

Yu et al . (Yu et al., 2012), and Amro and Pauly (Amro and Pauly, 2017) studied 

approaches for combining independent test statistics. Most recently, Guo and 

Yuan (Guo and Yuan, 2017) presented a comprehensive review of methods for 

comparing means for such partially paired data. 

In practice, partially matched data with incompleteness in single arm (most 

likely, normal control arm) are also very common (Feng et al., 2008; Huang et al., 

2016) due to the following reasons: 1) insufficient resources due to high cost of 

gene profiling; 2) unavailability of normal samples from the same anatomic ori

gin (adjacent tissues residing near the tumor tissue site) due to contamination 

or failure. For example, a subset of stage I breast cancer patients from The Can

cer Genome Atlas (TCGA, http://cancergenome.nih.gov/) contains 90 subjects 

including 16 with paired samples, and 74 with only tumor samples. Table 2.1 

presents data structure for such data. Assume there are n1 subjects with paired 

samples, and n2 subjects with only tumor samples. Assume that observations of 

tumor and normal samples are from populations with means µx and µy respec

tively. For testing if this marker is up-regulated or down-regulated in tumor 

samples, we need to test Ho : µx ::; µy against Ha : µx > µy or Ho : µx 2: µy 

against Ha : µx < µy. 

There exist several bioinformatics tools, for example, limma (Ritchie et al., 

2015), DESeq2 (Love et al., 2014) from Bioconductor, for analyzing such high-

http://cancergenome.nih.gov
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Table 2.1. Partially paired data with incompleteness in normal arm. 

I Tumor I Normal I 

X1 Y1 
X2 Y2 

Xn 1 Y n1 

X n1+ l 

X n1+2 

X n1+ n2 

throughput sequencing data. However, to our knowledge, these widely used 

tools do not deal with such data appropriately. Current methods for dealing 

such data include a paired test using only matched samples, and a two-sample 

test using all data but ignoring the correlation between paired samples (Feng 

et al., 2008; Finak et al., 2008). Although the former method is legitimate, it may 

lose some efficiency since it does not use all data. And this problem will become 

more serious when n2, the sample size of the unpaired portion, is much larger 

than n1. The latter method is not legitimate, hence it may give incorrect results 

especially when the correlation is non-ignorable. In statistical literature, several 

tests have been proposed under normality for this specific data structure. Mehta 

and Gurland (Mehta and Gurland, 1969a) and Lin (Lin, 1973) provided tests 

based on simple estimate of mean difference under homoscedasticity. Morrison 

(Morrison, 1973) proposed maximum likelihood estimates (MLE) based tests 

under homoscedasticity while Little (Little, 1976) proposed MLE based tests for 

general case. Numerical studies showed that all of these methods do not main

tain type I error when sample size is small (Little, 1976; Ekbohm, 1976a). It is 

well known that normality is generally not satisfied for gene expression data; 

however, to the best of our knowledge, there barely exist any research for non

normal partially paired data with incompleteness in single arm. The methods 

(Kuan and Huang, 2013; Samawi et al., 2015; Rempala and Looney, 2006; Yu 

et al., 2012; Amro and Pauly, 2017) based on combining P-values or test statis

tics for paired data with incompleteness in both arms can not be readily applied 
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to data with incompleteness in single arm, since all of those methods are based 

on the independence of test statistics or P-values which is not feasible for data 

structure under current consideration. 

Hence, the goal of this chapter is to fill this gap by proposing some new sta

tistical methods for testing equality of means for partially matched data with 

incompleteness in single arm. The proposed methods can be readily applied 

to data with or without normality assumption. The remainder of the paper is 

organized as follows. In Section 2.2, we define the notations and settings for 

this specific data structure, and review several existing methods. In Section 2.3, 

we describe a motivating data set, i.e. a subset of The Cancer Genome Atlas 

(TCGA). In Section 2.4, we propose some new methods, namely, P-value pool

ing methods and a nonparametric combination test. Numerical studies are con

ducted to illustrate the performance of proposed new methods under different 

scenarios in Section 2.5. The TCGA breast cancer subset is analyzed in Section 

2.6. We conclude this chapter with discussion in Section 2.7. 

2.2 Preliminaries 

2.2.1 The settings 

Consider a data set with n = n1 + n2 subjects where n1 subjects provide both 

tumor and normal samples, and n2 subjects provide only tumor samples, as 

shown in Table 2.1. Let (Xi, Yi) where i = 1, 2, ..., n1, denote observations of 

a biomarker in paired tumor and normal samples, respectively, and Xi where 

i = n1 + 1, n1 + 2, ..., n1 + n2 denote observations in unmatched tumor samples. 

Suppose that ( X, Y) T follows some bivariate distributions with mean vector 

µ = µx) and covariance matrix L. = oi pCT~CTy) /Note that we assume 
µy pCTxCTy CTy \ 

the tumor samples from the paired portion and unpaired portion of data fol-

low the same distribution. Let _X (l ), Si,(1) denote the sample mean and sample 

variance for tumor samples in paired portion of data; Y, S} denote the sample 

mean and sample variance for normal samples, and let Sx(ll ,Y be the sample 

covariance for paired portion of data. Let .x(2) , Si,(z) be the sample mean and 
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i 

sample variance for unpaired tumor samples. Furthermore, we define X, S5c 

as the sample mean and sample variance for all tumor samples X/s where 

= 1, 2, ... , n1 + n2. 

In the context of differential gene expression analysis, we are often interested 

in testing whether this biomarker is up-regulated or down-regulated in tumor 

samples. For the former, we need to perform one-sided testing; i.e. Ho : µx ::; 

µy against Ha : µx > µy. For the latter, we need to test Ho : µx 2: µy against 

Ha : µx < µy. In this chapter, we will focus on testing for up-regulated genes. 

The proposed methods can be easily adapted for testing for down-regulated 

genes. These methods also can be easily extended to two-sided tests. The details 

are given in Section 2.7. 

2.2.2 Existing methods 

For such data, the current widely used methods in bioinformatics are either a 

paired test excluding the unpaired tumor samples, or a two-sample test by treat

ing the data as independent ignoring the correlation between paired samples. 

We will refer the first approach as N aivel and the second as N aive2. Both N aivel 

and N aive2 are sub-optimal as the former loses efficiency by using only a subset 

of the data and the latter is not legitimate. The statistical research on such data 

is sparse. All the existing methods are based on normality assumption. In the 

following, we briefly review some existing methods in literature. 

Under normality with homoscedascity, there exist several methods; e.g. Mehta 

and Gurland (Mehta and Gurland, 1969b, 1973), and Lin (Lin, 1973) proposed 

test statistics based on simple estimates of mean differences between tumor and 

normal samples; Morrison (Morrison, 1973) proposed a test statistic based on 

the maximum likelihood estimate of mean difference. Lin (Lin and Stivers, 1975) 

and Ekbohm (Ekbohm, 1976a) carried out simulation studies to compare the 

performance of these three methods in testing mean differences under bivariate 

normality, and concluded that Morrison's method has the best type I error con

trol and highest power, especially when n1 > 10 and p > 0.3. Without equal 

variance assumption, Little (Little, 1976) provided a test statistic based on MLE 

of b = µx -µy: 
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X - Y - Sx(1),Y/ Si(l/X - 5((1) ) 
R (2.1) 

✓f(JJ 

where VarrA) - ~ + (n1 
- ¼)~1=~stx - ¾

5
s~(l ),y S5c + snt with six= st-

1 1 · x(l) · 
52 

AS2 /S2 d 2 - S2 x(ll,¥ 54 Th d" "b . f R . 1·x(i) y x (lJ an O"y - Y.X + sr- x· e exact 1stn uhon o 1s comp 1-
, x(l) 

cated, but can be approximated as t distribution with n1 - 1 degree of freedom 

(Little, 1976). From numerical studies, Little (Little, 1976) demonstrated that 

this test has satisfactory type I error control and outperforms all the aforemen

tioned methods under normality, especially when equal variance assumption 

is violated. Therefore, we will only compare our proposed methods to Little's 

method, and we will refer this method as Little. 

2.3 A motivating example: TCGA breast cancer data 

Breast cancer is the most common cancer among women after skin cancer, and 

it is the second leading cause of cancer death in women, in the United States 

(DeSantis et al., 2014). The chance that a woman will die from breast cancer is 

about 1 in 37. Several genes have been found to be highly related to breast can

cer, such as BRCAl, BRCA2, PALB2 (Ford et al., 1998; Rahman et al., 2007). The 

Cancer Genome Atlas (TCGA) is a pilot project sponsored by NIH starting from 

2005, aiming at understanding of genetic basis of more than 30 types of human 

cancer through the application of high-throughput genome analysis techniques. 

TCGA collects RNA-Seq, miRNA-Seq, methylation array data as well as clini

cal data for each cancer type. Both RNA-Seq and clinical information can be 

downloaded from Firehose (www.gdac.broadinstitute.org). The RNA-Seq data 

has been preprocessed and normalized. 

There are total 1093 breast cancer patients with both clinical and RNA se

quencing data. Among them, 112 subjects provided both normal and tumor 

tissues, and the rest provided only tumor tissues. A subset of this data con

tains subjects with pathologic stage I will be analyzed in this paper. This subset 

www.gdac.broadinstitute.org
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contains 90 subjects including 16 with paired samples, and 74 with only tumor 

samples. 

The following six genes have been found to be associated with breast cancer, 

either up-regulated or down-regulated (Finak et al., 2008; Harari and Yarden, 

2000; Munoz et al., 2007; de Jong et al., 2002): TP53, ABCCl, HRAS, GSTMl, 

ERBB2 and CDSA. Additionally, genes ClD and GBP3 are under investigation 

although they have not been identified as risk factors for breast cancer yet. We 

are interested in analyzing this subset to see what conclusion can be drawn re

garding the significance of these eight genes for subjects with early stage I breast 

cancer. The descriptive statistics are presented in Table 2.2. First, Shapiro-Wilk's 

test is used for testing marginal normality for both tumor and normal arms of 

eight genes. Only CDSA satisfies marginal normality on both arms. Second, 

Mardia' test is used for testing bivariate normality for CDSA, and the result 

shows that bivariate normality stands for CDSA. 

Table 2.2. Descriptive statistics for gene expression levels from stage I of TCGA breast 
cancer data. This dataset contains 16 paired tissues and 74 unpaired tumor tissues. 

Gene Mean Standard Deviation I Correlation 

)((1) )((2) y Sx (1J Sx (2J Sy corr( x (l l , Y ) 
TP53 10.5552 10.6356 10.6585 0.7403 0.8228 0.5152 -0.2774 

ABCCl 10.1351 10.5288 9.9911 0.5920 0.5657 0.4025 0.2794 
HRAS 8.6695 8.7411 8.0458 0.8496 0.8038 0.7552 0.2694 

GSTMl 4.8421 5.0233 4.6560 4.9420 4.6853 4.5239 0.9595 
ERBB2 12.5449 12.7855 12.0218 0.8565 1.3523 0.9514 -0.0756 
CD8A* 7.8517 7.3539 7.7925 1.7250 1.7994 1.1520 0.4289 

ClD 7.5097 7.4526 7.5871 0.5185 0.5005 0.6994 0.6864 
GBP3 9.8403 9.4992 9.4574 1.4380 1.3153 0.9687 0.8343 

1 )( (l ) and )((2) denote sample means for the tumor samples in paired and unpaired 
portion respectively. 
2 Sx (1) and Sx (2) denote standard deviation for the tumor samples in paired and un
faired portion respectively. 

Y and Sy are the sample mean and standard deviation for the normal samples. 
4 corr(X(1), Y ) is the sample correlation for paired portion. 
5 Normality is satisfied for the gene marked with *. 

Our objective is to test whether these eight genes are up-regulated in tumor 

tissues; i.e. testing one-sided hypothesis Ho : µx ::; µy vs Ha : µx > µy. 

For such partially paired data, the standard approaches employed by widely 
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used bioinformatics tools in Bioconductor are either excluding the unpaired tu

mor samples, or treating the data as independent by ignoring the correlation 

between paired samples. However, there are three facts about this data set de

manding new methods: 1) The sample size for unpaired tumor samples is rela

tively large, thus it is not practical to exclude 74 unpaired tumor tissues; 2) As 

shown in Table 2.2, the correlations from the paired portion for several genes 

are not negligible; e.g. GSTMl has correlation as high as 0.9595. Hence it is not 

appropriate to ignore correlation and perform two-sample tests; 3) Normality is 

generally not satisfied except for gene CDSA. Therefore, in order to analyze this 

subset appropriately, it is of paramount importance to develop statistical tests 

which do not require normality, are able to use all the available data and to take 

the correlation into consideration. 

2.4 Methods 

For analyzing partially paired data with incompleteness in single arm, some of 

the existing methods are either not efficient or legitimate, while the others heav

ily depend on normality assumption. Hence, it is critical to develop new statis

tical methods which can analyze such data appropriately, regardless of the dis

tributional assumptions. Therefore, we will propose some new methods based 

on dependent P-values pooling in 2.4.1, and a new nonparametric combination 

test in 2.4.2. 

2.4.1 Proposed P-value pooling methods 

The idea of P-value pooling has long history in meta-analysis where the usual 

assumption is all the P-values come from independent tests (Rosenthal, 1978; 

Bailey and Gribskov, 1998). For testing Ho : µx ::; µy vs Ha : µx > µyin par

tially paired data with incompleteness in single arm, it is not feasible to have in

dependent tests. Therefore, it is not straightforward to cast this problem within 

a meta-analysis framework. Instead, we propose the following strategy: 

Step 1: Construct a paired test Tp based on the paired portion of data (Xi, Yi) 

where i = 1, 2, ... , n1. Denote the P-value as Pp. 
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Step 2: Construct a two-sample test Yup using the unpaired portion of data 

in X arm; i.e. Xi where i = n1 + 1, n1 + 2, ... , n1 + n2 and the data in Y arm; i.e. 

Yj where j = 1, 2, ... n1. Denote the P-value as Pup· Since both of Yp and Yup use 

the normal samples Y1, Y2, ... , Ynl' Yp and Yup, consequently, Pp and Pup, are not 

independent. 

Step 3: Combine dependent P-values: Pp and Pup· 

The P-value pooling method is robust and flexible . Such methods can be 

applied to both continuous data and discrete data. The statistical tests used, 

i.e. Yp and Yup, can be either parametric or nonparametric. When normality 

is satisfied, paired t-test and Wilcoxon signed-rank test are options for Yp, and 

two-sample t-test and Mann-Whitney U test are options for Yup· Without nor

mality, Wilcoxon signed-rank test and and Mann-Whitney U test can be used 

for Yp and Yup respectively. 

Such P-values can be easily obtained from any statistical softwares. 

There exist a few ways of combining dependent P-values. In this chapter, we 

will adapt a weighted inverse normal method proposed by Hartung (Hartung, 

1999), and a Fisher's pooling method (Brown, 1975; Kost and McDermott, 2002; 

Hou, 2005) for our purpose. 

Inverse normal method: Let F p and F up denote the null distributions for Yp and 

Yup• For testing the hypothesis Ho : µx ::; µy vs Ha : µx > µy, the correspond

ing P-values Pp = 1 - Fp(Yp) rv U(0, 1) and Pup = 1 - Fup(Yup) U(0, 1).rv 

Hence, the probit inverse transformations of Pp and Pup, i.e. Zp = <1>- 1 (Pp) 
and Zup = <1> - 1(Pup) follow standard normal distributions. Note that the de

pendence between Yp and Yup results in dependence between Zp and Zup· The 

overall test statistic is defined as: 

A1Zp + A2Zup
Y1N = -----;:=============, (2.2)

i+Ai+ 2A1A2'}' 

where 1' = corr(Zp,Zup), and A1 and A2 are the corresponding weights. The 

choice of weights will be discussed at end of this section. Under null hypothesis 

Ho, Y1N ~ N(0, 1). Usually 1' is unknown, a modified version of Y1N can be 
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written as (Hartung, 1999) 

A1Zp + A2Zup
TjN = ------;:=============== (2.3) 

j +A~+ 2A1A2(1' + KJt-1•)) 
where i is an unbiased estimator of ry, i* = max( -1, i ), and K is the param

eter to regulate the actual type I error. Hartung (Hartung, 1999) provided two 

options of K; i.e. K = 0.2 or (2 - i *) * 0.1. Under Ho, we have 

(2.4) 

and the corresponding P value is 

(2.5) 

where tjN is the observed value of TjN. 

Fisher's pooling method The use of Fisher's methods for combining dependent 

P-values has been studied by Brown (Brown, 1975), Kost and McDermott (Kost 

and McDermott, 2002), and Hou (Hou, 2005). The weighted Fisher's statistic is 

(2.6) 

2 
1 , • h d _ Var (TF ) J- 2[E(TF )] N h E(T) _ 2('where 1,i s are we1g ts, an c - 2E (TF ) , - Var (TF ) . ote t at F - 1q + 

A2) and Var(TF) = 4(Af +Ai)+ 2A1A2YJ where YJ = cov(-2log(Pp), -2log(Pup) ). 

Again, the choice of weights will be discussed at end of this section. By substi

tuting YJ with an estimate fj, we can easily obtain estimates for c and f; i.e. cand 

J. The asymptotic distribution of TF can be approximated by ex}- The corre

sponding P-value can be estimated as 

(2.7) 

where tF is the observed value of TF. 

Choice of weights: Using either inverse normal method or Fisher's method in-



27 

volves making a choice about weights A1 and A2. Although there exist some 

literatures on this topic for combining independent P-values (Zaykin, 2011), the 

discussion on weighting scheme for combining dependent P-values is sparse 

(Kim et al., 2005). We explored several weighting schemes: 1) unweighted (de

noted UW); 2) by the square root of the sample sizes; i.e. A1 = -J2ni", and 

A2 = Jn1 + n2 (denoted Wl); 3) by the square root of geometric means of the 

sample sizes; i.e. A1 = Jni, and A2 = J2/(l/n1 + l/n2) (denoted W2). Sim

ulation results show that there are no significant differences regarding the per

formance of different strategies. 

2.4.1.1 Estimating correlations 

One critical question in the proposed P-value pooling methods is to estimate the 

correlations; i.e. 1' = corr( Zp, Zup) for the weighted inverse normal method and 

YJ = cov( -2log(Pp), -2log(Pup)) for the Fisher's pooling method. 

Under normality: For the paired portion of data (X(l), Y), the paired t-test 

statistic is 

x (l ) - y 
Yp = ----;========== rv tn l - l under Ho. (2.8) 

Si,(ll +st- 2Sx(1l,Y)/n1 

For unpaired data (x (2) , Y), Welch's t-test statistic is 

x (2) - Y 
Yup = ----;======= ~ tv under Ho, (2.9) 

_ (5~(2) / n2 + S}/n1 )2 . . 
where v - s: ( /(n~ (n2- l ))+st /(nf (ni - l ))" Usmg the Delta method, we can easily

2 
derive the asymptotic correlation between Yp and Yup which can be estimated 

as: 

(2.10) 

It is easy to see that corr(Zp,Zup) and corr(Yp, Yup) are asymptotically equiva-
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lent. Hence 1' can be estimated by Acorr(Yp, Yup)-

Furthermore, under the null hypothesis, using the Delta method, 1J = cov(-2log(Pp), 

-2log(Pup)) can be estimated as 

ff= 16/T,dfp(0)fT,df,, p(0)Acov(Yp, Yup), (2.11) 

where JT,df(-) is the probability density function oft-distribution with degree 

of freedom df and Acov(Yp, Yup) stands for estimated asymptotic covariance 

between Yp and Yup• Note that Acov(Yp, Yup) and Acorr(Yp, Yup) are asymptoti-

cally equivalent. 

For general cases: The correlations 1' and 1J can be estimated by bootstrap

ping method. First, we re-sample n1 pairs from (X(l ), Y), n2 samples from 

x (2) with replacement B times, respectively. For i = 1, 2, ... , B, test statistics 

for paired and unpaired data (f~i), f~~), can be calculated. Furthermore, from 

the B pairs of test statistics, the bootstrap estimates of 1' = corr(Zp, Zup) and 

1J = cov( -2log(Pp), -2log(Pup)) can be obtained. 

2.4.2 A new nonparametric combination test 

This new test is based on combining test statistics instead of P-values. Steps 1 

and 2 in the strategy for P-value pooling methods apply first . The signed test for 

Yp is used for the paired portion, and the Mann-Whitney test for Yup is used for 

unpaired portion. Our proposed approach is to construct a new nonparametric 

combination test statistic as follows: 

(2.12) 

1 ifX > Y, 

/2 ifX = Y, 

0 otherwise. 
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It is easy to show that under Ho, E(TN) = 1. The variance of TN can be written 

as 

Var(TN) = Var(Tf) + Var(T~) + 2cov(Tf, T~), (2.13) 

where Var(Tp) = , Var(Tup) = nii~2n:l under Ho, and4~ 
1 

The covariance between Tf and T~ can be estimated as 

where l(.) is the indicator function. 

From standard large sample theory, when n 1, n2 -----f oo, we have 

TN-1 d 
(2.16)\~-----fN(0,1) 

V \ , ) 

under Ho. Thus we will reject the null hypothesis if ✓7±._- l > zo,95 where zo,95 
VaryTN) 

is the 95th percentile of standard normal distribution. \ 

2.5 Simulation 

In this section, we conduct simulation studies under various scenarios to com

pare the performance of proposed methods with that of existing ones. The sig

nificance level is set as 0.05, and each scenario is repeated 2000 times to obtain 

type I error and power. Sample sizes (n1, n2) are set from small to moderate 

as (5, 10), (5,30), (10,30), (10,50), (20,80), (20,20), (10,5), (20, 10), (30, 10), 

(40,20), (60,20). In practice, we usually encounter scenarios with a relatively 

large number of unpaired tumor samples compared to the paired samples, i.e. 

n1 < < n2 due to hight cost of gene profiling or unavailability of normal sam

ples, as indicated by our real data. However, to provide a complete picture 



30 

of the performance of the proposed methods, we will also present simulation 

results for n1 > n2. 

In previous section, we proposed P-value pooling methods and a nonpara

metric test. The P-value pooling methods include inverse normal method and 

Fisher's pooling method, and each of them comes with several versions regard

ing several options. First of all, for the former, there are two options for tuning 

parameter K set as either 0.2 or (2 - i *) * 0.1. We only present results done 

with K = 0.2 as there are no significant differences in performance between 

these two options for K. Secondly, under normality, for estimating correlation 

between the test statistics Tp and Yup, the Delta method is preferred over boot

strapping method in terms of type I error control. Hence Delta method is used 

for estimating correlation for normal data and bootstrapping method is used 

for non-normal data. Thirdly, we will present both weighted and unweighted 

versions for P-value pooling methods. As a result, for P-values pooling meth

ods, there will be unweighted and two weighted inverse normal methods (IN

UW, IN-Wl, IN-W2), as well as unweighted and two weighted Fisher's meth

ods (F-UW, F-Wl, F-W2), where UW, Wl, and W2 represent unweighted (UW), 

weighting by square root of total sample sizes (Wl) and by square root of ge

ometric means of the sample sizes (W2), respectively. Finally, for normal data, 

paired t-test and two-sample t-test are used for Tp and Yu p respectively; other

wise, Wilcoxon signed-rank test and the Mann-Whitney test are used instead. 

For normal data, we also explored the performance of the proposed P-value 

pooling methods using Wilcoxon signed-rank test and the Mann-Whitney test 

instead. Besides the proposed tests, we also studied the performance of Little's 

MLE-based test (Little) and naive methods, i.e. Naivel and Naive2 as presented 

in Section 2.4.1. 

The simulation results for type I error under normality assumption are pre

sented in Figure 2.1 and power in Figure 2.2. For estimating type I error, the 

marginal distributions are set as standard normal for both tumor and normal 

samples. The correlation between paired samples is set as -0.2, 0.2, 0.5, 0.8. Fig

ure 2.1 indicates all the proposed methods as well Little's method and Naivel 

generally have well-controlled type I error under all scenarios. When sample 

size is small, Little's test and the proposed nonparametric test TN have slightly 
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inflated type I errors. The type I error of N aive2 can be quite liberal. This ob

servation is not a surprise since N aive2 is only valid when correlation p is close 

to 0. For estimating power, the marginal distributions are set as X ~ N(0.6, 1) 

for tumor samples, and Y ~ N(0, 1) for normal samples. Figure 2.2 shows that 

Fisher's methods generally have larger power than inverse normal methods, 

and the differences caused by different weighting strategies are minimal. Lit

tle's MLE test also has reasonably good performance. Naivel has much smaller 

power compared to the other methods in most scenarios due to the fact that it 

only utilize the paired portion of the data. 

Figures 2.3 and 2.4 present type I error and power estimation for data under 

log-normal distribution. For estimating type I error, the marginal distributions 

for tumor and normal samples are set as Lognormal(0, 1). The portion of paired 

data are from bivariate log-normal distribution which are generated via Gaus

sian copula. The correlation between paired samples is set as -0.2, 0.2, 0.5, 0.8. 

As shown in Figure 2.3, generally speaking, all the proposed methods have rea

sonable type I error control except some of them tend to be slightly liberal or 

conservative when sample sizes are small and unbalanced. Little's method has 

poor type I error control as it is based on normality assumption. Again, the type 

I error of Naive2 can be quite conservative. For estimating power, the marginal 

distributions are set as X ~ Lognormal (1.1, 2), Y ~ Lognormal (0.5, 1.5) for nor

mal samples and tumor samples respectively. Again, the correlation between 

paired samples is set as -0.2, 0.2, 0.5, 0.8 and the portion of paired data are gen

erated via Gaussian copula. Figure 2.4 shows all the P-value pooling methods 

have comparable powers except Fisher's methods perform slightly better than 

inverse normal methods when correlation is not too low and n1, n2 are not too 

small, and the differences caused by weighting strategies are ignorable. The 

nonparametric combination test generally has smaller power than the P-value 

pooling methods. Naivel has reasonably good performance when n1 > n2. 

Note that both Little's method and Naive2 do not have reasonably good type I 

error control, hence their power property should not be interpreted. 

Figures 2.5 and 2.6 present type I error and power estimation for data un

der gamma distribution. For estimating type I error, the marginal distributions 

for tumor and normal samples are set as Gamma(2, 1). The portion of paired 
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data are from bivariate gamma distribution generated via Gaussian copula. The 

correlation is set as -0.2, 0.2, 0.5, 0.8. For estimating power, the marginal distri

butions are set as X ~ Gamma(6.3,3 ), Y ~ Gamma(7,4 ). All the proposed 

methods can provide reasonably good type I error control while Little's method 

and the N aive2 test has poor type I error control. All the P-value pooling meth

ods have comparable powers except Fisher's methods perform slightly better 

than inverse normal methods when n1, n2 are not too small, and the differences 

caused by weighting strategies are ignorable. The nonparametric combination 

test generally has smaller power than the P-value pooling methods. Naivel has 

reasonably good performance when n1 > n2 and p 2: 0.5. Again, power proper

ties by Little's method and Naive2 should not be interpreted since they do not 

have reasonable type I error control. 

The advantages of the proposed methods compared to Naivel, Naive2 and 

Little are well-illustrated in simulation studies. In summary, the proposed P

value pooling methods and the nonparametric combination method have rea

sonable type I error control as well as good power, regardless of distributional 

assumptions. 

Remark: In the simulation studies presented in Figures 2.1-2.6, t-tests were used 

for normal data and nonparametric tests were used for non-normal data. How

ever, in practice, the true distributions are rarely known. Hence for normal 

data, we also explored the performance of the P-value pooling methods using 

Wilcoxon signed-rank test and Mann-Whitney U test instead. From additional 

simulation study, we observed that for normal data, the type I errors for P-value 

pooling methods using t-tests and using nonparametric tests are comparable, 

and the ones using t-tests have slightly better power performance for most sce

narios. Thus, P-value pooling methods using t-tests are recommended when

ever normality is known or can be shown for the data under consideration. 
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2.6 TCGA breast cancer RNA sequencing data: re

visited 

In this section, we revisit the TCGA breast cancer RNA sequencing data intro

duced in Section 2.3. Our purpose is to test whether these eight genes are up

regulated in tumor samples in TCGA breast cancer stage I subjects. As stated 

in Section 2.3, with relative small n1 compared to n2, non-ignorable correlation, 

and abnormality of most genes, this data set demands new methods. 

Table 2.3 presents the calculated P-values of the proposed methods. For com

parison purposes, P-values by Little, N aivel and N aive2 are also presented. Out 

of the eight genes, only CDSA satisfies normality. Therefore, in P-value pool

ing methods, paired t-test and two-sample t-test for Tp, Yup are used for CDSA, 

and Wilcoxon signed-rank and Mann-Whitney tests are used for the other seven 

genes. All the proposed methods consistently indicate genes ABCCl, ERBB2 

and HRAS are up-regulated in tumor samples while TP53, GSTMl, CDSA, 

ClD are not. The P-values for GBP3 varies among the proposed tests though 

all indicate non-significant results. 

Table 2.3. Testing of up-regulated genes using stage I of TCGA breast cancer data. 

Gene IN-UW IN-Wl IN-W2 F-UW F-Wl F-W2 Nonpar Little Naivel Naive2 

TP53 0.5065 0.4904 0.4986 0.5533 0.5329 0.5442 0.4772 0.5597 0.5616 0.4578 
ABCCl* 0.0005 0.0002 0.0003 0.0002 0.0001 0.0001 0.0016 0.0010 0.0545 0.0002 
HRAS* 0.0004 0.0003 0.0003 0.0004 0.0003 0.0003 0.0005 0.0017 0.0131 0.0008 
GSTMl 0.3885 0.4027 0.3949 0.4707 0.4790 0.4761 0.3227 0.2688 0.3782 0.4736 
ERBB2* 0.0233 0.0176 0.0200 0.0225 0.0169 0.0192 0.0365 0.0090 0.1172 0.0106 
CD8A 0.7426 0.8016 0.7737 0.7367 0.7910 0.7656 0.7222 0.7811 0.4426 0.8414 
ClD 0.6843 0.6776 0.6814 0.7371 0.7266 0.7334 0.7051 0.7332 0.6792 0.6044 

GBP3 0.0727 0.1135 0.0897 0.0720 0.1163 0.0903 0.0503 0.0483 0.0490 0.2428 

IN: inverse normal method; F: Fisher 's method; UW, Wl and W2: Unweighted, weighting by square root of total sample sizes and 
weighting by square root of geometric mean of sample sizes; Nonpar: Proposed nonparametric combination test; Little: Little's MLE 
based test under normality (Little, 1976); Naivel: Paired test using paired portion of data only; Naive2: Independnet two-sample test 
using all data by ignoring correlation. 
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2.7 Conclusion 

This chapter deals with partially matched data with incompleteness in single 

arm; i.e. n1 subjects with both tumor and normal samples, while n2 patients 

with only tumor samples. The existing research for such data is sparse and cur

rent popular bioinformatics tools use sub-optimal options; either ignore the cor

relation, or ignore the n2 tumor samples. We propose P-value pooling methods 

and a nonparametric combination method based on the idea of constructing two 

dependent tests: one uses the n1 paired samples and the other one uses inde

pendent groups with n2 and n1 samples per group. Simulation studies demon

strated that the proposed methods not only can maintain type I error well, but 

also have good power property. The proposed methods do not rely on any 

parametric assumption, and have much better overall performance in compar

ison to that of the existing ones. Consequently the proposed methods should 

have wide applicability in practical fields. 

We illustrate the proposed methods for right-sided test; i.e. Ho : µx ::; µy vs 

Ha : µx > µy, for discovering up-regulated genes. For down-regulated genes, 

the proposed tests can be easily modified by using the left-sided P-values for Pp 

and Pup· However, cautions should taken when performing two-sided tests. For 

meaningful P-value pooling (both inverse normal and Fisher's methods), both 

Pp and Pup should be computed from one-sided hypothesis testing with either 

right-sided or left-sided alternatives corresponding to testing for up-regulated 

or down-regulated genes, respectively. For two-sided hypothesis, i.e. testing 

Ho : µx = µy vs Ha : µx -1- µy, the two-sided P-value P2 can be obtained as 

(Kuan and Huang, 2013): 

ifP1N < 1/2, 

otherwise. 

Similarly, the two-sided P-value of Fisher's method can be derived by substitut

ing P1N by Pf. 

The proposed P-value pooling methods are based on easily obtainable P

values via any statistical softwares and simple calculations. We expect these 

methods will have extensive applicability in applied fields, especially in ge-
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nomic studies. 
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Figure 2.1. Estimated type I errors under normal distribution based on 2000 simula
tions. Two horizontal dashed lines define range 0.04-0.06 for satisfactory type-I error 
control. 
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Figure 2.2. Power comparison under normal distribution based on 2000 simulations. 

1.00 1.00 
p=-0.2 p=0.2 

0.75 0.75 

0.50 0.50 

0.25 I 0.25 
• - • I 

• - • I 

(5.10) (5.30) (10.30X10.S0X2D.80X2D.20) (10.5) (20.1 0XJ0.10X40.20X60.20) (5.10) (5.30) (10.30X10.S0X2D.80X2D.20) (10.5) (20.10X30.10X40.20X60.20) 

Sample Size (n 1, n2) Sample Size (n 1, n2) 

1.00 1.00 
p=0.5 

0.75 0.75 

0.50 0.50 

\ I 
V 

I",,...... i 
I 

0.25 0.25 --

(5.10) (5.30) (10.30X10.S0X2D.80X2D.20) (10.5) (20.1 0XJ0.10X40.20X60.20) (5.10) (5.30) (10.30X10.S0X2D.80X2D.20) (10.5) (20.10X30.10X40.20X60.20) 

Sample Size (n 1, n2) Sample Size (n 1, n2) 

IN- UW - - IN-W2 ■ - F-W1 - Nonpar • - Naive1 

IN-W1 - F- UW - - F-W2 - - Little - - Naive2 

IN and F: inverse normal method and Fisher's method where paired t-test and two-sample t

test are used, respectively; UW, Wl and W2: Unweighted, weighting by square root of total 

sample sizes and weighting by square root of geometric mean of sample sizes; Nonpar: Pro

posed nonparametric combination test; Little: Little's MLE based test under normality (Little, 

1976); Naivel : Paired t-test using only paired portion of data; Naive2: Independnet two-sample 

t-test using all data by ignoring correlation. 

https://20.10X30.10X40.20X60.20
https://10.30X10.S0X2D.80X2D.20
https://0XJ0.10X40.20X60.20
https://10.30X10.S0X2D.80X2D.20


-

38 

Figure 2.3. Estimated type I errors under log-normal distribution based on 2000 simu
lations. Two horizontal dashed lines define range 0.04-0.06 for satisfactory type-I error 
control. 
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Figure 2.4. Power comparison under log-normal distribution based on 2000 simula
tions. 
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Figure 2.5. Estimated type I errors under gamma distribution based on 2000 simula
tions. Two horizontal dashed lines define range 0.04-0.06 for satisfactory type-I error 
control. 
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Figure 2.6. Power comparison under gamma distribution based on 2000 simulations. 

1.00 1.00 
p =-0.2 p=0.2 

0.75 0.75 

ai ai 
~ ~ 

CL 0.50 CL 0.50 

0.25 0.25 

(5.10) (5.30) (10.30X10.S0X2D.80X2D.20) (10.5) (20.1 0XJ0.10X40.20X60.20) (5.10) (5.30) (10.30X10.S0X2D.80X2D.20) (10.5) (20.10X30.10X40.20X60.20) 

Sample Size (n 1, n2) Sample Size (n 1, n2) 

1.00 1.00 
p=0.5 

0.75 0.75 

ai ai 
~ ~ 

CL 0.50 CL 0.50 

0.25 0.25 I 
\I 

,,,. 

(5.10) (5.30) (10.30X10.S0X2D.80X2D.20) (10.5) (20.1 0XJ0.10X40.20X60.20) (5.10) (5.30) (10.30X10.S0X2D.80X2D.20) (10.5) (20.10X30.10X40.20X60.20) 

Sample Size (n 1, n2) Sample Size (n 1, n2) 

IN- UW - - IN-W2 ■ - F-W1 - Nonpar • - Naive1 

IN-W1 - F- UW - - F-W2 - - Little - - Naive2 

IN and F: inverse normal method and Fisher's method where Wilcoxon signed-rank test and 

Mann-Whitney U test are used, respectively; UW, Wl and W2: Unweighted, weighting by 

square root of total sample sizes and weighting by square root of geometric mean of sample 

sizes; Nonpar: Proposed nonparametric combination test; Little: Little's MLE based test under 

normality (Little, 1976); Naivel: Wilcoxon signed-rank test using only paired portion of data; 

Naive2: Mann-Whitney U test using all data by ignoring correlation. 

https://20.10X30.10X40.20X60.20
https://10.30X10.S0X2D.80X2D.20
https://0XJ0.10X40.20X60.20
https://10.30X10.S0X2D.80X2D.20
https://20.10X30.10X40.20X60.20
https://10.30X10.S0X2D.80X2D.20
https://0XJ0.10X40.20X60.20
https://10.30X10.S0X2D.80X2D.20


Confidence interval estimation for 

mean difference in partially paired 

data with incompleteness in single 

response 

3.1 Introduction 

Matched pairs design is important and widely used in medical research. How

ever, missing values often occur in practice, yielding partially paired data. For 

example, in pre- and post-treatment studies, participants may lost to follow-up 

or drop out of the experiment by natural disaster, resulting in complete obser

vations on a part of the participants and the others with missing values in post

treatment measurements (Carlson et al., 2007; Wigal et al., 2010). As another 

example, in genomic experiments to detect differentially expressed genes asso

ciated with disease, cancerous and normal tissues are often extracted from the 

same patient. As sometimes the adjacent normal tissues are hard to extract or 

due to the high cost of gene profiling, only a part of the patients provide both 

tissues and the rest provide tumor tissues only (Feng et al., 2008; Huang et al., 

2016). Since the incompleteness occurs in post-treatment phase or in normal 

arm, we refer such data as "partially paired data with incompleteness in single 
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Table 3.1. Partially paired data with incompleteness in normal arm. 

Tumor I Normal 

X1 Y1 
X2 Y2 

Xn1 Yn1 

Xn1 + l 

Xn1 +2 

Xn1 + n2 

response" to distinguish it from another type of partially paired data which the 

observations are missing in both phases or both arms. 

For ease of interpretation, we use the genomic experiments as examples in 

this chapter. Let X, Y denote observations in tumor and normal tissues respec

tively. Consider a data set with n = n1 + n2 subjects where first n1 subjects 

provide complete pairs of tumor and normal tissues, and n2 subjects provide 

only tumor tissues. Table 3.1 explains the data structure. The primary interest 

of such data is often testing the mean difference between tumor and normal 

tissues to identify genetic biomarkers associated with the disease. 

Traditional approaches dealing with partially paired data include perform

ing a paired test on the paired portion of data, or performing a two-sample test 

using all data but ignoring the correlation between paired samples. The for

mer approach may lead to a power loss since it only uses part of the data, and 

the latter approach is not legitimate and would introduce bias especially if the 

correlation between paired samples is high. 

Several authors have proposed methods to test equality of means for par

tially paired data, and those methods are able to use all information as well as 

take into account the correlation. For instance, Lin (Lin, 1973) proposed tests 

based on a simple estimator of mean difference, which equals to the sample 

mean from all tumor tissues minus the sample mean from all normal tissues, 

under the assumptions of bivariate normality and common variance. Morrison 

(Morrison, 1973) and Little (Little, 1976) derived tests based on the maximum 
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likelihood estimates (MLE) of the mean difference assuming equal variance and 

unequal variance, respectively. In Chapter 2 we suggested the P-value pooling 

methods and a nonparametric combination test based on the idea of combining 

two dependent tests: one uses the paired samples and the other one uses inde

pendent groups of unpaired tumor samples and the normal samples in paired 

portion. Recently Fong et al. (Fong et al., 2017) also proposed several rank-based 

combination tests. 

The above methods all focus on hypothesis testing, researches on confidence 

interval estimation of the mean difference for partially paired data are sparse. 

Li et al. (Li et al., 2016) proposed several methods to construct confidence in

tervals for partially paired data with incompleteness in both responses. To our 

knowledge, little work has been done on interval estimation for data with in

completeness in single response. Some methods in hypothesis testing, such as 

the MLE tests and tests based on simple mean difference estimator, can be used 

to construct confidence intervals for the mean difference. However, numerical 

studies indicate that these methods may not achieve nominal coverage prob

ability when normality assumption is violated or if sample size is small. The 

methods proposed in Chapter 2 and (Fong et al., 2017) although perform well 

in hypothesis testing, they cannot be used in interval estimation since they are 

based on P-values or location dissimilarities but not mean difference. Hence, 

the aim of this chapter is to propose several methods to construct confidence 

intervals for the mean difference for partially paired data with incompleteness 

in single response. 

The rest of this chapter is organized as follows. In Section 3.2, we provide 

several methods to construct confidence interval for the mean difference with 

and without parametric assumptions. Extensive numerical studies are con

ducted to evaluate the performance of proposed methods under different sce

narios in Section 3.3. The results are applied to a real data example in Section 

3.4. We conclude this chapter with discussion in Section 3.5. 
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3.2 Methods 

Suppose that ( X, Y) T follows some bivariate distributions with mean vectorµ = 

µx) and covariance matrix I: = oJ pCTxty) ·(
JiY pCTxCTy CTy 

Let (Xi, Yi), i = 1,2, ..., n1 denote complete paired observations of (X, Y), and 

Xj, j = n1 + 1, n1 + 2, ..., n1 + n2 denote observations in unpaired portion of X. 
- () - 2 2Also, let X P , Y, Sx(r )' Sy, Sx(rl ,Y denote the sample means, sample variances 

and sample covariance for the paired portion of (X, Y); and let x (up ), Si(up) 

be the sample mean and sample variance for the unpaired portion of X. Fur

thermore, we define X, S5c as the sample mean and sample variance for all X/s 

where i = 1, 2, ... , n1 + n2. 

Our goal in this section is to provide confidence interval estimations for the 

mean difference b = µx - µy with and without parametric assumptions. 

3.2.1 With parametric assumptions - the generalized variable 

approach 

In this section we use the generalized variable approach to construct the gen

eralized confidence intervals (GCis) for the mean difference when (X, Y? fol

lows a bivariate normal or bivariate log-normal distribution. The concept of 

GCI was first introduced by Tsui and Weerahandi (Tsui and Samaradasa, 1989) 

and Weerahandi (Weerahandi, 1993). It is quite popular in constructing con

fidence intervals for some complex parametric functions, such as coefficient of 

variation, and mean or variance of log-normal distributions (Tian and Wu, 2007; 

Krishnamoorthy et al., 2006). Computations of GCI are based on generating the 

generalized pivotal quantities (GPQs) for parameters of interest. 

Suppose that X = (X1, X2, ..., Xn) are i.i.d. random samples from a distribu

tion f (x I0, YJ) where 0 is the primary parameter of interest, and YJ is the nuisance 

parameter. Let x denote the observed value of X, a function T(X, x; 0, YJ) is said 

to be a GPQ for 0 if it satisfies the following two conditions: 

1. The distribution of T(X, x; 0, YJ) is free of any unknown parameters; 

2. The observed value, i.e. T(x, x; 0, YJ ), is 0. 
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If T (X, x; 0, YJ) is a GPQ for 0, then the 100 ( 1 - a:)% confidence interval for 0 can 

be obtained by the percentiles of T(X, x; 0, YJ ), i.e. (Tix ;2, T1-ix12)-

In the following two subsections, we shall develop several GPQs for mean 

difference b for partially paired data with incompleteness in single response 

under the assumptions of bivariate normality and bivariate log-normality, re

spectively. 

3.2.1.1 Under bivariate normality 

The first approach to find the GPQ for b is based on the fact that 

X-Y-b 
------;::::===== ~ N (0, 1). (3.1) 

Substituting GPQs of oJ, o-~, o-xy into the variance, we obtain the GPQ of b by 

R (l ) - - - Z
b -x-y- (3.2) 

where x,g are the observed values of X, Y, Z ~ N(0, 1), and R(T2, RCTxy, R(T2 
X y 

are the GPQs for o-i, o-xy, o-~, respectively. If no data are missing, GPQs of 

o-i, o-xy, o-~ can be constructed from paired sample covariance. Since our data 

is partially paired and the sample variance of X, i.e. S5c, consists of the sample 

variances from both paired and unpaired portions of X, hence the GPQ of o-i 

should also consist two parts: one constructed from the paired sample covari

ance to integrate the correlation between Si,(p) and Sx(P),Y, S}; and the other one 

constructed from the sample variance of unpaired portion of X. 

We consider using the MLE of I: to compute the GPQs for o-i,o-xy,o-~. De

fine the sample covariance matrix from paired portion of data as S = (n1 - 1) 

Si,(p) Sx(;l,Y)/then S ~ Wishart(n1 -1,I:). For the unpaired portion of 
Sx(rl y Sy \ 

(~ 2 - l )S2 
x (up) 2

data, (T2 rv Xn2 - l· 
X 

The MLEs of the elements of I: are given by (Anderson, 1957; Krishnamoor-
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thy, 2013) 

(3.3) 

2 (n - l )S2 + n - l )S2 + ni n2 ( X (p)_ x (up ) )2
h A2 - (n1 + n2 - l )Sx - 1 x(P ) 2 x (up) n1 +n2 d S -

w ere CTx - n1+n2 n1 + n2 , an YIX -

(n1 - l)(S} - Si(rl,Y/Si(r)). 
Let T be the Cholesky decomposition factor of S such that TT' = S, then 

A ( l+Q/(n1 - l )S~(p) 

l: ~ T ( n,;n, □) T' = WW' (3.4)l I 

n1 

+Q/(n1 - l )S~(p) ) 
where W = T n1+n2 O d Q - ( - l)S2 + nin2 (X(P) -0 #, I an - n2 x (up) nl + n2 

( 

x (up ) )2. Also, let 0 be the Cholesky facto of covariance matrix I:, then V = 
0-1w does not depend on any unknown parameters, and Vis distributed as 

l+Q*/(n1-l )S~*(p) ) 

T* n~+n, If where T* is the Cholesky factor of S* which 
( 

Wishart(n1 -1,h) and * ~ x; is independent of S* (Krishnamoor
2 

thy, 2013). 

Let s, t, q be the observed values of S, T, Q, respectively, then the GPQ for I: 

can be written as 

(3.5) 

l+q/( n1 - l )s~(p) 

n1 + n2 where w ~ t ( O ) .(Substituting the elements of RE into 
10 #, 

1Equation (3.2), obtain the GPQ for J, i.e. Ri ) . 
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Another approach to construct GPQ for b is that we obtain the GPQ for µx 

and µy individually, the difference of the two GPQs is then the GPQ for b, that 

is, 

R (2) - RC R
b - µx - µy , (3.6) 

where 

(3.7) 

The paired and unpaired portion of X share the common mean µx, and R ~x is 

a bona-fide GPQ forµ (Krishnamoorthy and Lu 2003) R (p) R (up ) R (p) R (up) X , · µx , µx , (72 , (72
X X 

and R µy are defined in the following. 

Let M ~ x;l) ~enote the sample mean vector for paired portion of data, 

and M ~ N2(µ,I:./n1 ); for unpaired portion of data, x (up) ~ N(µ x,oiln2). 

Therefore, the generalized pivots for mean vector µ , covariance matrix I:. from 

paired portion of data, and for µx, cri from unpaired portion of data can be 

written as 

(3.8) 

(3.9) 

R (up) = - (up) - Z1 {fx;;; R (up) = (n2 - l )si,(up ) (3.10) 
l'x X J\,!(n, 1) Vt.;,:, a¾ U1 , 

where x (P), g, x (up ), Si,(up ) are the observed values of sample means and sam

ple variances. N2, Z1, U1 are independent variables that N2 ~ N2(0,h), Z1 ~ 
N(0,l ),U1 ~X~ _ 1,andS* ~Wishart(n1 -1,h),taredefinedabove. Further

2 

more R (p) is defined as the [1 l]th element of R (p) With R (p) R (u p) R (p) R (u p) 
I I I(Ji I:. µx , µx (Ji ' (Ji 
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2and Rµ y, Ri ) is constructed following (3.6). 

The mean difference between paired samples (X (P), Y), and mean difference 

between the unpaired samples (x(up ), Y) share the common J. Hence, instead 

of combining the GPQs for µx, here we combine the GPQs for J from the paired 

and unpaired samples. The generalized pivot can be written as 

(3.11) 

where 

and 

It is easy to show that the three generalized pivotal quantities of mean dif

ference, RY) , i = 1, 2, 3 are J at observed values, and their distributions are inde

pendent of any unknown parameters. Therefore, they are bona-fide GPQs for J. 

The algorithm below illustrates the steps to compute the generalized confidence 
1interval for J based on the generalized pivotal variable Ri ) : 

Algorithm 

For a given data set (Xi, Yj) , where i = 1,2, ... , n1 + n2, j = 1,2, ... , n1: 

1 Obtain the sample mean and sample variance :x (P), y, s from paired sam

ples (Xi, Yi ), where i = 1, 2, ... , n1, and obtain the sample mean and sam

ple variance :x (up ), si,(up) from unpaired observations of Xj , j = n1 +1, ... , n1 + 
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2 Generate independent random variables S* ~ Wishart (n1 - 1, h ) and 

Q* ~ X~
2

, compute Rr, from (3.5); 

3 Compute Ri
1

) from (3.2); 

4 Repeat Step 2-3 for a total of k times. 

Sort the k Ri
1)s from smallest to largest, the 100(1 - a: )% generalized confi

dence interval for b based on Ri
1

) is then 

(3.12) 

We denote this generalized confidence interval as GCil. The GCis based on 
2 3Ri ) and Ri ) can be calculated similarly, and are denoted as GCI2, GCI3 re

spectively. 

3.2.1.2 Under bivariate log-normality 

Suppose ( X, Y) T follows a bivariate log-normal distribution, then the log-transformed 

samples (In(X), ln(Y))) T follow a bivariate normal distribution with mean vec-

tor µ and covariance matrix I:. Our interest is to find confidence intervals for 

mean difference for the partially paired log-normal data, and the mean differ-

ence can be written as 

b = nx - ny, (3.13) 

where nx = exp(JJx) and JJ x = µx + oJ/2, ny is defined similarly. 

For data under bivariate log-normality, we also consider three approaches to 

generate the generalized pivotal quantities for b, and each approach is based on 

generating GPQs for (µ x , cr}J, JJ x , and nx, respectively. 

The first approach generates the GPQ for b as 

where R~x is defined in (3.7), Rµy is defined in Rll1) in (3.8), and R(T} ' R(T~ are the 

diagonal elements in Rr. defined in (3.5). 
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Tian and Wu (Tian and Wu, 2007) and Krishnamoorthy (Krishnamoorthy 

and Oral, 2017) both suggested generalized variable approaches for confidence 

interval estimation for nx when there are several independent log-normal sam

ples with common mean nx. We adopt their approaches to generate GPQs for 

nx since the paired and unpaired portions of samples in X are independent and 

share the common mean. However, due to existence of dependency between 

the paired samples, GPQs for nx and ny should also be able to account for the 

correlation. 

Krishnamoorthy (Krishnamoorthy and Oral, 2017) provided the GV approach 

for generating GPQ for nx based on combining GPQs of Y/X constructed from 

each sample. Hence, the second approach to generate GPQ for J is 

(3.15) 

where 

and R i px) = R (p) + R(p) /2 R (up ) = R (up ) + R (up) /2 R (p) R R (p) R are 
., µx (T2 , 1/x µx (T2 • µx , µy , (T2 , CTy2 

X X X 

defined in R (p) R (p) respectively- and R (up) R (up ) are defined in (310)µ I I I µx I (Ti • •I: 

Tian and Wu (Tian, 2005) used the GPQs for nx, instead of Y/X, computed 

from each set of samples. So, the third approach generates the GPQ for Jin the 

format of 

(3.16) 

where 
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Based on the GPQs for b, GCis for mean difference can be constructed sim

ilarly to the bivariate normal cases, and we denote the three GCis as LGCil, 

LGCI2, LGCI3 for partially paired log-normal data. 

3.2.1.3 With parametric assumption - the MLE approach 

Little(Little, 1976) provided a MLE test statistic in testing Ho r5 = 0 against 

Ho : r5 -/- 0: 

X - Y - 5x(1),Y/5i(1i(X - 5((1) ) 
R (3.17) 

✓fct11 
where J = X - Y - 5 (I ) / 5 2 (X - 5((1) ) and Var'A) = 8-} + (l - 1) ni - 25 2 -

X ,Y x (I ) n n1 n n1 -3 Y .X 
S2 

2 
s
x(1l,Y 52 Sx 

2 
. h 52 - 52 52 ;52 d A2 - 52 x(l l,Y 54n~ x + n wit Y. x - Y - x (1) y x (1) an Y - Y .x + sr- x· 

x(l ) ' x(l) 
The exact distribution of R is complicated, but numerical studies (Little, 

1976) demonstrated that R follows a t distribution with n1 - 1 degrees of free

dom can have satisfactory type I error control and have comparable power in 

most scenarios under normality. Hence, the 100(1 - a: )% MLE confidence inter-

val can be obtained as 

(3.18)(J + tnd• /2 * Jv:;·r,J+ tn,-1;1-•/2 * ✓frl
3.2.2 Without parametric assumptions 

3.2.2.1 A simple approach 

This approach is based on the simple mean difference estimator X - Y, and by 

central limit theorem, 

X-Y-b 
Z sim = ----==== ---t N (0, 1), (3.19)

Jf(X-Y) 
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25 
where Var(X - Y) = ~ + st - x (Pl ,Y Confidence interval based on this

n1 + n2 n1 n1 + n2 · 

approach is denoted as Zsim. 

The variance estimator sometimes could be negative, so we modify the vari

ance estimator as 

_ _ n1Si(1) n2Si(2) s} Sx(l ),Y 
Varrd(X - Y) = ( )2 + ( )2 + - - 2 .

n1 + n2 n1 + n2 n1 n1 + n2 

However, pre ·minary numerical studies indicate that this approach could be 

liberal for some parameter configurations. Hence, simulation results for this 

modified version are not presented. 

3.2.2.2 MOVER approach 

The MOVER (Methods of Variance Estimates Recovery) method was developed 

by Zou and Donner (Zou and Donner, 2008) and Zou et al. (Zou et al., 2009). 

This method is formulated to construct confidence intervals for functions of pa

rameters based on Cls of each individual parameter. In our case, suppose that 

the Cls for µx, µy are (lx, ux), (ly, uy ), respectively. Then the MOVER interval 

for µx - µy is determined by 

L = flx - fly - flx - lx) 2 -2corrrx,fly)(flx - lx)(uy - fly)+ (uy - fly) 2 , 

\ (3.20) 
and 

U = flx - fly+ ux - flx) 2 - 2corrtx, fly) (ux - flx) (fly - ly) + (fly - ly )2. 

(3.21) 

Here the flx, fly are sample mean stimator X and Y. And the correlation 

term corr(flx, fly) can be estimated from the sample correlation from the paired 

portion of data. The MOVER approach does not explicitly take into account how 

the limits (lx, ux), (ly, uy) are calculated. Therefore, we refer the MOVER Cls as 

MOV-t if the individual Cls are calculated from t-distribution; if the individual 

Cls are calculated from normal distribution, we refer them as MOV-z. 



54 

3.3 Simulation 

Simulation studies are performed in this section to compare the empirical cov

erage probabilities and average interval widths for the proposed methods. Dis

tributions considered are bivariate normal, bivariate log-normal and bivariate 

gamma. Sample sizes ( n1, n2) are set as n1 = 10, 20, 40, 60, with ratios of n2/ n1 

as 0.5, 1, 2, 4. The correlation between paired samples, p, is set as 0.2, 0.5, 0.8. 

Each scenario is repeated 2000 times, and for each set of generated samples,the 

generalized pivotal quantities for b are obtained by 1000 runs. 

In Section 3.2, we propose three generalized confidence intervals GCil, GCI2, 

GCI3 under bivariate normality: 

1. GCil: based on substituting GPQs of oi, criy, er~ into the variance of X -

Y; 

2. GCI2: based on the difference between weighted combination of GPQs for 

Jlx and GPQ for µy; 

3. GCI3: based on weighted combination of GPQs of b from paired and un

paired samples. 

We also describe three approaches to generate GCis for the mean difference 

for partially paired log-normal data: LGCil, LGCI2, LGCI3, 

1. LGCil: combining individual GPQs of µx, cri from paired and unpaired 

portions of X; 

2. LGCI2: combining GPQs of YJx = Jlx + cri/2 from paired and unpaired 

portions of X; 

3. LGCI3: combining GPQs of nx = exp(µx + cri/2) from paired and un-

paired portions of X. 

Other approaches include 

1. MLE: MLE based approach; 

2. Zsim: the simple z-test based on simple mean difference estimator; 
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3. MOV-t: MOVER approach based on t-interval; 

4. MOV-z: MOVER approach based on z-interval; 

We also consider nonparametric bootstrapping method to construct Cls 

for the mean difference, namely " Bl" and " B2", where 

5. Bl: basic bootstrap Cls using bootstrap standard error of X - Y; 

6. B2: percentile bootstrap Cls. 

Tables 3.3-3.4 present the empirical coverage probabilities and average in

terval widths under bivariate normality where the two marginal distributions 

are X ~ N(0, 1), Y ~ N(0, 1). Table 3.3 indicates that the three GCis are satis

factory in controlling coverage probabilities close to the nominal level 0.95, as 

well MLE approach and MOV-t. Zsim and MOV-z could be liberal when sam

ple size is small. The nonparametric bootstrap Cls: Bl, B2 give unsatisfactory 

coverage probabilities when n1 = 20. From 3.4, MLE and GCI3 generally have 

the shortest interval widths with GCI3 being slightly wider. GCil and MOV-t 

have comparable excepted widths when n1 is large or pis high. GCI2 has the 

widest average interval widths comparing to GCI2 and GCI3. 

Tables 3.5 - 3.8 present estimated coverage probabilities and average interval 

widths for data under bivariate log-normal distribution. The marginal distribu

tions of X and Y are set as X ~ LN( -0.4, 0.8), Y ~ LN( -0.4, 0.8) for Tables 

3.5 - 3.6 and X ~ LN(0, 1), Y ~ LN(0,0.25) for Tables 3.7 - 3.8. The bivari

ate data are generated via Gaussian copula. The boxplots of estimated cov

erage probabilities across different scenarios are shown in Figures 3.1 and 3.2. 

The three generalized variable (GV) approaches generally have the best perfor

mance with the coverage probabilities being around 0.95 in almost all scenarios. 

LGCI3 has slightly lower coverage probabilities when sample size is (20, 10) 

under X ~ LN(0, 1), Y ~ LN(0,0.25), but in general maintains a good control 

of coverage probabilities. The non-GV approaches behave unsatisfactorily, and 

the coverage probabilities are much lower than the nominal level. The three 

LGCis have the widest average interval widths among all approaches under 

comparison, but since the other methods could not achieve the nominal cover

age probability, there is no need to compare the interval lengths. 

https://LN(0,0.25
https://LN(0,0.25
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Tables 3.9 - 3.12 present estimated coverage probabilities and average inter

val widths for data under bivariate gamma distribution. The marginal distri

butions for X and Y are set as X ~ Gamma(2, 1), Y ~ Gamma(2,2) for Tables 

3.9 - 3.10 and X ~ Gamma(0.3, 1) + 0.4, Y ~ Gamma(0.3, 1) for Tables 3.11 -

3.12. The bivariate data are generated via Gaussian copula. The boxplots of 

coverage probabilities across different scenarios are shown in Figures 3.3 and 

3.4. As the generalized confidence intervals rely on normality or log-normality 

assumptions, only the six non-GV approaches are applied to gamma data. In 

Scenario 1 where X ~ Gamma(2, 1), Y ~ Gamma(2,2), MOV-t and MLE gen

erally have the nominal coverage probabilities in most scenarios. MOV-z and 

Zsim are liberal when n1 = 20 and p = 0.8. The two nonparametric bootstrap 

Cis Bl and B2 always underestimate the coverage probabilities. In Scenario 2 

where X ~ Gamma(0.3, 1) + 0.4, Y ~ Gamma(0.3, 1), none of the methods give 

satisfactory coverage probabilities. MOV-t can achieve the nominal coverage 

level 0.95 if n1 2: n2, and if n1 < n2, the estimated coverage probabilities are 

lower than 0.9. Average interval lengths do not differ much between the six 

approaches, with MOV-t being slightly wider than the others. 

In summary, under bivariate normality, the three GCis, especially GCI3 could 

be used as alternative approaches to MLE method to construct Cis for mean 

difference J. Under bivariate log-normality, LGCil and LGCI2 are strongly rec

ommended since they could achieve pre-specified confidence level while the 

other approaches behave unsatisfactorily. For bivariate gamma data, none of 

the methods give satisfactory coverage probabilities under different parameter 

settings consistently. MOV-t can be considered since its coverage probabilities 

could achieve 0.95 if sample size is large. The two nonparametric bootstrap 

Cis are not recommended since they underestimate the coverage probabilities 

especially when sample size is small. 

3.4 A real data example 

In this section, we illustrate the proposed methods using the data from The 

Cancer Genome Atlas (TCGA) breast cancer cohort. A subset of this data con

tains subjects with pathological stage I will be analyzed. This subset contains 



57 

90 subjects including 16 with paired samples, and 74 with only tumor samples. 

The data is downloaded from Firehose (www.gdac.broadinstitute.org). Table 

3.2 presents the summary statistics of four genes including three of which had 

been confirmed to be associated with the disease in previous literature. 

Shapiro-Wilk' s test is used for testing marginal normality for both tumor and 

normal arms of the four genes. Only CDSA satisfies marginal normality on both 

arms. Moreover, Mardia' test is used for testing bivariate normality for CDSA, 

and the result shows that bivariate normality stands for CDSA. Furthermore, 

normality tests indicate that ABCCl satisfies bivariate log-normality. 

Table 3.2. Descriptive statistics for gene expression levels from stage I of TCGA breast 
cancer cohort. This data set contains 16 paired tissues and 74 unpaired tumor tissues. 

Gene I Mean Standard Deviation I Correlation 

x (r) x (up) y 5x (r l Sx (url Sy corr(X(P), Y) 
TP53 10.5552 10.6356 10.6585 0.7403 0.8228 0.5152 -0.2774 

ABCCl 10.1351 10.5288 9.9911 0.5920 0.5657 0.4025 0.2794 
CD8A 7.8517 7.3539 7.7925 1.7250 1.7994 1.1520 0.4289 
GBP3 9.8403 9.4992 9.4574 1.4380 1.3153 0.9687 0.8343 

For confidence interval estimation, GCI3 is used for gene CDSA since it has 

the shortest average interval widths while maintaining 95% coverage probabil

ities. The 95% CI for the mean difference in CDSA is (-0.780, 0.907). LGCil 

is used for gene ABCCl for the same reason, and the 95% CI is (0.261, 0.726). 

MOV-t is used for the other two genes, the 95% CI for TP53 is (-0.376, 0.301), 

and for GBP3 is (-0.391, 0.596). 

3.5 Conclusion 

In this chapter, we propose several approaches to construct confidence intervals 

for the mean difference for partially paired data with incompleteness in single 

response. While most literature focus on developing methods for testing equal

ity of the means, interval estimation has received little attention. We provide 

three generalized confidence interval estimations for bivariate normal data, and 

three GCis for bivariate log-normal data. We also describe several approaches 

www.gdac.broadinstitute.org
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without parametric assumptions. Simulation studies indicate that the GCis un

der bivariate normality and bivariate log-normality could achieve nominal cov

erage probabilities in almost all scenarios, thus are recommended if data can be 

assumed to follow these two distributions. When the distribution is unknown, 

none of the methods give consistent satisfactory coverage probabilities under 

different parameter settings, of which MOV-t is slightly better than the others, 

thus might be used if no distributional assumptions can be made. 
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Figure 3.1. Empirical coverage probabilities of 95% Cls for the mean difference 
under bivariate log-normal with marginal distributions: X ~ LN( -0.4, 0.8), Y ~ 
LN(-0.4,0.8) . 
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MOV-z: MOVER Cls with individual Cls calculated from t-distribution or z-distribution; Bl, 
B2: bootstrap Cls. 
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Figure 3.2. Empirical coverage probabilities of 95% Cls for the mean difference under 
bivariate log-normal with marginal distributions: X ~ LN(O, 1), Y ~ N(0,0.25) . 
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Figure 3.3. Empirical coverage probabilities of 95% Cls for the mean difference under 
bivariate gamma with marginal distributions: X ~ Gamma(2, 1), Y ~ Gama(2,2). 
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Figure 3.4. Empirical coverage probabilities of 95% Cls for the mean difference un
der bivariate gamma with marginal distributions: X ~ Gamma(0.3, 1) + 0.4, Y ~ 
Gamma(0.3, 1). 
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MLE: based on MLE test statistic under normality; Zsim: based on simple mean estimator 
X - Y; MOV-t, MOV-z: MOVER Cls with individual Cls from t-distribution or z-distribution, 
respectively; Bl, B2: bootstrap Cls. 
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Table 3.3. Empirical coverage probabilities of 95% Cls for the mean difference under 
bivariate normal with marginal distributions: X ~N(0, 1), Y ~N(0, 1). 

Sample size GCll GCI2 GCI3 MLE Zsim MOV-t MOV-z Bl B2 

p = 0.2 
(20,10) 0.952 0.960 0.954 0.943 0.935 0.950 0.936 0.924 0.922 
(20,20) 0.953 0.952 0.950 0.942 0.934 0.950 0.936 0.928 0.924 
(20,40) 0.960 0.953 0.951 0.940 0.944 0.954 0.944 0.939 0.935 
(20,80) 0.958 0.956 0.950 0.952 0.946 0.959 0.946 0.942 0.942 
(40,20) 0.953 0.954 0.952 0.957 0.956 0.962 0.958 0.955 0.951 
(40,40) 0.952 0.956 0.956 0.942 0.942 0.950 0.944 0.940 0.940 
(40,80) 0.958 0.956 0.950 0.948 0.950 0.956 0.950 0.947 0.945 

(40,160) 0.954 0.952 0.950 0.942 0.940 0.945 0.940 0.940 0.940 
(60,30) 0.952 0.952 0.953 0.950 0.949 0.952 0.949 0.946 0.944 
(60,60) 0.947 0.943 0.944 0.948 0.945 0.950 0.946 0.944 0.942 

(60,120) 0.958 0.956 0.956 0.948 0.946 0.948 0.946 0.943 0.941 
p = 0.5 

(20,10) 0.954 0.956 0.953 0.948 0.944 0.956 0.943 0.930 0.933 
(20,20) 0.958 0.958 0.952 0.938 0.932 0.946 0.936 0.924 0.922 
(20,40) 0.950 0.946 0.946 0.943 0.950 0.960 0.950 0.944 0.944 
(20,80) 0.950 0.952 0.954 0.943 0.944 0.954 0.944 0.939 0.936 
(40,20) 0.954 0.957 0.954 0.947 0.948 0.952 0.946 0.946 0.943 
(40,40) 0.961 0.956 0.954 0.946 0.950 0.955 0.952 0.948 0.948 
(40,80) 0.946 0.946 0.948 0.948 0.938 0.946 0.939 0.934 0.935 

(40,160) 0.955 0.952 0.962 0.938 0.938 0.942 0.937 0.936 0.934 
(60,30) 0.954 0.952 0.950 0.957 0.950 0.956 0.950 0.948 0.945 
(60,60) 0.948 0.946 0.947 0.950 0.949 0.954 0.950 0.946 0.946 

(60,120) 0.952 0.954 0.948 0.946 0.946 0.948 0.947 0.944 0.944 
p = 0.8 

(20,10) 0.966 0.966 0.958 0.940 0.946 0.955 0.944 0.929 0.924 
(20,20) 0.952 0.960 0.953 0.938 0.944 0.950 0.942 0.937 0.930 
(20,40) 0.958 0.959 0.960 0.942 0.943 0.954 0.942 0.938 0.935 
(20,80) 0.953 0.958 0.954 0.942 0.935 0.948 0.934 0.928 0.926 
(40,20) 0.957 0.960 0.953 0.954 0.942 0.950 0.947 0.937 0.936 
(40,40) 0.964 0.962 0.959 0.945 0.942 0.949 0.941 0.936 0.937 
(40,80) 0.955 0.958 0.954 0.936 0.940 0.949 0.940 0.938 0.938 

(40,160) 0.952 0.957 0.950 0.946 0.944 0.949 0.942 0.940 0.938 
(60,30) 0.953 0.956 0.948 0.945 0.952 0.956 0.952 0.950 0.947 
(60,60) 0.952 0.952 0.952 0.950 0.956 0.958 0.955 0.952 0.949 

(60,120) 0.950 0.952 0.952 0.956 0.948 0.952 0.948 0.943 0.942 

GCll, GCI2, GCl3: generalized variable approaches; MLE: based on MLE test statistic under bivariate normality; 
Zsim: based on simple mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis calculated 
from t-distribution or z-distribution; Bl, B2: bootstrap Cis. 
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Table 3.4. Average interval widths of 95% Cls for the mean difference under biv ariate 
normal with marginal distributions: X ~ N (0, 1), Y ~ N (0, 1). 

Sample size GCll GCI2 GCI3 MLE Zsim MOV-t MOV-z Bl B2 

p = 0.2 
(20,10) 1.134 1.161 1.141 1.065 1.026 1.087 1.026 0.994 0.988 
(20,20) 1.089 1.092 1.069 1.027 0.991 1.048 0.992 0.966 0.961 
(20,40) 1.049 1.038 1.018 0.986 0.954 1.009 0.954 0.931 0.926 
(20,80) 1.017 0.999 0.983 0.940 0.913 0.968 0.914 0.894 0.889 
(40,20) 0.761 0.770 0.763 0.742 0.731 0.751 0.731 0.720 0.717 
(40,40) 0.731 0.734 0.724 0.712 0.703 0.723 0.704 0.695 0.692 
(40,80) 0.705 0.701 0.690 0.682 0.677 0.695 0.677 0.669 0.665 

(40,160) 0.682 0.676 0.667 0.657 0.653 0.672 0.653 0.646 0.643 
(60,30) 0.614 0.619 0.616 0.601 0.596 0.607 0.596 0.590 0.587 
(60,60) 0.590 0.591 0.584 0.577 0.574 0.585 0.574 0.570 0.567 

(60,120) 0.568 0.566 0.558 0.552 0.551 0.561 0.551 0.546 0.544 
p = 0.5 

(20,10) 0.957 1.003 0.930 0.870 0.870 0.925 0.873 0.843 0.838 
(20,20) 0.956 0.972 0.893 0.850 0.870 0.925 0.873 0.848 0.843 
(20,40) 0.951 0.953 0.862 0.827 0.872 0.927 0.874 0.852 0.847 
(20,80) 0.948 0.944 0.841 0.813 0.869 0.924 0.870 0.850 0.845 
(40,20) 0.643 0.659 0.624 0.602 0.617 0.636 0.618 0.608 0.605 
(40,40) 0.645 0.651 0.605 0.590 0.620 0.637 0.620 0.612 0.608 
(40,80) 0.642 0.643 0.584 0.574 0.617 0.636 0.618 0.610 0.607 

(40,160) 0.643 0.641 0.571 0.562 0.617 0.636 0.617 0.610 0.607 
(60,30) 0.518 0.528 0.503 0.489 0.504 0.514 0.505 0.499 0.497 
(60,60) 0.518 0.521 0.486 0.478 0.505 0.514 0.505 0.501 0.498 

(60,120) 0.518 0.519 0.473 0.466 0.505 0.514 0.505 0.502 0.499 
p = 0.8 

(20,10) 0.728 0.814 0.601 0.561 0.673 0.718 0.676 0.649 0.646 
(20,20) 0.781 0.830 0.594 0.552 0.726 0.775 0.729 0.708 0.704 
(20,40) 0.825 0.854 0.586 0.551 0.778 0.828 0.778 0.762 0.758 
(20,80) 0.864 0.893 0.583 0.545 0.814 0.866 0.813 0.796 0.792 
(40,20) 0.496 0.528 0.405 0.390 0.478 0.493 0.479 0.469 0.466 
(40,40) 0.534 0.551 0.403 0.388 0.517 0.534 0.518 0.511 0.508 
(40,80) 0.568 0.578 0.398 0.384 0.553 0.570 0.553 0.547 0.544 

(40,160) 0.593 0.602 0.393 0.382 0.579 0.597 0.579 0.573 0.570 
(60,30) 0.401 0.417 0.327 0.318 0.392 0.399 0.392 0.387 0.386 
(60,60) 0.431 0.440 0.322 0.315 0.423 0.432 0.424 0.419 0.417 

(60,120) 0.459 0.464 0.320 0.312 0.450 0.459 0.450 0.447 0.445 

GCll, GCI2, GCl3: generalized variable approaches; MLE: based on MLE test statistic under bivariate normality; 
Zsim: based on simple mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis calculated 
from t-distribution or z-distribution; Bl, B2: bootstrap Cis. 
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Table 3.5. Empirical coverage probabilities of 95% Cls for the mean difference under bi
variate log-normal with marginal distributions: X ~ LN( -0.4, 0.8), Y ~ LN(-0.4, 0.8). 

Sample size LGCll LGCI2 LGCI3 MLE Zsim MOV-t MOV-z Bl B2 

p = 0.2 
(20,10) 0.950 0.956 0.956 0.956 0.952 0.962 0.952 0.940 0.918 
(20,20) 0.952 0.954 0.956 0.945 0.948 0.956 0.951 0.942 0.920 
(20,40) 0.946 0.946 0.951 0.925 0.923 0.932 0.922 0.918 0.904 
(20,80) 0.952 0.956 0.954 0.904 0.903 0.917 0.904 0.899 0.890 
(40,20) 0.952 0.960 0.952 0.936 0.936 0.940 0.938 0.932 0.912 
(40,40) 0.954 0.953 0.948 0.943 0.946 0.953 0.946 0.942 0.922 
(40,80) 0.948 0.952 0.952 0.940 0.938 0.944 0.938 0.936 0.926 

(40,160) 0.953 0.956 0.956 0.921 0.924 0.928 0.923 0.922 0.920 
(60,30) 0.949 0.952 0.950 0.946 0.948 0.952 0.946 0.944 0.930 
(60,60) 0.950 0.955 0.952 0.942 0.942 0.946 0.942 0.940 0.930 

(60,120) 0.952 0.955 0.954 0.943 0.944 0.948 0.944 0.940 0.930 
p = 0.5 

(20,10) 0.958 0.960 0.956 0.944 0.946 0.960 0.948 0.934 0.903 
(20,20) 0.958 0.958 0.958 0.931 0.931 0.946 0.936 0.926 0.909 
(20,40) 0.956 0.956 0.962 0.920 0.931 0.942 0.928 0.928 0.912 
(20,80) 0.942 0.952 0.950 0.895 0.912 0.917 0.906 0.904 0.896 
(40,20) 0.956 0.950 0.944 0.941 0.952 0.956 0.952 0.948 0.925 
(40,40) 0.950 0.952 0.951 0.932 0.945 0.948 0.944 0.940 0.926 
(40,80) 0.950 0.954 0.956 0.930 0.935 0.938 0.934 0.934 0.925 

(40,160) 0.954 0.958 0.960 0.917 0.928 0.932 0.924 0.926 0.919 
(60,30) 0.959 0.960 0.955 0.946 0.946 0.948 0.946 0.943 0.926 
(60,60) 0.954 0.952 0.949 0.942 0.948 0.952 0.946 0.944 0.932 

(60,120) 0.946 0.948 0.948 0.928 0.936 0.940 0.936 0.934 0.928 
p = 0.8 

(20,10) 0.961 0.960 0.956 0.946 0.957 0.969 0.957 0.944 0.917 
(20,20) 0.952 0.952 0.945 0.916 0.941 0.940 0.928 0.934 0.906 
(20,40) 0.960 0.964 0.956 0.892 0.924 0.922 0.912 0.918 0.900 
(20,80) 0.951 0.956 0.957 0.876 0.913 0.916 0.900 0.908 0.889 
(40,20) 0.954 0.951 0.954 0.932 0.944 0.950 0.944 0.936 0.917 
(40,40) 0.952 0.948 0.947 0.929 0.958 0.955 0.948 0.952 0.932 
(40,80) 0.951 0.952 0.955 0.910 0.939 0.938 0.932 0.937 0.926 

(40,160) 0.945 0.953 0.951 0.892 0.930 0.930 0.927 0.929 0.924 
(60,30) 0.948 0.947 0.946 0.945 0.956 0.957 0.954 0.952 0.935 
(60,60) 0.948 0.946 0.951 0.937 0.953 0.952 0.948 0.950 0.936 

(60,120) 0.944 0.948 0.942 0.923 0.940 0.934 0.933 0.938 0.934 

LGCll, LGCI2, LGCl3: generalized variable approaches; MLE:based on MLE test statistic under bivariate normality; Zsim: 
based on simple mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis calculated from t-
distribution or z-dis tribution; Bl, B2: bootstrap Cis. 
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Table 3.6. Average interval widths of 95% Cls for the mean difference under bivariate 
log-normal with marginal distributions: X ~ LN(-0.4,0.8), Y ~ LN(-0.4,0.8). 

Sample size LGCll LGCI2 LGCI3 MLE Zsim MOV-t MOV-z Bl B2 

p = 0.2 
(20,10) 1.925 1.831 1.796 1.132 1.092 1.155 1.092 1.059 1.049 
(20,20) 1.785 1.647 1.642 1.075 1.046 1.102 1.044 1.018 1.008 
(20,40) 1.725 1.571 1.581 1.029 1.004 1.059 1.004 0.980 0.969 
(20,80) 1.679 1.526 1.543 0.981 0.957 1.011 0.957 0.937 0.925 
(40,20) 0.996 0.962 0.998 0.799 0.790 0.811 0.790 0.779 0.774 
(40,40) 0.938 0.904 0.914 0.764 0.756 0.777 0.757 0.747 0.742 
(40,80) 0.891 0.858 0.864 0.735 0.731 0.750 0.731 0.723 0.717 

(40,160) 0.864 0.831 0.842 0.690 0.687 0.706 0.687 0.679 0.674 
(60,30) 0.750 0.734 0.770 0.654 0.650 0.661 0.650 0.644 0.641 
(60,60) 0.713 0.695 0.704 0.636 0.634 0.644 0.633 0.628 0.625 

(60,120) 0.677 0.660 0.665 0.606 0.606 0.616 0.605 0.601 0.597 
p = 0.5 

(20,10) 1.632 1.620 1.659 0.931 0.940 0.996 0.941 0.910 0.901 
(20,20) 1.525 1.486 1.520 0.914 0.944 0.997 0.944 0.919 0.910 
(20,40) 1.490 1.447 1.457 0.886 0.934 0.988 0.935 0.913 0.902 
(20,80) 1.482 1.459 1.445 0.851 0.913 0.963 0.910 0.893 0.882 
(40,20) 0.866 0.851 0.927 0.684 0.698 0.718 0.699 0.687 0.682 
(40,40) 0.838 0.823 0.846 0.651 0.676 0.694 0.676 0.667 0.662 
(40,80) 0.810 0.801 0.793 0.626 0.668 0.686 0.668 0.660 0.655 

(40,160) 0.798 0.793 0.768 0.612 0.661 0.679 0.661 0.654 0.648 
(60,30) 0.652 0.643 0.709 0.561 0.574 0.585 0.574 0.568 0.565 
(60,60) 0.630 0.623 0.640 0.540 0.563 0.572 0.562 0.557 0.554 

(60,120) 0.612 0.608 0.598 0.518 0.550 0.560 0.550 0.546 0.543 
p = 0.8 

(20,10) 1.214 1.355 1.512 0.630 0.738 0.793 0.748 0.713 0.703 
(20,20) 1.175 1.314 1.409 0.613 0.786 0.847 0.799 0.765 0.755 
(20,40) 1.149 1.326 1.336 0.597 0.819 0.872 0.823 0.801 0.791 
(20,80) 1.145 1.347 1.280 0.574 0.841 0.889 0.838 0.823 0.813 
(40,20) 0.659 0.687 0.830 0.455 0.537 0.558 0.542 0.528 0.524 
(40,40) 0.655 0.691 0.737 0.452 0.579 0.598 0.582 0.572 0.568 
(40,80) 0.665 0.716 0.689 0.435 0.598 0.614 0.597 0.591 0.587 

(40,160) 0.682 0.751 0.672 0.427 0.622 0.640 0.621 0.616 0.611 
(60,30) 0.491 0.508 0.626 0.380 0.448 0.460 0.451 0.443 0.440 
(60,60) 0.504 0.526 0.558 0.372 0.476 0.487 0.478 0.472 0.469 

(60,120) 0.515 0.549 0.516 0.360 0.496 0.504 0.495 0.492 0.489 

LGCll, LGCI2, LGCl3: generalized variable approaches; MLE:based on MLE test statistic under bivariate normality; Zsim: 
based on simple mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis calculated from t-
distribution or z-dis tribution; Bl, B2: bootstrap Cis. 
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Table 3.7. Empirical coverage probabilities of 95% Cls for the mean difference under 
bivariate log-normal with marginal distributions: X ~ LN(0, 1), Y ~ LN(0,0.25). 

Sample size LGCll LGCI2 LGCI3 MLE Zsim MOV-t MOV-z Bl B2 

p = 0.2 
(20,10) 0.950 0.944 0.933 0.902 0.894 0.905 0.894 0.888 0.886 
(20,20) 0.949 0.950 0.943 0.917 0.918 0.924 0.916 0.911 0.912 
(20,40) 0.948 0.950 0.944 0.932 0.923 0.934 0.924 0.918 0.915 
(20,80) 0.956 0.957 0.941 0.941 0.938 0.946 0.938 0.935 0.926 
(40,20) 0.953 0.950 0.949 0.912 0.907 0.913 0.907 0.904 0.906 
(40,40) 0.945 0.949 0.939 0.930 0.930 0.934 0.932 0.928 0.926 
(40,80) 0.950 0.948 0.942 0.945 0.938 0.943 0.938 0.936 0.934 

(40,160) 0.960 0.958 0.954 0.942 0.942 0.948 0.944 0.942 0.934 
(60,30) 0.950 0.944 0.936 0.920 0.916 0.920 0.916 0.912 0.914 
(60,60) 0.948 0.942 0.948 0.931 0.928 0.932 0.928 0.926 0.923 

(60,120) 0.949 0.951 0.945 0.946 0.944 0.944 0.942 0.938 0.931 
p = 0.5 

(20,10) 0.952 0.952 0.928 0.876 0.873 0.884 0.874 0.863 0.864 
(20,20) 0.964 0.954 0.952 0.889 0.894 0.904 0.896 0.887 0.887 
(20,40) 0.955 0.952 0.946 0.915 0.924 0.930 0.922 0.918 0.916 
(20,80) 0.950 0.951 0.950 0.931 0.942 0.952 0.944 0.939 0.930 
(40,20) 0.958 0.948 0.940 0.918 0.917 0.923 0.918 0.912 0.914 
(40,40) 0.949 0.944 0.933 0.912 0.912 0.920 0.913 0.906 0.910 
(40,80) 0.952 0.950 0.948 0.928 0.930 0.936 0.933 0.928 0.926 

(40,160) 0.948 0.946 0.949 0.937 0.948 0.951 0.948 0.947 0.937 
(60,30) 0.945 0.946 0.940 0.910 0.914 0.918 0.914 0.910 0.906 
(60,60) 0.946 0.944 0.947 0.925 0.927 0.930 0.926 0.923 0.924 

(60,120) 0.954 0.954 0.954 0.932 0.934 0.938 0.936 0.932 0.934 
p = 0.8 

(20,10) 0.956 0.946 0.937 0.870 0.866 0.880 0.872 0.852 0.859 
(20,20) 0.960 0.952 0.938 0.878 0.894 0.907 0.896 0.886 0.886 
(20,40) 0.958 0.950 0.948 0.881 0.900 0.918 0.910 0.898 0.900 
(20,80) 0.953 0.954 0.951 0.901 0.936 0.949 0.946 0.934 0.931 
(40,20) 0.956 0.952 0.946 0.892 0.896 0.901 0.896 0.892 0.894 
(40,40) 0.944 0.946 0.941 0.904 0.904 0.914 0.912 0.900 0.902 
(40,80) 0.956 0.958 0.944 0.903 0.922 0.929 0.927 0.920 0.919 

(40,160) 0.942 0.935 0.938 0.906 0.926 0.932 0.930 0.926 0.922 
(60,30) 0.946 0.942 0.944 0.897 0.904 0.910 0.908 0.902 0.907 
(60,60) 0.956 0.956 0.950 0.910 0.913 0.921 0.920 0.911 0.916 

(60,120) 0.946 0.946 0.943 0.928 0.926 0.938 0.935 0.923 0.924 

LGCll, LGCI2, LGCl3: generalized variable approaches; MLE:based on MLE test statistic under bivariate normality; Zsim: 
based on simple mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis calculated from t-
distribution or z-dis tribution; Bl, B2: bootstrap Cis. 
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Table 3.8. Average interval widths of 95% Cls for the mean difference under bivariate 
log-normal with marginal distributions: X ~ LN(0, 1), Y ~ LN(0,0.25). 

Sample size LGCll LGCI2 LGCI3 MLE Zsim MOV-t MOV-z Bl B2 

p = 0.2 
(20,10) 2.081 2.287 2.051 1.495 1.438 1.503 1.437 1.387 1.362 
(20,20) 1.678 1.738 1.641 1.360 1.301 1.350 1.302 1.269 1.250 
(20,40) 1.319 1.329 1.344 1.145 1.100 1.132 1.099 1.079 1.068 
(20,80) 1.067 1.055 1.167 0.969 0.934 0.960 0.933 0.921 0.915 
(40,20) 1.230 1.252 1.297 1.051 1.032 1.054 1.031 1.015 1.003 
(40,40) 1.029 1.034 1.046 0.939 0.922 0.938 0.921 0.910 0.901 
(40,80) 0.848 0.848 0.887 0.819 0.806 0.817 0.805 0.798 0.792 

(40,160) 0.693 0.688 0.780 0.676 0.667 0.675 0.666 0.662 0.659 
(60,30) 0.944 0.949 1.013 0.875 0.864 0.877 0.864 0.855 0.847 
(60,60) 0.808 0.808 0.828 0.775 0.767 0.776 0.767 0.760 0.754 

(60,120) 0.677 0.676 0.711 0.664 0.658 0.664 0.657 0.654 0.651 
p = 0.5 

(20,10) 1.950 2.177 1.976 1.301 1.264 1.320 1.264 1.221 1.200 
(20,20) 1.566 1.632 1.565 1.201 1.180 1.222 1.180 1.149 1.130 
(20,40) 1.233 1.247 1.269 1.035 1.031 1.058 1.029 1.014 1.003 
(20,80) 0.992 0.985 1.070 0.866 0.877 0.899 0.875 0.865 0.860 
(40,20) 1.129 1.146 1.227 0.972 0.964 0.984 0.964 0.947 0.935 
(40,40) 0.952 0.959 0.989 0.858 0.861 0.874 0.860 0.850 0.842 
(40,80) 0.790 0.789 0.821 0.739 0.749 0.757 0.747 0.742 0.737 

(40,160) 0.646 0.643 0.703 0.617 0.632 0.639 0.631 0.628 0.624 
(60,30) 0.867 0.872 0.961 0.801 0.797 0.809 0.798 0.788 0.779 
(60,60) 0.755 0.755 0.782 0.715 0.717 0.725 0.717 0.711 0.704 

(60,120) 0.627 0.626 0.651 0.600 0.612 0.615 0.610 0.609 0.605 
p = 0.8 

(20,10) 1.786 2.004 1.892 1.129 1.122 1.173 1.127 1.081 1.057 
(20,20) 1.400 1.468 1.458 1.032 1.051 1.088 1.056 1.024 1.004 
(20,40) 1.096 1.114 1.156 0.867 0.918 0.946 0.923 0.903 0.891 
(20,80) 0.889 0.894 0.956 0.724 0.817 0.838 0.817 0.809 0.801 
(40,20) 1.016 1.036 1.168 0.839 0.851 0.868 0.851 0.834 0.822 
(40,40) 0.854 0.859 0.910 0.740 0.763 0.776 0.765 0.754 0.745 
(40,80) 0.708 0.709 0.735 0.629 0.675 0.683 0.676 0.669 0.663 

(40,160) 0.586 0.588 0.609 0.516 0.578 0.586 0.579 0.575 0.571 
(60,30) 0.776 0.782 0.910 0.703 0.715 0.724 0.715 0.706 0.697 
(60,60) 0.671 0.673 0.715 0.605 0.627 0.634 0.628 0.622 0.616 

(60,120) 0.562 0.563 0.574 0.526 0.560 0.565 0.561 0.558 0.553 

LGCll, LGCI2, LGCl3: generalized variable approaches; MLE:based on MLE test statistic under bivariate normality; Zsim: 
based on simple mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis calculated from t-
distribution or z-dis tribution; Bl, B2: bootstrap Cis. 
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Table 3.9. Empirical coverage probabilities of 95% Cls for the mean difference under 
bivariate gamma with marginal distributions: X ~ Gamma(2, 1), Y ~ Gamma(2,2). 

Sample size MLE Zsim MOV-t MOV-z Bl B2 

p = 0.2 
(20,10) 0.950 0.942 0.952 0.943 0.934 0.932 
(20,20) 0.952 0.942 0.952 0.942 0.934 0.930 
(20,40) 0.952 0.944 0.958 0.943 0.941 0.936 
(20,80) 0.950 0.940 0.950 0.942 0.937 0.932 
(40,20) 0.954 0.948 0.954 0.948 0.946 0.942 
(40,40) 0.947 0.943 0.946 0.944 0.940 0.938 
(40,80) 0.942 0.945 0.949 0.944 0.941 0.938 
(40,160) 0.954 0.954 0.956 0.954 0.950 0.946 
(60,30) 0.951 0.945 0.949 0.944 0.944 0.938 
(60,60) 0.952 0.952 0.954 0.952 0.948 0.942 
(60,120) 0.957 0.959 0.960 0.959 0.956 0.953 

p = 0.5 
(20,10) 0.944 0.940 0.954 0.941 0.928 0.924 
(20,20) 0.951 0.950 0.964 0.953 0.942 0.937 
(20,40) 0.951 0.951 0.960 0.954 0.948 0.942 
(20,80) 0.942 0.946 0.958 0.945 0.942 0.934 
(40,20) 0.942 0.940 0.946 0.941 0.935 0.932 
(40,40) 0.950 0.954 0.960 0.956 0.949 0.946 
(40,80) 0.956 0.953 0.954 0.952 0.946 0.944 
(40,160) 0.944 0.944 0.950 0.946 0.942 0.937 
(60,30) 0.936 0.935 0.940 0.934 0.931 0.927 
(60,60) 0.944 0.938 0.939 0.938 0.936 0.932 
(60,120) 0.946 0.942 0.944 0.942 0.940 0.940 

p = 0.8 
(20,10) 0.935 0.925 0.946 0.934 0.913 0.912 
(20,20) 0.939 0.934 0.952 0.936 0.927 0.922 
(20,40) 0.947 0.948 0.954 0.950 0.940 0.935 
(20,80) 0.942 0.946 0.952 0.944 0.940 0.940 
(40,20) 0.944 0.940 0.950 0.946 0.933 0.932 
(40,40) 0.946 0.944 0.951 0.946 0.939 0.938 
(40,80) 0.955 0.953 0.958 0.956 0.946 0.944 
(40,160) 0.946 0.954 0.957 0.952 0.952 0.950 
(60,30) 0.947 0.940 0.948 0.942 0.936 0.933 
(60,60) 0.947 0.950 0.954 0.952 0.948 0.946 
(60,120) 0.944 0.942 0.948 0.945 0.940 0.938 

MLE: based on MLE test statistic under bivariate normality; Zsim: based on simple 
mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis 
calculated from t-distribution or z-distribution; Bl, B2: bootstrap Cis. 



70 

Table 3.10. Average interval widths of 95% Cls for the mean difference under bivariate 
gamma with marginal distributions: X ~ Gamma(2, 1), Y ~ Gamma(2,2). 

Sample size MLE Zsim MOV-t MOV-z Bl B2 

p = 0.2 
(20,10) 1.132 1.085 1.139 1.085 1.050 1.044 
(20,20) 1.040 0.996 1.040 0.997 0.971 0.966 
(20,40) 0.928 0.891 0.927 0.891 0.873 0.869 
(20,80) 0.818 0.788 0.822 0.788 0.774 0.770 
(40,20) 0.793 0.779 0.797 0.778 0.767 0.763 
(40,40) 0.720 0.707 0.722 0.707 0.697 0.694 
(40,80) 0.639 0.629 0.641 0.629 0.622 0.620 
(40,160) 0.567 0.560 0.572 0.560 0.555 0.553 
(60,30) 0.642 0.635 0.644 0.635 0.627 0.624 
(60,60) 0.584 0.578 0.586 0.578 0.572 0.570 
(60,120) 0.521 0.517 0.523 0.517 0.513 0.511 

p = 0.5 
(20,10) 0.972 0.945 0.993 0.948 0.912 0.906 
(20,20) 0.888 0.879 0.917 0.880 0.856 0.852 
(20,40) 0.792 0.798 0.832 0.800 0.782 0.779 
(20,80) 0.713 0.732 0.766 0.734 0.720 0.717 
(40,20) 0.675 0.672 0.688 0.673 0.661 0.657 
(40,40) 0.617 0.624 0.637 0.624 0.616 0.613 
(40,80) 0.554 0.569 0.580 0.570 0.563 0.561 
(40,160) 0.494 0.519 0.530 0.519 0.514 0.512 
(60,30) 0.550 0.552 0.560 0.552 0.545 0.543 
(60,60) 0.504 0.512 0.519 0.512 0.507 0.505 
(60,120) 0.449 0.465 0.471 0.466 0.462 0.460 

p = 0.8 
(20,10) 0.737 0.755 0.797 0.764 0.723 0.718 
(20,20) 0.677 0.730 0.766 0.738 0.711 0.707 
(20,40) 0.598 0.696 0.729 0.702 0.684 0.681 
(20,80) 0.528 0.667 0.698 0.668 0.657 0.654 
(40,20) 0.518 0.544 0.559 0.547 0.533 0.530 
(40,40) 0.471 0.519 0.533 0.523 0.513 0.510 
(40,80) 0.414 0.493 0.504 0.495 0.489 0.487 
(40,160) 0.365 0.472 0.483 0.473 0.469 0.466 
(60,30) 0.422 0.446 0.454 0.448 0.440 0.438 
(60,60) 0.383 0.426 0.433 0.427 0.422 0.421 
(60,120) 0.339 0.406 0.412 0.407 0.403 0.402 

MLE: based on MLE test statistic under bivariate normality; Zsim: based on simple 
mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis 
calculated from t-distribution or z-distribution; Bl, B2: bootstrap Cis. 
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Table 3.11. Empirical coverage probabilities of 95% Cls for the mean difference un-
der bivariate gamma with marginal distributions: X ~ Gamma (0.3, 1) + 0.4, Y ~ 
Gamma (0.3, 1). 

Sample size MLE Zsim MOV-t MOV-z Bl B2 

p =0.2 
(20,10) 0.934 0.934 0.946 0.934 0.924 0.895 
(20,20) 0.940 0.934 0.950 0.934 0.931 0.900 
(20,40) 0.922 0.910 0.924 0.910 0.898 0.886 
(20,80) 0.892 0.902 0.920 0.901 0.896 0.888 
(40,20) 0.938 0.938 0.944 0.938 0.934 0.915 
(40,40) 0.946 0.946 0.952 0.948 0.945 0.928 
(40,80) 0.924 0.928 0.932 0.928 0.924 0.916 
(40,160) 0.912 0.912 0.920 0.913 0.909 0.908 
(60,30) 0.948 0.949 0.952 0.950 0.946 0.932 
(60,60) 0.942 0.940 0.944 0.938 0.939 0.927 
(60,120) 0.931 0.933 0.936 0.932 0.930 0.926 

p =0.5 
(20,10) 0.934 0.939 0.954 0.940 0.926 0.892 
(20,20) 0.936 0.944 0.953 0.944 0.938 0.914 
(20,40) 0.896 0.916 0.920 0.911 0.908 0.896 
(20,80) 0.872 0.902 0.912 0.902 0.900 0.894 
(40,20) 0.938 0.947 0.950 0.946 0.944 0.922 
(40,40) 0.928 0.937 0.943 0.938 0.935 0.919 
(40,80) 0.914 0.921 0.928 0.920 0.915 0.904 
(40,160) 0.890 0.906 0.914 0.904 0.904 0.904 
(60,30) 0.946 0.951 0.954 0.951 0.946 0.936 
(60,60) 0.940 0.944 0.944 0.941 0.941 0.930 
(60,120) 0.934 0.938 0.939 0.937 0.938 0.930 

p =0.8 
(20,10) 0.930 0.948 0.962 0.953 0.938 0.912 
(20,20) 0.904 0.941 0.944 0.930 0.930 0.896 
(20,40) 0.870 0.924 0.928 0.916 0.920 0.904 
(20,80) 0.860 0.888 0.890 0.879 0.884 0.874 
(40,20) 0.935 0.949 0.956 0.950 0.941 0.924 
(40,40) 0.932 0.948 0.945 0.936 0.940 0.922 
(40,80) 0.897 0.934 0.931 0.926 0.928 0.918 
(40,160) 0.907 0.928 0.927 0.922 0.924 0.919 
(60,30) 0.940 0.952 0.954 0.949 0.948 0.929 
(60,60) 0.928 0.953 0.955 0.952 0.950 0.940 
(60,120) 0.906 0.932 0.936 0.930 0.931 0.923 

MLE: based on MLE test statistic under bivariate normality; Zsim: based on simple 
mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis 
calculated from t-distribution or z-distribution; Bl, B2: bootstrap Cis. 
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Table 3.12. Average interval widths of 95% Cls for the mean difference under bivariate 
gamma with marginal distributions: X ~ Gamma(0.3, 1) + 0.4, Y ~ Gamma(0.3, 1). 

Sample size MLE Zsim MOV-t MOV-z Bl B2 

p = 0.2 
(20,10) 0.568 0.547 0.578 0.547 0.531 0.526 
(20,20) 0.544 0.526 0.555 0.526 0.512 0.508 
(20,40) 0.514 0.499 0.527 0.500 0.488 0.483 
(20,80) 0.489 0.476 0.504 0.476 0.466 0.460 
(40,20) 0.416 0.409 0.420 0.409 0.402 0.400 
(40,40) 0.387 0.382 0.392 0.382 0.377 0.375 
(40,80) 0.370 0.367 0.377 0.367 0.363 0.361 
(40,160) 0.351 0.349 0.358 0.349 0.345 0.342 
(60,30) 0.333 0.331 0.337 0.331 0.328 0.326 
(60,60) 0.322 0.320 0.325 0.320 0.317 0.315 
(60,120) 0.302 0.301 0.306 0.301 0.298 0.296 

p = 0.5 
(20,10) 0.484 0.482 0.513 0.484 0.467 0.464 
(20,20) 0.465 0.472 0.500 0.474 0.460 0.456 
(20,40) 0.450 0.468 0.495 0.468 0.458 0.453 
(20,80) 0.427 0.452 0.479 0.452 0.441 0.436 
(40,20) 0.346 0.351 0.361 0.352 0.346 0.345 
(40,40) 0.335 0.346 0.356 0.347 0.342 0.341 
(40,80) 0.320 0.336 0.346 0.336 0.332 0.330 
(40,160) 0.311 0.332 0.341 0.332 0.328 0.325 
(60,30) 0.286 0.292 0.298 0.292 0.288 0.287 
(60,60) 0.277 0.287 0.292 0.287 0.284 0.283 
(60,120) 0.265 0.279 0.284 0.279 0.277 0.276 

p = 0.8 
(20,10) 0.330 0.378 0.407 0.384 0.366 0.363 
(20,20) 0.323 0.399 0.429 0.405 0.389 0.385 
(20,40) 0.306 0.411 0.438 0.413 0.402 0.398 
(20,80) 0.299 0.422 0.448 0.422 0.413 0.408 
(40,20) 0.238 0.275 0.287 0.279 0.271 0.270 
(40,40) 0.234 0.290 0.301 0.292 0.286 0.285 
(40,80) 0.224 0.301 0.311 0.302 0.298 0.297 
(40,160) 0.224 0.313 0.323 0.314 0.310 0.307 
(60,30) 0.194 0.226 0.232 0.227 0.224 0.223 
(60,60) 0.191 0.237 0.243 0.238 0.235 0.234 
(60,120) 0.188 0.251 0.256 0.252 0.250 0.248 

MLE: based on MLE test statistic under bivariate normality; Zsim: based on simple 
mean difference estimator X - Y; MOV-t, MOV-z: MOVER Cis with individual Cis 
calculated from t-distribution or z-distribution; Bl, B2: bootstrap Cis. 



Hypothesis testing and confidence 

interval estimation for partially 

paired data with incompleteness in 

both arms under parametric 

assumptions 

4.1 Introduction 

Partially paired data with incompleteness in both arms are in the format of 

where the first n1 observations are complete paired, and the rest n2 observations 

in X arm and n3 observations in Y arm are unpaired. 

There exist extensive researches in hypothesis testing on mean difference 

for partially paired data with incompleteness in both arms. For example, Ek

bohm (Ekbohm, 1976a), Lin and Stivers (Lin and Stivers, 1974) proposed tests 

based on modified MLEs under bivariate normality. Looney and Jones (Looney 
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and Jones, 2003), Uddin and Hasan (Uddin and Hasan, 2017) and Derrick et al. 

(Derrick et al., 2017) developed tests based on the simple mean difference es

timator. The most commonly studied approach is combination test, e.g. Bhoj 

(Bhoj, 1978), Kim et al. (Kim et al., 2005), Kuan and Huang (Kuan and Huang, 

2013), Samawi and Vogel (Samawi and Vogel, 2014), and others (Rempala and 

Looney, 2006; Yu et al., 2012; Amro and Pauly, 2017; Guo and Yuan, 2017; Fong 

et al., 2017). The idea of combination test is to combine statistics from paired 

and unpaired portions of data. For example, Kim et al. (Kim et al., 2005) pro

posed an estimator of the mean difference as a weighted sum of sample mean 

differences from paired portion (Xi, Yi ), i = 1, 2, ... , n1, and unpaired portion 

(Xj, Yk ), j = 1,2, .. . ,n2;k = 1,2, .. . ,n3, with weights equal to the geometric 

means of the sample sizes. 

Recently Guo and Yuan (Guo and Yuan, 2017) did a systematic review for 

some of the aforementioned methods and conducted simulation studies to com

pare their type I errors and powers. They concluded that the test based on the 

modified MLE (Lin and Stivers, 1974) performs the best in terms of type I er

ror control and power when data is normally distributed and their proposed 

optimal pooled t-test has the best performance otherwise. 

Our preliminary numerical studies show that the optimal pooled t-test as 

well other aforementioned methods might give unsatisfactory results when data 

is skewed, e.g. log-normally distributed. In this chapter, we aim to develop new 

procedures for hypothesis testing for the mean difference under bivariate nor

mality and bivariate log-normality. The proposed approaches are based on the 

concept of generalized variables (GV). While most of the existing methods fo

cus on hypothesis testing, confidence interval estimation for the mean difference 

has received little attention. And since the GV approach not only can provide 

p-values for hypothesis testing, but also can provide confidence intervals. We 

also develop methods to construct confidence intervals for the mean difference 

using the GV approach. 

The remainder of this chapter is organized as follows. Existing methods are 

presented in Section 4.2. Section 4.3 describes the proposed methods. We con

duct simulation studies to compare the proposed GV approaches with existing 

ones in terms of type I error, power, coverage probability and interval width in 
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Section 4.4. Section 4.5 summarizes the findings. 

4.2 Existing methods 

Suppose that ( X, Y) T follows some bivariate distributions with mean vectorµ = 

µx) and covariance matrix I: = oJ pCTxty) ·(
JiY pCTxCTy CTy 

Let (Xi, Yi), i = 1, 2, ..., n1 denote complete paired observations of (X, Y); 

Xj, j = n1 + 1, n1 + 2, ..., n1 + n2 denote observations in unpaired portion of 

X; and Yk, k = n1 + 1, n1 + 2, ..., n1 + n3 denote observations in unpaired por

tion of Y. Also, let 5((P), y (P), Si,(rl ' S~(rl ' Sx(rl ,Y(rl denote the sample means, 

sample variances and sample covariance for the paired portion of (X, Y); and 

let x (up ) I Si,(up)' y (up )I s~(up ) be the sample means and sample variances for the 

unpaired portions of X, Y . Furthermore, we define X, S5u Y, st as the sample 

mean and sample variance for all X/s where i = 1, 2, ..., n1 + n2, and all Y/s 

where j = 1, 2, ... , n1 + n3, respectively. 

Our goal in this chapter is to propose new methods for hypothesis testing 

and confidence interval estimation for the mean difference J = µx - µy. And 

we assume a two-sided test for hypothesis testing, i.e. Ho : J = 0 against Ha : 

J # 0. 

Existing methods present in this section include a modified MLE test (Lin 

and Stivers, 1974), a test based on the simple mean difference estimator (Looney 

and Jones, 2003), and several types of combination tests. The combination test 

is based on combining statistics from the paired and unpaired portions of data. 

It is the most commonly studied approach and offers great flexibilities. For 

example, the statistic can be P-values or summary statistics, e.g. mean difference 

estimators, or ranks if null hypothesis is about the two marginal distributions. 

Weights can also be used to adjust importance of the statistics and the choices of 

weights usually include equal weights, sample sizes, and inverse of variances of 

the summary statistics. We aim to select several types of combination tests each 

representing a set of different options in the combination tests. For example, the 

optimal pooled t-test proposed by Guo and Yuan (Guo and Yuan, 2017) is based 

on combining mean difference estimators weighting by inverse of variances. 



76 

Kuan and Huang (Kuan and Huang, 2013) developed combination tests based 

on combining P-values weighting by sample sizes or inverse of standard errors. 

Details of the selected approaches are given in the following. 

Modified MLE test by Lin and Stivers (Lin and Stivers, 1974) 

For the partially paired data with incompleteness in both arms, closed form so

lutions for the MLEs are not available and they could only be obtained by itera

tive procedures. Lin and Stivers (Lin and Stivers, 1974) developed a test based 

on modified MLE of b, and this modified MLE uses variance estimates from the 

n1 paired observations and it matches the MLE when data is incomplete in only 

one arm, e.g. n3 = 0. The modified MLE of b is defined as 

8* = ax(p) + (1 - a)x(up) - l)y(p) + (1 - b)Y(up)I (4.1) 

where 

a=n1h(n1 + n3 + n2v), 

b=n1h(n1 + n2 + n3w), 

and V = Sx(P),Y(P ) / 5i (p)' W = 5x (P),Y(P) / st(p)' h, = (n1 + n2 )(n1 !n3)-n2n3r21 

r = Sx(Pl ,Y (Pi! (sx(r ) Sy(p) ). 

*1
6Lin and Stivers suggested that 3 

-----f tn1 under Ho, where 

Test based on simple estimator by Looney and Jones (Looney 

and Jones, 2003) 

Looney and Jones (Looney and Jones, 2003) proposed a corrected z-test based 

on the simple mean difference estimator, X - Y, and the test statistics is 

X-Y 
ZLJ = A ( ) -----f N(0, 1), (4.2) 

se X-Y 
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where 

fe(X - Y) = 

Combination test by Kim et al. (Kim et al., 2005) 

The combination test proposed by Kim et al. (Kim et al., 2005) is given by 

(4.3) 

h S2 - _l_ '°'n1 (X· - Y. - (X(P) - y (P) )) 2 S2 - l52 + l52 dw ere D - n1 L.,i=l l l I u - n2 x (up) n 3 y (up ) ' an nH 

is the geometric mean of n2 and n3. ZK is asymptotically distributed as standard 

normal under Ho. 

Combination test by Samawi and Vogel (Samawi and Vogel, 2014) 

Samawi and Vogel (Samawi and Vogel, 2014) proposed a combination test uses 

the paired t-test statistic and two-sample t-test statistic. It is defined as 

- 115((p) - y (p) ~x(up ) - y (up ) 
Twgt - v A SD + v 1 - A Su , (4.4) 

where A = nif (n1 + n2 + n3). With large sample sizes, Twgt asymptotically 

follows a standard normal distribution under Ho. 

Combination test by Guo and Yuan (Guo and Yuan, 2017) 

Guo and Yuan (Guo and Yuan, 2017) proposed an optimal pooled t-test com

bining the mean difference estimators from the paired and unpaired portions of 

data weighting by inverse of their variances. The estimator of mean difference 

is denoted as 

(4.5) 
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11 where w1 = it ,w2 = 1- w1,w = 1/SfJ +1/Sj. The proposed test statistic is 

given by 

52 52 54 / n2 54 / n2 
= -1 d df = ( x(up ) + y (up) )2/{ x (up) 2+ y (up) 3} A d T,where df1 n1 an 2 n2 n3 n2 - l n3- l . n opt 

approximately follows at-distribution with degrees of freedom 2 / df 
1 

2 / df . 
w l 1+ w2 2 

Combination test by Kuan and Huang (Kuan and Huang, 2013) 

Instead of combining the mean difference estimators, P-values could also be 

combined. The P-values are obtained from the paired test for paired portion of 

data and unpaired test for unpaired portion of data (Kuan and Huang, 2013). 

Let Pp denote the p-value computed from the n1 paired samples, and Pup be the 

p-value computed from the unpaired test. Pp and Pup are uniformly distributed 

under the null hypothesis. Let, Zp = <1>- 1 (1 - Pp), where <I> is the cumulative 

distribution function for standard normals, then Zp ~ N(O, 1) under Ho. Zup 

can be defined similarly. The p-value for the combination test is then 

p ~ l-<1>t1~"P), (4.6)
i+wi 

where W1, w2 are corresponding weights for Pp and Pup• Kuan and Huang con

sidered choices of weights as sample sizes and inverse of standard errors of the 

mean difference estimators. 

4.3 Proposed methods - the generalized variable ap

proach 

In this section, we describe the generalized variable (GV) approach in find

ing the generalized confidence intervals and generalized p-values for J when 

( X, Y) T follows a bivariate normal or bivariate log-normal distribution. The 
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generalized confidence interval is based on constructing a generalized pivotal 

quantity (GPQ) for the parameter of interest, and generalized p-value is based 

on constructing a generalized test variable (Tsui and Samaradasa, 1989; Weer

ahandi, 1993). The definitions of generalized pivotal quantity and generalized 

test variable are given in the following. 

Suppose that X = (X1, X2, ..., Xn) are i.i.d. random samples from a distribu

tion f (xl0, 1J) where 0 is the primary parameter of interest, and 1J is the nuisance 

parameter. Let x denote the observed value of X, a function T(X, x; 0, 1J) is said 

to be a GPQ for 0 if it satisfies the following two conditions: 

1. The distribution of T(X, x; 0, 1J) is free of any unknown parameters; 

2. The observed value, i.e. T(x, x; 0, 1J ), is 0. 

If T (X, x; 0, 17) is a GPQ for 0, then the 100 ( 1 - a:)% confidence interval for 0 can 

be obtained by the percentiles of T(X, x; 0, 1J ), i.e. (Tix;2, T1-ix12)-

Now consider testing Ho : 0 = 0o against Ha : 0 < 0o. A function T' (X, x; 0, 1J) 

is said to be a generalized test variable for 0 if it satisfies the following three con

ditions: 

1. Given the observed value x, the distribution of T' (X, x; 0, 1J) does not de

pend on the nuisance parameter 1J; 

2. The value of T' (x, x; 0, 1J) at X = xis free of any unknown parameters; 

3. For fixed x and 17, and any t, Pr(T' (X, x; 0, 17) > t) is stochastically increas

ing or stochastically decreasing in 0. 

Based on the definitions, a generalized test variable can be defined as 

T'(X,x;0,ry) = T(X,x;0,ry) -0, (4.7) 

and it is easy to show that T' (X, x; 0, 1J) satisfies the three conditions above. 

Hence a generalized p-value can be obtained by P(T(X, x; 0, 1J) ::; 00 ). And 

the generalized p-value for the two-sided test Ho : 0 = 0o against Ha : 0 -1- 0o is 

2min{ P(T(X, x; 0, 1J) ::; 0o), P(T(X, x; 0, 1J) 2: 0o)}. 
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In the following subsections, we shall develop several GPQs for mean differ

ence b under the assumptions of bivariate normality and bivariate log-normality, 

respectively. 

4.3.1 Under bivariate normality 

The first approach to find the GPQ for b is based on the fact that 

(4.8) 

Substituting GPQs of oJ, o-~, o-xy into the variance, we obtain the GPQ of b by 

Ru} R(T? n l R(TXY 
R(l ) - - - Z

b -x-y- +---+----2------- (4.9)
1+n2 n1+n3 (n1+n2)(n1+n3)' 

where x,g are the observed values of X, Y, Z ~ N(0, 1), and R(T2, RCTxy, R(T2 

are the GPQs for o-i,o-xy,o-~. R(T2, R(Txy , R(T2 are computed from 
X 

S5c, st, and 
y 

X y 

Sx(rl,Y(rl · Since Si, consists of the sample variances from both paired (Si,(rl) and 

unpaired (Si,(ur)) portions of X; in the meantime, Si,(rl is also correlated with 

S~(r) and S x (r),Y(r). Hence, R(Tl should be able to catch the dependency between 

Si,(rl and S x (rl ,Y(rl, S~(rl as well the independence between Si,(r) and Si,(ur) . 

To find R(T2, we consider using the MLE of I: when data is incomplete in only
X 

one arm. Suppose that n3 = 0, i.e. unpaired portion of Y does not exist, the MLE 

of I: has closed form. Define the sample covariance matrix from paired portion 

of data as S = (n1 -1) Si,(rl Sx(; ),Y(r)), then S ~ Wishart(n1 -1,I:). 
sx(r),Y(r) sy(p) 

The MLEs of the elements of I: are given by (Anderson, 1957; Krishnamoor-

thy, 2013) 

(4.10) 



81 

h A2 _ (n1 + n2 - l )Si d 5 _ ( l)(S2 52 ;s2 )w ere CTx - ni + n2 , an YIX - n1 - y (p) - x (p) ,Y(Pl x (p ) • 

Let T be the Cholesky decomposition factor of S such that TT' = S, then 

A (l+Q/(n1 - l )S~(p) 

l: ~ T ( n,;n, □) T' = WW' (4.11)l I 

n1 

+ Q/(n1-l )S~(p) ) 
where W = T n1+n2 O d Q - ( - l)S2 + nin2 (X(P) -0 #, I an - n2 x (up) nl + n2 

( 

x (up ) )2. Also, let 0 be the Cholesky facto of covariance matrix I:, then V = 
0-1W does not depend on any unknown parameters, and it is distributed as 

l+Q*/(n1-l )S~*(p) ) 

T* n~+n, If where T* is the Cholesky factor of S* which 
( 

follows Wishart(n1 -1,h) and * ~ x; is independent of S* (Krishnamoor
2 

thy, 2013). 

Let s, t, q be the observed values of S, T, Q, respectively, then the GPQ for I: 

when data is incomplete in Y arm can be written as 

R(X) R(X)) 
(X) u} crxy -1 -11 , (4.12)Rr, = { (X) (X) = wV V w,( crxy Rcr2 

y 

where w is the observed value of W. 

Similarly, if we assume n2 = 0, i.e. the incompleteness occurs in X arm, 

using the same S* and an independent random variable U* ~ x; , we can get
3 

the GPQ for I: as R~Y) according to (4.12). 

Therefore, substitute the R(J) from R~x), R C; ) from R~Y) and Rcrxy being
CTX CTy 

R (X) + R (Y) ( ) 
(TxY 

2 
(TxY into (4.9), we obtain the GPQ for b: R/ . 

The second approach to construct GPQ for b is that we obtain GPQs for µx 

and µy separately, then the difference of the two GPQs is the GPQ for b, that is, 

R (2) _ RC RC 
b - µx - µy' (4.13) 
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where R~x and R~Y are the combination of Rµ/s and Rµ/s computed from the 

paired and unpaired portions of data, and R~x is given by 

(4.14) 

R (p) R (up) R (p) R (up ) are defined in the following And Rc is defined similarlyµx , µx , crl, crl . µy . 

Let M ~ ~ ;; ; ) ~enote the sample mean vector for paired portion of data, 

and M ~ N2(µ,I:./n1); for unpaired portion of X, x (up ) ~ N(µx,oil n2). The 

generalized pivots for mean vector µ and covariance matrix I:. using the paired 

portion of data are 

(4.15) 

R¥) = ({RM Rfi;)~ (n1 - l)t{S*) - 1t', (4.16) 
crxy Rcr2 

y 

and the GPQ for µx, and oi using the unpaired portion of X are 

(up ) Z1 R (up ) - ( n2 - 1)s2x(url - - (up) -Rµ - X ------;:===== 2 - (4.17) 
x J~,!(n2 1) ' "x Q1 

where :x (P), g (p), :x (up ), si,(up ) are the observed values. N2, Z1, Q1 are indepen

dent random variables with N2 ~ N2(0,h), Z1 ~ N(O, 1), Q1 ~ X~ _ 1, and 
2 

S* ~ Wishart(n1 -1,Ji), tare defined above. Substituting R1J, R~U:), and 

R(~), R (~p ) into (4.14), we get the GPQ for µx. And Rcµ can be defined similarly. 
~ ~ y 

The third approach to construct GPQ for bis based on the fact that the paired 

portion of data and unpaired portion of data share the common mean differ-
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ence J. Hence, we can combine the GPQs of J computed from the paired and 

unpaired portions of data, and the GPQ is given by 

(4.18) 

where 

and 

The three generalized pivotal quantities of mean difference, RY), i = 1, 2, 3 

are J at observed values, and their distributions are independent of any un

known parameters. Thus, they are bona-fide GPQs for J. The algorithm below 

illustrates the procedures to compute the generalized confidence interval and 

generalized p-value for J based on GPQ Ri1
) . 

Algorithm 

For a given data set (Xi, Yj), where i = 1,2, ... , n1 + n2, j = 1,2, ... , n1 + n3: 

1 Obtain the sample mean and sample variance :x (P), g (p), s from paired sam-

ples (Xi, Yi), where i = 1, 2, ... , n1; and obtain the sample mean and sam-
1 · - (up) 2 

' - (up ) 2 from unpaire. d t· f (X Y) ;p e variance x , sx(up) y , sy(up) por ions o , 

2 Generate independent random variables S* ~ Wishart (n1 - 1, h) and 

Q* ~ X~ , compute R~X) from (4.12);
2 

3 Similarly, generate independent random variable U* ~ X~ to compute
3 
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4 Calculate Ri1
) from (4.9); 

5 Repeat Step 2-4 for a total of k times. 

Sort the k Ri1)'s from smallest to largest, the 100(1 - a:)% generalized confi

dence interval for b based on Ri1
) is given by 

(4.19) 

And the generalized p-value for testing Ho : b = 0 against Ha : b -1- 0 is given 

by 

(4.20) 

1 1where P(Ri ) ::; 0) is the percentage that Ri )'s are less than or equal to 0, and 
1 1P(Ri ) 2: 0) is the percentage that Ri )'s are greater than or equal to 0. 

We denote the generalized confidence interval based on Ri1
) as GCil, and 

denote the generalized p-value as GPl. The generalized Cls and p-values based 
2 on Ri ) and Rf) can be computed similarly, and they are denoted as GCI2, 

GCI3, GP2, GP3, respectively. 

4.3.2 Under bivariate log-normality 

Suppose ( X, Y) T follows a bivariate log-normal distribution, then the log-transformed 

data (ln(X), ln(Y))? follows a bivariate normal distribution with mean vector 

µ and covariance matrix I:. The mean difference of the partially paired log

normal data is 

b = nx - ny, (4.21) 

where nx = exp(JJx), JJx = µx + oJ/2, and ny is defined similarly. 

We also consider three approaches to generate GPQs for b for data under 

bivariate log-normality. The first approach uses the GPQs for µx, oJ, µy, o-~ 

obtained from Section 4.3.1, and the GPQ for bis given by 
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where R cµ is defined in (4.14) and R(: ) is defined in R~x) in (4.12). R cµ and R(; ) 
x crx Y cry 

are defined similarly to (4.14) and (4.12) describe above. 

Consider X consisting of samples from the paired and unpaired portions, 

the two independent portions share a common YJx = µx + cri/2. Thus, we 

obtain the GPQ for Y/X by combining GPQs for YJx from the paired and unpaired 

portions of X (Krishnamoorthy and Oral, 2017), 

where R (p) = R (p) + R (p) /2 R (up) = R (up ) + R (up) /2 and R (p) R (p) R (up) R (up)
1/x /l x er} ' 1/x /l x er} /l x ' er} ' /l x ' er} 

are defined in (4.17). R17Y can be defined similarly. 

Hence, the GPQ for J can be written as 

(4.23) 

The third approach is based on combining GPQs for nx and ny calculated 

from paired and unpaired portions of X and Y. The GPQ for nx can be written 

as (Tian and Wu, 2007) 

where R (p) = exp(R(p)) R (up ) = exp(R(up ) ) R (p) = [R(p) (1 + R (p) /2) exp(2R(p) + 
nx 1/X , nx 1/X , w er} er} µx 

R(p))] - 1 R (up) = [R (up ) (1 + R (up ) /2) exp(2R(up) + R(up))] - 1. Rny can be de-
er} ' w er} er} µx er} 

fined similarly. 

The GPQ for J is then 

(4.24) 

Based on the GPQs of J, generalized Cls for mean difference and generalized 

p-values for hypothesis testing can be obtained. We denote the GCis based on 

LRY), i = 1, 2, 3 as LGCil, LGCI2, LGCI3, and denote the generalized p-values 
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as LGPl, LGP2, LGP3, respectively. 

4.4 Simulation 

Numerical studies are conducted in this section to compare type I errors and 

powers of the generalized variable approaches with existing methods. Empir

ical coverage probabilities and average interval widths for confidence interval 

estimations are also compared. Distributions considered in this section are bi

variate normal and bivariate log-normal. Sample sizes (n1, n2, n3) are set as 

n1 = 20,40,withratiosofn2/n1 as0.25,0.5,1,2,4andn3/n2 = 1. The correla

tion between paired samples, p, is set as 0.2, 0.5, 0.8. Each scenario is repeated 

2000 times, and for each set of generated samples, the generalized pivotal quan

tities are obtained by 1000 runs. 

In Section 4.3.1, under bivariate normality, we propose three approaches 

to generate the generalized pivotal quantity for mean difference J. The cor

responding generalized p-values are denoted as GPl, GP2, GP3, respectively. 

And the corresponding generalized confidence intervals are denoted as GCil, 

GCI2, GCI3, respectively. Under bivariate log-normality, we also propose three 

GPQs for J, and LGPl, LGP2, LGP3 denote the generalized p-values, and LGCil, 

LGCI2, LGCI3 denote the generalized confidence intervals. 

Other methods under comparison include 

1. MLE: modified MLE-test; 

2. ZLt the simple z-test based on mean difference estimator X - Y; 

3. ZK: combination test of mean difference estimators weighting by sample 

sizes; 

4. Twgt: combination test of paired and unpaired t-test statistics weighting 

by sample sizes; 

5. Tapt: combination test of mean difference estimators weighting by inverse 

of variances; 
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6. Ts, Tinv: combination test of P-values obtained from paired and unpaired 

t-tests weighting by sample sizes and inverse of standard errors of the 

estimators. 

Table 4.1 presents the estimated type I errors under bivariate normality where 

the marginal distributions are X ~ N(0,3), Y ~ N(0, 1) and Table 4.2 compares 

power when the marginal distributions are X ~ N(0.6,3), Y ~ N(0, 1). Table 

4.1 indicates that GPl, GP3 and T8 have well controlled type I error under all 

scenarios. GP2 is conservative when sample size is small. MLE, ZLJ, ZK, Tapt 

and Tinv can have inflated type I errors when sample size ratio n2/n1 is 0.25 or 

4. Twgt is liberal when sample size is small. From Table 4.2, when p = 0.2 or 0.5, 

GPl and all the existing approaches have similar power performance, and are 

more powerful than GP2 and GP3. When p = 0.8, MLE has the largest power, 

following by Tapt and Tinv· GP3 has similar power performance to Tapt and 

Tinv when n1 = 40. GP2 is generally inferior to the other methods. 

Table 4.3 presents the empirical coverage probabilities and average inter

val widths of 95% Cls for mean difference under bivariate normality, and the 

marginal distributions are X ~ N(0.6,3), Y ~ N(0, 1). The combination test of 

paired and unpaired t-test statistics, i.e. Twgt, and P-value based combination 

tests, i.e. Ts, Tinv, cannot be used to construct confidence intervals, thus are 

excluded from comparison. 

From Table 4.3, all the methods in general have coverage probabilities close 

to the nominal level 0.95, except Z LJ and ZK are slightly liberal, and GCI2, GCI3 

are slightly conservative when sample size is small. ZLJ and ZK have the short

est average interval widths when correlation is 0.2, following by GCil. When 

p = 0.5, all the methods except GCI2 have similar average interval widths. MLE 

has the shortest interval lengths when correlation is 0.8, following by Topt and 

GCI3. 
1In summary, GPl and GCil based on Ri ) can have similar performances 

to the best approach under comparison when p = 0.2 or 0.5. MLE method 

outperforms all the other methods when p = 0.8, for both hypothesis testing 

and interval estimation. 

Tables 4.4-4.5 present estimated type I errors and powers for data under 

bivariate log-normal distribution. The marginal distributions are set as X ~ 
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LN(0,0.25), Y ~ LN(0,0.25) for estimating type I error and X ~ LN(0, 1), 

Y ~ LN(0,0.25) for estimating power. The bivariate log-normal data are gener

ated via Gaussian copula. MLE approach is not presented here since it is based 

on normality assumption. The two generalized variable approaches, LGPl and 

LGP3 are conservative when sample size is small. LGP2 controls type I error 

very well in all scenarios. Except Twgt, all the other existing approaches have 

type I error close to 0.05. From Table 4.5, LGP2 has the largest power, out

performs the other approaches under all parameter configurations. LGPl has 

comparable power to LGP2 when sample size is large. Powers of ZLJ, ZK are 

almost identical, and are generally greater than that of Twgt, Topt, Tinv and T5 . 

Table 4.6 presents the empirical coverage probabilities and average inter

val widths of 95% Cis for mean difference when ( X, Y) T follows bivariate log

normal distribution where the marginal distributions are X ~ LN(0, 1), Y ~ 
LN(0, 0.25). LGCI2 and LGCI3 have coverage probabilities close to 0.95 under 

all scenarios, and the mean interval widths of LGCI2 are wider when sample 

size is small, but are shorter when n1 2: 20, n2 2: 20, n3 2: 20. LGCil is con

servative when sample size is small. The estimated coverage probabilities of 

the three non-GV approaches, i.e. ZLJ, ZK and Topt are much lower than the 

nominal level 0.95. 

In summary, when data is log-normally distributed, existing approaches un

der comparison do not produce satisfactory results. For hypothesis testing, 

LGP2 is recommended since it could achieve pre-specified significance level 

and outperforms the others in power. For interval estimation, LGCI2, based on 

the same GPQ as LGP2, and LGCI3 are recommended in constructing confi

dence intervals for the mean difference. 

4.5 Conclusion 

In this chapter, we develop several methods based on the generalized variable 

approach for hypothesis testing and confidence interval estimation of the mean 

difference for partially paired data with incompleteness in both arms under bi

variate normality and bivariate log-normality. We compare the performance of 

proposed GV approaches with existing ones in terms of type I error and power. 

https://LN(0,0.25
https://LN(0,0.25
https://LN(0,0.25
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Simulation studies indicate that under bivariate normality, GPl has comparable 

performances to the best existing approach under comparison when p is small 

or moderate, thus can be used as an alternative approach in hypothesis test

ing. When pis large, the MLE has the best performance. Under bivariate log

normality, the generalized variable approach, LGP2, is strongly recommended 

as it outperforms all the other methods in terms of type I error rate and power. 

The GV approach can also be used to construct confidence intervals. Empir

ical coverage probabilities and expected interval widths of the generalized Cls 

and other non-GV approaches are also compared. Under bivariate normality, 

GCil could be used if p ::; 0.5 and GCI3 could be used if p > 0.5. Under bivari

ate log-normality, LGCI2 and LGCI3 perform the best in terms of maintaining 

nominal coverage probabilities, while all the other methods behave unsatisfac

torily, thus the two GV approaches are recommended. 
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Table 4.1. Estimated type I errors under bivariate normal with marginal distributions: 
X ~ N (0,3), Y ~ N (0, 1). 

Sample size GPl GP2 GP3 MLE ZLJ ZK Twgt Topt ~nv T s 

p = 0.2 
(20,5,5) 0.04 0.03 0.04 0.05 0.06 0.06 0.07 0.05 0.05 0.05 

(20,10,10) 0.06 0.04 0.05 0.05 0.06 0.06 0.07 0.05 0.06 0.05 
(20,20,20) 0.05 0.04 0.05 0.04 0.06 0.06 0.06 0.05 0.05 0.05 
(20,40,40) 0.05 0.04 0.05 0.05 0.06 0.05 0.06 0.05 0.06 0.05 
(20,80,80) 0.04 0.04 0.04 0.06 0.06 0.06 0.06 0.06 0.06 0.06 
(40,10,10) 0.05 0.05 0.05 0.06 0.07 0.07 0.08 0.06 0.06 0.06 
(40,20,20) 0.05 0.04 0.04 0.06 0.06 0.06 0.06 0.06 0.06 0.06 
(40,40,40) 0.05 0.05 0.05 0.04 0.04 0.04 0.04 0.04 0.04 0.04 
(40,80,80) 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 

(40,160,160) 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 
p = 0.5 

(20,5,5) 0.04 0.03 0.04 0.05 0.06 0.06 0.07 0.06 0.06 0.05 
(20,10,10) 0.05 0.03 0.04 0.05 0.06 0.06 0.07 0.06 0.06 0.05 
(20,20,20) 0.05 0.04 0.05 0.06 0.06 0.06 0.07 0.05 0.06 0.05 
(20,40,40) 0.05 0.04 0.05 0.05 0.06 0.06 0.06 0.05 0.05 0.05 
(20,80,80) 0.05 0.05 0.05 0.07 0.06 0.06 0.06 0.07 0.07 0.06 
(40,10,10) 0.04 0.03 0.04 0.05 0.05 0.05 0.06 0.05 0.05 0.04 
(40,20,20) 0.05 0.05 0.05 0.05 0.06 0.06 0.06 0.05 0.05 0.05 
(40,40,40) 0.06 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 
(40,80,80) 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.06 0.05 

(40,160,160) 0.05 0.05 0.05 0.06 0.05 0.05 0.06 0.05 0.06 0.06 
p = 0.8 

(20,5,5) 0.05 0.04 0.05 0.05 0.06 0.07 0.08 0.05 0.05 0.05 
(20,10,10) 0.04 0.04 0.04 0.06 0.06 0.06 0.08 0.06 0.06 0.06 
(20,20,20) 0.05 0.04 0.04 0.05 0.06 0.06 0.06 0.04 0.05 0.05 
(20,40,40) 0.05 0.04 0.05 0.06 0.06 0.06 0.07 0.06 0.06 0.06 
(20,80,80) 0.06 0.06 0.04 0.06 0.05 0.05 0.05 0.05 0.05 0.05 
(40,10,10) 0.05 0.05 0.04 0.05 0.05 0.05 0.06 0.05 0.05 0.05 
(40,20,20) 0.05 0.04 0.05 0.05 0.05 0.05 0.05 0.05 0.05 0.04 
(40,40,40) 0.05 0.05 0.05 0.04 0.05 0.05 0.05 0.04 0.04 0.05 
(40,80,80) 0.05 0.05 0.04 0.06 0.05 0.06 0.05 0.05 0.06 0.05 

(40,160,160) 0.05 0.05 0.04 0.06 0.05 0.05 0.05 0.05 0.05 0.05 
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Table 4.2. Power comparison under bivariate normal with marginal distributions: X ~ 
N(0.6,3), Y ~ N (0, 1). 

Sample size GPl GP2 GP3 MLE ZLJ ZK Twgt Topt ~nv T s 

p = 0.2 
(20,5,5) 0.24 0.16 0.20 0.27 0.30 0.30 0.31 0.24 0.26 0.26 

(20,10,10) 0.30 0.24 0.25 0.28 0.31 0.30 0.31 0.28 0.29 0.29 
(20,20,20) 0.36 0.32 0.33 0.36 0.39 0.39 0.39 0.36 0.38 0.36 
(20,40,40) 0.50 0.46 0.47 0.48 0.52 0.51 0.51 0.49 0.51 0.50 
(20,80,80) 0.72 0.70 0.70 0.68 0.72 0.73 0.72 0.71 0.72 0.72 
(40,10,10) 0.44 0.39 0.43 0.47 0.49 0.49 0.50 0.46 0.47 0.47 
(40,20,20) 0.54 0.51 0.51 0.53 0.54 0.54 0.54 0.52 0.53 0.53 
(40,40,40) 0.64 0.61 0.62 0.62 0.65 0.65 0.63 0.62 0.63 0.64 
(40,80,80) 0.81 0.80 0.78 0.81 0.82 0.82 0.81 0.81 0.81 0.81 

(40,160,160) 0.94 0.94 0.95 0.94 0.95 0.95 0.95 0.95 0.95 0.95 
p = 0.5 

(20,5,5) 0.31 0.18 0.27 0.33 0.34 0.34 0.36 0.32 0.33 0.32 
(20,10,10) 0.35 0.26 0.30 0.38 0.38 0.38 0.40 0.37 0.38 0.37 
(20,20,20) 0.42 0.35 0.40 0.44 0.44 0.44 0.44 0.42 0.44 0.43 
(20,40,40) 0.55 0.51 0.54 0.54 0.55 0.55 0.56 0.53 0.55 0.55 
(20,80,80) 0.74 0.72 0.75 0.74 0.74 0.74 0.74 0.75 0.76 0.75 
(40,10,10) 0.58 0.49 0.56 0.59 0.58 0.57 0.57 0.57 0.57 0.56 
(40,20,20) 0.61 0.56 0.64 0.66 0.63 0.64 0.63 0.64 0.65 0.64 
(40,40,40) 0.71 0.68 0.71 0.74 0.71 0.71 0.70 0.72 0.73 0.72 
(40,80,80) 0.84 0.82 0.84 0.86 0.84 0.83 0.83 0.86 0.86 0.86 

(40,160,160) 0.96 0.96 0.97 0.97 0.96 0.96 0.96 0.97 0.97 0.97 
p = 0.8 

(20,5,5) 0.45 0.26 0.45 0.56 0.48 0.48 0.54 0.52 0.53 0.51 
(20,10,10) 0.44 0.33 0.49 0.60 0.46 0.47 0.53 0.54 0.55 0.52 
(20,20,20) 0.48 0.42 0.57 0.68 0.51 0.50 0.57 0.62 0.63 0.58 
(20,40,40) 0.56 0.53 0.66 0.77 0.59 0.59 0.64 0.70 0.71 0.66 
(20,80,80) 0.77 0.75 0.84 0.87 0.76 0.76 0.78 0.82 0.82 0.80 
(40,10,10) 0.75 0.63 0.81 0.86 0.76 0.76 0.80 0.82 0.82 0.81 
(40,20,20) 0.72 0.66 0.85 0.90 0.74 0.74 0.80 0.84 0.84 0.83 
(40,40,40) 0.78 0.75 0.87 0.93 0.77 0.77 0.82 0.88 0.89 0.86 
(40,80,80) 0.85 0.84 0.94 0.98 0.88 0.88 0.91 0.94 0.95 0.93 

(40,160,160) 0.96 0.96 0.98 0.99 0.96 0.96 0.97 0.98 0.98 0.98 
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Table 4.3. Empirical coverage probabilities and average interval widths of 95% 
Cls for mean difference under bivariate normal with marginal distributions: X ~ 
N (0.6, 3), Y ~ N(0, 1). 

Sample size GCll GCI2 GCI3 MLE ZLJ ZK Topt 

p = 0.2 
(20,5,5) 0.94(1.51) 0.96(1.80) 0.96(1.72) 0.95(1.52) 0.94(1.44) 0.94(1.44) 0.95(1.56) 

(20,10,10) 0.94(1.39) 0.96(1.54) 0.97(1.51) 0.95(1.40) 0.94(1.33) 0.94(1.33) 0.94(1.41) 
(20,20,20) 0.95(1.21) 0.96(1.30) 0.95(1.28) 0.96(1.23) 0.95(1.18) 0.95(1.18) 0.96(1.23) 
(20,40,40) 0.95(0.99) 0.96(1.04) 0.96(1.03) 0.94(1.02) 0.94(0.98) 0.94(0.98) 0.94(1.01) 
(20,80,80) 0.94(0.77) 0.94(0.80) 0.95(0.80) 0.96(0.80) 0.95(0.77) 0.95(0.77) 0.95(0.78) 
(40,10,10) 0.95(1.05) 0.95(1.13) 0.96(1.09) 0.96(1.05) 0.95(1.03) 0.95(1.03) 0.95(1.06) 
(40,20,20) 0.94(0.96) 0.96(1.01) 0.95(1.00) 0.95(0.97) 0.95(0.95) 0.95(0.95) 0.95(0.97) 
(40,40,40) 0.95(0.84) 0.95(0.88) 0.96(0.87) 0.95(0.85) 0.95(0.84) 0.95(0.84) 0.96(0.85) 
(40,80,80) 0.96(0.70) 0.96(0.71) 0.96(0.71) 0.96(0.70) 0.96(0.70) 0.95(0.70) 0.95(0.70) 

(40,160,160) 0.95(0.55) 0.95(0.55) 0.96(0.55) 0.96(0.56) 0.95(0.54) 0.95(0.54) 0.96(0.55) 
p = 0.5 

(20,5,5) 0.96(1.32) 0.96(1.66) 0.96(1.44) 0.94(1.29) 0.93(1.26) 0.93(1.26) 0.94(1.33) 
(20,10,10) 0.95(1.25) 0.96(1.42) 0.95(1.30) 0.95(1.20) 0.95(1.20) 0.95(1.20) 0.95(1.23) 
(20,20,20) 0.96(1.12) 0.97(1.21) 0.96(1.15) 0.95(1.08) 0.94(1.09) 0.94(1.09) 0.95(1.10) 
(20,40,40) 0.94(0.95) 0.95(1.00) 0.96(0.96) 0.94(0.93) 0.95(0.93) 0.95(0.93) 0.95(0.93) 
(20,80,80) 0.95(0.76) 0.95(0.78) 0.95(0.76) 0.95(0.76) 0.95(0.75) 0.95(0.75) 0.95(0.75) 
(40,10,10) 0.94(0.91) 0.95(1.01) 0.96(0.93) 0.96(0.89) 0.95(0.89) 0.95(0.89) 0.96(0.90) 
(40,20,20) 0.94(0.87) 0.96(0.92) 0.95(0.86) 0.95(0.83) 0.95(0.85) 0.95(0.85) 0.95(0.84) 
(40,40,40) 0.95(0.78) 0.95(0.81) 0.96(0.78) 0.95(0.75) 0.94(0.77) 0.94(0.77) 0.95(0.76) 
(40,80,80) 0.96(0.66) 0.95(0.68) 0.95(0.66) 0.95(0.64) 0.95(0.66) 0.94(0.66) 0.95(0.65) 

(40,160,160) 0.96(0.53) 0.96(0.54) 0.95(0.53) 0.95(0.52) 0.95(0.53) 0.95(0.53) 0.95(0.52) 
p = 0.8 

(20,5,5) 0.96(1.10) 0.97(1.50) 0.96(1.07) 0.95(0.94) 0.93(1.03) 0.93(1.03) 0.94(0.99) 
(20,10,10) 0.96(1.08) 0.96(1.29) 0.96(1.01) 0.95(0.89) 0.95(1.05) 0.94(1.05) 0.95(0.96) 
(20,20,20) 0.95(1.03) 0.95(1.13) 0.96(0.93) 0.94(0.81) 0.95(1.00) 0.95(1.00) 0.95(0.89) 
(20,40,40) 0.94(0.90) 0.95(0.94) 0.96(0.82) 0.95(0.72) 0.95(0.88) 0.95(0.88) 0.95(0.79) 
(20,80,80) 0.94(0.73) 0.95(0.75) 0.95(0.68) 0.94(0.62) 0.95(0.73) 0.95(0.73) 0.94(0.67) 
(40,10,10) 0.96(0.75) 0.96(0.88) 0.95(0.70) 0.94(0.65) 0.94(0.74) 0.94(0.74) 0.95(0.68) 
(40,20,20) 0.94(0.75) 0.95(0.82) 0.95(0.67) 0.95(0.61) 0.94(0.74) 0.94(0.74) 0.94(0.66) 
(40,40,40) 0.95(0.72) 0.96(0.75) 0.96(0.62) 0.95(0.56) 0.95(0.71) 0.95(0.71) 0.95(0.62) 
(40,80,80) 0.95(0.63) 0.95(0.64) 0.95(0.56) 0.94(0.50) 0.95(0.63) 0.95(0.63) 0.95(0.55) 

(40,160,160) 0.95(0.52) 0.95(0.52) 0.94(0.47) 0.94(0.43) 0.94(0.51) 0.94(0.51) 0.95(0.47) 
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Table 4.4. Estimated type I errors under bivariate log-normal with marginal distribu-
tions: X ~ LN(0,0.25), Y ~ LN(0,0.25). 

Sample size LGPl LGP2 LGP3 ZLJ ZK Twgt Topt ~nv Ts 

p = 0.2 
(20,5,5) 0.03 0.04 0.02 0.05 0.06 0.08 0.06 0.06 0.05 

(20,10,10) 0.04 0.05 0.03 0.05 0.05 0.05 0.04 0.05 0.04 
(20,20,20) 0.04 0.06 0.03 0.05 0.05 0.05 0.05 0.05 0.04 
(20,40,40) 0.05 0.06 0.04 0.05 0.06 0.06 0.05 0.06 0.05 
(20,80,80) 0.04 0.04 0.03 0.04 0.04 0.04 0.04 0.04 0.04 
(40,10,10) 0.05 0.06 0.04 0.06 0.06 0.07 0.06 0.06 0.06 
(40,20,20) 0.05 0.06 0.04 0.06 0.06 0.06 0.06 0.06 0.05 
(40,40,40) 0.05 0.06 0.04 0.05 0.05 0.05 0.05 0.05 0.05 
(40,80,80) 0.06 0.06 0.05 0.06 0.06 0.05 0.05 0.05 0.05 

(40,160,160) 0.04 0.05 0.04 0.05 0.05 0.05 0.05 0.05 0.05 
p = 0.5 

(20,5,5) 0.02 0.04 0.02 0.05 0.05 0.06 0.05 0.05 0.04 
(20,10,10) 0.03 0.05 0.03 0.05 0.06 0.06 0.05 0.05 0.04 
(20,20,20) 0.04 0.05 0.03 0.05 0.05 0.06 0.05 0.05 0.05 
(20,40,40) 0.04 0.04 0.03 0.05 0.05 0.06 0.05 0.06 0.05 
(20,80,80) 0.04 0.05 0.03 0.06 0.06 0.06 0.06 0.06 0.06 
(40,10,10) 0.04 0.05 0.04 0.05 0.05 0.05 0.04 0.04 0.04 
(40,20,20) 0.04 0.05 0.04 0.04 0.05 0.05 0.04 0.05 0.04 
(40,40,40) 0.05 0.06 0.05 0.05 0.05 0.05 0.05 0.06 0.05 
(40,80,80) 0.04 0.05 0.04 0.06 0.06 0.06 0.05 0.06 0.05 

(40,160,160) 0.05 0.06 0.04 0.05 0.05 0.05 0.05 0.05 0.05 
p = 0.8 

(20,5,5) 0.02 0.04 0.02 0.05 0.05 0.07 0.05 0.05 0.05 
(20,10,10) 0.02 0.05 0.02 0.06 0.06 0.07 0.04 0.05 0.05 
(20,20,20) 0.03 0.05 0.03 0.05 0.06 0.06 0.05 0.05 0.05 
(20,40,40) 0.04 0.04 0.03 0.05 0.05 0.06 0.04 0.04 0.05 
(20,80,80) 0.03 0.04 0.03 0.05 0.05 0.05 0.04 0.05 0.05 
(40,10,10) 0.03 0.05 0.03 0.05 0.05 0.05 0.04 0.04 0.04 
(40,20,20) 0.04 0.06 0.04 0.04 0.04 0.05 0.04 0.04 0.04 
(40,40,40) 0.04 0.05 0.04 0.05 0.05 0.05 0.05 0.05 0.05 
(40,80,80) 0.04 0.05 0.04 0.06 0.06 0.06 0.06 0.06 0.06 

(40,160,160) 0.05 0.05 0.03 0.05 0.05 0.06 0.06 0.06 0.06 
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Table 4.5. Power comparison under bivariate log-normal with marginal distributions: 
X ~ LN(0, 1), Y ~ LN (0,0.25). 

Sample size LGPl LGP2 LGP3 ZLJ ZK Twgt Topt ~nv Ts 

p = 0.2 
(20,5,5) 0.24 0.27 0.04 0.19 0.19 0.20 0.10 0.13 0.14 

(20,10,10) 0.32 0.37 0.09 0.23 0.22 0.23 0.15 0.17 0.19 
(20,20,20) 0.44 0.48 0.20 0.30 0.30 0.29 0.22 0.23 0.27 
(20,40,40) 0.61 0.64 0.33 0.48 0.49 0.47 0.39 0.41 0.46 
(20,80,80) 0.82 0.83 0.47 0.74 0.75 0.72 0.63 0.64 0.71 
(40,10,10) 0.54 0.58 0.15 0.41 0.41 0.39 0.29 0.32 0.36 
(40,20,20) 0.63 0.65 0.31 0.49 0.50 0.48 0.40 0.42 0.47 
(40,40,40) 0.76 0.78 0.56 0.63 0.63 0.59 0.52 0.54 0.60 
(40,80,80) 0.90 0.91 0.72 0.83 0.83 0.81 0.77 0.78 0.81 

(40,160,160) 0.99 0.99 0.80 0.98 0.97 0.97 0.95 0.95 0.97 
p = 0.5 

(20,5,5) 0.27 0.30 0.04 0.21 0.21 0.21 0.11 0.14 0.15 
(20,10,10) 0.37 0.42 0.11 0.26 0.26 0.25 0.15 0.18 0.21 
(20,20,20) 0.47 0.52 0.22 0.33 0.33 0.32 0.24 0.27 0.30 
(20,40,40) 0.63 0.67 0.36 0.50 0.50 0.49 0.40 0.42 0.48 
(20,80,80) 0.86 0.87 0.52 0.75 0.75 0.73 0.65 0.66 0.73 
(40,10,10) 0.60 0.64 0.16 0.47 0.47 0.43 0.35 0.37 0.42 
(40,20,20) 0.70 0.73 0.36 0.57 0.57 0.55 0.47 0.49 0.54 
(40,40,40) 0.81 0.83 0.60 0.70 0.70 0.68 0.62 0.63 0.68 
(40,80,80) 0.91 0.92 0.78 0.86 0.86 0.84 0.80 0.81 0.85 

(40,160,160) 0.99 0.99 0.85 0.97 0.97 0.96 0.94 0.94 0.97 
p = 0.8 

(20,5,5) 0.32 0.39 0.04 0.26 0.26 0.26 0.15 0.18 0.19 
(20,10,10) 0.42 0.50 0.12 0.29 0.29 0.31 0.21 0.24 0.27 
(20,20,20) 0.52 0.60 0.24 0.39 0.39 0.39 0.31 0.34 0.38 
(20,40,40) 0.68 0.72 0.42 0.55 0.55 0.55 0.49 0.51 0.56 
(20,80,80) 0.87 0.88 0.60 0.78 0.77 0.77 0.71 0.72 0.78 
(40,10,10) 0.72 0.78 0.19 0.59 0.59 0.57 0.50 0.52 0.57 
(40,20,20) 0.78 0.82 0.39 0.66 0.66 0.64 0.60 0.61 0.66 
(40,40,40) 0.84 0.86 0.64 0.76 0.76 0.76 0.74 0.75 0.79 
(40,80,80) 0.94 0.94 0.85 0.88 0.89 0.88 0.87 0.87 0.90 

(40,160,160) 0.99 0.99 0.93 0.98 0.98 0.98 0.97 0.97 0.99 
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Table 4.6. Empirical coverage probabilities and average interval widths of 95% Cls 
for mean difference under bivariate log-normal with marginal distributions: X ~ 
LN(0, 1), Y ~ LN(0,0.25). 

Sample size LGCll LGCI2 LGCI3 ZLJ ZK Topt 

p = 0.2 
(20,5,5) 0.97(2.50) 0.95(3.55) 0.96(2.62) 0.88(1.52) 0.88(1.52) 0.81(1.41) 

(20,10,10) 0.96(2.03) 0.95(2.28) 0.95(2.04) 0.89(1.41) 0.89(1.42) 0.82(1.26) 
(20,20,20) 0.96(1.60) 0.95(1.70) 0.95(1.60) 0.89(1.23) 0.89(1.23) 0.81(1.09) 
(20,40,40) 0.95(1.21) 0.95(1.24) 0.96(1.27) 0.91(1.04) 0.91(1.04) 0.83(0.94) 
(20,80,80) 0.94(0.89) 0.94(0.91) 0.95(1.06) 0.93(0.83) 0.93(0.83) 0.87(0.77) 
(40,10,10) 0.96(1.35) 0.95(1.42) 0.96(1.60) 0.91(1.11) 0.91(1.11) 0.85(1.02) 
(40,20,20) 0.96(1.20) 0.95(1.23) 0.96(1.29) 0.91(1.02) 0.91(1.02) 0.85(0.93) 
(40,40,40) 0.96(1.00) 0.95(1.02) 0.96(1.03) 0.92(0.91) 0.91(0.91) 0.86(0.82) 
(40,80,80) 0.96(0.79) 0.95(0.80) 0.96(0.85) 0.92(0.76) 0.92(0.76) 0.87(0.70) 

(40,160,160) 0.95(0.60) 0.96(0.60) 0.96(0.73) 0.93(0.60) 0.93(0.60) 0.89(0.56) 
p = 0.5 

(20,5,5) 0.96(2.43) 0.96(3.46) 0.96(2.60) 0.86(1.38) 0.86(1.38) 0.78(1.27) 
(20,10,10) 0.97(1.97) 0.95(2.19) 0.96(2.00) 0.87(1.32) 0.87(1.32) 0.79(1.17) 
(20,20,20) 0.96(1.56) 0.95(1.64) 0.96(1.55) 0.90(1.19) 0.89(1.19) 0.81(1.04) 
(20,40,40) 0.95(1.19) 0.95(1.22) 0.96(1.23) 0.91(1.02) 0.91(1.02) 0.83(0.89) 
(20,80,80) 0.96(0.88) 0.95(0.89) 0.96(1.02) 0.93(0.81) 0.93(0.81) 0.85(0.74) 
(40,10,10) 0.95(1.29) 0.94(1.34) 0.95(1.57) 0.89(1.04) 0.89(1.04) 0.83(0.94) 
(40,20,20) 0.95(1.15) 0.94(1.17) 0.95(1.25) 0.90(0.98) 0.90(0.98) 0.84(0.87) 
(40,40,40) 0.96(0.98) 0.95(0.99) 0.95(1.01) 0.93(0.87) 0.93(0.87) 0.86(0.78) 
(40,80,80) 0.95(0.78) 0.94(0.78) 0.95(0.82) 0.92(0.74) 0.92(0.74) 0.86(0.67) 

(40,160,160) 0.95(0.59) 0.95(0.59) 0.95(0.69) 0.92(0.59) 0.92(0.59) 0.87(0.55) 
p = 0.8 

(20,5,5) 0.97(2.31) 0.96(3.31) 0.96(2.53) 0.86(1.28) 0.86(1.28) 0.77(1.15) 
(20,10,10) 0.97(1.88) 0.96(2.05) 0.95(1.92) 0.87(1.22) 0.87(1.22) 0.78(1.05) 
(20,20,20) 0.97(1.51) 0.95(1.58) 0.95(1.50) 0.90(1.17) 0.90(1.17) 0.79(0.97) 
(20,40,40) 0.95(1.15) 0.95(1.18) 0.95(1.16) 0.91(0.99) 0.91(0.99) 0.80(0.83) 
(20,80,80) 0.95(0.86) 0.94(0.87) 0.96(0.95) 0.92(0.81) 0.92(0.81) 0.81(0.70) 
(40,10,10) 0.97(1.24) 0.96(1.28) 0.96(1.57) 0.89(0.94) 0.88(0.94) 0.81(0.85) 
(40,20,20) 0.96(1.11) 0.96(1.10) 0.96(1.23) 0.90(0.90) 0.90(0.90) 0.82(0.80) 
(40,40,40) 0.95(0.93) 0.94(0.92) 0.94(0.95) 0.91(0.83) 0.91(0.83) 0.84(0.72) 
(40,80,80) 0.95(0.76) 0.95(0.75) 0.96(0.77) 0.92(0.72) 0.92(0.72) 0.84(0.62) 

(40,160,160) 0.94(0.58) 0.95(0.58) 0.95(0.64) 0.93(0.58) 0.93(0.58) 0.85(0.52) 



To combine or not to combine: the 

myth of analyzing partially paired 

data 

5.1 Introduction 

Paired data are ubiquitous in medical fields. For example, in genomic experi

ments of which the purpose is for detecting differentially expressed genes, can

cerous and normal tissues are extracted from the same patient. To compare gene 

expression levels between normal and cancer tissues, a paired test, e.g. paired 

t-test under normality and Wilcoxon signed-rank test without normality, can be 

performed. Paired data can eliminate inter-subject variability, hence hypothe

sis tests based on paired samples are generally more powerful than those on 

unpaired samples. 

In practice, it is common that not all subjects are able to provide data for both 

arms, i.e. only a portion of the subjects have both normal and tumor tissues, and 

the rest have either tumor or normal tissues but not both. The incompleteness 

in only one arm, say normal arm, yields "partially paired data with incomplete

ness in normal arm," and the incompleteness in both arms yields "partially 

paired data with incompleteness in both arms." The missing data mechanism 

we assume in this chapter is missing completely at random (MCAR). 
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Subject Tumor Normal 
1 X1 Y1 
2 X2 Y2 
3 X3 Y3 

n1 Xn1 Yn1 

n1 + 1 Xn1+l 
n1 +2 Xn1+2 
n1 +3 Xn1+3 

n1 + n2 Xn1 +n2 

Table 5.1. Partially paired data with in
completeness in normal arm. 

Subject Tumor Normal 
1 X1 Y1 
2 X2 Y2 

n1 Xn1 Yn1 

n1 + 1 Xn1+l 

n1 + n2 Xn1+n2 
n1 + n2 + 1 Yn1+l 

n1 + n2 + n3 Yn1 +n3 

Table 5.2. Partially paired data with in
completeness in both arms. 

Let X, Y denote observations in tumor and normal tissues, respectively. Con

sider a data set with n = n1 + n2 + n3 subjects where first n1 subjects provide 

complete pairs of tumor and normal tissues, n2 subjects provide only tumor tis

sues, and n 3 subjects provide only normal tissues. We also assume that n1 and 

n2 are always larger than 0. Therefore, if n 3 = 0, data is incomplete in normal 

arm, as shown in Table 5.1. If n 3 > 0, we have partially paired data with in

completeness in both arms, as shown in Table 5.2. Assume that observations of 

tumor and normal tissues are from populations with mean µx and µy respec

tively. Let b = µx - µy. For testing if a gene is up-regulated or down-regulated 

in tumor samples, we need to test Ho : b ::; 0 against Ha : b > 0 or Ho : b 2: 0 

against Ha : b < 0. We will focus on the former in this chapter. 

To test for equality of means in partially paired data, the most widely used 

approach is the complete-case analysis, i.e. a paired test using only the paired 

portion of data with the first n1 subjects. We refer this method as "naive paired 

test." This method is straightforward and is available in all statistical softwares. 

Although it is a legitimate test, it may have reduced power as it only uses the 

portion with complete pairs. Besides "naive paired test," extensive researches 

have been conducted targeting using all available data (Ekbohm, 1976b; Lin and 

Stivers, 1974; Bhoj, 1978; Morrison, 1973; Little, 1976; Samawi and Vogel, 2011; 

Looney and Jones, 2003; Kim et al., 2005; Rempala and Looney, 2006; Amro and 

Pauly, 2017; Konietschke et al., 2012; Samawi and Vogel, 2011; Kuan and Huang, 
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2013; Samawi and Vogel, 2015; Guo and Yuan, 2017; Amro et al., 2019). 

Among them, combination tests, based on combining p-values or summary 

statistics obtained from the paired and unpaired portions of data are commonly 

studied in literature because of their reasonable type-I error control, good power 

properties, and great flexibilities (Bhoj, 1978; Kim et al., 2005; Kuan and Huang, 

2013; Samawi and Vogel, 2011; Rempala and Looney, 2006; Yu et al., 2012; Amro 

and Pauly, 2017; Guo and Yuan, 2017; Fong et al., 2017). For example, Bhoj 

(Bhoj, 1978) and Samawi and Vogel (Samawi and Vogel, 2014) proposed combi

nation tests based on combining the paired and unpaired t-test statistics. Kim 

et al. (Kim et al., 2005), Samawi and Vogel (Samawi and Vogel, 2014) and Guo 

and Yuan (Guo and Yuan, 2017) developed test statistics by combining the mean 

difference estimators from paired and unpaired portions of data, weighting by 

sample sizes, equal weights and inverse of variances, respectively. Yu et al. (Yu 

et al., 2012) and Amro et al. (Amro and Pauly, 2017) also proposed combina

tion tests on combining the mean difference estimators, but the p-values are 

obtained by permutation. Samawi and Vogel (Samawi et al., 2015) and Fong et 

al. (Fong et al., 2017) proposed combination methods on nonparametric tests. 

Kuan and Huang (Kuan and Huang, 2013) and Chapter 2 proposed methods on 

combining P-values for partially paired data with incompleteness in two arms 

and in single arm, respectively. Both of the papers used the inverse normal P

value pooling method. Since P-values follow uniform distribution under the 

null hypothesis, the inverse normal of the P-values follow standard normal dis

tribution. Hence, a linear combination of two inverse normal of the P-values 

also follows or asymptotically follows a standard normal distribution. 

As the combination tests use all available data and the naive paired tests use 

only the paired portion, it is commonly believed that combination tests should 

be more powerful than the naive paired test, despite detailed power comparison 

between them has not been done. Numerical studies in Chapter 2, Fong et al. 

(Fong et al., 2017) and Guo and Yuan (Guo and Yuan, 2017) showed that combi

nation tests may not always outperform the naive paired test, though they did 

not give much details in the power differences. 

Hence, to investigate the findings that more data does not necessarily give 

more power, we aim to compare the power of combination tests to that of the 
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naive paired test analytically. We will use the combination tests proposed by 

Kuan and Huang (Kuan and Huang, 2013) for two-arm missing cases, and by us 

in Chapter 2 for one-arm missing cases. There are a few reasons we choose the 

combination tests based on P-value pooling. First, simulation studies demon

strate that P-value pooling method is superior, or at least as good as other com

bination tests (Kuan and Huang, 2013). Second, P-value pooling method offers 

great flexibilities. For example, the P-values can come from any test: if normal

ity is satisfied, t-tests can be used; otherwise, nonparametric tests are options. 

Third, when combining the summary statistics, e.g. mean difference estima

tors, the null distribution of the combined test statistic is usually complicated 

and it is often estimated from simulation results or is arbitrarily assigned to a 

t-distribution or standard normal distribution (Kim et al., 2005; Samawi and Vo

gel, 2014). P-value pooling method does not have such problem since a linear 

combination of inverse normal of P-values is standard normal. Fourth, P-value 

pooling method is easy to compute. The P-values from paired and unpaired 

tests can be easily obtained from all statistical softwares, hence the overall P

value (especially for data with incompleteness in both arms). 

This chapter aims to present our counter-intuitive findings from analytical 

power comparison under normality. That is, using more data does not always 

produce a more powerful test. Sometimes less is more. The rest of this chap

ter is organized as follows. Section 5.2 presents brief review of the combination 

tests. In Section 5.3, we present theoretical power of the combination tests to the 

naive paired test for partially paired data with incompleteness in one and both 

arms. The results are given in Section 5.4. Section 5.5 gives guidance in choos

ing appropriate methods via some real data examples, and Section 5.6 gives a 

summary and discussion. 

5.2 Preliminaries 

Consider a partially paired data set, as shown in Table 5.1 & 5.2. Let j((l ), 5~(1) ' 

y (l ), 5~(1) denote the sample mean and sample variance for n1 paired tumor 

and normal samples respectively; and let 5x(ll ,Y(1) be the sample covariance 

for paired samples. Furthermore, let .x(2) , 5~(2) , and f (2) , 5~(2) be the sample 
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mean and sample variance for unpaired n2 tumor and n3 normal samples, re

spectively. We consider testing Ho : b = µx - µy ::; 0 against Ha : b > 0 at 

significance level a: = 0.05. 

In the following, the combination method proposed by us in Chapter 2 and 

Kuan and Huang (Kuan and Huang, 2013) will be reviewed briefly. 

5.2.1 Combination tests for partially paired data with incom-

pleteness in single arm 

Consider the data structure in Table 5.1. The gist of P-value pooling method 

in Chapter 2 is as follows. The paired portion of data (Xi, Yi), i = 1, 2, ... , n1 

are used to construct a paired test statistic Yp, and the unpaired portion of 

tumor arm (Xn1+1, ... , Xn1+n2 ) and the normal arm from the paired portion 

(Y1, Y2, ... , Yn1 ) are used to construct a two-sample test statistic Yup· Let Pp and 

Pup be the corresponding P-values. Also, denote Fp and Fup as the null distribu

tions for Yp and Yup· For testing the hypothesis Ho : b ::; 0 vs Ha : b > 0, the 

P-values Pp= 1- Fp(Yp) ~ U(0, 1) and Pup = 1- Fup(Yup) ~ U(0, 1) under Ho. 

Hence, the probit inverse transformations of Pp and Pup, i.e. Zp = <1> - 1 (1 - Pp) 

and Zup = <1>- 1 (1 - Pup) follow N(0, 1) . The overall test statistic is defined as: 

A1Zp + A2Zup
Y1 = ------;:=======, (5.1)

i +Ai+ 2A1A21J 

where 17 = corr(Zp, Zup), and A1 and A2 are the corresponding weights for each 

test. Under null hypothesis Ho, Y1 ~ N(0, 1). The dependence between Yp and 

Yup, caused by sharing normal arm data Y1, Y2, ... , Ynl' result in the dependence 

between Zp and Zup, i.e. 17. 

Regarding the choices of weights A1 and A2, in Chapter 2 we explored three 

weighting schemes: 1) unweighted; i.e. A1 = A2 = 1; 2) weighting by the square 

root of the sample sizes; i.e. A1 = -J2nl"", and A2 = ✓n1 + n2; 3) weighting by 

the square root of geometric means of the sample sizes; i.e. A1 = Jni, and A2 = 

J2/(l/n1+ l/n2). We showed that weighting scheme (2) and (3) generally 

have very similar performances. Furthermore, we also discovered that using 

inverse of standard error of mean difference estimators as weights could give 
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inflated type I error when sample size is small. Hence, we will only examine 

the power of combination test under weighting scheme (1) & (3). 

5.2.2 Combination tests for partially paired data with incom-

pleteness in both arms 

Consider the data structure in Table 5.2. The gist of P-value pooling method by 

Kuan and Huang (Kuan and Huang, 2013) is summarized in the following. The 

paired portion of data (Xi, Yi), i = 1, 2, ... , n1 are used to construct a paired test 

statistic Yp, and the unpaired portion of tumor arm (Xn1+1, ... , Xn1+n2 ) and the 

unpaired portion of normal arm (Yn1+1, Yn 1+2, ... , Yn 1+nJ are used to construct 

a two-sample test statistic Yup• Yp and Yup are independent, so are their p-values 

Pp and Pup• The combination test statistic defined in (Kuan and Huang, 2013) is 

A1Zp + A2Zup N(0 1) d H (5.2)T2 ~ ~ ~ , un er o-

Similarly as the one arm missing scenarios, we consider two weighting schemes 

for combining Yp and Yup: 1) unweighted; 2) weighting by square root of geo

metric means of sample sizes, i.e. ,,\1 = ni/ (n1 + nH), A2 = 1 - ,,\1, where 

nH = 2/(l/n2 + l/n3). 

5.3 The power 

In this section, we will compare power of the combination tests to that of the 

naive paired tests analytically. A right-sided test is considered, that is, Ho : J ::; 

0, versus Ha : J > 0. To simplify the question, we consider a special case, i.e. 

(X, Y)' follows bivariate normal dishibulions with mean vector µ ~ : : ) td 

known covariance matrix L. = oJ PCTx2CTy) ·( 
pCTxCTy CTy 
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5.3.1 Naive paired test 

For both scenarios with incompleteness in one arm and both arms, the naive 

paired test is defined only on paired portion of data, i.e. (Xi, Yi) where i = 
1, 2, ... , n1. The paired test statistic is 

X (l ) _ y (l ) 
Yp = ~:::;======== under Ho. (5.3) 

( oJ + CT~ - 2pCTxCTy)
1 

The null hypothesis is rejected if Yp > Z1 - co thus the power can be written as 

b ). 

( CTi + CT~ - 2pCTxCTy)
1 

z1_ a is the (1 - l\:'.) * 100% quantile of standard normal distribution, and <1>(-) 
is the cumulative distribution function of standard normal. Furthermore, let 

2 (T2 
v = _x we have(T? I 

(5.4) 

A 

2
(T2 

where Var(bp) = n~ (v + 1 - 2pv). 

5.3.2 Combination tests 

5.3.2.1 With incompleteness in single arm 

The paired test Yp is the same as (5.3). Based on the unpaired portion of tumor 

arm (Xn1+1, ... , Xn1+n2 ) and the normal arm from the paired portion (Y1, Y2, ... , Yn1 ), 

a two-sample test statistic Yup is defined as 

X (2) _ y (l ) 
Yup = ~:::;==== (5.5) 
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2 

where v2 = er}, ry1 = ~2
• Yup also follows standard normal distribution under 

CTy l 

the null hypothesis. If variances are unknown, Fp and Fup are t-distributions. 

When variances are known, Yp and Yup follow standard normal distribution, 

hence, the Gaussian inverse of Pp and Pup, i.e., Zp = <1>-1 (1 - Pp), Zup 

<1>-1 (1 - Pup) are Yp and Yup themselves. 

The correlation between Yp and Yup can be easily calculated as 

1-pv
YJ = corr(Yp, Yup)=------;::====----====· (5.6)

✓v2 +1-2pv~ 

Substituting Yp, Yup and YJ into (5.1), we have the co~bination test statistic Y1 

for partially paired data with incompleteness in single response. 

Under null hypothesis, Y1 follows standard normal distribution. Hence the 

power of Y1 is 

Power1 = Pr(Y1 > Z1-a lb > 0) 
A y _ A1 b + A y _ A2b 

~ Pr( 1 p ✓d ( v'+1 2pv) 2 up ✓d r f,+1 ) > 

i+Ai+ 2A1A2YJ 

(5.7) 

= 1 - <I> (Z1-a - ~1;:---=====~=--
i+Ai+ 2A1A2YJ 

Comparing powers of combination test Y1 and paired test Yp is equivalent 

to compare the term in <1>(-) in Power1 to that of Powerp . Hence we define the 

efficiency function Ji (p, v, 1'1) as 

(5.8) 
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If Ji (p, v, ry1 ) < 1, then the combination test is more powerful than the naive 

paired test. The Ji (p, v, ry1) is a complex function of correlation p, the variance 
2ratio of tumor arm to normal arm, i.e. v = (Ti

2 

, and the sample size ratio of 
CTy 

unpaired tumor sample size n2 to paired sample size n1, i.e. 1'1 = ~~. Our aim 

is to find out the values of (p, v, 1'1 ) satisfying Ji (p, v, 1'1 ) < 1. In Section 5.4 we 

will present results obtained from numerical calculations. 

5.3.2.2 With incompleteness in both arms 

Similarly to one-arm missing cases, the power of combination test for partially 

paired data with incompleteness in both responses is 

(5.9) 

where 1'2 is the ratio of unpaired normal sample size n 3 to unpaired tumor sam

ple size n2, i.e. ~~ . And v2 and ry1 are the same as defined in 5.3.2.1. Define the 

efficiency function h (p, v, 1'1, 1'2) as 

(5.10) 

Whenh (p, v, 1'1, 1'2 ) < 1, the power Power2 is higher than Powerp, the power by 

naive paired test. In Section 5.4, we will present results obtained from numerical 

calculation. 

5.4 Results 

In this section, we present the results from extensive numerical studies for com

paring powers between the naive paired tests and combination tests. Such re

sults can be used as guidance for choices on tests under specific parameter set-
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tings. 

5.4.1 With incompleteness in single arm 

Figure 5.1 presents the maximum value of correlation p for the unweighted ver

sion of combination test T1 to be more powerful than the naive paired test Tp, 

given sample size ratio 1'1 = n2/n1, and variance ratio v2 = crilcr?. T1 uses the 

equal weighting scheme. The sample size ratio ry1 is set as ¼, ½, ¼, ½, ½, 1, 2, 3, 4, 

5, 6, and variance ratio v2 is set as½,½,½, 1,2,3,5. 

Figure 5.1. With incompleteness in normal arm: maximum p's for unweighted version 
of combination test T1 to be more powerful than the naive paired test Tp, given 11 and 
v2

. The dashed line corresponds to p = 0.62 given 11 = 1, and v2 = 1. 
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For example, when the sample sizes in the paired and unpaired portions 

are the same, i.e. 1'1 = n2/n1 = 1, and variance ratio v2 = crilcr~ = 1, the 

maximum correlation p for combination test to be more powerful than the naive 

paired test is 0.62. That is to say, when p < 0.62, the combination test is more 

powerful; and when p > 0.62, the naive paired test is more powerful. 
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As another example, when 1'1 = n2/n1 = 1/6, i.e., sample size in paired 

portion is 6-fold of that in unpaired portion, the maximum correlation p = 0 

no matter what the variance ratio v2 is. That is to say, in terms of power, the 

combination test is always inferior to the naive paired test. When variance ratio 

v2 = oJ!o-~ = 5, maximum p = 1 as ry1 2: 1/4, i.e., the combination test is 

always superior to the naive paired test when v2 = 5 and ry1 2: 1 / 4. 

There are several interesting observations in Figure 5.1. First of all, when 

1'1 = n2/n1 is small, such as 1/6, combination methods always have lower 

power than the naive paired test, despite the variance ratio v2 . This observa

tion is not surprising. When 1'1 = n2 In1 is small, the size of unpaired tumor 

samples, i.e. n2, and the size of paired normal samples, i.e. n1, are highly imbal

anced, and consequently the unpaired test Yup has much lower power than the 

paired test Yp. The performance of unweighted combination test Y1 is largely 

affected by the unsatisfactory performance of Yup, yielding lower power com

paring to the naive paired test. Secondly, given variance ratio v2 = o-i Io-~ and 

1'1 = n2/n1, as correlation p increases, the combination test generally becomes 

less powerful than the naive paired test. Also, given ry1 and p, te combination 

test becomes more powerful as v2 increases. 

Figure 5.2 presents the maximum value of correlation p for the weighted 

combination test Y1 to be more powerful than the naive paired test Yp, given 
2sample size ratio 1'1 = n2 I n1 and variance ratio v = o-i Io-~. The settings 

for sample size ratio ry1 and variance ratio v2 are the same for Figure 5.1. The 

maximum value of correlation p given ry1 and v2 for combination tests to be 

more powerful than the naive paired test are also given in Table 5.3. 

Take the point with dashed lines as an example, when sample size ratio ry1 = 
n2 I n1 is 2, and variance ratio v2 = o-i Io-~ is 1, the maximum correlation p for 

the weighted version of combination test being more powerful than the naive 

paired test is 0.68. That is to say, when p < 0.68, the weighted combination test 

is more powerful; and when p > 0.68, the naive paired test is more powerful. 

From Figure 5.2, when variance ratio is larger than 1, the weighted combination 

test is always superior to the naive paired test for any values of ry1 and p. 

Comparing Figure 5.2 to Figure 5.1, weighted combination test is more pow

erful than the naive paired test in more parameter settings than the unweighted 
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2 
Figure 5.2. With incompleteness in normal arm: maximum p's for weighted version of 
combination test T1 to be more powerful than the naive paired test Tp, given ,1 and v . 

The dashed line corresponds to p = 0.68 given 11 = 2, and v2 = 1. 
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version. For example, when sample size ratio ry1 = 1 / 6, maximum correlation 

is O from Figure 5.1, that is, unweighted combination test is always inferior to 

naive paired test despite v2; in the mean time, from Figure 5.2, the weighted 

combination test can be more powerful if v2 > 1. 

Table 5.3 presents the maximum value of correlation p for the unweighted 

and weighted versions of T1 to be more powerful than the naive paired test 

given sample size ratio ry1 and variance ratio v2. Generally speaking, the weighted 

combination test is preferred over the unweighted one especially when ry1 < 1. 

If ry1 > 1, the results of comparing the two versions of combination test to be 

more powerful than the naive paired test do not differ much. 
2In summary, sample size ratio 1'1 = n2 I n1, variance ratio v = cri I er~ and 

correlation pare the three main factors affecting power. As ry1 increases, the ne

cessity to use the combination test increases. If v2 increases, the necessity also in

creases. And a larger p might indicate a smaller power by the combination test. 

Furthermore, the weighted version of combination test is more recommended 
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Table 5.3. Maximum value of correlation p for combination test T1 to be more powerful 
than the naive paired test given sample size ratio 11 = n2 / n1 and variance ratio v2 = 

2 / 2CTx CTy . 

v1 'Yl 
1/ 3 
1/ 2 

1 1/ 5 
2 
3 

1/ 3 
1/ 2 

1 1/ 4 
2 
3 

1/ 3 
1/ 2 

1 1/ 3 
2 
3 

1/ 3 
1/ 2 

1 1/ 2 
2 
3 

1/ 3 
1/ 2 

1 1 
2 
3 

Unweighted 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.00 
0.05 
0.21 
0.38 
0.07 
0.11 
0.24 
0.50 
1.00 
0.19 
0.25 
0.43 
1.00 
1.00 
0.31 
0.39 
0.62 
1.00 
1.00 

Weighted 'Yl 
0.09 
0.16 
0.37 2 
1.00 
1.00 
0.13 
0.20 
0.41 3 
1.00 
1.00 
0.18 
0.25 
0.46 4 
1.00 
1.00 
0.24 
0.31 
0.53 5 
1.00 
1.00 
0.31 
0.39 
0.62 6 
1.00 
1.00 

Unweighted 
0.37 
0.47 
0.71 
1.00 
1.00 
0.40 
0.49 
0.75 
1.00 
1.00 
0.41 
0.51 
0.76 
1.00 
1.00 
0.41 
0.51 
0.77 
1.00 
1.00 
0.42 
0.52 
0.78 
1.00 
1.00 

Weighted 
0.36 
0.45 
0.68 
1.00 
1.00 
0.38 
0.47 
0.70 
1.00 
1.00 
0.38 
0.48 
0.71 
1.00 
1.00 
0.39 
0.48 
0.72 
1.00 
1.00 
0.39 
0.49 
0.72 
1.00 
1.00 

than the unweighted version. 

Although the above findings assume data to be normally distributed and 

covariance matrix known, the patterns of correlation p, sample size ratio ry1 and 

variance ratio v2 affecting power as shown in Figure 5.1 and Figure 5.2 also hold 

for data with unknown covariance and non-normal data (Guo and Yuan, 2017; 

Kuan and Huang, 2013; Fong et al., 2017). 

5.4.2 With incompleteness in both arms 

Figures 5.3 & 5.4, and Tables 5.4-5.6 present the maximum values of correlation p 

for unweighted and weighted versions of T2 to be more powerful than the naive 
2paired test given variance ratio v = oJ!cr~, sample size ratios ry1 = n2/n1 and 
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1'2 = n 3 In2 for partially paired data with incompleteness in both arms. Each 

panel in Figures 5.3 & 5.4 corresponds to a sample size ratio 1'2· And the sample 
... 11111 123456 1. . /.size ratio 1'1 is set as 6, 5, 4, 3, 2, , , , , , , samp e size ratio 1'2 = n 3 n2 is 

set as 0.5, 1, 2, 4, and variance ratio v2 is set as !, ½, ½, 1, 2, 3, 5. 

Figure 5.3. With incompleteness in both arms: maximum p's for unweighted version of 
combination test T2 to be more powerful than the naive paired test Tp, given 11, 12 and 
v 2. 
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From Figures 5.3-5.4 and Tables 5.4-5.6, we have the following observations. 

First, the unweighted combination test is less powerful than the naive paired 

test in most cases when sample size in paired portion, n1, is much larger than 

the total sample size in unpaired portion, i.e. n2 + n 3. Second, when 1'2 = 
n3 I n2 = 1, i.e. sample size in unpaired portion of data is balanced, the values 

of correlation p satisfy h(p, v, 'Yl, 1'2 ) = 1 are the same for variance ratios v2 and 

their reciprocals. For example, when v2 = ½and 2, the two lines overlap in Fig

ures 5.3 & 5.4. Third, the patterns of p, v2, 'Yl, 1'2 affecting the power comparison 
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Figure 5.4. With incompleteness in both arms: maximum p's for weighted version of 
combination test T2 to be more powerful than the naive paired test Tp, given ,1, ,2 and 
v2. 
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is more complicated comparing to the one-arm missing cases. The decision in 

choosing between combination test and naive paired test is polynomially asso

ciated with variance ratio v2 . For example, when ry1 = 1/3, 1'2 = 2, if v2 = 1/3, 

the maximum value of p that satisfies Power2 > PowerP is 0.78; when v2 in

creases to 1, p becomes 0.61; and when v2 increases to 5, pis 0.71. Hence, the 

benefit of using combination tests decreases first as v2 increases, then increases 

if v2 > 1. 

For the weighted version of combination test, since the weights are square 

root of geometric means of sample sizes, i.e. A1 = nil (n1 + nH), and nH = 

2/(l/n2 + l/n3). If n1 is small, the combination test is mainly affected by the 

unpaired tests, yielding a more reliable result than the naive paired test. If the 

unpaired portion of data is extremely unbalanced, say, 1'2 = n3/n2 = 4, nH will 



111 

have a value close to the smaller sample size, yielding a smaller weight on the 

unpaired test, consequently power of the combination test will be closer to that 

of the naive paired test. Therefore, the weights help to adjust the reliabilities 

of the paired and unpaired tests, yielding the combination test to be closer to 

the test who gives a better performance, thus could be more powerful than the 

naive paired test for most choices of p, ry1, ry2, v2. From Figure 5.4, the weighted 

combination test is more powerful as long as the correlation is less than 0.75, 

despite 1'1, 1'2, v2
. 

Table 5.4. Maximum value of correlation p for combination test T2 to be more powerful 
than the naive paired test given sample size ratio 1 1 = n2 / n1 and variance ratio v2 = 
£T1I CT~ when 1 2 = n3 I n 2 = 0.5. 

VL 'Yl Unweighted Weighted 'Yl Unweighted Weighted 
1/3 0.00 0.84 0.98 0.94 
1/ 2 0.00 0.78 0.91 0.88 

1 1/ 5 0.00 0.77 2 0.87 0.84 
2 0.00 0.84 0.94 0.91 
3 0.00 0.93 1.00 1.00 

1/ 3 0.00 0.84 1.00 0.97 
1/ 2 0.00 0.79 0.96 0.90 

1 1/ 4 0.00 0.77 3 0.91 0.87 
2 0.09 0.84 0.98 0.93 
3 0.16 0.93 1.00 1.00 

1/ 3 0.11 0.85 1.00 1.00 
1/ 2 0.15 0.79 0.98 0.92 

1 1/3 0.23 0.77 4 0.94 0.88 
2 0.33 0.85 1.00 0.95 
3 0.41 0.94 1.00 1.00 

1/3 0.46 0.86 1.00 1.00 
1/ 2 0.45 0.81 1.00 0.94 

1 1/ 2 0.49 0.78 5 0.95 0.89 
2 0.58 0.86 1.00 0.96 
3 0.66 0.95 1.00 1.00 

1/ 3 0.81 0.90 1.00 1.00 
1/ 2 0.76 0.84 1.00 0.95 

1 1 0.74 0.81 6 0.96 0.90 
2 0.82 0.88 1.00 0.97 
3 0.91 0.97 1.00 1.00 
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Table 5.5. Maximum value of correlation p for combination test T2 to be more powerful 
than the naive paired test given sample size ratio 11 
cril er~ when ,2 = n3/n2 = 1. 

v1 'Yl 
1/3 
1/2 

1 1/5 
2 
3 

1/3 
1/2 

1 1/4 
2 
3 

1/3 
1/2 

1 1/3 
2 
3 

1/3 
1/2 

1 1/2 
2 
3 

1/3 
1/2 

1 1 
2 
3 

Unweighted 
0.16 
0.15 
0.14 
0.15 
0.16 
0.36 
0.33 
0.31 
0.33 
0.36 
0.56 
0.51 
0.49 
0.51 
0.56 
0.76 
0.70 
0.66 
0.70 
0.76 
0.96 
0.88 
0.83 
0.88 
0.96 

Weighted 'Yl 
0.89 
0.82 
0.77 2 
0.82 
0.89 
0.90 
0.82 
0.78 3 
0.82 
0.90 
0.91 
0.83 
0.78 4 
0.83 
0.91 
0.92 
0.85 
0.80 5 
0.85 
0.92 
0.96 
0.88 
0.83 6 
0.88 
0.96 

= n2/n1 and variance ratio v2 = 

Unweighted 
1.00 
0.97 
0.91 
0.97 
1.00 
1.00 
1.00 
0.94 
1.00 
1.00 
1.00 
1.00 
0.96 
1.00 
1.00 
1.00 
1.00 
0.97 
1.00 
1.00 
1.00 
1.00 
0.97 
1.00 
1.00 

Weighted 
1.00 
0.92 
0.87 
0.92 
1.00 
1.00 
0.94 
0.89 
0.94 
1.00 
1.00 
0.96 
0.90 
0.96 
1.00 
1.00 
0.97 
0.92 
0.97 
1.00 
1.00 
0.98 
0.92 
0.98 
1.00 

5.5 Real data examples 

In this section, we illustrate how to use the above findings via several real 

data examples. From Section 5.4, the weighted version of combination test is 

preferred than the unweighted version since it could be more powerful than 

the naive paired test in more parameter settings. Therefore, we only use the 

weighted combination test for the following examples. 

5.5.1 With incompleteness in single arm 

Example 1: 

Among 90 patients in The Cancer Genome Atlas (TCGA) breast cancer co

hort with pathological stage I, 16 of them provided both tumor and normal tis-
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Table 5.6. Maximum value of correlation p for combination test T2 to be more powerful 
than the naive paired test given sample size ratio 1 1 = n2/ n1 and variance ratio v2 = 
cril er~ when ,2 = n3/n2 = 2. 

v1 'Yl Unweighted Weighted 'Yl Unweighted Weighted 
1/ 3 0.54 0.94 1.00 1.00 
1/ 2 0.45 0.85 1.00 0.95 

1 1/ 5 0.36 0.78 2 0.94 0.88 
2 0.30 0.80 0.98 0.92 
3 0.29 0.86 1.00 1.00 

1/ 3 0.66 0.95 1.00 1.00 
1/ 2 0.58 0.86 1.00 0.97 

1 1/ 4 0.49 0.78 3 0.96 0.90 
2 0.45 0.81 1.00 0.95 
3 0.46 0.86 1.00 1.00 

1/3 0.78 0.96 1.00 1.00 
1/ 2 0.70 0.87 1.00 0.98 

1 1/3 0.61 0.79 4 0.97 0.92 
2 0.61 0.82 1.00 0.97 
3 0.63 0.88 1.00 1.00 

1/ 3 0.91 0.97 1.00 1.00 
1/ 2 0.82 0.88 1.00 0.99 

1 1/ 2 0.74 0.81 5 0.97 0.93 
2 0.76 0.84 1.00 0.98 
3 0.81 0.90 1.00 1.00 

1/ 3 1.00 1.00 1.00 1.00 
1/ 2 0.94 0.91 1.00 1.00 

1 1 0.87 0.84 6 0.98 0.94 
2 0.91 0.88 1.00 0.99 
3 0.98 0.94 1.00 1.00 

sues, and 74 provided only tumor tissues. We are interested in testing whether 

Gene ABCCl is up-regulated, i.e., Ho : J ::; 0 against Ha : J > 0. The sample 

standard deviation in tumor and normal tissues are 1.73 and 1.80, and the esti

mated correlation is p = 0.28. According to Table 5.3, given sample size ratio 
2ry1 = 74/16 ~ 5 and variance ratio v = 1.732 /1.802 ~ 1. the maximum value of 

p for the combination test to be more powerful than the naive paired test is 0.72. 

Because the sample correlation is less than 0.72, the combination test is more 

powerful than the naive paired test. Hence, we should use the combination test 

instead of the naive paired test for this data set. The p-value for combination 

test is 0.0005 and for naive paired test is 0.0545. 

Example 2: 

To assess the effects of acupuncture for chronic headache (Vickers et al., 
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2004), 401 patients were randomly assigned to receive up to 12 acupuncture 

treatments or to a control intervention offering standard care. The main out

come measures include headache scores at baseline and 12 months. Out of the 

401 participants, 201 were assigned to treatment group and the rest were as

signed to control group, and 56 and 44 participants in the treatment and control 

groups lost to follow-up at 12 months. The primary interest of this study is to 

determine the effect of acupuncture in headache score changes at 12 months. 

Fisher's exact test and logistic regression indicate that the distribution of miss

ing values is not related to treatment assignment or the headache score at base

line. Thus, MCAR assumption is not violated for this data set. Figure 5.5 shows 

the boxplot of headache scores at baseline and 12 months for the treatment and 

control groups. The variance ratios for the treatment group and control group 

are both approximately 1, and the correlation between complete observations 

for the two groups are 0.81, 0.58, respectively. Our goal is to test if there is a sig

nificant change in headache scores from baseline to 12 month for the treatment 

group and control group separately. 

According to Table 5.3, for the treatment group, as v2 ~ 1, l'l ~ 1 / 4, the 

maximum correlation for the combination test to be more powerful than the 

naive paired test is 0.41, smaller than the estimated correlation 0.81. Hence the 

naive paired test is more powerful. 

For the control group, the sample size ratio l'l is close to 1/3 and v2 ~ 1 and 

estimated correlation is 0.58. From Table 5.3, we also conclude that the naive 

paired test is more powerful than the combination test. 

That is to say, we can safely discard the incomplete portion of data and per

form a paired test for both control and treatment groups. P-values for the combi

nation test and naive paired test are < 0.0001, < 0.0001 for the treatment group, 

and are < 0.0001, < 0.0001 for the control group. 

5.5.2 With incompleteness in both arms 

Example 3: 

To investigate whether the mean Kamofsky score, a patient's functional sta

tus measurement, is the same on patients' last two days of life (Guo and Yuan, 
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Figure 5.5. Boxplot of headache scores at baseline and 12 months for treatment and 
control groups for the acupuncture data (Vickers et al., 2004). 
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2017), observations of 60 patients were selected to compare the mean difference. 

Among them, 9 patients provided full data on both days, 28 were scored on the 

second to the last day, and 23 were scored on the last day. Sample variance indi

cates an approximately homogeneous data, and the correlation between paired 

samples is 0.61. Given sample size ratios 1'1 = n2/n1 ~ 3, 1'2 = n3/ n2 ~ 1, and 

variance ratio v2 ~ 1, the maximum value of p for the combination test to be 

more powerful is 0.89 from Table 5.5, which is larger than 0.61. Therefore, the 

combination test is preferred for this data set, and p-values for the combination 

test and naive paired test are 0.0016, 0.0526, respectively. 

Example 4: 

To understand the role of the earliest recognizable stages of breast neopla

sia in the development of breast cancer, RNAseq libraries were sequenced from 

formalin-fixed paraffin-embedded tissue of early neoplasia samples and matched 

normal breast and carcinoma samples from 25 patients (Brunner et al., 2014). 

The gene expression levels are compared between normal vs. early neoplasia, 
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normal vs. cancer, and ealry neoplasia vs. cancer samples. Suppose we are 

interested in testing up-regulation of gene PIK3IP2 between normal and cancer 

samples. Complete sets of matched cancer and normal samples are available for 

11 patients. The numbers of carcinoma and normal samples in the incomplete 

sets are 3 and 11, respectively. The correlation between the complete paired 

samples is 0.83, and sample size ratios 1'1 :=:::; 1/4,1'2/1'1 = 4, sample variance 

ratio is about 3. From Figure 5.4, the maximum value of correlation p for the 

combination test to be more powerful is 0.82. Hence, either test can be used 

since they produce same power at p = 0.82. The p-value for combination test is 

0.1120; and for the naive paired test is 0.4842. 

5.6 Summary and discussion 

For testing equality of means for partially paired data, the combination test 

based on combining statistics from the paired and unpaired portions of data 

is the most commonly studied and the most recommended approach. It is be

lieved that combination tests should be more powerful than the naive paired 

test which only uses the paired portion of data. Numerical studies showed that 

it is the opposite sometimes, i.e. naive paired test is more powerful than the 

combination test. In this chapter, we compare powers of the combination test 

and the naive paired test analytically under normality for both missing types of 

partially paired data. Practical guidance on choosing between the two tests is 

also given. Researchers can refer to Figures 5.1-5.4 and Tables 5.3 to 5.6, when 

make decisions. 

For partially paired data with incompleteness in single response, the bene

fit of using the combination test increases as sample size ratio 1'1 = n2 In1 in
2creases, variance ratio v = oJ Io-~ increases, or correlation p decreases, holding 

the other two parameters constants. For partially paired data with incomplete

ness in both arms, the benefit of using the combination test also increases as 

sample size ratios 1'1 = n2 I n1, 1'2 = n3 I n2 increase, or as p decreases, but not 

linearly related to the variance ratio v2
. From results in Section 5.4, the weighted 

version of combination test is strongly recommended over the unweighted ver

sion. 
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For the power comparison in this chapter, we use the combination test based 

on P-value pooling. Besides P-values, other statistics, such as mean difference 

estimators, can also be used in combination tests (Kim et al., 2005; Samawi and 

Vogel, 2014; Guo and Yuan, 2017). Numerical studies show that the P-value 

pooling combination test is generally more powerful or at least as good as the 

other combination tests, so results in this chapter also apply to the other combi

nation tests. Moreover, although our findings are based on normality assump

tion, the patterns of correlation p, sample size ratios 1'1 = n2/n1, 1'2 = n3/n2 
2and variance ratio v = oJ Io-~ in determining the power difference between 

naive paired test and combination test also apply to non-normal data. 



Summary and future work 

Partially paired data, i.e. paired data with missing values, are frequently ob

served in practice. Traditional approaches, e.g. complete-case analysis which 

only uses the complete paired portion of data, and all available case analysis 

which uses all data but ignore the correlation between paired portion of data, 

do not handle such data properly. This dissertation aims to provide new meth

ods for hypothesis testing and confidence interval estimation for the difference 

between two means for partially paired data with both missing types, i.e. data 

with incompleteness in single arm and data with incompleteness in both arms. 

In Chapter 2, we propose the P-value pooling methods and a nonparamet

ric combination test for testing equality of means in partially paired data with 

incompleteness in single arm. The proposed methods are based on the idea of 

combining two dependent tests: one uses the complete paired portion of data, 

and the other one uses the unpaired portion of fully observed arm with the in

complete arm in the paired portion. Numerical studies demonstrate that our 

methods not only can maintain type I error well, but also have good power 

property. The proposed methods do not rely on any parametric assumption, 

and have much better overall performance comparing to existing ones. Thus, 

the proposed methods should have wide applicability in practical fields. 

While most research focus on developing new methods for hypothesis test

ing, confidence interval estimation for the mean difference has not brought 

much attention. Hence, Chapter 3 proposes several methods to construct con

fidence intervals for the mean difference for partially paired data with incom-



119 

pleteness in single arm. Simulation results indicate that confidence intervals 

based on the generalized variable approach under bivariate normality and bi

variate log-normality always achieve the nominal coverage probability, thus 

are recommended under these two parametric assumptions. When no distri

butional assumptions can be made, none of the methods give consistent sat

isfactory results, and the "method of variance estimates recovery" (MOVER) 

approach could be considered when sample size is large. 

Chapter 4 uses the generalized variable (GV) approach to generate general

ized p-values and generalized confidence intervals for the mean difference for 

partially paired data with incompleteness in both arms under bivariate normal

ity and bivariate log-normality. Simulation studies are conducted to compare 

the performances of these generalized p-values and generalized confidence in

tervals with existing approaches. We conclude that the GV approach could be 

used as an alternative method for hypothesis testing and confidence interval 

estimation under bivariate normality; and it is strongly recommended under 

bivariate log-normality as it outperforms all the other methods under compari

son. 

Combination test, e.g. the P-value pooling method in Chapter 2, is the most 

commonly studied approach for partially paired data in literature. It is believed 

that the combination test which uses all data should be more powerful than the 

naive paired test which only uses the paired portion of data. In Chapter 5, we 

compare powers between the naive paired test and P-value based combination 

tests analytically under normality and present our counter-intuitive findings 

that using more data does not necessarily yield higher power, for both missing 

types. Guidance in choosing between the two methods are also given. 

6.1 Future work 

Although there exist extensive researches for partially paired data, few works 

have been implemented into statistical softwares. We aim to build an R package 

for analyzing partially paired data using existing approaches and our proposed 

ones in the future. We also aim to integrate the findings in Chapter 5 into the R 

package to provide clear guidance on how to choose the best method in practice. 
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The missing data mechanism assumed in this dissertation is missing com

pletely at random (MCAR). In the future we plan to extend our work to handle 

partially paired data missing at random (MAR). 

Throughout this dissertation, we consider partially paired data with two re

sponses, i.e. tumor versus normal, or pre-treatment versus post-treatment. In 

genomic studies, normal, early neoplasia and tumor tissues can exist simultane

ously in the same patient (Brunner et al., 2014). Moreover, in repeated measures 

design, data are often collected at multiple time points (Vickers et al., 2004). Pri

mary interests of these studies include overall comparison, and pairwise com

parison between two conditions or two time points. The problem of missing 

values is also commonly observed in these studies. We plan to extend our work 

or propose new methods to handle such data in the future. 
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